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1 Introduction

Future gravitational wave experiments are expected to find not only a large number of black
hole merger events, but also to measure their gravitational wave signals to high precision.
One exciting prospect is the high quality data on black hole ring-down, sufficient to detect
and measure multiple quasi-normal modes (QNMs) [1–3]. Each quasi-normal mode is
characterized by the real and imaginary parts of its frequency, and thus one could put to
the test the general relativistic prediction that black holes are completely characterized by
their mass and spin (in addition to charge, which is generally expected to vanish). There are
several different ways how such a test can be carried out. (1) The simplest one is a null test:
are two numbers (mass and spin) sufficient to describe the observed quasi-normal spectrum?
Beyond that, it is useful to test for the possible presence of deviations. (2) Concrete
models help guide our thinking on the form of possible deviations and the associated
model testing. The scalar-Gauss-Bonnet model (and its variations) is a popular example.
It circumvents earlier no-scalar-hair theorems [4–7] and gives interesting predictions for
the background geometry and its perturbations, see e.g. [8–13]. Another example is scalar-
Chern-Simons model, see e.g. [14–26]. (3) A third approach is to parametrize the deviations
from general relativistic expectations in a model-independent way. This can take the
form of a phenomenological parametrization such as [27–32], or a parametrization at the
level of the action governing the dynamics of black hole perturbations [33–37]. It is the
last approach that is the subject of this paper. One main reason for our choice is that,
as opposed to a phenomenological parametrization of possible deviations from general
relativity, a parametrization at the level of an effective Lagrangian makes more transparent
which types of deformations correspond to theories that respect physical principles, such
as locality and diffeomorphism invariance, and makes it easier to connect UV theories with
observations, by a systematic matching procedure.

An effective field theory for perturbations around a spherically symmetric spacetime
with non-trivial scalar background was developed in [35, 38]. To orient ourselves, it is
helpful to think of a perhaps more familiar example: the effective theory for perturbations
around an inflating universe [39]. The goal of such a theory is not to explain where the
(inflation) background comes from; rather, one takes the background as given and proceeds
to write down an action that governs the dynamics of the perturbations, guided by the
notions of symmetries and derivative expansion. To formulate an effective theory for black
hole perturbations, we proceed in an analogous manner. It is assumed the black hole
has a scalar background with a non-trivial radial profile, much like the inflaton having
a non-trivial temporal profile. Exactly what (UV) physics gives rise to this scalar hair is
immaterial for the construction of the effective theory. The important point is that one can
choose a unitary gauge in which all the perturbations reside in the metric. In this gauge, we
use the invariance under t, θ, φ-diffeomorphisms as the guiding principle for writing down
the effective (IR) theory.

This strategy was adopted in [35] to construct an effective theory for perturbations
around a spherically symmetric black hole with scalar hair. In this paper, we wish to
address two follow-up questions: (1) What is the utility of an effective theory if known black
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hole hair solutions generally make use of a limited set of interactions (e.g. scalar-Gauss-
Bonnet, or scalar-Chern-Simons) — why not work directly with the UV theory instead of
dealing with an effective IR theory? (2) Given that black holes in nature have angular
momentum, can the effective theory be generalized to describe rotating black holes? We
answer the first question by showing how the scalar-Gauss-Bonnet model can be deformed
to yield a wide variety of predictions; an effective theory description is thus a useful way to
parametrize the possibilities. We answer the second question by showing how the formalism
of [35] can be adapted in a simple way to slowly rotating black holes. Black holes with
a substantial spin is not as straightforward to work with — recall that even in general
relativity, the only known way to write down separable equations of perturbations around
a Kerr background is to use the Newman-Penrose variables, and that there is no known
action formulation for the associated Teukolsky equation.

An outline of the paper is as follows. In section 2, we go over the motivations for the
effective theory approach, using the scalar-Gauss-Bonnet model and its deformations as
an example (focusing for simplicity on non-rotating black holes). In particular, we show
how in the eikonal limit a judicious choice of the couplings in the effective theory allows
one to recover isospectrality, which is usually broken in theories beyond general relativity.
The point is not to motivate this rather finely-tuned choice of couplings, but to illustrate
how a wide range of behavior is possible by deforming the scalar-Gauss-Bonnet model.
We then develop the effective theory for perturbations around slowly rotating black holes
in section 3. We discuss cases with parity-breaking operators in section 4, and conclude
in section 5. It is worth stressing that the resulting equations from the effective theory
are often difficult to solve. The WKB approach provides an analytic and simple, even
if approximate, way to deduce the quasi-normal spectrum [40–42]. In the even sector,
however, one in general obtains a coupled set of equations governing the scalar and tensor
modes and the application of the WKB approach is not as straightforward. In a follow-up
paper [43], we will show how to analytically compute the (approximate) quasi-normal mode
spectrum in such a coupled system, in a spirit similar to the WKB approximation.

Conventions. We work in mostly-plus signature for the metric, (−,+,+,+), and in units
where c = ~ = 1. We denote the reduced Planck mass with MPl = (8πG)−1/2, where G is
the Newton’s constant. We use Greek indices µ, ν, . . . to denote 4-dimensional spacetime co-
ordinates, while we use Latin indices a, b, c, . . . for temporal and angular coordinates (t, θ, φ)
only. Latin indices i, j, . . . label instead the angular coordinates (θ, φ) on the S2-sphere.

2 Motivations for an effective theory

2.1 Black holes with galileon hair

We discuss here an explicit example of hairy black hole where, in addition to the Gauss-
Bonnet coupling, the Lagrangian for the scalar contains another operator describing a
particular higher derivative self-interaction of the field, which we show can induce order-
one corrections to the solution of [9], where this operator is not included. We will use this
example as a motivation for introducing an effective theory to study perturbations around
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black holes with hair: since the operator considered below is just one particular example of
a much larger set of operators that can in principle affect the linearized dynamics for the
perturbations and the observables, a model-independent approach is, in this sense, valuable.

For simplicity, the example discussed here is in the context of non-rotating black holes,
though it can be straightforwardly generalized to the case of slowly rotating spacetimes.

2.1.1 Some preliminary scaling considerations

Let us consider the action

S =
∫

d4x
√
−g

[
M2

Pl
2 R− 1

2(∂Φ)2 + g3
(∂Φ)2�Φ

Λ3 + αMPlΦG
]
, (2.1)

In the limit g3 = 0 one recovers the well studied case of [9, 10], where the scalar field Φ is
linearly coupled to the Gauss-Bonnet term G,

G ≡ RµνρσRµνρσ − 4RµνRµν +R2 . (2.2)

In (2.1), we added as an additional operator the cubic galileon self-interaction (∂Φ)2�Φ [44],
suppressed by a scale Λ to be fixed later. A consistent low-energy Effective Field Theory
(EFT) will of course contain infinitely many irrelevant operators whose coefficients scale
accordingly to naive dimensional analysis. In this section, however, our goal is to show
that at least some of those operators can be relevant in describing the background solution
around black holes and the dynamics of perturbations in addition to the scalar Gauss-
Bonnet (sGB) coupling. For this purpose, it is enough to focus on a simple model, though
there are in fact other operators that can be considered as well [45].

The choice of defining the coefficient of the linear coupling between Φ and the Gauss-
Bonnet invariant in terms of a coupling α with the dimension of length squared, as in (2.1),
is common in the literature. It is particularly convenient because it immediately identifies
the typical length below which corrections from the Gauss-Bonnet coupling become rele-
vant. For a black hole, for example, it is easy to see that the space-time geometry close to
the horizon is modified by corrections O(α/r2

s), where rs defines the position of the black
hole horizon. Therefore, we find useful to introduce the dimensionless coupling

α̃ ≡ α

r2
s

. (2.3)

The definition adopted in (2.1), on the other hand, makes less transparent another relevant
scale associated with that coupling. The sGB operator contains a series of irrelevant
interactions between the scalar field and an arbitrary number of gravitons. The leading
one is a cubic vertex, schematically of the form ∂2Φ ∂h ∂h. When the graviton field is
canonically normalized, the interaction is a dimension 7 operator

1
Λ3
α

∂2Φ ∂hc ∂hc (2.4)

where Λα is the energy at which the cubic interaction becomes strongly coupled. In terms
of α one immediately gets

1
Λα

=
(

α

MPl

)1/3
. (2.5)

– 4 –



J
H
E
P
1
2
(
2
0
2
1
)
1
8
3

From now on, we will assume that the coupling α has the largest value allowed by present
observations. The strongest bound on α comes from the absence of any signal of scalar wave
dipolar emission, sourced by that coupling, in black hole merger data. A recent analysis
finds α . (1.7 km)2 [46] (see also refs. [12, 47]). In terms of the associated strong coupling
scale the bound becomes

Λα & 1012 km−1 . (2.6)

When these values are saturated, the coefficient parametrizing deviations from general
relativity predictions for black holes in the LIGO-Virgo band is at most α̃ ∼ 0.1− 0.01.

We now turn to estimate the size of the effects induced by the additional galileon
interaction. To do so, we have to fix the value of Λ in (2.1), taking for simplicity g3 ∼ O(1).
We will make a natural assumption: all the leading interactions involving the scalar Φ
become strong at the same scale. This implies that we have to set Λ ∼ Λα. From now
on we will work under this assumption and discuss the implications of the cubic galileon
coupling g3 on the hairy black hole solution.

From the scalar’s equations of motion, �Φ(1 + �Φ
Λ3 + . . .) ∼ αMPlG, one can see that

the presence of the cubic interaction gives O(1) corrections to the background solution
obtained for g3 = 0 when

�Φ
Λ3 ∼ O(1) . (2.7)

Solving for the scalar field far from the horizon we can neglect the galileon interaction: the
field is sourced by the curvature squared term evaluated on the Schwarzschild solution

�Φ ∼ αMPl
r2
s

r6 ; (2.8)

we can therefore estimate that at the horizon r ∼ rs
�Φ
Λ3 ∼

αMPl
r4
sΛ3 (2.9)

that is O(1) for a black hole with rs ' 10 km, using Λ ' Λα ' 1012km−1 and MPl '
1038 km−1. In conclusion we obtained that, with a natural choice for scale of the cubic
interaction, close to the horizon there are large corrections to the solution. In the next
section we will solve perturbatively in α̃ � 1 the equation of motion of the action (2.1).
The perturbative expansion is schematically organized as follows,

Φ ∼MPl
(
α̃+ α̃3 + . . .

)
, (2.10)

h ∼ α̃2 + α̃4 + . . . , (2.11)

where h denotes the metric fluctuations with respect to the Schwarzschild background.

2.1.2 Background solution

In this section, we will solve perturbatively the fields’ equations of motion up to quadratic
order in α̃. The background metric can be parametrized as follows,

ds2 = −A(r)dt2 + dr2

B(r) + r2
(
dθ2 + sin2 θ dφ2

)
, (2.12)
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where, in full generality, we set the coefficient of dΩ2
S2 ≡ dθ2 + sin2 θ dφ2 to r2, and where

A(r) = 1− rs
r

+ α̃2A(r) +O(α̃4) , (2.13a)

B(r) = 1− rs
r

+ α̃2B(r) +O(α̃4) . (2.13b)

The scalar field profile can be instead expanded as

Φ̄(r) = MPl
(
α̃ ϕ(r) +O(α̃3)

)
. (2.14)

Plugging into the Einstein equations, one can find the equations for A(r), B(r) and ϕ(r).
These do not usually admit a closed form solution if g3 6= 0. However, integrating once the
equation for ϕ(r), one can find an expression for ϕ′(r) in closed form:

ϕ′(r) = r3 −
√
r6 + 16g3 (4r3r3

s + r2r4
s + rr5

s − 3r6
s)

2g3rr2
s(4r − 3rs)

, (2.15)

where we fixed the integration constant in such a way that ϕ′(r) is finite at the horizon
(which is sufficient to guarantee (∂ϕ)2 is regular at the horizon) . Note that, in the limit
g3 → 0, one recovers the result of [9],

ϕ′(r)|g3→0 → −
4rs

(
r2 + rrs + r2

s

)
r4 . (2.16)

Regarding the equations for the metric components A(r) and B(r), it is convenient to look
for solutions in the following form,

A(r) = B(r)−
(

1− rs
r

)∫ ∞
r

dρFA(ρ) , (2.17a)

B(r) = 1
r

∫ r

rs
dρFB(ρ) , (2.17b)

where FA and FB are lengthy expressions, which we do not write explicitly, that can be
obtained straightforwardly by plugging (2.17) into the equations for A(r) and B(r). The
integrals in (2.17) can be shown to be convergent for all r ∈ (rs,∞).1 As a sanity check,
it can also be shown that A and B agree with eqs. (3) and (4) of [21] in the limit g3 → 0.
In (2.17), the boundary conditions have been chosen in such a way that the position of the
horizon is still at r = rs (i.e., A and B both vanish at rs). Note that A → B as r → +∞,
and they both scale as 1

r . This implies a modification to the ADM mass with respect to
general relativity and it is given by the formula

2GM = rs − α̃2
∫ ∞
rs

dρFB(ρ) , (2.18)

where the correction can be easily computed numerically for fixed g3 and rs.
Note that the scalar hair at large distances goes as (see (2.15))

ϕ(r →∞)→ 4rs
r

+ . . . (2.19)

Corrections in g3 only enter starting from 1
r4 . This means, for instance, that the scalar

charge P ≡ 4α
rs

is unchanged with respect to the case with g3 = 0 of [9].
1One can show that both FA(ρ) and FB(ρ) are continuous functions of ρ. In addition, they both

approach a constant at r = rs, while at large distances FA(ρ→∞) ∼ 1
ρ3 and FB(ρ→∞) ∼ 1

ρ2 .
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2.1.3 Linearized equations for the perturbations and quasi-normal modes

The additional operator in (2.1) not only modifies the background geometry, but it also
induces order-one corrections to the linearized dynamics of the perturbations, as we show
in this section. To this end, we will use the following conventions for the metric perturba-
tions [35, 38],

δgµν = δgodd
µν + δgeven

µν , (2.20)

with

δgodd
µν =

 0 0 εkj∇kh0
0 0 εkj∇kh1

εki∇kh0 εki∇kh1
1
2(εik∇k∇j + εj

k∇k∇i)h2

 (2.21)

which parametrizes parity-odd perturbations and where εij is defined in (E.1),2 and

δgeven
µν =

 AH0 H1 ∇jH0
H1 H2/B ∇jH1
∇iH0 ∇iH1 C(Kγij +∇i∇jG)

 (2.22)

for perturbations of the even type. ∇i denotes a covariant derivative on the 2-sphere S2,
and in standard coordinates with metric γij ≡ diag(1, sin2 θ) it follows that

∇θ∇θ = ∂2
θ , ∇φ∇φ = ∂2

φ + sin θ cos θ∂θ , ∇θ∇φ = ∇φ∇θ = ∂θ∂φ −
cos θ
sin θ ∂φ

∇2 = ∂2
θ + 1

sin2 θ
∂2
φ + cos θ

sin θ ∂θ . (2.23)

The scalar perturbations are instead parametrized as Φ = Φ̄+δΦ, where Φ̄ is given in (2.14).
Given the spherical symmetry of the background, it is guaranteed that even and odd
perturbations do not couple at the level of the linearized equations of motion. For this
reason, we can study the two sectors separately. In addition, the spherical symmetry
and the time-translational invariance of the background allow to decompose a generic
field perturbation X as X (t, r, θ, φ) =

∑
`m

∫ dω
2π e−iωtX`m(ω, r)Y`m(θ, φ), where Y`m are the

spherical harmonics and where X can be either δΦ or any of the components in δgµν .
Let us start considering the odd sector, which is indeed the simplest one, since it

contains only one propagating degree of freedom. Following the standard procedure, we
shall first choose the Regge-Wheeler gauge, h2 = 0 [48].3 Then, using (2.21) and the
spherical harmonic decomposition, we can expand the action (2.1) up to quadratic order in
the odd fields h0(ω, r) and h1(ω, r).4 It is then straightforward to compute the equations of
motion for h0 and h1, and find the combination that is algebraic in h0. Using this to solve

2Indices are raised and lowered with γij ≡ diag(1, sin2 θ).
3Fixing the Regge-Wheeler gauge, h2 = 0, at the level of the action (2.1) is consistent as one does not

lose any constraints (see, e.g., [35]).
4For simplicity, we will hereafter suppress ` and m subscripts in the spherical harmonic decomposition

of the field perturbations, and also often altogether omit the arguments in the fields, i.e. X`m(ω, r) will
simply be often denoted as X (ω, r), or just as X . That we are talking about fields decomposed in spherical
harmonics and in frequency space should be clear from the context.
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for h0 in terms of h1 and h′1, one arrives at a single equation for the propagating degree of
freedom, which can be recast in the Schrödinger-like form

d2Q

dr2
?

+
(
ω2 − VQ

)
Q = 0 , (2.24)

where the tortoise coordinate r? is defined by

dr?
dr = 1√

AB
, (2.25)

and where we introduced the field Q, which is related to h1 via

h1(r) ≡ eN (r)Q(r) , (2.26)

The explicit expressions for N (r) and the potential VQ(r) are given in appendix A. It is
straightforward to check that, if g3 ∼ O(1), the galileon coupling induces O(1) corrections
to the potential VQ(r), with respect to [9], at distances r ∼ rs, and therefore modifies the
spectrum of quasi-normal modes.

The even sector is more complicated, but can still be solved following, e.g., [35]. The
result is a system of coupled equations of the form

d2 ~ψ

dr2
?

+
(
ω2 − Vψ

)
~ψ = 0 , (2.27)

where ~ψ is a 2-component vector, describing the two parity-even propagating degrees of
freedom, and Vψ is a (2 × 2)-matrix. The relation between ~ψ and the perturbations δΦ
and δgeven

µν (see eq. (2.22)), the explicit expression for Vψ, as well as the detailed procedure
to obtain (2.27), are included in the supplementary material of the present paper. In
the notebook, we also compute explicitly the eikonal limit for the potential Vψ, which
generalizes the result of [49].

2.2 Isospectrality and eikonal limit in the EFT for the perturbations

We have shown above how the presence of the cubic galileon operator modifies the prop-
erties of the hair generated by a sGB coupling. This example illustrates the possibility
of including many other scalar operators in the theory. From this perspective, an effec-
tive field theory is particularly useful, if one is interested in studying the dynamics of the
perturbations in a model-independent way. This is the approach that was first introduced
in [35] and that we will pursue from now on. Before generalizing the effective theory of [35]
to the case of slowly rotating black holes with scalar hair (see section 3 below), we consider
here another application of [35] in the context of non-rotating black holes.

It is well known that the degeneracy between the even and odd QNM spectra of general
relativity is broken in the presence of a scalar coupling to the Gauss-Bonnet operator. In
the small-coupling limit, for the model of [9], this has been shown explicitly for low `’s in [10]
and in the eikonal limit in [49]. In this section, in the spirit of studying how additional
operators in the EFT can affect the observables, we will show that the introduction of
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other operators can have phenomenological implications, altering the spectrum of the quasi-
normal modes. In particular we will show explicitly that suitable choices of the effective
couplings allow to recover isospectrality in the eikonal limit.5 In this limit the equations
simplify and the conditions under which isospectrality is recovered can be stated easily.
The main point in this section is not to motivate the particular choice of couplings giving
rise to isospectrality, but rather to illustrate, using the language of EFT, how a wide range
of predictions is possible (such as whether isospectrality is satisfied or not).

Let us take the EFT of [35, 38] and let us focus on the following subset of operators,

S =
∫

d4x
√
−g

[
M2

Pl
2 R+ ξ(r)G − Λ(r)− f(r)grr +M4

2 (r)(δgrr)2 +M2
13(r)δgrrδR̂

]
,

(2.28)
where ξ(r) encodes the scalar coupling to the Gauss-Bonnet invariant G, while (δgrr)2

and δgrrδR̂ (R̂ is the intrinsic curvature associated with constant-r hypersurfaces [35]) are
additional quadratic operators in the fields that can be generated in theories with derivative
self-interactions for the scalar. Recall that, as opposed to M4

2 (r) and M2
13(r), which are in

principle arbitrary, the coefficients Λ(r) and f(r) are fixed by the background equations of
motion [35]. Since the procedure to obtain the field equations has already been extensively
discussed in [35, 38] for non-rotating spacetimes, we will not repeat the derivation here,
but we will simply highlight the main steps.

Instead of (2.12), we find it more convenient to parametrize the background metric as
follows,

ds2 = −A(r)dt2 + dr2

A(r) + C(r)
(
dθ2 + sin2 θ dφ2

)
, (2.29)

where we set A = B and kept the coefficient C of the line element on the 2-sphere arbitrary.
The relation between the tadpole coefficients f and Λ and the background metric can be
found by solving the background equations of motion [35, 38]. The equation for the odd
mode can then be derived in complete analogy with section 2.1.3: we can choose the
Regge-Wheeler gauge, h2 = 0, expand the action (2.28) up to quadratic order in the metric
perturbations (2.21) and integrate out h0 at the level of the linearized equations of motion.
The final result is an equation of the form,

d2Q

dr2
?

+
(
c−2
r ω2 − VQ

)
Q = 0 , (2.30)

where now dr?
dr = A−1 and cr plays the role of an effective speed of propagation (which

can in general be non-unitary) in the radial direction. In the eikonal limit, ` → ∞, the
function c−2

r and the potential VQ are

c−2
r = M2

Pl − 4A′ξ′ − 8Aξ′′

M2
Pl − 4A′ξ′

, VQ = `(`+ 1)A
(
M2

Pl − 4A′ξ′ − 8Aξ′′
)

M2
PlC − 4AC ′ξ′

+O(`0) , (2.31)

5By ‘isospectrality’ we generically mean here that there is a degeneracy between even and odd sector at
the level of the linearized equations of motion for the perturbations. Establishing whether or not there is
an actual degeneracy at the level of the observed frequencies requires an additional piece of information,
that we will not discuss in the present work, which is specifying how the scalar couples to the matter.
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where in VQ we neglected subleading terms in 1/`. We can further assume that deviations
from Schwarzschild are small, i.e., A ≡ 1− rs

r + εA and C ≡ r2 + ε C, where ε is some small
coupling, and ξ, M4

2 , M
2
13 ∼ O(ε). Under this assumption, eqs. (2.31) become

c−2
r = 1−

(
1− rs

r

) 8ξ′′

M2
Pl
, (2.32)

VQ = `(`+ 1)
r2

(
1− rs

r

)[
1 + εA

1− rs
r

− M2
PlC − 4(2r − 3rs)ξ′ − 8r(rs − r)ξ′′

r2M2
Pl

]
. (2.33)

Following [35, 38], one can derive the equations governing the dynamics of the even modes.
After the non-dynamical fields are integrated out on-shell and after a suitable field redefi-
nition that allows to remove first derivative terms in r?, the final system of equations can
be cast in the following form:

d2 ~ψ

dr2
?

+ Wψ · ~ψ = 0 , (2.34)

where Wψ is a (2 × 2)-matrix that depends on r, as well as on the frequency and the
quantum number `. Note that the two equations will remain in general coupled even in
the eikonal limit, ` → ∞, as opposed to what happens in other situations, e.g., in the
case of massive and partially massless higher-spin fields in a Schwarzschild (de Sitter)
spacetime [50]. However, it is possible to choose the couplings ξ ,M4

2 and M2
13 in such a

way that the two equations (2.34) decouple. In the particular limit under consideration,
this happens, for all r, if the following conditions are satisfied,6

M4
2 = −12rs

((
−2r2 + 4rrs − 3r2

s

)
ξ′ + r

(
2r2 − 5rrs + 3r2

s

)
ξ′′
)

r3(2r − 3rs)2(r − rs)
, (2.35a)

M2
13 = − 12rsξ′

2r2 − 3rrs
. (2.35b)

When eqs. (2.35) hold, one can show not only that one of the off-diagonal entries of Wψ

becomes zero, but also that the corresponding equation becomes identical to the odd equa-
tion (2.30). In particular, the coefficients of the ω2 terms and the potentials equal (2.32)
and (2.33), respectively.7 In this sense, one recovers ‘isospectrality’ between the odd spec-
trum and one of the two even set of frequencies.8

Given the action (2.28) with the coefficients (2.35), and given some educated guess
on the form of the scalar profile Φ̄(r), one can in principle, by reverse engineering, find
explicit examples of covariant Lagrangians that reduce to (2.28) in unitary gauge.9 Al-
though possible in general, this procedure does not guarantee that the resulting effective

6We stress that we are first taking the large-` limit in (2.34) and then expanding the result at linear
order in ε.

7The fact that the equations become identical is a result of the eikonal limit (the same happens for
instance with the Regge-Wheeler and Zerilli equations in general relativity). Note that this is a sufficient
condition for isospectrality, but it is not necessary. Different potentials can in fact lead to identical spectra,
provided that they are related by a duality symmetry that preserves the boundary conditions [50–53].

8We stress, though, that the corresponding even mode is still in general a mixture of scalar and metric
fluctuations (see also the comment in footnote 5). For analogous considerations in the case of scalar-tensor
theories on exactly Schwarzschild background, see, e.g., [34].

9See [54] for a discussion, although in a different context, on how to obtain a reverse-engineered covariant
model.
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scalar-tensor theory passes extra sanity checks, such us having a well-defined expansion
around a Minkowski spacetime, or a consistent embedding in a unitary, causal and local
UV theory [55]. Whether there exist explicit examples that pass all these tests is left for
future work.

3 Effective theory for perturbations of slowly rotating black holes

In this section, we generalize the results of [35, 38] and construct an effective theory for per-
turbations around slowly rotating black holes with scalar hair. We assume here that parity
is not broken and the scalar field is invariant under parity transformation — we will discuss
the case of parity-breaking theories in section 4. Even though what we will mostly have in
mind (and refer to) below are asymptotically flat, slowly rotating black holes, we stress that
our construction applies more generally to any stationary, axisymmetric, slowly rotating
spacetime, whether or not it is asymptotically flat or has a horizon, including more exotic
backgrounds (see [38] for an application of the EFT to wormholes in the non-rotating limit).

3.1 General considerations and background metric

In general relativity, a prominent example of stationary and axisymmetric spacetime is
given by the Kerr metric, whose line element in Boyer-Lindquist coordinates is (see,
e.g., [56])

ds2 = −
(

1− rsr

Σ

)
dt2 − 2arsr

Σ sin2 θ dt dφ+ Σ
∆dr2 + Σ dθ2

+
(
r2 + a2 + a2rsr

Σ sin2 θ

)
sin2 θ dφ2 ,

(3.1)

where10

Σ ≡ r2 + a2 cos2 θ , ∆ ≡ r2 − rsr + a2 , (3.2)

and where a is related to the angular momentum J of the rotating black hole by

J = M a. (3.3)

At linear order in the spin parameter a the metric reduces to:

ds2 = −
(

1− rs
r

)
dt2 + dr2

1− rs
r

+ r2
(
dθ2 + sin2 θ dφ2

)
− a2rs

r
sin2 θ dt dφ . (3.4)

In our discussion below, we wish to retain the interpretation of a as the parameter related
to the spin of the black hole by an equation similar to (3.3). This leads us to consider
metrics that, as (3.4), are invariant under the transformations {t→ −t, a→ −a} and {t→
−t, φ → −φ}. These symmetries, together with the assumption of a smooth a → 0 limit,
imply that the only term linear in a is in the (t, φ) component of the metric. Motivated

10The quantity rs is related to the locations of the inner (r−) and outer (r+) horizons by r± = rs
2 ±√

r2
s
4 − a2.
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by this observation and the form of the components in (3.4), we will focus below on the
following class of stationary, axisymmetric background metrics:

ds2 = −A(r)dt2 + 1
B(r)dr2 + C(r)

(
dθ2 + sin2 θ dφ2

)
− 2 aD(r) sin2 θ dt dφ , (3.5)

where A(r), B(r), C(r) and D(r) are arbitrary functions of r.11

One might wonder how general the ansatz (3.5) is. As shown in refs. [57, 58], eq. (3.5)
represents, at linear order in a, the most general ansatz for a stationary, axisymmetric and
asymptotically flat black hole solution with separable geodesic equations, that preserves
the Kerr symmetries and reduces to a spherically symmetric background in the limit a→ 0.
Note that an overall θ-dependent conformal factor could in principle be included in (3.5)
while still preserving the Kerr symmetries [58]. In that case, in the limit a→ 0, one would
recover a metric that is conformally related to the Schwarzschild solution. In what follows,
we will for simplicity disregard this possibility, although such a θ-dependent conformal
factor could be straightforwardly accounted for in the construction of the EFT.12 Similarly,
we will not consider here the possibility of more general rotating metrics with arbitrary
θ-dependence in the components. As an additional motivation for our ansatz (3.5), we
stress that (3.5) is a good solution in many explicit examples of slowly rotating hairy black
holes (see for instance refs. [21, 59] and appendix D below).

Given the ansatz (3.5), one still needs to specify the form of the scalar profile that
sources it. This will be relevant when we construct the EFT for the perturbations in
the unitary gauge. Note that, although the scalar’s energy-momentum tensor is expected
to have the same symmetries of the background metric, this need not be the case, in
principle, for the scalar Φ̄ itself. A simple example of this is given by shift-symmetric
theories where the solution for Φ̄ contains a linear term in time, Φ̄ ≡ t+ϕ(r) (see, e.g., [60–
63]). Despite the explicit time dependence in the field, the time-translational invariance
of the system follows from the shift invariance of the scalar action.13 In this section, we
work under the simplifying assumption that the scalar background for Φ inherits the same
symmetries of the metric (3.5). As a consequence, Φ̄ cannot depend explicitly on t, nor
on φ. In addition, invariance under {a → −a, φ → −φ} forbids linear terms in a in Φ̄.
Moreover, we will assume that Φ is a scalar under parity, i.e. that it is invariant under
{θ → π − θ, φ → φ + π}, so that parity is broken neither explicitly in the action nor
spontaneously by the background. This tells us that Φ̄ cannot depend on θ (in a way that
solves non-trivially the background Einstein equations). As a result, Φ̄ must be a function
of r only (Φ̄ ≡ Φ̄(r)) and with no dependence on a at linear order [9]. We will partially relax
these assumptions in section 4, where we will allow the breaking of parity (in such a way
that Φ̄ can depend on θ) and the scalar Φ̄ to not be invariant under {a→ −a, φ→ −φ}.14

11In full generality, we are allowed, by the possibility of redefining the radial coordinate r, to fix one of
the four functions A(r), B(r), C(r), D(r).

12Such a θ-dependent conformal factor is strongly constrained by weak-field solar system observations,
so that we can safely neglect it [57, 58].

13There is in fact a diagonal combination of time translations and constant shifts that is still linearly
realized on Φ.

14It would also be interesting to study more general cases and generalize the EFT to perturbations around
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3.2 Effective theory for the perturbations

To construct the EFT for the perturbations, we will work in the unitary gauge, defined by
δΦ ≡ 0. Since the scalar background Φ̄ depends on r, the unitary gauge breaks radial diffeo-
morphisms. This suggests the introduction of a radial foliation with hypersurfaces satisfy-
ing Φ̄ = constant, provided that the scalar profile is non-trivial, i.e., ∇µΦ̄ 6= 0, and that the
original map Φ̄ : r → Φ̄(r) is an injective map on the whole domain in which the radial co-
ordinate r is defined. The continuity of Φ̄(r), together with the previous conditions, implies
that Φ̄(r) has to be a strictly monotonic function in order to have a well-defined foliation.

After choosing the unitary gauge and fixing the radial foliation, the effective action
will be the most general action invariant, up to boundary terms, under the residual tem-
poral and angular diffeomorphisms. In analogy with [35, 38], the geometric objects that
constitute the basic building blocks are gµν , Rµνρσ, ∇µ, grr and the extrinsic curvature
Kµν , with coefficients that can be arbitrary functions of r. For more details about the
notation and the geometric decomposition, see [35] and appendices B and C below.

3.2.1 Linear order

In this section, we focus on the terms of the EFT that are linear in the field perturbations
and find a set of independent operators that form a basis.

At linear order in perturbations, the most general action is

Stadpoles =
∫

d4x
√
−g

[
−Λ(r)− f(r)δgrr + kµν(r)δKµν + ξµναβ(r)δRµναβ

]
, (3.6)

with Λ(r), f(r), kµν(r), ξµναβ(r) arbitrary functions of the background metric and its
derivatives.

Let us start considering the tadpole kµν(r)Kµν . The orthogonality condition (B.7)
implies that the only non-zero part is kab(r)Kab. The function kab is secretly a function of
the background metric and thus inherits its structure. Therefore we can write:

kab(r)δKab = ktt(r)δKtt + kθθ(r)
(
δKθθ + δKφφ

sin2 θ

)
+ a ktφ(r) δKtφ

sin2 θ
. (3.7)

Using the fact that the trace of K = ∇µnµ is a total derivative and can be recast, up to
a total derivative, as the Λ(r) and f(r)grr terms, we can get rid of one of the components
in (3.7). For instance we can add a term −kθθ(r)C(r)K and get rid of the second term
in (3.7). We are left with two terms, which can be conveniently expressed as

kab(r)Kab ≡ α(r)K̄µνδK
µν + a sin2 θ β(r)δKtφ. (3.8)

The first term in (3.8) was already present in the EFT for non-rotating black holes [35].
The second term, proportional to the spin parameter a, is instead new and accounts for
the fact that the spacetime is ‘less symmetric’, compared to the non-rotating case, which
translates into a larger set of independent operators in the EFT.

Let us now consider the tadpole ξµναβ(r)Rµναβ . As before, ξµναβ(r) is secretly a
function of the background metric and its derivatives, which dictate therefore its tensor

solutions such that Φ̄ ≡ t+ ϕ(r). This is left for future work.
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structure; moreover it has the same symmetry properties as Rµναβ . This fact, together
with the structure of the background metric, implies that out of the 20 components of the
Riemann tensor, only 6 could give rise to new tadpoles:

Rrtrt, (Rθrθr +Rφrφr), (Rθtθt +Rφtφt), Rθφθφ, Rrtrφ, Rθtθφ . (3.9)

We will show in fact that there is only one independent operator, corresponding to the
Ricci scalar R. The first four terms in (3.9) are the same as those appearing in [35] for
non-rotating spacetimes. Three of them can be re-expressed in terms of R, the other
tadpoles or boundary terms — see appendix A of [35]. The last two tadpoles Rrtrφ, Rθtθφ
can instead be dealt with as follows. Since they both have tφ indices and are symmetric
in their exchange, they will necessarily be contracted with ḡtφ or its derivatives, which is
already order-a. Since we are interested in the EFT at linear order in a, we are thus allowed
to think of Rrtrφ and Rθtθφ as being computed at the leading order a = 0. Then, from
eq. (C.5) we can read off the variation of the Riemann tensor at the order a = 0, that is

δRθtθφ = ḡθθ
(
∇θδΓθtφ −∇φδΓθtθ

)
,

δRrtrφ = ḡrr
(
∇rδΓrtφ −∇φδΓrtr

)
.

(3.10)

The terms with covariant derivatives in θ and φ can be eliminated, up to boundary terms,
by integrations by parts, while the term with an r derivative can be also expressed as a tφ
tadpole by using equation (C.21).

As a result, the most general tadpole action boils down to

Stadpoles =
∫

d4x
√
−g

[1
2M

2
1 (r)R− Λ(r)− f(r)grr − α(r)K̄µνKµν − a sin2 θ β(r)gtφ

]
,

(3.11)
where, for convenience, we used gtφ instead of Ktφ.15

The coefficients in (3.11) are not all arbitrary. We report the form of the background
equations in the case where M1 ≡ MPl is taken to be constant. The tt and rr-Einstein
equations fix f(r) and Λ(r):16

f(r) =
(
A′C ′

4AC −
B′C ′

4BC + C ′2

4C2 −
C ′′

2C

)
M2

Pl

+
(
A′B′

AB
+ 2A′C ′

AC
− 4A′2

A2 + 2A′′

A
− 2C ′2

C2

)
α

8 + A′

4Aα
′ , (3.12a)

Λ(r) =
(
−BA

′C ′

4AC − B′C ′

4C − BC ′′

2C + 1
C

)
M2

Pl

+B

(
A′B′

AB
+ 2A′C ′

AC
− 4A′2

A2 + 2A′′

A
− 2C ′2

C2

)
α

8 + BA′

4A α′ . (3.12b)

15The two operators are equivalent up to integrations by parts — see appendix C.1.
16Note that eqs. (3.12) and (3.14) here match eqs. (2.11)-(2.13) of [35], which are valid in the non-rotating

limit a = 0.
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In addition, the tφ-component of the background Einstein equations can be used to derive
an expression for β(r):

β(r) = BD

(
−A

′B′

4AB −
A′D′

4AD + A′2

4A2 −
A′′

2A + B′D′

4BD −
1
BC

+ D′′

2D

)
M2

Pl

+BD

(
−A

′B′

4AB + A′C ′

2AC −
3A′D′

4AD + 3A′2

4A2 −
A′′

2A + B′D′

4BD −
C ′D′

2CD + D′′

2D

)
α

+BD

(
D′

D
− A′

A

)
α′

2 , (3.13)

while the θθ (or φφ) equation yields the following differential equation for α(r):

(
A′

A
− C ′

C

)
α′ +

(
A′B′

2AB + A′C ′

2AC −
3A′2

2A2 + A′′

A
− B′C ′

2BC + C ′2

C2 −
C ′′

C

)
α

+
(
A′B′

2AB + A′C ′

2AC −
A′2

2A2 + A′′

A
− B′C ′

2BC + 2
BC
− C ′′

C

)
M2

Pl = 0 . (3.14)

In the subset of theories in which α(r) = β(r) ≡ 0 — corresponding to theories with
no higher derivative operators — the background equations simplify and reduce to those of
ref. [35], plus a self-consistency differential equation that relates the function D(r) to the
other background functions. Choosing coordinates in which A(r) = B(r), this equation
takes a particularly simple form:

D′′(r)C(r)−D(r)C ′′(r) = 0. (3.15)

Using this equation it is easy to generalise known examples of spherically symmetric hairy
black holes to slowly rotating ones. An explicit realization within this type of theories is
given in appendix D.

Since the most studied example of scalar hair in the literature is the one sourced by
a coupling to the Gauss-Bonnet invariant, it might be sometimes convenient to isolate the
Gauss-Bonnet operator, as we did already in eqs. (2.1) and (2.28):

Stad. =
∫

d4x
√
−g
[1

2M
2
1 (r)R+ξ(r)G−Λ(r)−f(r)grr−α(r)K̄µνKµν−a sin2 θβ(r)gtφ

]
.

(3.16)
With this choice there is clearly a redundancy in the effective Lagrangian at linear order
in perturbations, because not all the operators in (3.16) are independent, as we showed
above. However, if the goal is to apply the EFT to study perturbations around black hole
solutions with scalar hair, the choice (3.16) is particularly convenient. It allows, indeed,
to more easily perform the matching with explicit models that involve a coupling to the
Gauss-Bonnet invariant, which is one of the most studied examples in the literature evading
the no-hair theorem. In fact, ref. [7] showed that in the context of scalar-tensor theories
with no ghost degrees of freedom the no-hair theorem of Hui and Nicolis [4] can be evaded
only in the presence of the operator ΦG, that is a linear coupling of the scalar to the
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Gauss-Bonnet invariant. In this sense, the EFT is capturing all possible corrections to the
Einstein-Hilbert action and the sGB coupling.17

The general set of background equations in this parametrization and with all the
tadpoles included is quite cumbersome. We therefore do not write them here, but make
the derivation and result available in the supplementary material.

3.2.2 Quadratic action

In this section, we extend the action (3.16) to higher orders in the fields. In particular, we
introduce quadratic operators, which we will use to study the linearized dynamics of the
perturbations around black hole solutions with hair. We will omit the derivation, which
follows the one in [35], of the complete set of operators that enter at quadratic order in the
EFT. Instead, we will focus on a particular example and show how the linearized dynamics
gets modified in the presence of the considered operator.

The linearized field equations on static spherically symmetric spacetimes are in general
amenable to a separation of variables and a decomposition in spherical harmonics. For ax-
isymmetric rotating backgrounds, it is in many cases also possible to decompose the fields in
radial and angular components, provided that the spherical harmonics are suitably replaced
by (spin-weighted) spheroidal harmonics. This is for instance the case of massless pertur-
bations of generic spin s on a Kerr background [64, 65]. However, at the linear order in the
black hole spin parameter a, the situation is much simpler: the ansatz (2.20), with δgodd

µν

and δgeven
µν given in (2.21) and (2.22), remains a good parametrization of the metric pertur-

bations; in addition, since the fields defining the components of δgµν in (2.21) and (2.22)
transform as scalars, they can still be decomposed in spherical harmonics, in complete
analogy with the non-rotating case (a = 0). The only main difference is that the linearized
equations for δgodd

µν and δgeven
µν will no longer be decoupled, with mixing terms between even

and odd components appearing at linear order in a (see, e.g., [66]). We refer the reader to
appendices E and F for a detailed discussion of this decomposition and our choice of gauge.
In the following, we derive the coupled equations for our EFT at the leading order in deriva-
tives, showing that the result correctly reproduces the non-rotating case studied in [35, 38].

The simplest non-trivial example of quadratic operator is (δgrr)2. At the leading order
in the derivative expansion, the EFT takes on the following simple form:18

S =
∫

d4x
√
−g

[1
2M

2
PlR− Λ(r)− f(r)grr +M4

2 (r)(δgrr)2
]
. (3.17)

To obtain the quadratic action for the propagating degrees of freedom (for generic `, one
scalar and the two graviton polarizations), we shall proceed as follows. We first parametrize
the fluctuations of the metric as in (2.20), (2.21) and (2.22); the residual gauge freedom
allows us to get rid of 3 out of the 10 independent field variables; we plug (2.20) into (3.17)

17The fact of writing explicitly the Gauss-Bonnet operator in the effective action (3.16) should not be
surprising. Note that we always do the same with the Einstein-Hilbert term. Given the special role played
in the theory, it is just a matter of convenience to write it fully non-linearly, instead of expanding it in
perturbations.

18An explicit model belonging to the class of theories described by (3.17) with M4
2 = 0 is discussed in

appendix D. Other examples captured by (3.17) with M4
2 = 0 are also discussed in [6, 59].

– 16 –



J
H
E
P
1
2
(
2
0
2
1
)
1
8
3

and expand up to quadratic order in the fields; we ‘integrate out’ the 4 non-dynamical
fields and compute the 3 remaining equations for the propagating degrees of freedom. The
derivation of the general set of coupled equations in the case of (3.17) is outlined in ap-
pendix G. Here, we emphasize that, as we discussed above and it is clear from appendix G,
the linearized equations now mix even and odd modes. In particular, the equations of the
even modes with fixed ` contain a coupling to the odd field with `± 1, and vice versa [67].

Since the mixing terms between odd and even modes are of order O(a), they generate
corrections to the quasi-normal spectrum at quadratic order in a. Therefore, if one is
interested in computing the QNMs at linear order in the spin parameter, these mixing
terms can be neglected and the equations simplify considerably [68, 69]. In this spirit, we
show now the form of the odd equation if we neglect the coupling to the even modes. For
simplicity let us set B = A in (3.5) and let us fix the gauge where h2 = 0 in (2.21) (see
appendix F for more details). As it is clear from (2.21), the coefficient M4

2 will not enter
the dynamics of the odd sector. Following the procedure outlined in appendix G, after
straightforward manipulations, we arrive at the following equation for the axial mode:

d2Q

dr2
?

+
(
ω2 − 2amωD

C
− VQ

)
Q = 0 , (3.18)

where dr?
dr = A−1 = B−1 and where we defined

h1 ≡
√
C

A

(
1− amD

ωC

)
Q . (3.19)

The potential VQ is given by

VQ = 4
(
`2 + `− 3

)
AC − 2ACA′C ′ − 2AC2A′′ + 3A2C ′2

4C2

+ 2amA (CA′ − 3AC ′) (CD′ −DC ′)
`(`+ 1)ωC3 . (3.20)

Note that, in the limit of a slowly rotating Kerr spacetime, i.e. A = B = 1− rs
r , C = r2 and

D = rs
r , we recover precisely the equation of motion of the axial mode in general relativity

(see, e.g., eq. (115) of [66]).

4 Effective theory with parity-breaking operators

In section 3 we showed how to construct the effective theory for the perturbations of
slowly rotating hairy black holes under the assumption that parity is not broken. It is
instructive to see how the previous conclusions change and what the EFT looks like for
black hole solutions whose hair is sourced by a field profile that is not invariant under parity
transformations. One notable example in this class of theories is given by dynamical Chern-
Simons gravity, where the (psuedo) scalar Φ couples linearly to the Pontryagin density
∗RµνρσRµνρσ ≡ 1

2ε
µν
λτR

λτρσRµνρσ [70, 71]. Both static and rotating black hole solutions
in dynamical Chern-Simons gravity, as well as the analysis of the perturbations, have been
widely discussed in the literature [14–22, 24–26]. In this section, we extend the effective
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framework introduced in section 3 in such a way to capture, in a model-independent way,
also modifications of gravity induced by couplings to parity-odd operators, like the Chern-
Simons one. The only assumption we will need is that of a well-defined radial foliation,
that is: for every fixed value of the angular coordinate θ?, the scalar background Φ̄(r, θ?)
needs to be a strongly monotonic function of r defined on the whole domain of definition
of the radial coordinate r. The EFT will allow us to describe, in a single framework, many
cases previously studied in the literature, as well as more general situations that have not
been discussed before. As we will see in a moment, the purely dynamical Chern-Simons
gravity with no additional operators is, however, an exception.

To construct the EFT for the perturbations, we assume again the parametrization (3.5)
for the background metric. Even though its form is unchanged with respect to the case
considered in section 3, we now allow the background field Φ̄ to acquire some dependence
on the angle θ. Assuming that in the zero spin limit, a = 0, one recovers the results of [35],
the θ-dependence will always be proportional to a. Thus, we can postulate the following
generic profile for the background of Φ,

Φ̄(r, θ) = Φ̄0(r) + a Φ̄1(r, θ) . (4.1)

The form of Φ1 as function of θ depends on the model and is in general determined
by the background equations of motion. In the case of dynamical Chern-Simons gravity
(with no additional operators) the scalar background takes the simple form Φ̄(r, θ)|dCS =
a fdCS(r) cos θ. This implies Φ̄(r, π/2)|dCS ≡ 0, so that dynamical Chern-Simons gravity
turns out to be a pathological example for our construction, since the scalar field cannot be
used to define a radial foliation. In more general theories, however, one expects additional
operators beyond the Chern-Simons one, and in general Φ0(r) 6= 0.19 Explicit examples of
slowly rotating black hole solutions in theories that include a coupling to the Pontryagin
density plus additional operators are discussed e.g. in [21]. In these examples both the
metric and the scalar background profiles are of the form of our ansatz (3.5) and (4.1).

Given the background profiles (3.5) and (4.1), we would like now to generalize the con-
struction of the EFT presented in section 3. In addition to gµν , Rµνρσ, Kµν , ∇µ and grr

that constitute the building blocks of the EFT in section 3, we are now allowed to contract
spacetime indices also with the totally antisymmetric tensor εµνρσ. This gives more freedom
and extend the number of independent operators in the EFT at each order in perturba-
tion theory. The construction of the Lagrangian for the tadpoles closely follows the logic
in section 3.2.1. One can similarly fix the unitary gauge by fixing the r-diffeomorphisms
in such a way to remove the δΦ fluctuations altogether. The main difference in the con-
struction of the foliation is that now the unit vector nµ, defined in (B.1), will have also a
nonzero θ-component at linear order in a, due to the non-trivial θ-dependence in Φ̄. This
implies, for instance, that the extrinsic curvature Kµν can have now nonzero contravariant
r-components at linear order in a (see eqs. (B.6) and (B.7)). This modifies some of the

19When considering the EFT in the narrower context of hairy black holes in shift-symmetric scalar-tensor
theories, a scalar profile with Φ0 6= 0 and Φ1 6= 0 requires the presence of a linear coupling of the scalar
field to both the Gauss-Bonnet invariant and the Pontryagin density [7].
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steps in section 3.2.1, making the derivation of the tadpole Lagrangian slightly more com-
plicated. Thus, instead of following the same logic, we provide here a simpler way to count
the number of independent operators in the EFT at the linear order in perturbations. In
the unitary gauge, the most general theory of a black hole with (pseudo-)scalar hair (4.1)
can be now written in the form

S =
∫

d4x
√
−gL

(
gµν , ε

µνλρ, Rµναβ , g
rr, grθ,Kµν ,∇µ; r, θ

)
, (4.2)

where the dependence on grθ and θ follows from the new θ-dependent profile (4.1). When
expanded in perturbations, up to integrations by parts, the Lagrangian at linear order can
be in general recast in the form

Ltadpoles ∼ Fµν [∂r, ∂θ, ḡ, ε; r, θ]δgµν , (4.3)

where the matrix Fµν inherits its structure from the ingredients in (4.2) suitably contracted
and computed on the background, and from the integrations by parts. In other words, it can
be thought of as being some generic (symmetric) matrix resulting from certain contractions
among the tensor εµνλρ, the spacetime derivatives ∂µ projected on the r and θ-directions,
and a certain number of background metric tensors ḡ. Thus, counting the number of
independent tadpoles in (4.3) amounts in the end to finding the number of independent
components in Fµν .20 By definition, εµνλρ is nonzero only when its indices are all different.
In addition, since the background is independent of t and φ by construction, no t or φ-
derivatives can appear in F . Thus, given the form of ḡµν in (3.5), it follows that the only
metric fluctuations in (4.3) that allow to contract the Lorentz indices in a consistent way are

Ltadpoles ⊇ δgtt, δgrr,
(
δgθθ + sin2 θ δgφφ

)
, δgtφ, δgrθ (4.4)

with generic coefficients that can depend on r and θ. As an illustrative example, let us
assume that F contains a single factor of εtrθφ. It is easy to envision how to obtain, for
instance, δgtφ by contracting the r and θ indices in εtrθφ with an r and a θ-derivative (recall
that every index of each type must appear an even number of times). On the other hand,
it is clearly not possible to generate δgtr in (4.4) at linear order in a, given the ansatz (3.5).
As a result, the only tadpoles are the ones shown in (4.4). Using the fact that the trace of
gµν is a constant, one can conveniently trade one of tadpoles in (4.4) for a generic function
of r and θ at the zero-th order in perturbations. The final result is thus, schematically,

Stadpoles⊇
∫

d4x
√
−g
[
Λ(r,θ)+f1(r,θ)δgrr+f2(r,θ)δgtt+af3(r,θ)δgtφ+af4(r,θ)δgrθ

]
,

(4.5)
where we emphasized that δgtφ and δgrθ start linearly in a. In conclusion, the number of
independent operators, up to linear order in perturbations, is 5. Since one might be mainly
interested in studying the perturbations of black holes in theories with the Gauss-Bonnet

20Of course, this logic reproduces the counting of operators in simpler EFTs based on a similar construc-
tion, such as [35].
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and/or the Chern-Simons operators, it is convenient to write the linearized action for the
perturbations as

S =
∫

d4x
√
−g
[
M2

Pl
2 R+ ξ(r, θ)G + ζ(r, θ) ∗RµνρσRµνρσ (4.6)

− Λ(r, θ) + f1(r, θ)δgrr + f2(r, θ)δgtt + a f3(r, θ)δgtφ + a f4(r, θ)δgrθ
]
,

where ξ and ζ are the coefficients of the Gauss-Bonnet and Chern-Simons operators. In gen-
eral these can be arbitrary functions of r and θ, however in the subclass of shift-symmetric
scalar theories (at the leading order in derivatives) each of them is proportional to the
scalar field profile Φ̄(r, θ), hence they are identical up to a constant factor.

The Lagrangian (4.6) already captures many of the models that have been previously
considered in the literature. However, at quadratic order in the perturbations, there can
clearly be many other operators affecting the linearized dynamics. Finding a complete set is
a cumbersome, but straightforward, procedure that closely follows our previous derivation
in [35]. We will not derive it here in general, but, in the spirit of what we discussed in
the previous sections, we want to emphasize that additional operators, such as (δgrr)2

or δgrrδK, might not be completely irrelevant. In the presence of symmetries and with
couplings satisfying the right power counting, they can be as large as the Gauss-Bonnet
and the Chern-Simons operators on the considered background.

Note also that the generic angular dependence in equation (4.6), given the scalar
profile (4.1), generically induces coupling terms between modes corresponding to different
orbital numbers `, in an expansion in spherical harmonics. Differently from the mixing
terms already discussed in section 3.2.2, the additional mixings induced by a non-trivial θ
dependence couple modes with different ` within the odd (even) sector.

5 Conclusions

In this work we have introduced an effective field theory for perturbations of axisymmetric,
slowly rotating spacetimes sourced by a scalar field coupled to gravity. Although our
main focus was on fluctuations around asymptotically flat black holes with scalar hair,
our construction is more general and applies, at the linear order in the spin parameter
a, to any stationary, slowly rotating, axisymmetric background. For instance, it can be
applied to study perturbations of the background describing the exterior of a star (once
the boundary conditions at the surface of the object are specified) or even more exotic
spacetimes supported by a scalar field [38].

To motivate the use of an effective approach for hairy black hole perturbations, we have
discussed an explicit model where the Lagrangian contains, in addition to a coupling ΦG be-
tween the scalar field Φ and the Gauss-Bonnet invariant G, a higher derivative cubic galileon
operator, (∂Φ)2�Φ. Under the assumption that (∂Φ)2�Φ and ΦG become strongly coupled
at the same scale, we showed that the presence of (∂Φ)2�Φ in the theory yields order-one
effects at the level of both the background solution and the dynamics of the perturbations,
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compared to the case where the coupling of this operator is set to zero. Many other opera-
tors, beyond our simple toy model, can induce similar effects at the level of the observables.
In this sense, our effective theory is a convenient model-independent framework that allows
to include all these effects in a single shot. We stress that, in our toy model, the introduc-
tion of the cubic galileon interaction is merely a choice.21 There are indications, however,
that the presence of additional operators in the theory beyond just ΦG is required by
fundamental principles, such as microscopic causality and analyticity of the S-matrix [74].

There are a few interesting directions that we did not discuss here and we have left
for future research. It would be interesting to use our effective theory to characterize
more systematically the properties of the quasi-normal mode spectrum in theories beyond
general relativity, and connect the deviations in the frequencies to the form of the operators
in the EFT. We gave a simple example in this direction in section 2.2, where we showed
that certain non-trivial relations among the effective couplings (see eqs. (2.35)), defining
a specific subclass of theories within (2.28), allows to recover a degeneracy between the
even and odd spectra, which is in general otherwise broken [10, 49]. Another possibility is
along the lines of what we discussed in [35]. There, assuming small deviations from general
relativity and introducing a light-ring expansion, we used the WKB formula of [40, 41]
to infer some properties of the effective parameters from the spectrum. Our analysis
applied, however, only to the case of a single Schrödinger-like equation. The result does
not straightforwardly extend to a system of coupled equations, like the one we have in the
even sector, or in theories with parity-breaking operators (see section 4 above). We will
come back to this in a separate work [43].22

Another important open question is about the generalization of the effective theory to
rotating spacetimes, beyond the linear order in a. This would require revisiting our con-
struction, identifying the new complete set of operators for the metric perturbations around
the chosen ansatz for the rotating background metric (see, e.g., [57, 58]) and understanding
how to extend the Newman-Penrose formalism in the presence of an extra scalar field that
couples to the graviton degrees of freedom to extract the linearized equations of motion.

It would also be interesting to apply our effective theory to more exotic spacetimes
and check for instance how the conclusions of [38] (see also [75]) would get modified for a
rotating background.23

21One could in principle set its coupling to a value that makes the operator negligible in the dynamics of
the black hole, without running into fine tuning problems [45, 72, 73].

22A different way of characterizing deviations from general relativity in the QNM spectrum was proposed
in [28, 29]. In those works, the field potential in the Schrödinger-like equation is expanded as a power series
in the radial coordinate, with small coefficients that embody generic deviations in both the background and
the dynamics of the perturbations with respect to general relativity, without making any reference to an
explicit Lagrangian.

23Note that, for symmetry reasons, at the linear order in a the equation for the ` = 0 mode is un-
changed with respect to the non-rotating case (a = 0), and therefore the conclusions of [38] would extend
straightforwardly. This could change though for generic rotation, at nonlinear order in a.
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A Black holes with galileon hair: odd sector

The functionN (r) appearing in eq. (2.26) is given by the solution of the following first-order
differential equation,

N ′(r) = 1
4r3(r − rs) (r − rs + rα̃2(A+ B))

[
4r2(r − rs)(r − 2rs) (A.1)

+ α̃2
[
(r − rs)

(
2r2
s

(
3g3r

2(2r2 − 3rrs + r2
s)ϕ′3 + 3g3r

3(r − rs)2ϕ′2ϕ′′ + 4rs(11rs − 8r)ϕ′

+ 8r(r − rs)(rsϕ′′ + r(rs − r)ϕ′′′)
)

+ r4(A′ + B′)
)

+ r3A(4r − 9rs) + r3(10r − 9rs)B
]]
,

where ϕ, A and B are defined in eqs. (2.14) and (2.13), and solve eqs. (2.15) and (2.17).
The potential VQ(r) in eq. (2.24) is

VQ =
(

1− rs
r

)(
`(`+1)
r2 − 3rs

r3

)
+ α̃2

r6

[
8ω2r5r2

s(r−rs)ϕ′′+g3r
3r2
s(r−rs)3ϕ′2ϕ′′ (A.2)

+g3r
2r2
s(r−rs)(2r2−3rrs+r2

s)ϕ′3 +4r2
s(r−rs)

(
2(`2 +`−2)r2−3(`2 +`−3)rrs−3r2

s

)
ϕ′

−8(`2 +`−2)r3r2
s(r−rs)ϕ′′+8(`2 +`−5)r2r3

s(r−rs)ϕ′′+r3A(`(`+1)r−3rs)

+2r2r2
s(r−rs)2

(
(11rs−4r)ϕ′′′+2r(r−rs)ϕ(4)

)
+3r3(r−rs)B(r)+30rr4

s(r−rs)ϕ′′
]
.

Note that in the limit α̃ → 0 one recovers the Regge-Wheeler potential [48] of massless
odd spin-2 modes in general relativity. In the eikonal limit, ` → ∞, the potential (A.2)
considerably simplifies and reduces to

VQ(`→∞) =
(

1− rs
r

)
`(`+ 1)
r2 + α̃2

r5

[
8ω2r4r2

s(r − rs)ϕ′′ (A.3)

+ `(`+ 1)
(
r3A+ 4r2

s(r − rs)(2r − 3rs)ϕ′ − 8rr2
s(r − rs)2ϕ′′

) ]
+O(`0) ,

where we kept only terms up to the order O(`).

B Radial foliation and geometric decomposition

In this appendix, we recall the main ingredients that we used to construct the EFT in the
main text. The notation mirrors the one of [35, 38]. We assume here the Φ is a scalar,
while we refer to section 4 for a discussion about the case in which parity is broken.
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The black hole metric breaks spatial translations, while retaining axial symmetry. Since
the scalar Φ on the background depends only on r at linear order in a, it is convenient
to define a foliation of the spacetime with Φ = constant hypersurfaces. The unit vector
orthogonal to the radial foliation is given by [35]

nµ = ∇µΦ√
∇µΦ∇µΦ

, (B.1)

satisfying nµnµ = 1. In analogy with the ADM decomposition in general relativity, one
can define the induced metric

hµν ≡ gµν − nµnν . (B.2)

In the unitary gauge, nr = N and na = 0, and we can write the metric as:

ds2 = N2dr2 + hab (dxa +Nadr)
(
dxb +N bdr

)
, (B.3)

where the Latin indices a, b, c denote temporal and angular coordinates, while N and Na

are the lapse and the shift, respectively. Equivalently,

gµν =
(
hab Na

Nb N
2 +N cNc

)
, hµν =

(
hab Na

Nb N
cNc

)
. (B.4)

By the definitions of hµν and nµ the following orthogonality conditions follow:

hµνnµ = 0, nν∇µnν = 0 . (B.5)

The extrinsic curvature is given by:

Kµν = hαµh
β
ν∇αnβ = hαµ∇αnν = ∇µnν − nαnµ∇αnν . (B.6)

Two orthogonality conditions for Kµν follow from (B.5) and the definition (B.6),

nµKµν = nνKµν = 0 . (B.7)

The temporal and angular components of the extrinsic curvature can be expressed as

Kab = ∇anb = −NΓrab = 1
2N (∂rhab −DaNb −DbNa) , (B.8)

which is manifestly symmetric in (a, b) and where Da is the covariant derivative acting on
the (2 + 1)-dimensional hypersurface:

DaVb = hµah
ν
b∇µVν . (B.9)

From equation (B.6) it follows that the trace of the extrinsic curvature can be expressed
as a total derivative:

K = ∇µnµ. (B.10)
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B.1 Gauss-Codazzi equation

The (2 + 1)-dimensional Riemann tensor,

− R̂αβµνV α = DµDνVβ −DνDµVβ , (B.11)

can be related to the four-dimensional Riemann tensor and the extrinsic curvature through
the Gauss-Codazzi equation

hτµh
ρ
νh

σ
βRαστρ = R̂αβµν +KµβKνα −KνβKµα, (B.12)

and the contracted form

R = R̂−KµνK
µν +K2 − 2∇µ (Knµ − nν∇νnµ) . (B.13)

B.2 Geometric quantities evaluated on the background

On the background (3.5) we are considering there are no (r, a) components and many
simplifications occur. The shift are zero N̄a = 0, while the lapse is N̄ = 1/

√
B.

The induced metric takes the simple form

h̄µν =
(
ḡab 0
0 0

)
, (B.14)

while the temporal and angular components of the extrinsic curvature are given by

K̄ab =
√
B

2 ∂rh̄ab =
√
B

2 ∂rḡab (B.15)

We provide now some components of the Christoffel symbols evaluated on the background
that will be useful in what follows. At zeroth order in a we have:

Γ̄αtφ = 1
2 ḡ

ασ (∂tḡφσ + ∂φḡtσ − ∂σ ḡtφ) = 0 ,

Γ̄αtr = 1
2 ḡ

ασ (∂tḡrσ + ∂rḡtσ − ∂σ ḡtr) = 0 , for α 6= t ,

Γ̄ttr = 1
2 ḡ

tt∂rḡtt ,

Γ̄αφr = 1
2 ḡ

ασ (∂φḡrσ + ∂rḡφσ − ∂σ ḡφr) = 0 , for α 6= φ ,

Γ̄φφr = 1
2 ḡ

φφ∂rḡφφ ,

(B.16)

where we used that ∂tḡµν = ∂φḡµν = 0, ḡra = 0 and ḡtφ = O(a).

C Infinitesimal variations

We collect here results on the infinitesimal variation of various tensors under an infinitesimal
transformation gµν → gµν + δgµν . In this section all the terms without a δ in front are
intended to be evaluated on the background. From gµαg

αν = δνµ follows

gµνδgµν = −gµνδgµν . (C.1)
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Moreover, from the relation for the determinant of an operator, log(detM) = Tr(logM),
it follows

δg = g gµνδgµν = −g gµνδgµν . (C.2)

The variation of the volume element is easily computed as

δ
√
−g = 1

2
√
−g gµνδgµν = −1

2
√
−g gµνδgµν . (C.3)

For the Christoffel symbol we obtain:

δΓρµν = 1
2g

ρσ (∇µδgνσ +∇νδgµσ −∇σδgµν)

= −1
2g

ρσ (gανgβσ∇µ + gαµgβσ∇ν − gαµgβν∇σ) δgαβ ,
(C.4)

which implies the variation of the Riemann tensor is

δRµρνσ = −Rβρνσgαµδgαβ + gµλ
(
∇νδΓλρσ −∇σδΓλρν

)
. (C.5)

The variation of the Ricci tensor and its contracted version are:

δRµν = ∇ρ
(
δΓρνµ

)
−∇ν

(
δΓρρµ

)
, (C.6)

gµνδRµν = ∇µ∇ν(δgµν)−∇µgαβ∇µ(δgαβ) = ∇µvµ,
= (−∇µ∇ν + gµν�) δgµν (C.7)

which usually gives rise to boundary terms that can be neglected in a spacetime without
boundaries.

For any scalar of the form

X = ∇µXµ = 1√
−g

∂µ
(√
−gXµ) , (C.8)

the variation is

δX = 1
2gµνδg

µνX +∇µ
[
δXµ − 1

2X
µgαβδg

αβ
]
. (C.9)

– 25 –



J
H
E
P
1
2
(
2
0
2
1
)
1
8
3

For the foliation one has:

δnµ = −1
2nµnαnβδg

αβ , (C.10)

δnµ = nνδ
µν − 1

2n
µnαnβδg

αβ , (C.11)

δKµν = −1
2∇µ

(
nνnαnβδg

αβ
)

+ 1
2 (gανnβ∇µ + gαµnβ∇ν − gαµgβνnρ∇ρ) δgαβ

− nβnµ(∇αnν)δgαβ + nαnβnµn
ρ(∇ρnν)δgαβ

+ 1
2nµn

ρ∇ρ
(
nνnαnβδg

αβ
)
− 1

2nαnβnµ∇νδg
αβ , (C.12)

δK = 1
2gµνδg

µνK +∇µ
[
nνδg

µν − 1
2n

µ(nαnβ + gαβ)δgαβ
]
, (C.13)

δhµν = δgµν − nλ
(
nµδgνλ + nνδgµλ

)
+ nµnνnαnβδg

αβ (C.14)

δR̂ = (Rαβ − nµnνRµανβ − 3Rραnβnρ + 2Rµνnµnνnαnβ) δgαβ

+ hνµh
ρσ
(
∇νδΓµρσ −∇σδΓµρν

)
+ 2KδK − 2KµνδKµν . (C.15)

The following identity is satisfied:

nµδh
µν = hµνδnµ = 0. (C.16)

We provide an explicit expression for the variation of a component of the Christoffel symbol
which will be of use in what follows:

δΓrtφ = 1
2g

rσ (∇tδgφσ +∇φδgtσ −∇σδgtφ)

= 1
2g

rr (∇tδgφr +∇φδgtr −∇tδgtφ) ,
(C.17)

where we used ḡrσ = 0 for σ 6= r. At linear order in a, using the results of equation (B.16)
we obtain:

∇tδgφr = ∂tδgφr − Γ̄αtφδgαr − Γ̄αtrδgφβ
= ∂tδgφr − Γ̄ttrδgφt ,

∇φδgtr = ∂φδgtr − Γ̄αφtδgαr − Γ̄αφrδgtβ
= ∂φδgtr − Γ̄φφrδgtφ ,

∇rδgtφ = ∂rδgtφ − Γ̄αtrδgαφ − Γ̄αtφδgrβ
= ∂rδgtφ − Γ̄ttrδgtφ .

(C.18)

Another useful expression is the variation of the Gauss-Bonnet operator:∫
d4x
√
−g ξ(r)δG =

∫
d4x
√
−g
[
2ξ(RRαβ −RαρνσRβρνσ) + 4∇ρ∇σ(ξRαρβσ)

+ 8∇λ∇β(ξRαλ)− 2∇α∇β(ξR)− 4∇λ∇λ(ξRαβ)

− 4gαβ∇µ∇ν(ξRµν) + 2gαβ∇λ∇λ(ξR)
]
δgαβ , (C.19)

where ξ(r) is a generic r-dependent function and G is the Gauss-Bonnet invariant defined
in (2.2).
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C.1 Equivalent expressions for the tφ tadpole

We show here that the tadpole δKtφ can be rewritten as δgtφ. By construction, the tφ
indices in δKtφ are implicitly contracted with ḡtφ or its derivative, which are of order a.
Therefore, working at linear order in a we can neglect all the terms of order a in the
expression for δKtφ as a polynomial in the unit vector, the background metric and their
derivatives. By definition, the extrinsic curvature is

Ktφ = ∇tnφ = ∂tnφ − Γαtφnα. (C.20)

Considering its perturbation, at zeroth order in a we have:

δKtφ = ∂tδnφ − δΓαtφ n̄α − Γ̄αtφ δnα = −δΓrtφ n̄r (C.21)

where the first term was eliminated by an integration by parts, using that the background
is time independent, the unit vector was set on the background and the last term was set
to zero due to eq. (B.16). Using the results of equations (C.17) and (C.18) and getting rid
of terms with t and φ derivatives, by an integration by parts we obtain:

δKtφ = f1(r)∂rδgtφ + f2(r)δgtφ. (C.22)

At zeroth order in a one has δgtφ = ḡtαḡφβδg
αβ = ḡttḡφφδg

tφ. Integrating by part the radial
derivative we finally arrive at the desired result, i.e., up to boundary terms,

δKtφ = f3(r)δgtφ. (C.23)

D Explicit example

In this appendix we discuss an example of slowly rotating hairy black hole solution in a
theory with no higher derivative operators, which can be described at quadratic order by
the effective action of section 3.2.2. The theory is that of a minimally coupled phantom
scalar field with negative kinetic term [76], described by the action

S =
∫

d4x
√
−g

[
R

2 + 1
2g

µν∂µΦ∂νΦ− V(Φ)
]
, (D.1)

where we have set MPl = 1 and where the potential is given by the expression

V(Φ) = 3(q + 2M)
|q|3

[
(3 + Φ2) · sinh |Φ| − 3|Φ| · cosh Φ

]
. (D.2)

Even if not well motivated from an EFT point of view due to its ghost-like kinetic term
and the specific form of the potential, this theory serves the purpose of providing a simple
example of hairy black hole which can be treated analytically. The spherically symmetric
hairy black hole solution depends on two parameters, the asymptotic mass 8πM and the
scalar charge q, and was found in ref. [76] to be:

Φ̄(r) = q

r
,

A(r) = B(r) = r2(6M+ 3q)e−
q
r

4q3 −
[
r2(6M+ 3q)

4q3 − r(6M+ 3q)
2q2 + 6M+ q

2q

]
e
q
r ,

C(r) = r2e−
q
r .

(D.3)
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This solution can be straightforwardly generalized to a slowly rotating hairy black hole.
Using the background equation (3.15) derived in section 3.2.1, we find that at first order
in a the functions Φ̄(r), A(r), B(r), C(r) are unmodified, while

D(r) = 6M
4q3

[
(2q2 − 2qr + r2)e

q
r − r2e−

q
r

]
. (D.4)

This solution reduces to a slowly rotating Kerr black hole in the limit q → 0.
Another closed form example of slowly rotating hairy black hole has been recently

presented in ref. [59], generalizing a solution first found in ref. [6] in a theory with a scalar
field minimally coupled to gravity and with no higher derivate operators. The no-hair
theorem of Bekenstein [77] is evaded thanks to a negative potential, V(Φ) < 0, which in
general corresponds to a violation of the weak energy condition. We refer the reader to
ref. [59] for the explicit form of the solution.

As expected, the background metric and the scalar hair profile in both these examples
respect the form of our ansatz (3.5). Even though they are not particularly physical, being
based on theories with undesirable properties, such as a negative kinetic term or potential,
they can be thought of as illustrative examples that show how the EFT works in the
simplest possible case. Indeed, the dynamics of these theories can be captured in a unified
way by our EFT, and in particular by its simplest form, corresponding to the leading order
in the derivative expansion detailed in section 3.2.2.

E Vector and tensor spherical harmonics, and some useful identities

In problems with spherical symmetry it is convenient to express quantities in terms of
spherical coordinates and expand the angular dependence in terms of spherical harmonics.
In the case of slowly rotating backgrounds, however, the spherical symmetry is weakly
broken by the spin parameter a. Spherical harmonics can still be a useful basis of functions
to parametrize the angular dependence, but symmetry breaking effects can in general
induce mixing between different harmonics. Because of this it is useful to work in terms of
an orthonormal basis of functions, so that it is straightforward to project on the relevant
basis components when needed.

We briefly review the construction of vector and tensor spherical harmonics, follow-
ing [48], to fix our normalizations (see also appendix A of ref. [78]). Let us consider the
2-sphere S2, parametrized by the coordinates θ, φ, with θ ∈ [0, π] and φ ∈ [0, 2π). The
Latin indices i, j, . . . will run on θ, φ. We will use the standard metric and Levi-Civita
tensors on the sphere:

γij =
(

1 0
0 sin2 θ

)
, εij = sin θ

(
0 +1
−1 0

)
. (E.1)

We denote the scalar spherical harmonics as Y (`,m)(θ, φ), defined as

Y (`,m)(θ, φ) = (−1)m
√

2`+ 1
4π

√
(`−m)!
(`+m)! P

(`,m)(cos θ)eimφ, (E.2)
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where the associated Legendre functions are given by Rodrigues’ formula:

P (`,m)(x) = 1
2``! (1− x

2)
m
2

d`+m

dx`+m (x2 − 1)` (E.3)

and satisfy the associated Legendre equation. The spherical harmonics so defined are
orthonormal when integrated on the solid angle with dΩ = sin θdθdφ:∫

dΩ Y (`,m)(θ, φ)∗ Y (`′,m′)(θ, φ) = δ``′δmm′ . (E.4)

An orthonormal basis of vector and tensor spherical harmonics is given by:

(+)Y
(`,m)
i = 1√

`(`+ 1)
∇iY (`,m),

(−)Y
(`,m)
i = 1√

`(`+ 1)
ε ji ∇jY

(`,m),

(tr)Y
(`,m)
ij = 1√

2
γijY

(`,m),

(+)Y
(`,m)
ij =

√
2√

`(`+ 1)(`2 + `− 2)

(
∇i∇jY (`,m) − 1

2γij∇
k∇kY (`,m)

)
,

(−)Y
(`,m)
ij = 1

2

(
ε ki

(+)Y
(`,m)
kj + ε kj

(+)Y
(`,m)
ki

)
,

(E.5)

with scalar product corresponding to a trace on the discrete variables and an integral on
the solid angle for the continuous ones.

E.1 Recurrence relations and other useful identities

The (associated) Legendre functions and the spherical harmonics satisfy a rich set of re-
currence relations and identities, see for instance [79]. When dealing with problems with
spherical symmetry it is usually sufficient to consider the simpler identities satisfied by
Legendre polynomials, corresponding (up to factors) to spherical harmonics with m = 0.
In the case of a (slowly) rotating background, spherical symmetry is broken explicitly and
we will need more general identities on spherical harmonics in order to explicitly express
angular functions as combinations of (scalar, vector or tensor) spherical harmonics.

Two useful recurrence relations can be derived through straightforward manipulations
of the relations on associated Legendre functions in [79]:

cos θ Y (`,m) = ζ`,mY
(`−1,m) + ζ`+1,mY

(`+1,m), (E.6)

sin θ ∂

∂θ
Y (`,m) = −(`+ 1)ζ`,mY (`−1,m) + `ζ`+1,mY

(`+1,m), (E.7)

where for notational convenience we introduced the coefficients

ζ`,m =
√

(`+m)(`−m)
(2`+ 1)(2`− 1) .
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Other useful identities, relating Y (`,m) and its θ-derivative to the θ-derivative of Y (`±1,m),
can be proved by manipulating the generating function of the associated Legendre func-
tions:

gm(x, t) = (2m)! (1− x2)
m
2

2m(m!)(1− 2xt+ t2)m+ 1
2

=
∞∑
s=0

P (s+m,m)(x) ts. (E.8)

In particular, by taking the x-derivative of gm(x, t) and combining the resulting recur-
rence relation with a linear combination of equations (E.6) and (E.7) and the derivative of
equation (E.6), the following identities are obtained:

sin2 θ Y (`,m) = m2

`(`+ 1)Y
(`,m) + 1

`
ζ`,m sin θ ∂

∂θ
Y (`−1,m)

− 1
`+ 1ζ`+1,m sin θ ∂

∂θ
Y (`+1,m), (E.9)

1
2 sin 2θ ∂

∂θ
Y (`,m) = m2

`(`+ 1)Y
(`,m) + `+ 1

`
ζ`,m sin θ ∂

∂θ
Y (`−1,m)

+ `

`+ 1ζ`+1,m sin θ ∂

∂θ
Y (`+1,m). (E.10)

The identities reduce to well-known relations on Legendre polynomials P (`)(x) for m = 0.

F Gauge choice

We decompose a generic metric perturbation around the background (3.5) in terms of
vector and tensor harmonics, following [48]. Using a notation where a Greek index µ runs
on the Boyer-Lindquist coordinates (t, r, θ, φ), and suppressing the indices (`,m) and the
explicit coordinate dependence, but keeping in mind that the scalar functions h̃, H̃, H̃, K̃
and G̃ depend on (t, r):

δg(odd)
µν =


0 0 h̃0

(−)Y
(`,m)
i

0 0 h̃1
(−)Y

(`,m)
i

(sym) (sym) h̃2
(−)Y

(`,m)
ij

 ,

δg(even)
µν =


H̃0 Y

(`,m) H̃1 Y
(`,m) H̃0

(+)Y
(`,m)
i

(sym) H̃2 Y
(`,m) H̃1

(+)Y
(`,m)
i

(sym) (sym) K̃ (tr)Y
(`,m)
ij + G̃ (+)Y

(`,m)
ij

 .
(F.1)

Under an infinitesimal diffeomorphism transformation xµ → xµ + ξµ the metric perturba-
tion transforms as δgµν → δgµν −∇µξν −∇νξµ. The displacement vector can be expanded
in harmonics as:24

ξ(even)
µ =

(
αY (`,m), β Y (`,m), γ (+)Y

(`,m)
i

)
, ξ(odd)

µ =
(
0, 0, δ (−)Y

(`,m)
i

)
, (F.2)

24The function γ that we use here to parametrize a gauge transformation of the even type should not be
confused with the metric (E.1) in the previous section.
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where the functions α, β, γ, δ have indices (`,m) and depend on (t, r). Since the background
breaks explicitly rotational invariance and parity, mixing between parity-even and parity-
odd terms and mixing between different harmonics with angular number ` will be generated.
For notational convenience we reintroduce the index ` to account for the mixing, but
suppress the index m. All the metric functions and gauge parameters are understood to be
functions of (t, r), with time derivatives denoted by a dot and radial derivatives denoted
by a prime. At linear order in the spin parameter a, by using the identities of appendix E,
it is straightforward if somewhat lengthy to derive how the metric perturbations transform
under an infinitesimal diffeomorphism. We obtain:

h̃(`)
0 → h̃(`)

0 − δ̇
(`) − 2ima 1

`(`+ 1)Dδ
(`)

+ a
1
`
ζ`,m

√
`(`+ 1)BD′β(`−1) − a 1

`+ 1ζ`+1,m

√
`(`+ 1)BD′β(`+1)

− a2(`− 1)
`

ζ`,m

√
`+ 1
`− 1

D

C
γ(`−1) − a2(`+ 1)

`+ ζ`+1,m

√
`

`+ 2
D

C
γ(`+1), (F.3)

h̃(`)
1 → h̃(`)

1 − δ
′(`) + C ′

C
δ(`) − a1

`
ζ`,m

√
`(`+ 1)DC

′ − CD′

AC
α(`−1)

+ a
1

`+ 1ζ`+1,m

√
`(`+ 1)DC

′ − CD′

AC
α(`+1), (F.4)

h̃(`)
2 → h̃(`)

2 −
√

2
√
`2 + `− 2 δ(`), (F.5)

H̃
(`)
0 → H̃

(`)
0 − 2α̇(`) +A′Bβ(`), (F.6)

H̃
(`)
1 → H̃

(`)
1 + A′

A
α(`) − α′(`) − β̇(`) − ima 1

`(`+ 1)
AD′ −A′D

AC
γ(`)

+ a
(`− 1)√
`(`− 1)

ζ`,m(AD′ −A′D)δ(`−1)

− a (`+ 2)√
(`+ 1)(`+ 2)

ζ`+1,m(AD′ −A′D)δ(`+1), (F.7)

H̃
(`)
2 → H̃

(`)
2 −

B′

B
β(`) − 2β′(`), (F.8)

H̃(`)
0 → H̃

(`)
0 −

√
`(`+ 1)α(`) − γ̇(`) − ima 1√

`(`+ 1)
BD′β(`) − 2ima 1

`(`+ 1)
D

C
γ(`)

+ 2aζ`,m
√

(`− 1)(`+ 1)
`

Dδ(`−1)

+ 2aζ`+1,m

√
`(`+ 2)
`+ 1 Dδ(`+1), (F.9)

H̃(`)
1 → H̃

(`)
1 −

√
`(`+ 1)β(`) − γ′(`) + C ′

C
γ(`) + ima

1√
`(`+ 1)

DC ′ − CD′

AC
α(`), (F.10)

K̃(`) → K̃(`) +
√

2
√
`(`+ 1)γ(`) −

√
2BC ′β(`), (F.11)

G̃(`) → G̃(`) −
√

2
√
`2 + `− 2γ(`). (F.12)

As expected on symmetry grounds, at linear order in a perturbations of a given parity and
fixed ` can receive contributions from opposite parity gauge transformations with `±1 and
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from the φ-derivative of same parity gauge transformations. Moreover, at linear order in
a and neglecting parity-breaking contributions for simplicity, the scalar field perturbation
transforms as

δΦ(`) → δΦ(`) + β(`)Φ̄′, (F.13)

where we have again expanded a scalar perturbation in spherical harmonics and suppressed
the m index.

The notation used in this appendix is related to the notation used in the rest of the
article (chosen to agree with that of ref. [35]) as follows:

h0 =
√
`(`+ 1)h̃0, h1 =

√
`(`+ 1)h̃1, h2 =

√
2√

`(`+ 1)(`2 + `− 2)
h̃2,

H0 = H̃0/A, H1 = H̃1, H2 = BH̃2,

H0 =
√
`(`+ 1)H̃0, H1 =

√
`(`+ 1)H̃1,

G =
√

2
C
√
`(`+ 1)(`2 + `− 2)

G̃, K = −
√
`(`+ 1)

C
√

2(`2 + `− 2)
G̃+ 1

C
√

2
K̃.

(F.14)

We choose to work in the Regge-Wheeler-unitary gauge, fixing

δΦ = H0 = G = h2 = 0. (F.15)

The conditions on δΦ, G, h2 determine in a unique way β(`), γ(`), δ(`) respectively. The
condition on H0 fixes α(`) in terms of β(`), γ(`), δ(`±1). Since the gauge fixing is complete
— i.e., it determines the gauge parameters in a unique way without ambiguity — it is
consistent to fix the gauge at the level of the action without losing any constraint, see for
instance ref. [80].

G Linearized equations of motion with even-odd mixing

In this appendix we derive the equations of motion for the theory (3.17), where we retained
only the operators at the leading order in the derivative expansion. Similar manipulations
hold in the presence of other quadratic operators in the EFT.

Modes with ` ≥ 2. Let us start assuming ` generic and ` ≥ 2. We start from the
parametrization (2.20), where δgodd

µν and δgeven
µν are given in (2.21) and (2.22). Then, we

shall fix the gauge where H0 = G = h2 = 0 and expand the action up to quadratic order
in the fields.25 From the quadratic action, we can compute the equations of motion for the
remaining fields H0, H1, H2, H1, K, h0 and h1. To integrate out more easily the constraint
variables, it is convenient to redefine the metric perturbation H2 as follows [35, 38, 81, 82],

H2 = ψ + 2`(`+ 1)
B(r)C ′(r)H1 + 2C(r)

B(r)C ′(r)K
′ . (G.1)

25As discussed in appendix F, it is consistent to fix the gauge H0 = G = h2 = 0 directly at the level of
the action (3.17).
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This allows to get rid of H′1 and K′′ from the H0’s equation of motion. The resulting set
of coupled equations is:

0=Y`m

[
H1

(
2`(`+1)

(
C ′−CA

′

A

)
− 4`(`+1)2C

BC ′
+2amω

(
DC ′

A
−CD

′

A

))

+K′
(
−2C2A′

A
− 4`(`+1)C2

BC ′
+2CC ′

)
+K

(4C
B
− 2`(`+1)C

B

)
−2BCC ′ψ′+ψ

(
−BCA

′C ′

A
−3B′C ′C−2`(`+1)C−2BCC ′′

)

+2iamH1

(
DC ′

A
−CD

′

A

)]
+2asinθ(∂θY`m)

[
h′0
(
DC ′

A
−CD

′

A

)

+h0

(
C ′D′

A
−DC

′2

AC

)
+iωh1

(
CD′

A
−DC

′

A

)]
, (G.2)

0=Y`m

[
iamK′ CD

′

2AC ′+iωK
(
CA′

2A2 −
C ′

2A

)
+ψ(r)

(
iamBDC ′

4AC + iamBD′

4A + iωBC ′

2A

)

+H1`(`+1)
(
iam

(
D′

2AC ′+
D

2AC

)
+ iω

2A

)
+H0

(
iamD′

4A − iamDC
′

4AC

)

+H1
`(`+1)

2A +ah1cosθ `(`+1)D
AC

]
+ah1sinθ(∂θY`m)`(`+1)D

2AC , (G.3)

0=Y`m

[
ψ

(
B2CA′C ′

A
+BCB′C ′+2B2CC ′′+ 16B3M4

2C
2

M2
Pl

)

+H1

(
2`(`+1)

(
CB′−B

(
C ′2−2CC ′′

)
C ′

+ 16B2M4
2C

2

M2
PlC

′

)
+ 2amωB

A

(
DC ′+D′C

))

+2H ′0BCC ′−2H0`(`+1)C−H1

(
4iωBCC

′

A
+ 2iamB

A
(CD′+C ′D)

)
+K′

(
2C2B′+ 32B2M4

2C
3

M2
PlC

′ + 4BC2C ′′

C ′
−2BCC ′

)

+K
(
−4ω2C2

A
+2
(
`2+`−2

)
C− 4amωCD

A

)
−8ah0cosθ `(`+1)D

A

]

+ 2aB
A

sinθ(∂θY`m)
[
−iωh1

(
DC ′+CD′

)
+h′0

(
DC ′+CD′

)
+h0

(
C ′D′− 2DA′C ′

A
−DC

′2

C
− 2`(`+1)D

B

)]
, (G.4)

0=Y`m

[
ψ

(
−`(`+1)B(CA′+AC ′)

4AC +amωB(DC ′+CD′)
4AC

)

+H1`(`+1)
(
ω2

2A−
`(`+1)CA′+

(
`2+`−2

)
AC ′

2ACC ′ +amωDC
′+CD′

2ACC ′

)
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− 1
2`(`+1)H ′0+H0

(
`(`+1)

(
C ′

4C −
A′

4A

)
+amωDC

′−CD′

4AC

)
+iωH1

`(`+1)
2A

× C

2AC ′K
′(amωD′−`(`+1)A′

)
+ amω

2A2 K
(
DA′−AD′

)
+iaωh1cosθ `(`+1)D

AC

−2ah′0cosθ `(`+1)D
AC

+ah0cosθ`(`+1)C (DA′−2AD′)+3ADC ′

A2C2

]

+ a

2AC sinθ(∂θY`m)
[
i`(`+1)ωDh1−2`(`+1)Dh′0

+h0

(
`(`+1)DA′

A
+ 2

(
`2+`+1

)
DC ′

C
−
(
`2+`+2

)
D′
)]

, (G.5)

0=Y`m

[
K′′C

2A′

2AC ′−K
ω2C

2AB

+C

4 K
′
(
C ′2(3BA′+AB′)+2BC ′′(AC ′−CA′)+2

(
`2+`−4

)
AC ′

ABC ′2
− 4amωD

ABC ′
− 4ω2C

ABC ′

)

+ 1
4ψ
(
CA′B′+BA′C ′+A

(
2B′C ′+2BC ′′+`2+`−4

)
A

− 2amωD
A

− 2ω2C

A

)

+ 1
4ψ
′
(
BCA′

A
+BC ′

)
−H ′1

(
iamD

2A + iωC

A

)
− 1

4H1

(
iω

2CB′+2BC ′

AB
−iamBDA′−ADB′−2ABD′

A2B

)

× `(`+1)
4 H1

(
− 2CA′C ′′

AC ′2
+A′

A
− 4ω2C

ABC ′
+B′C ′+2

(
BC ′′+`2+`−4

)
BC ′

+ amωD

`(`+1)

(
A′

A2 +B′C ′−4`(`+1)
ABC ′

))
+ 1

4H
′
1

(2`(`+1)CA′

AC ′
+ 2amωD

A

)

+ 1
2CH

′′
0 + 1

4CH
′
0

(2A′

A
+B′

B
+C ′

C

)
−H0

`(`+1)
4B −ah0cosθ `(`+1)D

ABC

]

+ aD

2A sinθ(∂θY`m)
[
h′′0 +h′0

(
−3A′

2A + B′

2B−
C ′

C
+ 2D′

D

)

+h0

(
A′C ′

2AC −
A′D′

AD
+A′2

A2 −
B′C ′

2BC + 2
BC
−C

′D′

CD
+C ′2

C2 −
C ′′

C

)

−iωh′1−iωh1

(
A′

2A+ B′

2B

)]
, (G.6)

which are obtained from the variation with respect to H0, H1, H2, H1 and K respectively,
and

0 =Y`m

[
−h′′0

`(`+1)
2A +h′0`(`+1)BA

′−AB′

4A2B
+h′1

i`(`+1)
2A

(
ω+ amD

C

)

+h0
`(`+1)

(
A
(
B′C ′+2

(
BC ′′+`2 +`−2

))
−BA′C ′

)
4A2BC
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+h1

(
iam

(
−`(`+1)BCDA′+`(`+1)ACDB′+2

(
`2 +`+2

)
ABCD′−4ABDC ′

)
4A2BC2

+ iω (−`(`+1)BCA′+`(`+1)ACB′+2`(`+1)ABC ′)
4A2BC

)
+aK′′ cosθCD

′

AC ′
+aK′ cosθ

(
DA′

2A2 + DB′

2AB + 2`(`+1)D
ABC ′

− CC
′′D′

AC ′2
+DC ′′

AC ′
+D′

A

)
−aKcosθ

(
`2 +`+2

)
D

ABC
+ aB

2Aψ
′ cosθ

(
DC ′

C
+D′

)
+ a

2AH
′
0 cosθ

(
DC ′

C
−D′

)
+ aD

AC
ψ cosθ

(
`(`+1)+BA′C ′

2A +B′C ′+ CB′D′

2D +BC ′′
)

+aH′1 cosθ`(`+1)CD
′−DC ′

ACC ′
+aH1 cosθ `(`+1)

A2BC2C ′2

(
BCDA′C ′2

+A
(
CC ′

(
D
(
BC ′′+2`(`+1)

)
−2BC ′D′

)
−BC2C ′′D′+BDC ′3

))]

+ aD

A
sinθ(∂θY`m)

[
K′
(
A′

4A+ B′

4B + `(`+1)
BC ′

− CC
′′D′

2DC ′2 + C ′′

2C ′ +
D′

2D

)

+K′′ CD
′

2DC ′ −K
2
BC

+ψ

(
BA′C ′

4AC +B′C ′

2C +B′D′

4D +BC ′′

2C + `(`+1)
2C

)
+ `(`+1)

2C2 H1

(
CA′

A
+ C (BC ′′+2`(`+1))

BC ′
−
(
`2 +`+2

)
CD′

`(`+1)D − C
2C ′′D′

DC ′2
+ 2C ′

`(`+1)

)

+ `(`+1)
2 H′1

(
D′

DC ′
− 1
C

)
+H ′0

(
C ′

4C −
D′

4D

)]
, (G.7)

0 =Y`m

[
1
2h1

(
2a`(`+1)mωD

AC
+ `(`+1)ω2

A
− `(`+1)(`2 +`−2)

C

)

+ i

2h′0`(`+1)
(
maD

AC
+ ω

A

)
− i

2h0

(
a
(
`2 +`−2

)
mDC ′

AC2 + (2amD′+`(`+1)ωC ′)
AC

)

− iωaK′ cosθCD
′

AC ′
+ iω

A
aKcosθ

(
D′−DA

′

A

)
− B

2Aiωaψ cosθ
(
DC ′

C
+D′

)

− iωaH1 cosθ `(`+1)D′

AC ′
−aH1 cosθ `(`+1)D

AC
+ iω

2 aH0 cosθ
(
D′

A
−DC

′

AC

)]

+ aD

4AC sinθ(∂θY`m)
[
−2iωK′C

2D′

DC ′
+2iωKC

(
D′

D
−A

′

A

)
−2`(`+1)H1

− iωψB
(
C ′+ CD′

D

)
−2iω`(`+1)H1

CD′

DC ′
+ iωH0

(
CD′

D
−C ′

)]
, (G.8)

which follow instead from the variation with respect to h0 and h1, respectively. It is clear
from the previous equations that, as opposed to the non-rotating case [35, 38], the even
and odd equations are now coupled. The dependence on the spherical harmonics can be
removed by acting on each equation with

∫
dΩY ∗`′m′(θ, φ) and using the identities (E.6)

and (E.7). It becomes then clear that the even-odd mixing terms in the previous equations
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are between modes of different parity whose azimuthal quantum numbers differ by 1. In
other words, at linear order in a, the coupling is between an even `-mode and an odd
(`± 1)-mode, and vice versa [67]. It is then easy to find the combinations of the previous
equations that are algebraic in the fields H0, H1, H0 and h0. Solving for these variables
and plugging the solutions into the remaining independent equations, one finds the final set
of coupled equations for the three propagating fields ψ, K and h1. Dropping the even-odd
mixing, the equation for h1 decouples and reduces to (3.18) in the main text. Note also
that the same manipulations have been performed to obtain the systems of equations (2.27)
and (2.34), with the huge simplification that, in the context of (2.27) and (2.34), a = 0
and there is no mixing between even and odd fields.

Modes with ` = 1. When ` = 1, only the scalar mode propagates, although its equation
of motion can still couple to the odd ` = 2 metric fluctuations. To derive the linearized
equation, one can proceed as before with the simplification now that, when ` = 1, K is
redundant in the parametrization (2.22) and can be set to zero. Similar field redefinitions
(see eq. (G.1)) and manipulations to the ones above allow to integrate out H0, H1 and H0,
and find the equation of motion for the dynamical field ψ (see also refs. [35, 38]).

Mode with ` = 0. The monopole ` = 0 can be derived in complete analogy. Note
that, since it describes a spherically symmetric perturbation, its equation of motion will
not contain any linear term proportional to the spin parameter a. The field equation for
` = 0 will be therefore identical to the one derived in the non-rotating case in refs. [35, 38].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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