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STOCHASTIC MODEL REDUCTION: CONVERGENCE
AND APPLICATIONS TO CLIMATE EQUATIONS

SIGURD ASSING, FRANCO FLANDOLI, AND UMBERTO PAPPALETTERA

ABSTRACT. We study stochastic model reduction for evolution equations in infinite dimensional Hilbert spaces,
and show the convergence to the reduced equations via abstract results of Wong-Zakai type for stochastic
equations driven by a scaled Ornstein-Uhlenbeck process. Both weak and strong convergence are investigated,
depending on the presence of quadratic interactions between reduced variables and driving noise. Finally, we
are able to apply our results to a class of equations used in climate modeling.

1. INTRODUCTION

In this paper we study stochastic model reduction for a system of nonlinear evolution equations in infinite
dimensional Hilbert spaces which is general enough to cover well-established systems of equations used in
climate modeling. The big advantage of such a procedure is the lower complexity of the reduced equations,
since complexity is still one of the major issues when predicting the evolution of systems over time spans which
are typical for climate rather than meteorology.

Following [14], we assume that the climate variables of the system, i.e. those more relevant to climate
prediction, evolve on longer times scales than the unresolved variables, which can be modelled stochastically
and have a typical time scale much shorter than the climate variables. To be able to close the equation for
the climate variables, the task is to understand the effects of unresolved variables when stretching time to
climate-time. In what follows, we also refer to climate variables as resolved variables.

Climate modeling typically starts with equations containing quadratic nonlinearities which can describe many
features of oceanic and atmospheric dynamics at meteorological time—see [15, 20]. In abstract mathematical
terms, such equations would look like

dZt

(1) I = fi + AZ, + B(Zy, Zy),

where A : H — H is a linear operator, B : H x H — H is a bilinear operator, and f is an external forcing term.
Here, the variable Z taking values in H is supposed to be a complex mix of climate and unresolved variables,
and hence the space H has to be ‘big enough’ to ‘host’ variables of that type. We therefore choose H to be a
separable infinite-dimensional Hilbert space.

Now, there is a variety of procedures to identify climate variables in practice which we will not discuss in this
paper. We rather assume that climate variables have been identified spanning a Hilbert-subspace Hy C H, and
we further assume that the orthogonal complement Ho,, H = Hg® Hoo, gives the space of unresolved variables.
When projecting Z onto Hy, Ho via the projection maps 74, oo, equation (1) gives raise to two equations

dX - -
(2) d—tt = fi + A1Xy + A3Y, + Biy (Xo, Xy) + Bia(Xe, Vi) + B (Y, V)
and

dY, 2 2 2 2 2 2
(3) P fi +ATXy + ASY, + By (Xt, Xt) + Bia(Xt, Yi) + Bas(Yy, Yr)

for the collection of climate variables X = 74(Z) and unresolved variables Y = 7 (Z), respectively.

The next step, called stochastic climate modeling, consists in replacing the complicated nonlinear self-
interaction term in (3) by a linear random term. Such a replacement could be justified by the assumption
that quickly varying fluctuations of small scale unresolved variables are more or less indistinguishable from the
combined effect of a large number of weakly coupled factors, usually leading to Gaussian driving forces via
Central Limit Theorem. But such effects would only become visible at climate time and not at meteorological
time used in (2) & (3), so that we are looking to replace B3, (Y.-14, Y.-14) by a linear random term, stretching
meteorological time to e !¢, using a small parameter ¢ < 1.
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In this work, following [14, 17], we suppose that
B2,(Y.-14,Y.1,) is replaced by — pe ™'Y, 1, + oWy,

where i, o are positive constants, and W is Gaussian noise, white in time, and coloured in space. This way, the
parameter ¢ is used to scale time, but also to adjust for the size of the involved variables when scaling time.

Another assumption made in [14] is that climate variables at climate time have small forcing and self-
interaction, and hence we also suppose that

1+ AT Xy + By (X, Xoo1y) is replaced by eF 4+ e AL X1y 4+ e Bl (Xoo1q, Xoo1y),
avoiding so-called fast forcing and fast waves.

All in all, when introducing the notation X; = X,.-1, for climate variables at climate time, and Y,F = e~ 1Y, -1,
for the effect of unresolved variables at climate time, equations (2) & (3) translate into

dX;
(4) b = F AL + AN+ BL(XT XD) + Bip(X7,Y7) + By (Y7, Y7),

dYys |
(6) = R+ e AIXT + e T ARYYS + e B (X, XT) + T B (XL YY) — pe Y + oe TP W

The hope is now that, when ¢ tends to zero, climate variables at climate time can be approximated by a
random variable X which solves a closed stochastic equation with new coefficients not depending on unresolved
variables any more. Of course, these new coefficients will be functions of the coefficients of equations (4) & (5),
and the process of finding these new coefficients is called stochastic model reduction.

Stochastic model reduction of finite-dimensional systems similar to (4),(5) were extensively discussed in [14].
However, one of the key steps, i.e. proving the convergence X¢ — X, e | 0, was kept rather short. Indeed,
the authors first sketch a perturbation method based on a theorem by T.G. Kurtz, [13], which is their general
method, and they then briefly describe a so-called direct averaging method for special cases based on limits of
solutions to stochastic differential equations. In particular the latter method lacks a certain amount of rigour
because the convergence of the involved stochastic processes is not shown, and this gap has not been closed in
follow-up papers—see [6, 5, 10] for example.

In this paper we are not only closing this gap, but also develop a new method of proof.

We at first identify X, and then study in very detail the convergence X¢ — X, ¢ | 0, when X¢ solves an
evolution equation of type

dX:
(6) oL = B XF) + ot XE)YE + 2BV, YY),
where Y is a decoupled infinite-dimensional Ornstein-Uhlenbeck process satisfying
dY§ .
(7) d—tt = —5725/;6 + 672Wt.

Since equation (6) is more general than (4), once stochastic model reduction is established for the system
(6),(7) with decoupled unresolved variables, it also follows for an interesting subclass of systems of type (4),(5)
with coupled unresolved variables—see Theorem 5.3. Part (ii) of this theorem deals with the case of linear
scattering, that is B3, = 0, and in this case we achieve showing ‘strong’ convergence in probability:

(8) lim]P’{sup|Xth|Hd>5}0, v >0,
e—=0 t<T

on a given climate time interval [0, 7]. When the quadratic interaction term B3, is non-trivial, we can only show

convergence in law, as stated in Theorem 5.3(i). We refer to Remark 4.2(ii) for an argument which suggests

that one cannot expect much more than a weak-type convergence in the general case. This insight of course

sheds new light on the results given in [14] and follow-up papers.

At this point it should be mentioned that thoughout this paper we assume that Hy is finite-dimensional
which seems to be a natural choice when it comes to climate modeling. However, our arguments are general
and can be adapted to infinite dimensional subspaces, see [4].

In the case of the more abstract system (6),(7), the process Y¢ will eventually behave like white noise, as
¢ | 0. This limiting behaviour is fundamental for finding the limit of equation (6) because it opens the door for
using arguments similar to those of Wong & Zakai in [21]. Of course, Wong & Zakai formulated their results in
a finite-dimensional setting. There have been earlier attempts of proving similar results in infinite dimensions,
we refer to [1, 19, 18], for example. However, we would like to emphasise that these earlier attempts dealt with
piecewise linear approximations of noise rather than an infinite dimensional Ornstein-Uhlenbeck process. Note
that it is typical for Wong-Zakai results that stochastic integral terms of limiting equations are interpreted in
the sense of Stratonovich.

The paper is structured as follows.
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In section 2, we formulate our main results on the convergence of solutions to (6),(7). First, the limiting
equation for X is identified, and then conditions for weak convergence X¢ — X are stated in Theorem 2.2(i).
However, when (6) is a simpler equation, i.e. 8 = 0, even the stronger convergence (8) can be shown under the
same conditions—see Theorem 2.2(ii).

In section 3, we give the proof of Theorem 2.2(ii). The proof relies on preliminary localization and discretiza-
tion arguments which allow to consider, instead of (8), its discrete version

. e v —
i%P{S:p||th th|Hd>6} 0, V>0,

for only finitely many ¢ € [0, T].

In section 4, we give the proof of Theorem 2.2(i) which, at the beginning, requires a careful analysis of the
quadratic term S(Y;F,Y;?), but otherwise is an adaptation of the proof given in the previous section.

In section 5, we eventually use the results of section 2 to prove Theorem 5.3 under quite natural conditions,
thus making the connection to our main applications in climate modeling.

2. NOTATION AND MAIN RESULT

Let Hy, Hy be real separable Hilbert spaces. Assume that Hy is finite-dimensional, dim H; = d, with given
orthonormal basis ey, ..., e4, and that Hy is infinite-dimensional with given orthonormal basis f, fs, . ..

Given two Banach spaces U, V| let L(U, V) denote the Banach space of continuous linear operators mapping
U to V, endowed with the operator norm.

For each £ > 0, consider the pair of stochastic processes (X¢,Y#), taking values in Hy X Hy, where X°©
satisfies (6) over a fixed finite time interval [0, 7], and Y* is given by

t
Y :/ e 27 U=Sgw,, t>0,

— 00
where W is a Wiener process in H,, with real-valued time parameter and self-adjoint trace class covariance
operator @ € L(Hoo, Hoo).

Remark 2.1. (i) A Wiener process with real-valued time parameter can be obtained in the following way: given
two independent Wiener processes (W, );>o and (W, );>0 defined on filtered probability spaces (7, (F;"),P+)
and (Q~, (F;),P7), respectively, set Wy = W,", for ¢t > 0, and W, = W~,, for t < 0.

(ii) Using such a representation of W, we can also write

Y;E - _ /OO 6—26—572(t+s)dWS— + /t E—Qe—afz(t—s)dWS-i-, t>0,
0 0

which clearly is a stationary Ornstein-Uhlenbeck process on (2, F ® FL,P), where 2 = Q™ x QT and P =
P~ ® P*, see [2]. Furthermore, setting up the stochastic basis for our processes (X¢,Y¢), let (Q, F,P) be the
completion of (2, F, ® FL,P), and (F;)i>0 be the augmentation of the filtration (FL ® F; )¢>0. Note that
this filtration would satisfy the usual conditions.

(iil) Since @ is trace class, both W and Y* take values in H,,. Without loss of generality, we can assume
that @ is diagonal with respect to the chosen basis {f,, }men of Hoo, that the eigenvalues of @ form a sequence
{gm }men satisfying 37 gm < 0o, and that E [(Wy, £,)% | = |t|gm, for all m.

Adopting the useful notation Wy = fot YEds, we can write (6) in integral form as

t t t
(9) X5 =0 —|—/ F(s,X¢%)ds —|—/ o(s, X2)dW? —|—/ ef(YE,YE)ds, tel0,T],
0 0 0

where zg € Hy is a deterministic initial condition, as well as F' : [0, T x Hg — Hg, 0 : [0,T]|x Hg — L(Hoo, Hq),
B Hoo X He — Hy. We make the following assumptions on these coefficients:

(A1) FeC([0,T] x Hq, Hy), and F(t,-) € Lip;,.(Hq, Hg), uniformly in ¢t € [0, T;

(A2) 0 € CY[0,T] x Hy,L(Hwo, Hy)), and its space-differential Do(t,-) € Lip,,.(Ha, L(Hg, L(Hs, Hy))),

uniformly in ¢ € [0, T];

(A3) 5: Ho X Hoo — Hy is a continuous bilinear map.

Of course, by standard theory (see [2] for example), equation (9) admits a unique local strong solution, for
each € > 0.

Next, we introduce the limiting equation for the wanted limit X of the processes X¢, when ¢ | 0. First,
define the so-called Stratonovich correction term C': [0,T] x Hq — Hy by

d
% 1 i,m j,m .
(10) C'(s,x) = (C(s,x),€))u, = B Z quDjU (s, x)o?™ (s, ), i=1,...,d,

meN 7j=1
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where
ai’m(s,x) = (o(s,x)fm,ei)m,, i=1,...,d, meN,

is matrix notation for the linear map o(s,x) € L(Hs, Hy) with respect to our chosen basis vectors; second, let

() b = (B(Fe B @), [ 757, i=1od, Lm e N,

Then, our limiting equation would read

t t
(12) Xt::c0+/ (F(S,XSHC(S,XS)) ds+/ o(s, X)dW, + 3 b WE™, £ €(0,7),
0 0 £,meN

where W is the same Wiener process used to define Y¢ in Remark 2.1, while {V_Ve’m}g,mel\] is a family of
independent one-dimensional standard Wiener processes, which are also independent of W.

Again by standard theory, this equation admits a unique local strong solution, too. However, in view of the
interpretation of our results with respect to climate modeling, it is natural to further assume that

(A4) both equations (9) and (12) admit global solutions on [0, T7].

Another assumption specific to climate modeling, which has been advocated in [14], for example, would
be that the mean of B(YE,Y?) is zero, for any s, with respect to the invariant measure of the corresponding
Ornstein-Uhlenbeck process. Since all Y¢ are stationary under P, see Remark 2.1(ii), this assumption would
translate into

—2
€
E[B(YS, YY) ei)n.) = Z (B(fe,fm). €i)n, E [Ys&éy;;a’m} = Z(ﬁ(fé, fo),ei)n, Tq@ =0,
£,meN £eN
where Y2+ is short notation for the coordinates (Y2, f)g_, £ =1,2,..., s € [0,T]. As a consequence, we also

impose the zero-mean condition

(AB) 3 ,cn(B(Ee,£), €V, e = 0, for alli = 1,...,d,

which is usually true for equations from fluid-dynamics and can in general be understood as a renormalization
procedure for the quadratic term.
The following theorem is the main result of this paper.

Theorem 2.2. (i) Assume (A1)-(A5). Then, X¢ converges to X, in law, € | 0.
(i) However, if (A1)-(A4) and (A5) comes via B = 0, then the stronger convergence (8) holds true.

In what follows, to keep notation light in proofs, when no confusion may occur, the norms in both spaces
H,; and Ho, will be denoted by | - |, and their scalar products by (-, -). The symbol < means inequality up to a
multiplicative constant, possibly depending on the parameters of our equations, but not on ¢.

3. STRONG CONVERGENCE

In this section we give the proof of Theorem 2.2(ii), which is divided into several steps.

First, by localization, we argue that we can restrict ourselves to |X¢|, | X;| < R, for some large R, which is
effectively leading to Lipschitz continuity of the coefficients of (9).

Second, we discretize the problem, which allows us to reduce the proof of Theorem 2.2(ii) to its discrete
version:

. e _ v _
Ellj}r%)P{Sl;plth th|>(5} 0, Vé>0,

for only finitely many ¢, € [0,T]. Here, we choose t;, = kA, where A = A, is a positive parameter whose
e-dependence has to be carefully chosen in the proof—see Remark 3.8.
Third, we prove the above discretized version.

3.1. Localization. Fix e > 0, § € (0,1), and define

h=inf{t>0:|X;|>R+1}Ainf{t >0:|X;| > R}, for R >0,
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so that

IP’{sup|Xt6 - Xy| > (5} = IP’{sup|Xt6 — Xy| > 0, sup | X;| > R} —|—IP’{sup|Xt‘E — X¢| > 6, sup | Xy| < R}
t<T t<T t<T t<T

t<T

IP’{sup|Xt‘E — Xy| > 6, sup | X;| > R} —HP’{ sup | X7 — X¢| > 9, sup | Xy| < R}
t<T t<T

t<T t<TATE,
(13) §P{SUp|Xt|ZR}+IP’{ sup |Xf—Xt|>5}.
t<T t<TATS,

Therefore, since (A4) implies
P{sup|)_(t| > R} — 0, as R T oo,
t<T

to prove (8), it is sufficient to show the convergence of the second summand on the right-hand side of (13),
when ¢ | 0, for fixed § € (0,1), R > 0. Furthermore, by Markov inequality,

(14) ]P’{ sup |Xf—)_(t|>6}§6‘p]E

t<TATE

sup | X7 — X7
t<TATE,

for every p > 0, 6 € (0,1), and hence showing convergence of the above right-hand side, only, is enough. To
keep notation light, we are going to use 7° instead of 75, as R > 0 will be fixed, in what follows.

3.2. Discretization. Fix ¢ > 0. We show that the expectation on the right-hand side of (14) can be replaced
by an expectation of the same quantity, but with the supremum taken over a finite number (diverging to oo, as
e ] 0) of times t, see Corollary 3.6 below.

To start with, we have the following useful a priori estimate.

Lemma 3.1. For any p > 1, the Ornstein-Uhlenbeck process Y ¢ satisfies
E {sup |Yf|p] SeP.
t<T

Proof. First, the result is true in one dimension—see [12, Theorem 2.2].
In the infinite dimensional case, by Holder’s inequality, we can suppose p > 2. Therefore, since @ is trace
class with eigenvalues satisfying )y ¢m < 0o, when a = (p — 2)/p, we obtain that

p/2

E[supmav]zla D S
t<T t<T meN,gnm >0

(p—2)/2
[ 3 wermfaier] | (Saen) e

meN,gm >0 ¢<T meN

having used the one-dimensional result for the coordinates Y, = (Y, £,,), m =1,2,... O

Now, we introduce the discretization of the time interval [0,7]. Let A > 0, and let [T//A] be the largest
integer less or equal than T'/A. In what follows, A will also depend on ¢, in a way to be determined later. Also,
to make it easier to bound terms by powers of € or A, without loss of generality, we will always assume that
both e, A are less than one.

The next two lemmas control the excursion of X¢ between adjacent nodes in terms of the ratio A/e.

Lemma 3.2. For any p > 1, and any deterministic time T > 0,

p

€ e |p _

E sup |Xt+kA - XkA| S ( ) .
k=0,1,...,[T/A] €
t<7, t+kA<TAT®

Proof. Since 3 =0, by (9), the increment X7, , \ — X}, can be written as

t+kA t+kA

F(s,X5)ds +/ o(s, X5)dWs, fort+ kA <TATE.

€ € _
Xt+kA - XkA 7/
kA

kA
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Therefore, using (A1),(A2), boundedness of X¢ on [0, 7¢], and Lemma 3.1, we obtain that

T\ P
B s X - Xaal| s (14E | sw e]) 5 (5))
k=0,1,...,[T/A] t<TATE €
t<t,t+kA<TAT®
where W7 = fot YEds was defined in section 2.

Lemma 3.3. For any p > 1, and any fized k € {0,1,...,[T/A]} such that kA <T,

2 AN
E ['X(EkH)AATf — XiangeP| S AP2 4 &P + (;) .

Proof. Tt suffices to bound every single term on the right-hand side of the equation

(k+1)AATE

X(rvyanre = Xianre :/ F(s, Xg)ds
kANTE

(k+1)ANT®
4 / (0(5, X2) — o(kA A2, Xiane)) dW?
k

ANTE
(k+1)ANT
+/ o(EANTE XEapse AW .
kEANTE
First, by (A1) and boundedness of X¢ on [0, 7¢], we have that

(k+1)AnTE
E / F(s,X5)ds
k

ANTE
Second, using Holder’s inequality with ¢’ > 1, (A2), Lemma 3.1 and Lemma 3.2,

| pl

p
< AP,

(k+1)ANT®
/k (0(5, X5) — o (kA A 75, Xippse)) dWE

ANTE

(k-+1)AAT P
<E |sup|YSF|)P / lo(s, X5) — o(kAATE, Xjapnre)| ds
t<T kAATE
(k+1)AATE pa 1/q'
Se? (IE / lo(s, X5) — o(kA AT, Xjanre)| ds )
kANTE

, (k+1)ANTE ) / 1/q’
< e PAPTY/a / E [|Xs‘E — Xianee|"t + (s — kAP } ds
kANTE
2p
<(2)".
~\e

(k+1)AATE
/ o(EANTE, XEapre)AWE
k

ANTE

Finally,

E[ p}ﬁAp/QJrsp,

because, for every to > t1 > 0,

t2 S _
(15) We — W :/ (/ e % Z(S‘T)dWT) ds
tl — 00
t1

t2 —2 —2
:Wtz_th_/ e ¢ (tT”dWT—F/ e~ (=g,

— 00 — 00

p
1 5 E HW(Ek—i-l)A/\TE - WEA/\TE

The next lemma controls the excursion of the limiting process X between adjacent nodes.

Lemma 3.4. For any p > 1, any deterministic time 7 € (0,1), and any fized k € {0,1,...,[T/Al]},

D

E sup | Xtamn — XkA|p] <72,

t<t,t+kA<TATE
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Proof. Since 3 = 0, by (12), the increment X;, A — XA can be written as
t+kA - - t+kA -
(F(s,Xs)+C(s, Xs)) ds + / o(s, Xs)dWs, fort+ kA <TATE.

Kiora — Xpa = /
kA

kA

Therefore, using (A1),(A2), boundedness of X on [0, 7°], and Burkholder-Davis-Gundy’s inequality, we obtain
that

t+kA p
E sup | Xtrea — Xeal?| STP+E sup / o(s, Xs)dWs < 7P 4+ Tg,
t<r, t+kA<TATE t<7, t+kA<TATe |J kA
which proves the lemma since 7 < 1. ([

Corollary 3.5. For anyp > 1,

’ ’ P __
E sup | Xiika — XpalP| S A27H
k=0.1,...[T/A]
<A, 4 kA<TAT

Proof. The claim easily follows from Lemma 3.4 with 7 = A, and the inequality

(T/A]
E sup [ Xepka = XpalP| S D E sup | Xtrea — Xeal”| .
k=0,1,...,[T/A] o |[t<A tHkALTATE
t<A, t+kA<STATE

O

Corollary 3.6. Let A = A, > 0 depend on e such that AJe — 0, as € | 0. Then,

E| sup |X;-— Xt|2] <E sup | Xin — Xikal?| +0(1).
t<TATe k=0,1,...,[T/A]
kA<LZTE®
Proof. First, by Holder’s inequality with ¢ > 1 and Corollary 3.5, we have that
B B B B 1/q
E sup |Xt+kA — XkA|2 5 < ]E sup |Xt+kA — XkA|2q ) 5 Al_l/q.
k=0,1,...,[T/A] k=0,1,...,[T/A]
t<A,t+kA<TAT® t<A,t+kA<TAT®
Thus, the proof can easily be completed by combining the above and Lemma 3.2, while taking into account
Xi =X = (X7 = X[yaa) + (XGyaja — Xipaja) + (Xiyaa — Xo),
where [t/A] is again our notation for the floor of ¢/A. O

3.3. Proof of the discretized version. By (14) and Corollary 3.6, it suffices to prove

(16) E sup ’XEA_XICA‘Q —0, €10,
k=0,...,[T/A]
kA<TE®

for some A = A, = o(e). The proof is inspired by [8, Section VI.7].
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To start with, by (9) without S-term, (A2), and (15), we have that

(k+1)A (k+1)A
F(s,Xﬁ)ds—i—/ o(s, X5)dW¢

(17) Xrna =Xka +/
kA

kA

(k+1)A
= Xfa+ / (F(s, X5) — F(kA, X{a)) ds
kA

(k+1)A
+ / F(kA, XEp)ds
k

A
(k+1)A (k+1)A

b [ s XD o Xin)aWs [ (kA X)W
kA kA

(k+1)A
—Xiat / (F(s, X2) — F(kA, X{n)) ds
kA

(k+1)A
F(kA, XiA)ds

k+1 A

+ 8 o(r,X:)+ Do(r, X:)F(r, Xf))dr) dWe

k+1 A

+

DO’ (r,X:)o(r,X7) — DU(kA,X;A)J(kA,XEA))de) dWe

(Do (kA, Xia)o(kA, Xia) — Do(kA, Xpa)o(kA, Xia)) de) AWe

k+1 A

_|_

+

k+1 A (
( Do(kA, Xja)o (kA,XkA)de) dWe

k+1

+ o(kA, X{p)dW,

A
+ o (kA, XkA) (YkEA - Y(EkJrl)A)
=Xia+ IV + 15+ IS+ 15 + IE+ IE + 1F + I,
for any k =0,...,[T/A] such that (k +1)A <T.
Similarly, using (12) instead of (9), the process X satisfies
(k+1)A

(18) Kiornya = Xia + / (F(s, X.) - F(kA, Xpa)) ds
kA

(k+1)A B
+/ F(kA,XkA)dS
kA

(k+1)A - -
Jr/ (C(S,XS)—C(kA,XkA)) ds
kA

(k+1)A B
+/ C(kA,XkA)dS
k

A
(k+1)A - - (k+1)A -
+/ (O’(S,XS) - o(kA,XkA)) dW +/ o(kA, Xpa)dWs
kA kA

=Xpa +Jf + I+ TE + JF + T+ T

Having in mind to apply Gronwall’s lemma, it turns out to be useful to summarise the contributions of the
right-hand sides of (17), (18) as follows:

h—1 h—1 h—1 h—1
(19) Xia—=Xna =Y (=T +> (I —-TH)+>_ (IF=J)+ > It
k=0 k=0 k=0 k=0
h—1
+ (IF+ I+ 15+ 15 —af — gy - Jb),
k=0

for any h =1,...,[T/A], which splits the difference X, — Xpa into 5 sums.
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We at first prove that the 2nd and the 5th sum can be neglected when proving (16). The summands of
the 5th sum are discussed in Lemma 3.7 below. The contribution of the 2nd sum though is more delicate and
requires a martingale argument similar to that of [8, Theorem VI.7.1].

The remaining sums will be controlled in terms of the difference X — X itself, which allows them to be
estimated via Gronwall’s lemma.

Of course, under assumption (A1), the function F is uniformly continuous when restricted to [0, 7] x Br(0),
where Br(0) is the closed ball of radius R in Hg. In what follows, we will denote by wp : [0,T] — [0,00) the
(local) modulus of continuity of F(-, x):

|F(t,z) — F(s,z)| <wp(|t —s|), foreveryt,se[0,T], and x € Bgr(0).

Obviously, the function wp vanishes at zero, and without loss of generality, it can be chosen to be both
non-decreasing and continuous.
Denote by w, the corresponding modulus of continuity of the derivative Do (-, z), and let wp, = wp + w-.

Lemma 3.7. For any p > 1:

h—1 p A p
E sup Zlk + Zlglf S (?) +wr(A)P;
h=1,...,[T/A —
ad [ /Al k=0 k=0 ||
[ h—1 P
AQ p A p
E sup IF | < (—) + (—) we (A)P;
h=1,....[T/A] z:;) 4 g3 €2 (&)
hA<T |
[ o1 PP 2\ P/2 2\ P P
€ € A
ol
h=1,...,[T/A] ; s A A €
L hA<T i
P p—1 P P
E sup ZJ1 F Y TE DO TE | SAPP +wpl (D).
A<[T/A s -

Proof. Throughout this proof, we will frequently make use of (A1),(A2) without explicit mentioning.
For Y_ IF, by Holder’s inequality and Lemma 3.2,

h—1 (k+1)A p
E sup Zlk <E sup / (X5 — Xia| +wr(s — kA)) ds
h=1,. ,[T/A h=1,. [T/A] kA
hA h
[T/A]-1  (k+1)A
S Y [ Bl Xianl +or(a))ds
k=0 kA

< (é)pr(A)p.

For > 1 §, by Holder’s inequality and Lemma 3.1,

. (k+1)A P
E sup I3 <E sup sup |Y;| / (s — kA)ds
h=1,...,[T/A] Z h=1,...,[T/A] th' Z )
hAg | hA<A

[T/A]-1

(k+1)A A\P
SE sup|Y5|p Z / |s — kAP ds 5(?) :
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For " IF, by Holder’s inequality, Lemma 3.1 and Lemma 3.2,

p

ot

p

<E sup
h=1,...,[T/A]
hA<T®

(k+1)A P
<E sup sup|Y€ Z/
kA

ds
h=1,...,[T/A] t<T
hA<T®

t<T

(k+1)A
sup |[Y7)? Z/ (/ (1X: - X2A|+wg(r—k:A))dr) ds

IXf = Xjal +wo(r = kA)) dr

[T/AI-1 (kr1)a s i Ha

ez Y / (s — Ay 1 / (B [1X5nre = Xiane " +wo(8) | ar) ds
k=0 kA ha _

1/q'

[T/A]-1 (k+1)A , ANP
<e? Z / (s — kA)?P9 ds + (—2) we (AP
=0 JkA €

< <A—3) ; (g)p%(mp.

We now consider Y I¥. Here, the idea is to convert Y-increments into X°-increments via integration by
parts since X°®-increments are easier to control. This way, applying Lemma 3.1 and Lemma 3.3,

p h—1 p
E sup Z I | SE sup o(kA, X5 )e? (Y,fA - Y(E,H_l)A)
h=1,..[T/A] h=1,...[T/A] |$25
hA< L hA<‘I'
- . )
SE| s [ (a—(m, XE) — o((k — 1A, ka—m)) 2V,
h=1,...[T/A] [T
L hA<T
[ P
<E sup sup‘sQYﬂp Z(‘X;AfX(Ek_l)A‘ +A)
h=1,...,[T/A] t<T P
hA<T®
’ 1/‘1/
- 1/q h pq
SE Sup’€2ys‘1)q:| E Sup Z(‘XkA X(k 1)A‘+A)
L¢<T h=1,...,[T/A] [i =1
hA<T
(TN o 1\
SePAVIP Z E UXEA/\TE = X—nanse| +4AM ]

k=1

A 2pql 1/‘1/
< PA"P (qu'/2 +ePd 4 (_) )
~ €
£2 p/2 22\ P A\?
< | == — —
<(3) <) +(5)
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In a similar way, for > J{“ and Y JX now applying Lemma 3.4,

h—1 p h=1 .(k+D)A - p
E hilsup ZJl ZJ;? <E _ sup / (| Xs = Xpa| + wro(s — kA)) ds
=1,...[T/A] |42 P h=1,...[T/A] |i=5 Jra
hA<T hA<T®
[T/A]-1 (k+1)A - -
5 Z / E HXS/\TE - X]CA/\TE P + wF,U(A)p] ds
o JkA

SAP? 4 wp (AP
For the last sum Y J¥, by Burkholder-Davis-Gundy’s inequality and Lemma 3.4,

P i h=1 .(k+1)A - - P
E sup Z JF | <SE sup / (0(s, Xs) — o(kA, Xia)) AW
h=1,...[T/A] [} =g h=1,...,[T/A] kA
hA<T L hAZT®
[ p/2
[T/A]=1  (k+1)AAT ~ ~ )
<E / lo(s, Xs) — o(kA, Xpa)|” ds
k=0 kANTE
[T/A]=1  (k+1)AAT ~ ~ ) P12
<E / lo(s, Xs) — o(kA, Xia)|™ ds
k=0 kANTE
(T/A]- (k+1)A 1/2

+(s— kA)QP} ds| < Ar2,

5 Z /k ’Xé/\TE - XkA/\TE 2
([

Remark 3.8. The estimates given in Lemma 3.7 motivate the following choice of how A = A, should behave
when € goes to zero:

A?/e3 =0, we(A)A/e? =0, /A = 0.
Such a choice is always possible. Indeed, without loss of generality, we can suppose w,(t) > t1/2 for every
t € [0,7], and then define A = A, via Ay\/w,(A) = &2.

We now discuss the 2nd sum on the right-hand side of (19), that is

h—1 (k+1)A

(k+1)A s - - -
/ < Do(kA,XkA)J(k:A,XkA)de) dWs —/ C(kA, Xipa)ds |,
o \JkA kA N
the i-th component of which, when plugging in (10), reads

h—1
> Z Do (kA Xia)o (62, Kia) (ch (D, 2) = b BA))

k=0¢,meN j=1,...,
(k+1)A s
c’gm(A,a)z/ (/ deaf) dwem,
' kA kA

Taking the conditional expectation of c;?’m(A, ¢) with respect to Fia yields

(k-‘rl)A s
E [} (A, €) | Fra] =/ (/ E [YSYE™ | Fral dr) ds
kA kA

, (k+1)A s 72
=YiAYiA" / ( / e (T+S_2kA)dr) ds
kA kA

(k+DA 7 s -2 . .,
+ 5@,771/ (/ q (e—a (s—r) _ e~ € (r+s—2kA)) dT) ds,
kA ka2

where the following representation of Y¢,

s
Y:’m: ]:Ame e “(s kA)+/ e~ € (s ’I“)E QdW;m,
kA

where czm(A, €) is given by
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has been used, and this conditional expectation can easily be calculated as

4 _9 —2 1 —2
(20) E[ch,u(Ae) | Fra] = YRV (72 - 1) + e (A +e <g +2e7T A - e A)) .

Now, since ijl dDjai’m(k:A,)_(TEA(kA))Uj’Z(k:A,)_(TEA(;CA)) is Fra measurable, for every £,m € N, ¢ =

.....

.,d, each process Mi, h=1,...,[T/A], given by

M;i = kZéZN Z D U kA Xv'rf/\(kA))oJ7 (kA X'rf/\(kA)) (sz(A,E) —E [Clg,m(AaE) | ‘FkA]) ’
0¢,meN j=1,.

is a discrete martingale with respect to the filtration (]—'hA)[T/ Al

Lemma 3.9. For eacht=1,...,d,

P12 A\?
E sup M7 S (=) +A
h=1,...,[T/A] €
hA<T®

Proof. Combining Doob’s maximal inequality and martingale property gives

i|? i 2
h=1,...,[T/A]
hA<T®
[T/A]-1 2
/S Z E Z C?,m(AaE) —-E [Cg,m(A,E) | ‘FkA] )
k=0 £,meN
where
2 2
E Z C]Z,m(Aa 5) —-E [Clg,m(Avs) | ‘FkA] 5 E Z C]Z,m(Aa 5) ;
£,meN £,meN

for each k =0, ..., [T/A] — 1, because the conditional expectation is an L?-projection. Thus, by independence

of Y=¢ and Y*™, for every £ # m, we can estimate

. T/A-1 (E+1)A d
Bl o Pl Y YE (s = wid) awsem
h:hlA.<.,TE/A k=0 £,meN

T/A-1 (k+1)A

A
]
M
>

—

E D (wet = wi) Yj’mr- ds

T/A-1 (k+1)A 2g71/1 ~1/d
<Y Ya | wet - wil] | e ] as
k=0 ¢,meN JkA
T/A-1 (k+1)A A\ 2
< AE*Q/ A+e?)ds < <—) + A.
~ qedm N
2ty BrRR

O

To eventually cover the remainder of the 2nd sum on the right-hand side of (19), after subtracting the
martingale term M}, we introduce

N = Z Z Z Do ™ (A, Xpn ) (kA Xia) (E [} (D €) | Fral — 5émq;A).
k=0 £,meN j=1,.

Lemma 3.10. For eachi=1,...,d,
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Proof. The proof is an easy consequence of (20). Indeed,

| s N[| SE| s ZZ\ [k (B,€) | Fra] = bpm 2

_ 2
h=1,...,[T/A 1,...[T/A
hAS[TE/ ] AL [ /Al k=0 ;meN
[r/A]-1 212
st Y Y s (%)
k=0 £,meN

All in all, Lemma 3.9 and Lemma 3.10 together imply

2

h—1 A 2 &_2 2
El sup D (E-J5)| | =E| sup [(My+N)[*| S <—) +A+ (—) :
h=1,..,[T/A] | =5 h=1,...,[T/A] £ A
hA<T® hA<LTE

showing that the 2nd sum on the right-hand side of (19) can be neglected, like the 5th one, when ¢ | 0, and
A = A, behaves as described in Remark 3.8.

Recall that we wanted to control the remaining sums in terms of the difference X¢ — X itself, which is
obvious for the first and third sum on the right-hand side of (19). However, in case of the fourth sum, applying
almost the same martingale argument used in case of the 2nd sum, each term I¥ can be formally replaced by

,C(Z—H)A (C(kA, Xin) — C(kA, XkA)) ds, subject to a sufficiently small e-correction, eventually leading to the
wanted contraction argument in this case, too.

On the whole, we have justified that, if A = A, behaves as described in Remark 3.8, then

h—1

E| sup [Xpa—Xwal’| € r(Q0)+ Y AE| sup |Xia—Xpal’|, h=1,...[T/4]
k'=0,...,h =0 '=0,...,k
KA<Te KA<T

where 7(A,e) — 0, € | 0, finally proving (16), by Gronwall’s lemma.
The proof of Theorem 2.2(ii) is thus complete.

4. WEAK CONVERGENCE

In this section we prove part (i) of Theorem 2.2. The idea of proof is similar to the one of part (ii), except
that now 3 # 0 is possible. It is the existence of this bilinear term which prevents us from proving convergence
in probability—we only succeed in showing convergence in law (see Remark 4.2(ii)).

First, we prove weak convergence of the bilinear term.

Second, we prove convergence in law of X¢ e | 0, using bounds similar to those obtained in section 3.

4.1. Weak convergence of the bilinear term. For any ¢ > 0, define the process U® by

t
(21) Uy :/ ef(YE,YE)ds, tel0,T],
0

where Y is the stationary Ornstein-Uhlenbeck process introduced in Remark 2.1. By (A5), the process U® has
zero-mean, and, using (A3), its second moments,

t t
B\ [ et v e ds [ e (B0 v e dr|
0 S>— 0 ——
Bi(YE,YE) BI(YE,YE)
can be calculated to be

3 3 Bl e (B8 e (14 5 (7 -1) )

£,meN ) )
B},m, ﬁz,m

fori,j=1,...,d, and {,m € N.
Recalling (11), using the above short notation, we also have that

—ﬂem,/‘”gm i=1,....d, ,meN.
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Next, since dY; " = —e=2Y, " dt + e=2d(W,, ), 1to’s formula implies
’ ’ t t t t€74
yolysm - yetysm _ 25*2/ Yoty smds + 5*2/ YELAW, ) + 572/ YA, £) + e,
0 0 0

for any ¢, m € N, and hence

Uit = e 30 Bavetvemas=e [0S0 g vetan. g
0

0

0,meN £,meN
53 i ey E,m e by E,m 571 i
=5 Y Bl (YOI XSS + ot B
£,meN LeN
. 1 . 571 .
= M- SV t> B,

£eN

where M€ is a d-dimensional continuous local martingale, while the process V¢ satisfies
(22) E {Sup|Vt€|p] =E [sup ‘53 (B(YE, YY) — ﬂ(YOE,YOE))’p] SeP, Vp> 1,
t<T t<T

by combining (A3) and Lemma 3.1.

The above representation of U¢, though very simple, has been used in a variety of cases in a fruitful way,
see for instance [16] or [7]. Observe that, by (A5), the Ité-correction actually cancels out, being otherwise a
contribution of order e~!. The process U¢, nevertheless, has got an interesting limit in law:

Proposition 4.1. The couple of processes (U=, W) converges in law, € | 0, to a pair of processes (n,w), where

d

n is a d-dimensional Wiener process with covariance (3, . cn b, b)) =15

2 mO7 m and w is a Q- Wiener process, like
W. Furthermore, n and w are independent.

Proof. First, by (22), it is sufficient to prove the proposition for (M, W) instead of (U<, W).
Since all components of the processes M, € > 0, and of W, are continuous local martingales, the distribu-
tional properties of the limit (7, w) would follow from [3, Chapter VII, Theorem 1.4], if

2
(23) E || [M M), =t > b, | | =0, Lo,
¢,meN
for each t € [0,T), and i,j =1,...,d, as well as
E[([M*, (W, £n)],)%] =0, €10,

for each t € [0,T],i=1,...,d, and m € N.
First, fix t € [0,T], as well as 4,5 = 1,...,d. Then, the quadratic covariation [Me’i, M‘EJL is given by

t
et 020] =2 [0S 5 YV
0

meN £,0/eN
so that

E || [M=, M=), —t Z b}lﬁmbjﬁym
¢,meN

t
=t // Z Z ﬂé,mﬂéf,mﬂzﬁ,ﬂﬂi/,QOqu [}Qf,e},ég,ef}ﬁs,ﬁyTs,gr} dsdr
0 ¢m

m,meN¢ ¢ €N

L,0'eN
2
t !
2 i J SN AVENA i V) i V)
22 [ 50 5 Gt B [V s 1 5 bl ) + |0 3 bt
0 meNgreN £,meN £,meN

Now, using that one can easily calculate E [Yf’eYjvq = %(M{S&gl, it follows from Isserlis-Wick’s theorem,

see [11, Theorem 1.28], that

’ ’ 5_4 92|
E [Yf’eyf’é Yf’ﬁyf’ﬁ} =1 (qquée,efég,g/ + qeqere™ 15T (8080 0 + 5e,z/5é',£)) ;
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which yields

B ([ M), =t 3 bbl | | = (8 D0 bhnbln =t D bhbl | +O(EH S

¢,meN ¢,meN ¢,meN

proving (23).
Second, fix t € [0,T], as well as i = 1,...,d, m € N. Then,

[Ma,z’<W,fm>]t :/Oﬁl(gY;&,Qfm)dS

where, using Lemma 3.1,

eW,—e3(YE-Y5)
—

t t t
B || [ szt ast] = B[ 15 [ vias.an) P B[ 1< [ vas P ] < o
0 0 0
finishing the proof of the proposition. (I

Remark 4.2. (i) Of course, a d-dimensional Wiener process with covariance (3_, < b}},mbiﬁm)f,jzl can always
be represented by Z&meN b WO™, where {IW4™}, .oy is a family of independent one-dimensional standard
Wiener processes.

(ii) We would like to stress that we do not expect a much stronger convergence of U¢, when ¢ | 0, as the one
stated in the above proposition. Indeed, it turns out to be that the sequence {M¢}.¢ is not even a Cauchy
sequence in L2?(£2;RY). To see this, for fixed 0 < € < g, and some 1 < i < d, consider

2

}:E sup/ Z Bgm EYEZ EYEZ)d(Ws,f )
0

t<T

[sup ‘M‘E i Méz
+<T

But, by Burkholder-Davis-Gundy’s inequality, the above expectation can be bound from below by

1.1
=l [ Z(Zﬁm (evet - mf)) inds| =T 3 GPaan (1= 25555

meN \LeN £,meN

)

where

, 2 gt
lim|(1—-———= ] =1, forevery fixed € > 0,
e—=0 g2 42

so that {M®="}.5o cannot be Cauchy in L?(Q).

4.2. Weak convergence of solutions. We now prove X¢ — X in law, when ¢ | 0.
First, for each € > 0, let X¢ be the solution of

t

t
(24) X§:x0+/ (F(s.X5) + C(s. X9)) ds+/ o(s, XYW, +UZ, t€0,T],
0 0

where U® is given by (21), and let 75 = inf{t > 0: |X7| > R} Ainf{t > 0: |X§| > R}.

Note that, if (A4), then the coefficients F, C, o, 8 must have properties such that each of the above equations
admits global solutions on [0, T, too.

Next, taking into account E [|[e3(YE, YE)[’] < e7P as well as

p/2

(k+1)AATE 2
E “M(Ek-l-l)A/\TE - M/‘:AAT;H SE /]c Z Zﬂe,mdff’e qmds < Ap/Q,
meN

ANTE ¢eN

it can easily be verified that Lemma 3.2 & Lemma 3.3 would still be valid, despite § # 0, on the one hand, and
that the following versions

N N » p
Bl swp  [Xia - Xial| s+ (3) p>1ren) ke {01, [1/AT
t<T, t+kA<STATE €
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and

N N AP—1
5 € 21
E sup |Xt+kA - XkA|p 5 Az + p p> 17
k=0,1,...,[T/A] £
t<A, t+kASTATE

of Lemma 3.4 & Corollary 3.5, respectively, would hold true when replacing X by X ¢ on the other.
Therefore, when expanding X¢ and X¢ as in (17) & (18), but including the S-term, and then arguing as in

the proof of Theorem 2.2(ii) in section 3, it would immediately follow that X 'E/\Tiz - X 'E/\Tiz — 0, in probability,
€} 0, for any R > 0, once the following lemma is also available.

Lemma 4.3. Assume that A = A, behaves as described in Remark 3.8. Then,

2

h=1 (k+1)A , rs
E sup / ( Do(r, X:)ep(Y,7, Yf)dr) dwsl | =0, el0.
h=1,...,[T/A] [1—o kA kA
hA<TE

Proof. To start with, write

(DA / ps
/ ( Do(r, X )ep(Y,7, Yf)dr) dws
kA kA

(kDA /s
-/ ( / (Do(r,Xi)EB(W,if)Do(kA,XZA)EB(Yf,Yf))dr) awe
kA kA

(kDA , ps
s [ potraxzs)epv v ) aws,
kA kA

which creates two summands, for any fixed 0 < k < [T/A] — 1.
We estimate the impact of each summand separately.
First, using |Do(r, XZ) — Do(kA, X;A)| S |1XE — Xial + wo(A), we obtain that

2

h=1 .(k+1)A s
B s S0 (Dot X805 Y7) — Dok, Xia)eBY V) dr )
h=1,...,[T/A] |, = Jka kA
hA<TH
h=1 (k+1)A s 2
<e'E sup Z/ </ (1X: — Xial +wU(A))dr) ds
h=1,...,[T/A] |, = / kA kA
L hA<ZTg
[TTATRI/A=1 (kb 1)A | s 2
<e'E Z / / (|1X: — Xial + wo(A))dr| ds
=0 kA kA
[T/Al-1 (k+1)A s A2\ 2 AN 2
—4 £ £ 2 2 2
Se kzzo /m (s — kA) /M (B [1Xiarg = Xianrg 2] +wol8)?) drds < (?) + (;) wy (A2,
Second, we approach
h=1 (k+1)A s
(25) > / ( DJ(kA,X;A)sﬂ(Yf,Yf)dr> dW?
im0 kA kA

following the method used when discussing the 2nd sum on the right-hand side of (19) in the proof of Theo-
rem 2.2(ii), but now for triple moments of Y*.

Indeed, define
(k+1)A s
Clgm n(A’ E) = / (/ Y;«EJY;«E’mdr) S/;E’nds,
o kA kA

and take the conditional expectation with respect to Fixa, that is

(k+1)A s
B [chn(d0) | 7] = [ ([ mprvemyen s ar) as
kA kA
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Since

E [YSYSMYE" | Fia] = Vi Vil Vigle s (+2rska)
=2
(Y;Aeém nln + YA 00ndn + YA O mqe) - (e—a 2(s=kA) _ e 2(s+2r—3kA)) :

we have that
k el e,m sn54 —2A 1 1 3e2A
E [} mm(A ) | Fral =YAYiA Yk’A? 1—e¢ —§+§ e

+ (Y]:Ae(sm,nQn + Y]:Am(sé,nQn + Y]:An(sé,mfﬂ)

62 A _e2A 1 1 _e2A 1 1 _3c2A
X5<§6 3T TS )-

Next, for each i = 1,...,d, the process M;, h=1,...,[T/A], given by

h—1
Ml:, = Z Z Z D U kA XT /\kA)Eﬂém (Cémn(A E) [Cémn(A E) | ‘FkA})

k=0 ¢,m,neN j=1,...,
A

is a martingale with respect to the filtration (th)LTz/l ,

and arguing as in the proof of Lemma 3.9 yields

12 A3
E sup |M}l| S— =1
h=1,...,[T/A] €
hA<TE

ey

So, it remains to prove that the remainder, after subtracting the martingale term M}, from (25), also vanishes,
when € | 0. For i =1,...,d, the ith coordinate of this remainder reads

N}ZL = i Z Z D U kA XkA)EBg,mE [Cémn(A € |‘7:kA]

k=0 ¢,m,neN j=1,...,

and we can easily calculate the below bound,

T/A-1 ) 221\ 2
E hil ’Nh‘ AL Z UEE [CZ mn(A,E) | ka” } < (Z) ,
_hié}g k=0
finishing the proof of the lemma. O

Corollary 4.4. For any R > 0, if A = A, behaves as described in Remark 3.8,

E

sup |X5Xf|2] -0, €10,

t<TATE,
and hence X»E/\rg — )A(,E,\TE — 0, in probability, € | 0, in particular.

The above corollary suggests that it would be sufficient to show that X FATIE% - X At in law, when e | 0,
subject to some procedure allowing to let R go to infinity, afterwards. So, we at first prove the weak convergence
for fixed R, and then discuss the limit-procedure for R — co.

Modify the coefficients F, o outside the set {(¢,z) : |z| < R} in such a way that the new coefficients Fr, or,
but also Dog, are globally bounded, and that both functions Fg(t,-) and Dogr(t,-) are globally Lipschitz,
uniformly in ¢ € [0, T.

Of course, X “ars, coincides with X AT , where X% denotes the solution to the equation obtained when

replacing the coefﬁ(:lents of (24) by Fg, or, and the Stratonovich correction Cr associated with og. Also, let
X% denote the solution to the equation obtained when replacing the coefficients of (12) by Fr, o, Cr.

Proposition 4.5. Fix R > 0. Then, XeR converges to X, in law, when ¢ | 0.

Proof. Since

t t
XeR _Us =z + / (FR(S, XoR) 4+ CR(S,X?R)) ds + / or(s, XY awy,
0 0
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by boundedness of the coefficients on the above right-hand side, we obtain that
t
B sup K5~ 7| 5 ool + 7+ B [supl [ on(s. X5
t<T t<T Jo

where Burkholder-Davis-Gundy’s inequality gives E [SuPth | f(f or(s, )A(S‘E’R)dqu < T2,
Similarly, E [|(Xf2R ~Ug) — (X"~ Ufl)|p} < |ta — t1]P/2, for any [ty —t1] < 1, and any p > 1. Thus, by
Kolmogorov-Chentsov’s theorem, for every « € (0, 1), one can find A € (0,1) such that
(X5 - Ug) - (X5" - U]
P sup
t1,42€[0,7], [t~ 1] <A |tz — ta]7

< const} >1l—a, Ve>0,

where const depends on ~, but not on ¢, and v € (0,1/2) can be freely chosen.

We therefore have equi-boundedness and equi-continuity of {X &R _ U} .~ with arbitrarily high probability,
and hence the family {X &R _U?}.+0 is tight with respect to the uniform topology in C([0, T], R%), first applying
Arzela-Ascoli, followed by Prokhorov’s theorem. Moreover, {U®}.~¢ is trivially tight by Proposition 4.1, so that
adding X% — U and U would make {X=%}.. tight, too.

All in all, the family of triples {( XeR U w )}E>0 is tight.

Next, for € > 0, let P™¢ be the pushforward measure P o ()A(&R, U, W)~! on the space

Q= C([0,T], Hg) x C([0,T], Hg) x C([0,T], Hx)
equipped with the Borel-o-algebra B, and let (£,7,w) denote the coordinate process on Q.

By tightness of {(X=® U, W)}.s0, there exists a subsequence (£, )nen such that PRen weakly converges to
a probability measure P® on (Q, B), when n 1 cc.

Let F be the PE- completion of B, and let (ft)te[o,T] be the smallest filtration the process (£, 7n,w) is adapted
to, on the one hand, and which satisfies the usual conditions with respect to PZ, on the other. Also, introduce

F" (F{)tejo,r) in a similar way with respect to PRen n e N.

Now, it easily follows from Proposition 4.1 that, on (Q, F, P2), the following distributional properties must
hold for the pair of processes (n,w): 71 is a d-dimensional Wiener process with covariance (> £.meN bzmbzm)ﬁ j=1s
w is a @-Wiener process, 1 and w are independent.

Introduce

t

(26) M =&~ 0~ [ (Fu(s,6)+ Cals. &) ds —m. t€ 0.7),
0

and observe that each component of both processes M* and w, but also

t
MM — /O o (s,6) 08" (s, &)amds, t€[0,T), i.j=1,....d,
meN

t
MtR’Zwln/Oogm(s,és)qmds, telo, 7], i=1,...,d, meN,

¢, m

wiwyt =t mGm, t€10,T], ¢,meN,

are continuous local martingales with respect to (ﬁf)te[O,T] on (Q, F",Pfen) for any n € N, and hence they
are continuous local martingales with respect to (]}t)te[O,T] on (Q, F,PR), too, by [9, IX. Cor.1.19].
Therefore, applying [2, Theorem 8.2] to the pair of process (M%,w) yields

t t
MP = / or(s £)AWE,  w, = / LAWF = WE te0,T),
0 0

on (Q,]:', P®), or an enlargement of this space we still denote by (Q,f", P®), where W% is another Q-Wiener
process, which, by the above representation, even P®- almost surely coincides with w, so that

t
MR:/ or(s,&)dws, t€[0,T], PE-as.
0

Thus, equation (26) can be written as
¢

t
& =m0+ / (Fr(s,6,) + Cr(s,6,)) ds + / or(s, & )dwos + 1€ [0,T], PRoas,
0 0

where w is a ()-Wiener process, while 7 is a d-dimensional Wiener process, independent of w, and with covariance
(X0 men bé,mbi,m)zg‘:l- Observe that the process X satisfies the same type of equation, as 3, . be m WH™
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d

from (12) is a d-dimensional Wiener process with covariance (3, .cn bi b )i.j—1, too. But, since this type

L,m7L,m
of equation admits a unique strong solution, the laws of ¢ and X® must be the same, proving X% — X7
in law, when n 1 co. However, the same argument applies to any converging subsequence, and the limit will
always be the same, finally proving X&' — X in law, when ¢ | 0. O

It remains to discuss how R can be taken to infinity. ~ ~
Recall that X is the solution of (12), and it is not difficult to see that X converges to X, in law, as R — co.
Now take a function pr € C(C(]0,T],R%),[0,1]), such that ¢r(u) = 0, if Supeepo,r) luel < R — 1, and

¢r(u) =1, if sup,e(o 1) [ue| > R.
Then,

P{ri < T} <PQ swp |X7%| > R <E|pa(X°H)],
te[0,7]

and because X<® — X% in law, when ¢ | 0, we deduce that

limsupP{ry < T} <E [pr(X")] <PQ sup [Xf|>R—-1p=P< sup [X)|>R—-1p,
e—0 te[0,T] te[0,T]

where the last probability converges to zero, when R — oo, because X is a global solution.
As a consequence, for any 1 € Cy(C([0,T],R%),R),

[E (X)) —E[w(X)]| < [ERXO)] - E [$(X5)] |+ B [0(X50)] -E[pE35)]|
+ |E [0(X35)] —E [w(X=®)] |+ [E [p(x=R)] - E [p(xD)]|
+ B [p(XF)] - E [¢(X)]].
Here, when taking R large enough, we can make all the summands on the right-hand side, except for the second
and fourth, arbitrarily small, uniformly in ¢, and, for fixed R, the remaining terms go to zero, when ¢ | 0.

Thus, by a diagonal argument, the convergence in law of X¢ — X, ¢ | 0, follows, completing the proof of
the theorem.

5. APPLICATION TO CLIMATE MODELS

We now apply Theorem 2.2 to perform stochastic model reduction for a subclass of the stochastic climate
models given by (4), (5) in the introduction: we restrict ourselves to a simpler version of (5), omitting fast
forcing e f2_,, and e "' A3V}, on the one hand, but also neglecting the interaction Bf,(Xf,Y;?), on the other.
While the first two terms we omit are technically demanding but look doable from a wider prospective, which is
beyond this paper, the term e =1 B3, (X§, Y/?) involving the neglected interaction is notoriously hard and beyond
our understanding, right now.

For each € > 0, let (X¢,Y*) be a pair of processes satisfying
dXxX;

(27) i = B+ ALXT  ASYE + B (X, XT) + Bia(XT, YY) +eBo (Y, 7)),
d}/t8 —2 A2 ye —2 12 € € —2v€ —27x
(28) o °© ATX] +e° B (XE, X)) —e 7Y +e W,

where Al : Hy — Hg, A} : Hy — Hy, A? : Hy — H., are bounded linear operators, Bi, : Hqy x Hy — Hy,
Bly : Hy x Hy — Hy, B, : Hy x Hyo — Hy, B?, : Hy x H; — H,, are continuous bilinear maps, and
F1:[0,T] — Hy is a deterministic continuous external force. Stochastic basis and Wiener process W are taken
to be the same as in Remark 2.1.

In what follows, the above equations will always have initial conditions (xg, y9), where g € Hy can be chosen
arbitrarily, while yg = ffoo s:*QefZSdVVS will be fixed to ensure pseudo stationarity of the scaled unresolved
variables. Note that fixing yy € Ho, this way would not restrict the initial data of the reduced equations.

In fluid dynamics settings like (1), it is customary to assume that A is self-adjoint, and that the full nonlin-
earity is skew-symmetric: (B(2',2),2)g = 0, 2,2’ € H, see [15]. We therefore make the following assumptions
on the projected coefficients:

(C1) A? = (43)
(C2) (BH(2',x),2)m, =0, for all z,2" € Hy;
(C3) (BLy(2,y), )y, = —(B¥ (2, 2),y)u,, for all 2,2’ € Hy, y € Hso.

Also, without loss of generality, we can assume that B3, is symmetric in the sense of (Biy(fr, ), €i)n, =
(Biy (£, £0),€i) i, for all i, £, m; and finally we will need the analogue of (A5), that is
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(04) Z€€N<B%Q(fg, fg), ei>Hd q =0,foralli=1,...,d.
Note that the latter condition is indeed satisfied for many fluid-dynamics models—it usually holds independently
of the structure of the noise because (Biy(fs, ), €;) i, would be zero on the diagonal, when £ = m, for all i.
Next, we bring equations (27),(28) into a form which makes them comparable to (6),(7).
Using the definition of yg, we have the following mild formulation of (28),

t
(29) YE = Y;+/ g2 79 (A2XE 4 B (X2, X)) ds, t€[0,T),
0

where

t
17,55 :/ e72ec =g, teR,

— 00

is a stationary Ornstein-Uhlenbeck process. Plugging (29) into (27), X* alternatively satisfies

t t t
(30) X =x0+/ (F} + A] X + B, (X5, X)) ds+/ A%Zjds—i—/ B, (XE,Z5) ds
0 0 0

t t
+ / ARYds + / Biy(XZ,Y:)ds
0 0
t L t ~ t
b [ eBhEVods w2 [ eBL(E Z)ds + [ eBl (25,29 ds tel0.1)
0 0 0
when using the abbreviation

Z5 = /O e2e=s (s—7) (AIXE + BY (XE, X7)) dr.

Since Z¢ is close to A3XE + B? (X2, X¢), for small e, and since both terms Bi,(YE, Z¢), B, (Z¢, Z¢) will
be shown to vanish with e, too, the process X¢ should be close to X¢ satisfying

t t
(31) X: = x0+/ (F!+ALRS + BL(X:, XD)) ds+/ A} (4355 + B (X2, X5)) ds
0 0
t
+ [ Bl (R (435 + B (X5, %)) ds
0
t . t 5 5 t . 5
+/ A3V ds +/ Bio(X5,Y{) ds +/ B (Y, YS)ds, t€[0,T],
0 0 0
which is an equation of type (6) with
F(t,x) = F} + Ajz + By (z,x) + Az (AT + By (z, 7)) + Bis (, (Afz + By (z, 7)),
o(t,x) = Ay + Biy(z,-),

B = B%z :
Thus, in this setting, the analogue of (12) would read

t t
(32) X, =0+ / (F! + ALX, + B, (K., X.)) ds + / AL (42X, + B2, (K., X2) ds
0 0
t t
+ / Bl (X., (A2X, + B2 (X, X.))) ds + / C(X.) ds
0 0
t — —
+A;Wt+/ Bly(Xe,dWo) + > bemW™, t€[0,7T],
0

¢,meN

where the Stratonovich correction term C' : Hy — Hy simplifies to

d
1 .
(C(z),ei)n, = D) Z 4m Z(B%Q(ej’fm)aeDHd <B%2('T’fm)aej>Hda i=1,....d,

meN Jj=1

By = (Blo (£, fn), €3) by /%, i=1,...,d, {,meN.

Proposition 5.1. When assuming (C1)-(C3), equation (32) admits a unique global strong solution on [0,T].

and
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Proof. First, regularity of coefficients guarantees the existence of a unique local strong solution. Second, by
1t6’s formula,

1 _ 1 tAT _ _ _ _
3l = ool [ (R4 AL+ B (R X, X} ds
0
tAT B B B B
+/ (A} (43X, + B (X, X)), Xs) ds
0
tAT B B tAT B B
+/ (Biy (X5, (A1X, + BL (X, X)) . Xs) ds +/ (C(Xs), Xs)ds
0 0

AT AT tAT
+/ (A%dWS,XS)+/ (Bly(Xs,dWy), X4) + Z / (bg.my X o) dWE™
0 0 £,meN’0

tAT
+ = Z |AE 2 qm (A T) Z/ |BLy(X s, £0)|? qmds+— > Jbeml*EAT),
mEN mEN émGN

for any fixed t € [0,7], and any stopping time 7 smaller than a possible explosion time.
Applying (C1)-(C3), we have the identities

<B%1 (XS;XS)7X5>Hd =0,
(A3B% (X5, Xo), Xo) iy = (Bh (Xs, Xo), AT X s
(Bla(Xs, A1X0), Xo)m, = —(B1y(Xs, Xo), A X )
(Bia(Xs, BY (X, X

t
|:Sup |Xt’/\'r| :| (1 +/ E [sup |Xs’/\'r|2:| d5> )
t' <t 0 s'<s

again using the regularity of the coefficients combined with Burkholder-Davis-Gundy’s inequality. Thus, by
Gronwall, the local solution X has to be global on [0, T]. O

5))s XS>H.1 = _HB%I(X& XS)H%IOOa
leading to

Remark 5.2. In a very similar way, it can be shown that both equations (30) & (31) admit unique global strong
solutions on [0, 7], too, and hence those proofs are omitted. As a consequence, simply substituting the solution
of (30) into (29), for each £ > 0, there is a unique pair of processes (X¢,Y®) satisfying (27),(28) on [0, T].

Theorem 5.3. Assume (C1)-(C3), fire > 0, and let (X°,Y®) be the unique pair of processes satisfying (27),(28)
on a given climate time interval [0,T).

(i) If (C4), then X¢ converges in law, € | 0, to the unique process X satisfying (32).

(ii) However, if (C4) comes via Bay = 0, then the stronger convergence (8) holds true.

Proof. Recall the process X¢ satisfying (31), which is an equation of type (6) with coefficients F, o, 8 satisfying
(A1)-(A3). Furthermore, by Proposition 5.1 and Remark 5.2, condition (A4) is satisfied, too, while (A5) and
(C4) actually are the same condition.
All in all, Theorem 2.2 implies that both parts (i) & (ii) of Theorem 5.3 hold true when replacing X¢ by X¢.
Thus, it is sufficient to prove convergence in probability of X¢ — X< to zero, € | 0, uniformly on compact
subsets of a localising stochastic interval, which can easily be shown following the lines of proof of Theorem 2.2.
Indeed, by localization and discretization arguments, one would first derive

h—1
~ 2 2
E| sup |Xpa —X,i/A‘ S r(Ae)+ Y AE sup ‘XM Xaal |, h=1,...1/4]
K =0,...,h — K=
E'A<ZTE k'A<‘rR

where 75 = inf{t > 0 : |X7| > R} Ainf{t > 0 : |X7| > R}, and 7(A,e) — 0, ¢ } 0, for a suitable choice of
A = A.. Then, combining Gronwall’s lemma and Markov’s inequality, one would obtain

limP<{ sup || Xf—XF|lg, >0p =0, V>0,

=0 | t<TAT
which yields the convergences stated in parts (i) and (ii) of Theorem 5.3 up to time 75. Since X is globally
defined, both types of convergence can be extended to the whole interval [0, T], using similar arguments given
in the proof of the corresponding parts of Theorem 2.2. (I
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