CLASSE DI SCIENZE

CORSO DI PERFEZIONAMENTO IN MATEMATICA

ScuoLA NORMALE SUPERIORE DI PIsA

TESI DI PERFEZIONAMENTO

Integral Chow ring and cohomological
invariants of stacks of hyperelliptic curves

Candidato Relatore
Dott. ANDREA D1 LORENZO Prof. ANGELO VISTOLI

ANNO AccADEMICO 2018/2019






The study of stacks is strongly
recommended to people who
would have been flagellants in
earlier times.

Jdanos Kollar









Contents

Introduction
Overview
Motivations and discussion of the main results
Methods
Description of contents
Assumptions and notation

Chapter 1. Preliminary results
1.1. Equivariant Chow groups
1.2.  Equivariant Chow groups with coefficients
1.3.  GLgz-counterpart of PGLy-schemes

Chapter 2. The Chow ring of the stack of hyperelliptic curves of odd genus
2.1. A new presentation of H, as a quotient stack
2.2. Intersection theory of P(V},)s
2.3. The Chow ring of H4: generators and first relations
2.4.  Other generators of im (i)
2.5. The Chow ring of H,: end of the computation

Chapter 3. Cohomological invariants of the stack of hyperelliptic curves of
odd genus
3.1.  Cohomological invariants of H,
3.2.  The geometry of the fundamental divisor
3.3. Some equivariant intersection theory
3.4. The key lemma

Chapter 4. Cohomological invariants of the stack of hyperelliptic curves of
even genus: multiplicative structure
4.1. Cohomological invariants of étale algebras
4.2.  Multiplicative structure of Inv®(#,)

Future directions
Acknowledgements

Bibliography

ii
vii
viii
ix

[

17
19
24
31
36

39
39
42
48
56

63
63
66

73
75
7



Introduction

Overview

The main objects of investigation of this thesis are moduli stacks of hyperel-
liptic curves. The moduli stack of hyperelliptic curves of genus g is denoted H,,
and its objects consist of the datum of a family of smooth curves of genus g and
an involution, such that the quotient of the family of curves with respect to the
involution is a family of smooth rational curves.

We study two types of invariants of H,: the integral Chow ring and the graded-
commutative ring of cohomological invariants. For what concerns the first invariant,
our main result is the following computation.

THEOREM A. Let g > 3 be an odd number and let ko be a field of characteristic
0 or > 2g+ 2. Then we have:

CH(H,) = Z[r, ca, c3]/(4(29 + 1)7,87% — 2g(g + 1)ca, 2¢3)
where the degree of T is 1, the degree of co is 2 and the degree of c3 is 3.

We also provide a geometric interpretation of the generators in terms of Chern
classes of vector bundles over H,.

Our second main result is the following computation of the additive structure
of Inv®(H,) with coefficients in Fs.

THEOREM B. Let kg be an algebraically closed field of characteristic # 2, and
let g > 3 be an odd number.

Then the graded-commutative ring of cohomological invariants Inv®(H,) with
coefficients in Fy, regarded as a graded Fo-vector space, has a basis given by the
elements

1,1, we, T2, oy Tgy1, Tgyo

where the degree of each x; is i and wo is the second Stiefel-Whitney class coming
from Inv®(BPGLs).

Finally, we focus on the geometric meaning and multiplicative structure of
cohomological invariants. The following theorem is obtained in collaboration with
Roberto Pirisi. In what follows, we indicate as {n} the equivalence class of a non-
zero element n of a field K inside K*/(K*)2.

THEOREM C (joint with R. Pirisi). Fiz a base field ko of characteristic # 2
and an even number g > 2.

Then there exist 2g + 2 cohomological invariants B; fori=1,...,2g9 + 2 and
an exceptional cohomological invariant ngyo such that:

(1) The invariants 1,51, . .., Bgt1,Ng+2 are Fo-linearly independent, 5; = 0
fori>g+2 and Bgr2 = {2} - Bgi1-



ii INTRODUCTION

(2) The multiplicative structure is given by the formulas:

B+ Bs = {=1}"" Bt s

BiNg+2 =0 fori#g+1
Botr1 Mgz = {=1}" 40
Mgt - Mgtz = {1} 2ng 4o

where m(r,s) is computed as follows: write r in dyadic form as > 2% for
i€ RC{0,1,2,...}, and write s as >.2" fori € S C {0,1,2,...}. Then
m(r,s) =>.2¢ fori € RNS.

(3) If ko is algebraically closed, then the invariants 1,5, ..., Bg+1,Ng+2 form
a basis of Inv®(Hy) as an Fay-vector space.

In the next section we give a more detailed description of the contents of the
thesis, together with some background informations.

Motivations and discussion of the main results

Moduli theory and algebraic stacks. Moduli theory is a fascinating area of
algebraic geometry: its roots can be traced back to the pioneering observations of
Riemann on the dimension of parameter spaces (nowadays called moduli spaces) of
Riemann surfaces of fixed genus. The development of moduli theory has prompted
a lot of further research in algebraic geometry over the years.

The idea behind moduli theory is the following: given a class of geometrical
objects that share some common properties (e.g. Riemann surfaces of fixed genus,
closed subschemes of a fixed algebraic variety, coherent quotient sheaves of a fixed
coherent sheaf), we can look for a moduli scheme that “parametrizes” those objects.

A first attempt to formally define what “parametrizes” means would be to ask
for a bijection between geometric points of the moduli scheme and isomorphism
classes of the objects. This request ends to be too naive, as it is easy to see that the
disjoint union of points over the set of isomorphism classes of objects of the given
kind satifies this property.

We want more: a moduli scheme should be a scheme whose geometry captures
the behaviour of our objects in families. The language of category theory can help
us to formulate in a precise way what we are looking for:

DEFINITION. Let F : (Sch)®® — (Set) be a functor from the opposite category
of schemes to the category of sets. We say that a scheme F represents the functor
F if there is an equivalence Hom(—,F) — F(—).

In particular, if the functor F comes from a moduli problem and it is represented
by a scheme F, we say that F is a fine moduli scheme.

Examples of fine moduli schemes are:
(1) Grassmannians: consider the moduli functor

¢ : OF" — V such that
S —  is surjective and
V is locally free of rank m

The associated fine moduli scheme is the Grassmannian Gr(m,n).

(2) Hilbert scheme: let X be a relatively projective scheme over a noetherian
base B. We can consider the moduli functor from the category (Sch/B)°"
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to (Set) defined as follows:

Closed subschemes Z C X x S
S —
flat and proper over S

This functor is represented by the Hilbert scheme Hilbx 5 (see | D-

(3) Quot scheme: let X be a relatively projective scheme over a noetherian
base B and let F be a coherent O x-module. We can consider the following
functor:

Surjective Ox x g-linear morphisms ¢ : Fg — &
S — with &€ coherent sheaf on X x S
properly supported and flat over S

The associated fine moduli scheme is the Quot scheme Quotg x,p (see

[ D

Consider the moduli functor of Riemann surfaces of fixed genus, or over a general
base the moduli functor of algebraic smooth curves of fixed genus, defined as

C — S proper and smooth morphisms
whose geometric fibres are curves of genus g

My :Sr— { . -
isomorphism
where by curves we mean proper and geometrically connected schemes of dimension
1: then this functor cannot be represented by a fine moduli scheme.
Algebraic stacks were introduced to somehow solve this issue: they had been

first envisioned by Grothendieck ([ 1) and independently by Mumford in
[ ], and then formally defined in the subsequent works of Deligne and Mum-
ford (] ) and M. Artin (| D.

Let us explain the basic ideas behind algebraic stacks by focusing on the par-
ticular case of moduli of smooth curves of fixed genus: observe that the moduli
functor we exhibited above can be upgraded to a pseudofunctor from the category
(Sch)?? to the category of groupoids (Grpd) by removing the identification between
isomorphic families.

More precisely, we define M, as the pseudofunctor that sends a scheme S to the
groupoid whose objects are given by families of curves over S and whose morphisms
are given by isomorphisms of the families over the base. The pullback morphisms
are induced by taking the pullback of families of curves.

This is not a strict functor, because the composition of pullback morphisms is
only isomorphic to the pullback of the composition, and it is not stricty equal to it.

As shown in | ], the pseudofunctor M, enjoys some very nice properties,
namely:

(1) The natural diagonal transformation ¢ : My — M, x M, is representable:
this boils down to the claim that, given any two families of curves C' — B
and C’ — B, the isomorphism functor Isompg(C,C") that sends a scheme
S to the set of isomorphisms between the families Cg — S and Cy — S
is represented by a separated and quasi-compact scheme.

(2) There exists a natural transformation ® : hy — M, from a functor of
points of a scheme U such that ® is representable, étale and surjective:
this means that given any other scheme T and a natural transformation
hr — My, the fibred product hy xam, hr is equivalent to the functor
of points of a scheme S and in addition the corresponding morphism of
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schemes S — T is étale and surjective.

A pseudofunctor satisfying these properties is a Deligne-Mumford stack, a particular
class of algebraic stacks. Therefore, M, is a Deligne-Mumford stack that basically
by definition represents the moduli pseudofunctor of smooth curves of fixed genus.

Though abstract in nature, we can still do geometry on Deligne-Mumford
stacks. Many geometric invariants originally defined only for schemes had been
generalized to this setting, e.g. cohomology groups, Chow groups, K-theory, de-
rived categories, and so on. The extension of these notions to the realm of Deligne-
Mumford or algebraic stacks had been the result of many efforts in the last fifty
years (] I I, 1 L ] and others).

This thesis deals with a specific Deligne-Mumford stack, the stack H, of hy-
perelliptic curves of genus g, and it aims at investigating two specific invariants of
this stack: the integral Chow ring CH(H,) and the graded-commutative ring of
cohomological invariants Inv®(H,).

Integral Chow ring of #,. The notion of Chow groups plays a central role
in intersection theory. Given a scheme of finite type over a field, its Chow groups
can be thought as an homology theory built up from algebraic cycles (i.e. algebraic
closed subvarieties) instead of topological cycles, and with homological equivalence
relation substituted by rational equivalence relation.

The idea of Chow groups was proposed by Severi in the Thirties, but a formal
definition first appeared in the Chow’s paper | ]. In the second half of the
last century Fulton, MacPherson and others gave a firm foundation to this theory
(see [ ]), exploiting the language of schemes developed by Grothendieck and
his collaborators.

Chow groups of a smooth variety over a field inherit an additional structure of
graded ring, with the multiplication given by the intersection product.

The moduli stack of smooth curves M, (resp. the proper moduli stack of
stable curves M,) admits a so called coarse moduli scheme M, (resp. M,), i.e.
there exists a morphism M, — M, (resp. ﬂg — Hg) that induces a bijection on
geometric points and it is initial among all the morphisms from M, (resp. M,) to
a scheme.

The coarse moduli schemes M, and M, are not smooth, but in the landmark

paper | | Mumford showed that there is a well defined intersection product
on their Chow groups with rational coefficients, i.e. the Chow groups tensorized
with Q. Actually, this is an aspect of a more general phenomenon: in | ] Vistoli

defined the notion of rational Chow ring of a smooth Deligne-Mumford stack, and
he also showed that this coincides with the rational Chow ring of its coarse moduli
scheme.

In the paper | ] Mumford also computed an explicit presentation of the
rational Chow rings C H(Mz)g and CH(M3)g in terms of generators and relations,
saying that it seems very worthwile to work out C’H(Mg) for other small values of
g, in order to get some feeling for the properties of these rings and their relation to
the geometry of M.

Since then, other rational Chow rings of moduli of curves had been computed:
in [ I, 1 ] Faber gave a presentation of CH(M3)g, CH(M3s)g and
CH(My)g. In| ] Izadi computed the rational Chow ring of Ms, and in | ]
Penev and Vakil obtained an explicit presentation of CH (Ms)q.

Generalizing some ideas of Totaro contained in | |, Edidin and Graham
developed in [ ] an intersection theory with integral coefficients for quotient
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stacks, which are a specific class of algebraic stacks. This theory applies in particular
to the cases of moduli of curves.

Edidin and Graham also showed that for Deligne-Mumford stacks which are
quotient stacks, the tensor product of their integral Chow ring with Q and the
rational Chow ring as defined by Vistoli are isomorphic.

In the last twenty years, some integral Chow rings of moduli stack of curves
had been computed: in | ] Edidin and Graham determined CH (M, 1), the
integral Chow ring of the moduli stack of stable elliptic curves, and Vistoli in the
appendix | | computed C H(M3), the integral Chow ring of the moduli stack of
curves of genus 2. Edidin and Fulghesu obtained in | ] an explicit presentation
of the integral Chow ring of the moduli stack of at most 1-nodal rational curves,
and in | ] they computed the integral Chow ring of the stack of hyperelliptic
curves of even genus.

The first main result of this thesis is an explicit presentation of the integral
Chow ring of H,4, the moduli stack of hyperelliptic curves of genus g, when g > 3
is an odd number.

THEOREM A (Theorem 2.5.2). Let ko be a field of characteristic 0 or > 2g+1,
and let Hy be the stack over ko of hyperelliptic curves of odd genus g, with g > 3.
Then we have:

CH(H,) = Z[r, ca, c3]/(4(2g + 1)7,87% — 2g(g + 1)ca, 2¢3)
where the degree of T is 1, the degree of co is 2 and the degree of c3 is 3.

We also provide a geometrical interpretation of the generators of this ring.

The content of the theorem above had already been presented in the paper
[ |, but recently Pirisi pointed out a mistake in the proof of | , lemma
5.6] which is crucial in order to complete the computation. Actually, we prove
that the proof of | , lemma 5.6] cannot be fixed, because its consequences, in
particular | , lemma 5.3], are wrong.

Cohomological invariants of #,. The second part of the thesis focuses on
another invariant of algebraic stacks, the graded-commutative ring of cohomological
invariants.

The idea behind the notion of cohomological invariants comes from the theory of
characteristic classes in topology: first introduced by Stiefel and Whitney as a tool
to study vector bundles on manifolds, characteristic classes were later generalized
to principal bundles.

Fix a topological group G and a cohomology theory H: then characteristic
classes are a functorial way to associate to every principal G-bundle over a topo-
logical space X a cohomology class in H(X). In other terms, characteristic classes
are natural transformations from the functor

BG : (Top) — (Set), X +—— {G-bundles over X}/ ~

to the cohomology functor X — H(X).

Cohomological invariants first appeared as a reformulation of this idea in an
algebraic setting. More precisely, fix a positive number p, a field kg such that p
is invertible in kg and an algebraic group G. Then we replace the category (Top)
with (Field/ko), the category of field extensions of kg, and the cohomology theory
H with

H*® : (Field/ky) — (GrCommRing), K +— @ngt(Spec(K),u?i)

where 11, denotes the group of p*P-roots of unity. We also substitute BG with its
algebro-geometrical counterpart, namely the classifying stack BG or, better, its
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functor of points:
Pgg : (Field/ko) — (Set), K +—— {G-torsors over Spec(K)}/ ~

Cohomological invariants are then defined by copying the definition of characteristic
classes in topology:

DEFINITION (] , Def. 1.1]). A cohomological invariant of BG with co-
efficients in F,, is a natural transformation of functors

Ppg — H* = @ Hi(—, p5")
The graded-commutative ring of cohomological invariants is denoted Inv®(BG).

The first appearance of cohomological invariants, though not in this formula-

tion, can be traced back to the seminal paper of Witt | ] and since then they
have been extensively studied (see | D.
In the recent work | ], Pirisi extended the notion of cohomological in-

variants from classifying stacks to smooth algebraic stacks over kq:

DEFINITION (] , Def. 1.1]). Let X be a smooth algebraic stack over kg.
Then a cohomological invariant of X is a natural transformation

Px—)H.

from the functor of points of X to H® which satisfies a certain continuity condition
(see | , Def. 1.1]).

The graded-commutative ring of cohomological invariants of a smooth algebraic
stack X is denoted Inv®(X).

The second main result of this thesis is the following;:

THEOREM B (Theorem 3.1.1). Let ko be an algebraically closed field of char-
acteristic # 2, and let Hy denotes the moduli stack over ko of smooth hyperelliptic
curves of odd genus g > 3.

Then the graded-commutative ring of cohomological invariants Inv®(Hg) with
coefficients in Fo, regarded as a graded Fo-vector space, has a basis given by the
elements

1, L1, W2, L2y ey Lg41,Lg4-2
where the degree of each x; is © and ws is the second Stiefel-Whitney class coming
from Inv®(BPGL3).

The cohomological invariants Inv®(H,) with coefficients in F,, when g is even
or equal to three, had already been computed by Pirisi in | | and [ ]
when the base field is algebraically closed and its characteristic does not divide p.

When g is odd and p # 2, the generators of Inv®(#,) can also be deduced from
the main result of | ]. The importance of the case p = 2 is due to the fact
that under this assumption, the cohomological invariants of H, present a richer
structure.

The third main result of this thesis concerns the multiplicative structure of
Inv®(H,) with coefficients in Fo when g > 2 is even.

THEOREM C (Theorem 4.2.14, joint with R. Pirisi). Fiz a base field ko of
characteristic # 2 and an even number g > 2.
Then there exist 2g + 2 cohomological invariants B; for i =1,...,2g9 + 2 and
an exceptional cohomological invariant ngyo such that:
(1) The invariants 1,51,...,Bgt1,Ng+2 are Fo-linearly independent, 5; = 0
fori>g+2 and Bgro = {2} - Bgi1-
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(2) The multiplicative structure is given by the formulas:
Br Bo = {=1}"" B aem
Bi-ngt2 =0 fori#g+1
Bo+1 - Ng+2 = {—1}g+1779+2
Ngra Mgra = {—1}9 21440

where m(r, s) is computed as follows: write v in dyadic form as > 2% for
i€ RC{0,1,2,...}, and write s as .2 fori € S C {0,1,2,...}. Then
m(r,s) =>.2" fori € RNS.

(3) If ko is algebraically closed, then the invariants 1,51, . .., Bg+1,Ng+2 form
a basis of Inv®(Hy) as an Fa-vector space.

Methods

The starting point for our computations is the presentation of the moduli stack
of hyperelliptic curves of odd genus as a quotient stack contained in [ ]: let
A(1,2g+2) be the affine space of binary forms of degree 2g+ 2, and let PGLs X G,
act on this scheme as follows:

(Aa )‘) : f((E, y) = )‘72 dEt(A)gf(Ail(x’ y))
Observe that the determinant of an element of PGLy is not well defined, but the
action above is well defined though. Let A, . be the divisor in A(1,2g + 2) of
singular forms, which is invariant with respect to the action above. Then | ,
cor. 4.7] tells us that:

Hg ~ [(A(L,29 4 2) \ Al 5, 12)/PGLy x Gy
This implies that:
CH(Hy) ~ CHpar,xG,, (A(1,29 +2) \ A] 9,45)

where on the right we have the PGLy x G,,-equivariant Chow ring of the scheme
A(1,2g9 +2) \ A} 5,4 as defined by Edidin and Graham in | ]
Moreover, by [ , th. 4.9] we also deduce:

Inv® (Hy) ~ Apar, xc,, (A(L, 29 +2) \ Al og12)

where on the right we have the zeroth PGLs x G,,-equivariant Chow group with
coefficients in étale cohomology, as defined by Rost in [ ]

The group PGLy is a non-special group, i.e. there exist PGLa-torsors over
certain base schemes that are not Zariski-locally trivial but only étale-locally trivial.
Equivariant computations involving non-special groups may be hard to handle. For
instance, not every projective space endowed with an action of PGLy can be seen
as the projectivization of a PGLs-representation: this makes the computation of
the PGLg-equivariant Chow ring of P™ a non trivial challenge.

On the other hand, equivariant computations involving a special group, i.e.
a group G such that every G-torsor can be trivialized Zariski-locally, are more
approachable. An important example of special group is the general linear group
GL,,. A key result of the present work is the following theorem, where a presentation
of H, as a quotient stack with respect to the action of a special group is explicitly
obtained:

THEOREM. Let g > 3 be an odd number, and let A(2,2)3 be the scheme of
quadratic forms in three variables of rank 3, endowed with the GL3 x G,,-action
given by the formula:

(A, N) - q(z,y,2) = det(A)g(A  (z,y, 2))
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Then there exists a GL3 X G, -equivariant vector bundle Vg1 3 over A(2,2)s and
an invariant divisor Df inside Vyi1 3 such that

Hg = [(Vgr1,3\ D3)/GL3 X Gy

To obtain the presentation above, we use a fairly standard construction applied
to the case of PGLs-schemes, to which we refer to as the construction of a GL3-
counterpart of a PGLy-scheme (and of the GL3 X G,,,-counterpart of a PGLgy X Gy;,-
scheme): given a PGLg-scheme X, the GLs-counterpart is a GLs-scheme Y such
that [X/PGLg] ~ [Y/GL3] (and similarly for PGLgy x G,,,-scheme).

The new presentation is then exploited in the following two ways: on one side,
it shows that the integral Chow ring is isomorphic to the GLj3 x G,,-equivariant
Chow ring of V11 3\ Dj, and the fact that GL3 X Gy, is special enables us to reduce
to the action of the subtorus of diagonal matrices: in this setting, we have much
more invariant subvarieties that we can use to make computations.

On the other side, the new presentation shows that the moduli stack H, is
an open substack of the quotient stack [Vy4+1/GL3 x G,,], where V41 is a vector
bundle over the scheme A(2,2)(3 1) parametrizing non-zero quadratic forms. This
new feature turns to be particularly helpful when it comes to compute the zeroth
equivariant Chow group with coefficients of V13 \ Dj.

To investigate the multiplicative structure of the cohomological invariants of
H, for g > 2 an even number, we exploit the existence of a well defined morphism

W Hg — BSQQ+2

that sends a family of hyperelliptic curves C' — S with involution ¢ to Wg,g — S,
where W5 is the Weierstrass divisor, i.e. the ramification locus of the quotient
morphism C' — C/(1).

This fact will allow us to deduce the multiplicative structure of H, from the
one of BSy442.

Description of contents

Chapter 1: preliminary results. In chapter 1 we collect both introductory
materials and new technical results.

In section 1.1 we give a quick introduction to equivariant Chow groups, mainly
following | |: in particular, we sketch their definition and main properties and
we exhibit some explicit computations.

In section 1.2 we discuss equivariant Chow group with coefficients in étale
cohomology, as defined in | ]: we outline their construction and some useful
results.

In section 1.3, we construct the GL3-counterpart of a PGLs-scheme and we
apply this to those cases that are relevant to our purposes.

Chapter 2: the Chow ring of the stack of hyperelliptic curves of
odd genus. In chapter 2 we compute the integral Chow ring of H,, the stack of
hyperelliptic curves of genus g, where g > 3 is an odd number.

In section 2.1 we give a new presentation of H,, for g > 3 an odd number. We
also introduce a class of vector bundles, denoted V;,, which will play a central role
in the rest of the dissertation.

In section 2.2, we study some intersection theoretical properties of the projective
bundles P(V},).

In section 2.3 we begin the computation of the Chow ring of H,, obtaining the
generators and some relations.
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Section 2.4 is the technical core of the chapter: here is where the new presen-
tation of H, will prove to be particularly useful in order to find other relations in
CH(H,).

The computation of CH(H,) is completed in section 2.5, where we also provide
a geometrical interpretation of the generating cycles of CH(H,).

Chapter 3: cohomological invariants of the stack of hyperelliptic
curves of odd genus. In chapter 3 we compute the Fo-module structure of the
graded-commutative ring of cohomological invariants with coefficients in Fy of H,,
for g > 3 an odd number.

In section 3.1 we prove the main theorem of the paper, assuming for the moment
the key lemma 3.1.3, whose proof is postponed to section 3.4. The strategy of proof
is similar to the one contained in | ]. The remainder of the chapter is devoted
to develop the theory necessary to prove the key lemma 3.1.3.

In section 3.2 we study the geometry of the fundamental divisor D of the
projective bundle P(V,,).

The observations made in this section are then applied in section 3.3 in order to
do some intersection theoretical computations useful to prove the key lemma 3.1.3:
the proof is finally completed in section 3.4.

Chapter 4: Cohomological invariants of the stack of hyperelliptic
curves of even genus, multiplicative structure. In chapter 4 we study the
multiplicative structure of Inv®(#,) with coefficients in Fo when g > 2 is an even
number.

In section 4.1 we recall the classical theory of cohomological invariants for
étale algebras and quadratic forms.

In section 4.2 we first investigate the multiplicative structure of Inv®(B,), where
B, is the stack of vector bundles E' — S of rank 2 with a Cartier divisor D C P(E)
which is étale of degree 2g + 2 over S. We derive from this results part of the
multiplicative structure of Inv®(H,).

Afterward, we give a construction of what we call the exceptional cohomological
invariant, i.e. a cohomological invariant of H, that does not come from B, and we
complete then the computation of the multiplicative structure of Inv®(H,).

At the end of thesis the reader can find a brief chapter where we outline some
possible future directions of research.

Assumptions and notation

Every scheme is assumed to be of finite type over Spec(ky). The assumptions
on the base field k¢ will be specified in each section, as they depend on the specific
results we will be discussing.

A variety is a separated and integral scheme.

Every algebraic group is assumed to be linear.

The word curve will mean a proper, geometrically connected scheme of dimen-
sion 1.

If X is a variety, the notation H*(X) will stand for the graded-commutative
ring @;H, (Ex, 1y"), where £x is the generic point of X and p is a positive number
that will be specified in every section.

Sometimes, we will write H®(R), where R is a finitely generated ko-domain, to
indicate H*(Spec(R)). Observe that if ko is algebraically closed H® (ko) ~ F,.

The Chow groups with coefficients in H® will be denoted A*(—, H®) or A;(—, H®),
whether we adopt the grading by codimension or dimension. At a certain point we
will use the shorthand A%(—) to denote Chow groups with coefficients in H® of codi-
mension ¢, and we will drop the apex to indicate the direct sum of Chow groups
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with coefficients of every codimension. A Chow group with coefficients is said to
be trivial when it is isomorphic to H®(kg). Similarly, the graded-commutative ring
of cohomological invariants of a stack is said to be trivial when it is isomorphic to
H® (ko).

To denote the G-equivariant Chow groups with coefficients in H® we will write
Al (= H*) or Ai(—), and we will write Af, to indicate Af(Spec(ko)). Similar
notations will be used for Chow groups CH'(—). We will write CH*(—)g, for the
tensor product CH'(—) @ Fp.

Given an element z in a field K, its class in K*/(K*)? will be denoted {z}.
In particular, for K = ko, the element {x} regarded as a constant cohomological
invariant has degree 1.

We will denote A(n,d) the affine space of forms in n + 1 variables of degree d,
and P(n, d) its projectivization.

Throughout the thesis, a relevant role will be played by A(2,2), the space of
quadratic ternary forms. The subschemes of A(2,2) parametrising forms of rank
r will be denoted A(2,2),., and the subschemes parametrising forms of rank in the
interval [b,a] will be denoted A(2,2)4,5]-

Given a relative scheme X — A(2,2), its pullback to A(2,2), or A(2,2)[, will
be denoted X, or X,;. At any rate, these definitions will be frequently repeated
along the thesis.

Similarly, we will denote P(2,2), (resp. P(2,2)[4) the subscheme of P(2,2)
parametrising conics of rank r (resp. of rank r such that « > r > b). If X is a
scheme over P(2,2), its pullback to P(2,2), (resp. P(2,2)[4,) Will be denoted X,

(resp. Xiap))-



CHAPTER 1

Preliminary results

In the first two sections we give an overview of Chow groups and Chow groups
with coefficients. In the last section we introduce the notion of GL3-counterpart of
a PGLs-scheme and we outline some applications.

1.1. Equivariant Chow groups

We give here a brief introduction to equivariant Chow groups. These were first

introduced in the papers | | and [ ]. A nice account of this theory can
be found in | , sections 2-4].

Let X be a scheme of finite type over the ground field kg, and let G be an
algebraic group acting on it. By | , lemma 9], for any ¢ > 0 we can always

find a G-representation V' with an open subscheme U C V such that G acts freely
on U and the complement V' \ U has codimension > 4.

Suppose that X is equidimensional and quasi-projective, and that the action of
G is linearizable: by [ , prop. 23] there exists a G-torsor X xU — (X xU)/G
in the category of schemes. We can define the G-equivariant Chow group of X of
codimension % as:

CHL(X) := CH'((X xU)/Q)

This definition does not depend on the chosen representation (| , prop. 1]).
Equivariant Chow groups enjoy most of the properties of standard Chow groups:
PROPOSITION 1.1.1. Let X andY be equidimensional, quasi-projective schemes

of finite type over kg, endowed with a linearizable G-action. Then we have:

(1) Proper pushforward: every G-equivariant, proper morphism f : X —'Y
induces a homomorphism of groups

f. :CHE(X) — CHE(Y)

such that f.[V] = [k(V) : k(f(V)If(V)] for every subvariety V ([k(V) :
k(f(V)] =0 if dim(V) > dim(f(V))).

(2) Flat pullback: every G-equivariant, flat morphism [ : X — Y of relative
constant dimension induces a homomorphism of groups

[ CHL(Y) — CHL(X)

such that f*[V] = [f~1V], where the term on the right is the fundamental
class of an equidimensional closed subscheme.

. . . . . i
(8) Localization exact sequence: given a closed, G-invariant subscheme Z —»

. J .
X whose open complement is U <> X, there exists an exact sequence

CHE(Z) = cHE(X) L5 CHE(U) — 0

1
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(4) Compatibility: given a cartesian square of G-schemes

vy L, x

J’g lg/
! f’ !
Y — X
where the horizontal morphisms are G-equivariant and proper, and the

vertical morphisms are G-equivariant and flat of relative constant dimen-
sion d, we get a commutative diagram:

CHE(Y") s cmg (x")

e
C’H,grd(Y) S CH,id(X)

(5) Homotopy invariance: if 7 : E — X is a G-equivariant, finite rank vector
bundle, then we have an isomorphism

7 CHL(X) ~ CHL(E)
(6) Projective bundle formula: If P(E) — X is the projectivization of a G-
equivariant , finite rank vector bundle, then for i < rk(E) we have:
CHE(P(E)) =~ @)_oCHE(X)

(7) Ring structure: if X is smooth, then CHg(X) inherits a graded ring
structure.

(8) Projection formula: if f : X — Y is a G-equivariant, proper and flat
morphism between smooth schemes, then we have:

f&-f™) = f&n

(9) Gysin homomorphism: every G-equivariant, local complete intersection
morphism [ : X — Y induces a homomorphism of groups:

f i CHL(Y) — CHL(X)
such that, if f is a closed embedding and V is a subvariety which intersect

transversally Y, then f'[V] = [V N X].

Given an equivariant vector bundle £ — X of rank r, we can define the equi-
variant Chern classes of E as homomorphisms:
(B): CHE(X) — CHEM(X)

where i ranges from 0 to r. If X is equidimensional and [X] denotes its cycle class,
the cycles c{'(E)([X]) will also be called equivariant Chern classes of E.

If X is smooth, we can restate the projective bundle formula 1.1.1.(6) by saying
that, given an equivariant vector bundle £ — X of rank r, we have:

CHg(P(E)) = CHa(X)[h)/(h" 4+ S (EYh L + F(E)h 2 + - 4+ F(E)
where h = c{'(O(1)).

If f: X — Y is a G-equivariant flat morphism between equidimensional
schemes and F — Y is an equivariant vector bundle, we have:

freS(E)=cf (f*E)

This enables us to formulate a projection formula also for not necessarily flat mor-
phism.
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PROPOSITION 1.1.2. Let f: X — Y be a proper morphism between G-schemes
of finite type, and let E — X be an equivariant vector bundle. Then for any & in
CHE(X) and for any k, we have:

FA(E (FE)E) = ¢ (B)(f£)
The next proposition is of fundamental importance for computational purposes.

PROPOSITION 1.1.3. | , prop. 6] Let G be a connected reductive special
group with mazimal subtorus T split and Weyl group W. Then for any G-scheme
X we have:

CHg(X) = CHp(X)"

Next we list some explicit presentations of equivariant Chow rings.

PROPOSITION 1.1.4. | , pg. 14]
(1) Let T = G2™ be a split torus. Then

CHr(Spec(ko)) = Z[A1, . .-, An)

where \; is the equivariant first Chern class of the T -representation in-
duced by the projection T — G,, on the it* factor.
(2) We have:
CHgr, (Spec(ko)) = Zca, - . ., cn)
where ¢; is the i™ equivariant Chern class of the standard representation
of GL,,.

REMARK 1.1.5. There is a natural inclusion C'Hgr,, (X) = CHgen(X) which
sends each ¢; into the elementary symmetric polynomial of degree i in the variables
Ay ..oy Ap. Given a GL,-scheme X, let U be an open subscheme of a representation
such that the complement has codimension > i and the geometric quotient (X x
U)/GL,, exists in the category of schemes: then there is a flat morphism (X X
U)/GP" — (X x U)/GL,, and the inclusion of equivariant Chow rings above is
induced by the pullback along this flat map.

PROPOSITION 1.1.6. | , lemma 2.1] Let G be a special algebraic group and
let T C G be a mazimal subtorus. Let X be a smooth G-scheme and I C CHg(X)
an ideal. Then:

I-CHr(X)NCHg(X)=1

The following lemma is useful to perform computations:

LEMMA 1.1.7. | , lemma 2.4] Let E be a T-representation and let H C
P(E) be a T-invariant hypersurface defined by the homogeneous equation f = 0,
with f in Sym®EY. Let x : T — Gy, be the character such that for every element t
of T we have t - f = x~1(t)f. Then:

[H] = ¢{ (O(d)) + ex(x)

inside CHL(P(E)), where ci(x) is the first Chern class of the 1-dimensional T-
representation associated to the character x.

Take a quasi-projective scheme X endowed with a linearized G-action and let
L — X be an equivariant line bundle. Define L* as the complement in L of the zero
section. Observe that L* inherits the G-action and that it has a natural structure
of G,,-torsor, where G,, acts by scalar multiplication.

This second fact can also be seen by noting that L* ~ Isom y (L, AL;) and that
G.,, acts on the second scheme as follows: given a morphism S — X, a trivialization
¢: Ls~ A} and an element A : AL ~ AL of G,,(9), we can define A- ¢ := Ao ¢.
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PROPOSITION 1.1.8. | , pg. 638] Let L — X be an equivariant line bundle
over a GG-scheme, and let L* be the associated G, -torsor. Then we have:

CHg(L*) = CHG(X)/(¢f (L)(CHg (X))

SKETCH OF PROOF. Applying the localization exact sequence (prop. 1.1.1.(3))
for the zero section X — L we get:

CHg(X) — CHg(L) — CHg(L*) — 0

Homotopy invariance (proposition 1.1.1.(5)) tells us that CHg(L) ~ CHg(X). To
complete the proof, we only have to observe that the induced morphism

CHg(X) — CH(;(L) ~ CH(;'<X)

coincides by construction with the first Chern class of L. O

1.2. Equivariant Chow groups with coefficients

In this section, we fix a positive number p and an algebraically closed base field
ko such that p is invertible in ky. Every scheme is assumed to be of finite type over
ko and equidimensional.

1.2.1. Main definitions and properties. We will collect together some ba-
sic definitions and useful properties of equivariant Chow groups with coefficients in
H*. Our interest in these groups is due to the following result:

THEOREM 1.2.1. | , th. 4.9] If X is a smooth, quasi-projective scheme
endowed with a linearized action of an algebraic group G, then we have

Ag (X, H®) =~ Inv® ([X/G))

where A% (—,H®) is the zeroth equivariant Chow group with coefficients in H®, en-
dowed with its natural structure of graded-commutative ring, and Inv®(—) is the
graded-commutative Ting of cohomological invariants.

First, let us sketch the construction of the standard Chow groups with coeffi-
cients in H®. The paper of Rost | ] is devoted to the foundation of the more
general theory of Chow groups with coefficients in a cycle module M. Here we are
only interested in the case M = H®, though most of what we say is true for any

cycle module. The proof that H® is a cycle module in the sense of | , def. 2.1]
can be found in [ , remarks 1.11 and 2.5].

Another nice introduction to Chow groups with coefficients in H® is | , Sec.
2]: in particular, the equivariant case is discussed in | , sec. 2.3].

REMARK 1.2.2. The hypothesis that the characteristic of the base field does
not divide p is necessary for H® to be a cycle module.

Without this hypothesis, many things can go wrong: for instance, the proof
that H® satisfies the axiom D3 (see | , remark 1.11]) does not work, as we do
not have a norm residue homomorphism.

This is a consequence of the fact that the sequence of sheaves in the étale
topology:

0— ptp — Gpy 2 Gy — 0
is not exact if we remove the assumption on the characteristic of the base field (see
[ , Tag 03PM])).

A possible way to circumvent this issue could be to consider cohomology in the

fppf or syntomic topology, but we have not checked all the details.
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Let X be a scheme, d a positive integer and define:
Ci(X,HY) = @ xo HE (k(@), 1y ?))

where the sum is taken over all the points « of X having dimension equal to i. We
define C;(X,H®) := ©4>0Ci(X,H?). In this way C;(X,H*) has a natural bigrading
given by the cohomological degree d and the dimension 3.

For every ¢ ranging from 0 to the dimension of X and for every d > 1, there
exists a differential:

68 Cy(X, HY) — Cipq (X, HYTY)

whose precise definition can be found in | , (3.2)]. We set 6? := 0. By taking
the direct sum over d > 0 of the §), we can define:

(Si : C,L(X, H.) — Ci+1(X, H.)
The Chow groups with coefficients are then defined as:
A;(X,H®) :=ker(d;)/im(d;—1)

As we are assuming every scheme to be equidimensional, it makes sense to
introduce also the codimensionally-graded Chow groups with coefficients A*(X, H®):
these are equal by definition to A,_;(X,H®), where n is the dimension of X.

Chow groups with coefficients have two natural gradings, one given by codimen-
sion and the other given by the cohomological degree: an element o has codimension
i and degree d if it is an element of A*(X,H?) := ker(d¢_,)/im(6¢_, ).

The whole theory of Chow groups with coefficients has an equivariant coun-

terpart, first introduced in [ , sec. 2.3]. Let G be an algebraic group acting
on a scheme X. Suppose moreover that X is quasi-projective with linearized G-
action. Using the same ideas of [ ], one can define the equivariant groups

AL (X,H®) as follows: take a representation V of G such that G acts freely on an
open subscheme U C V whose complement has codimension greater than ¢+ 1. By
[ , lemma 9] such a representation always exists. Then we define:

AL(X,H®) = AY((X x U)/G,H®)

The content of | , prop. 23] assures us that the quotient (X x U)/G exists in
the category of schemes, and by the double filtration argument used in the proof
of | , prop. 1] we see that the definition above does not depend on the choice
of U.

We list now some properties of equivariant Chow groups with coefficients that
will be frequently used:

PROPOSITION 1.2.3. Let X andY be equidimensional, quasi-projective schemes
of finite type over kg, endowed with a linearized G-action. Then we have:

(1) CHF (X)) ® F, = AF(X,H").
(2) Proper pushforward: every G-equivariant, proper morphism f : X — Y
induces a homomorphism of groups

fo: A9(X,H®) — A%(Y,H")

which preserves the cohomological degree.
(8) Flat pullback: every G-equivariant, flat morphism f: X — Y of relative
constant dimension induces a homomorphism of groups

[ ALY H®) — AL (X, H®)

which preserves the cohomological degree.
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(4) Localization exact sequence: given a closed, G-invariant subscheme Z <

X whose open complement is U Jy X, there exists a long exact sequence
o ASXHY) D AG(U ) D A (Z,H%) B AG (X, H®) > -

The boundary homomorphism O has cohomological degree —1, whereas the
other homomorphisms have cohomological degree zero.
(5) Compatibility: given a cartesian square of G-schemes

y "X

|, |

Y s X!
where all the morphisms are G-equivariant closed embeddings, we get a
commutative square

AG(Y/\ Y, H*) —2 s AG(X'\ X, H°)

I I
AF (Y H) —— A (X, 1)

where i is the restriction of i’ to Y'\'Y.
(6) Homotopy invariance: if 7 : E — X is a G-equivariant, finite rank vector
bundle, then we have an isomorphism

7t AL(X,H®) ~ AL (E,H®)
which preserves the cohomological degrees.

(7) Projective bundle formula: If P(E) — X is the projectivization of a G-
equivariant , finite rank vector bundle, then for i < rk(E) we have:

AG(P(E),H®) ~ @A, (X, H®)
The isomorphism above preserves the cohomological degrees.
(8) Ring structure: if X is smooth, then Ag(X,H®) inherits the structure of
a graded-commutative IFy-algebra, where the graded-commutativity should
be understood in the following sense: if o has codimension i and degree d,

and B has codimension j and degree e, then o - B = (—1)%8 - a, and the
product has codimension © + j and degree d + e.

SKETCH OF PROOF. All the properties above, which are formulated for equi-
variant Chow groups with coefficients, follow from the analogous properties for the
non-equivariant ones, hence it is enough to prove (1)-(7) in this second setting.

To prove (1), observe that ker(69) = C;(X, H°). We have

H (k(x),F,) =T,

hence C;(X,H%) = Z;(X) @ F,, the group of i-dimensional cycles mod p.

Recall that HZ, (k(y), pp) = k(y)*/(k(y)*)P, so that the group C;_1(X,H') can
be seen as a quotient of the group of non-zero rational functions on i— 1-dimensional
subvarieties of X.

Unwinding the definition of the differential 6} ; (see [ , (3.2)]), we deduce
that 6} ;(p) = div(®), where 3 is the equivalence class in k(y)*/(k(y)*)? of a
rational function ¢ defined over a subvariety Y C X whose generic point is y , and
div() is the associated divisor, which is a well defined element of Z;(X)®F,. This
implies that:

(Z(X)] ~orat) @ Fp = kex(8?) /im (0] ,)
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where ~y,¢ is the rational equivalence relation, and it proves (1).
The proofs of (2)-(5) are the content of | , sec. 4], (6) is [ , prop.
8.6, (7) is | , prop. 2.4] and (8) is | , th. 14.6]. O

There is also a well defined theory of equivariant Chern classes for equivariant
Chow groups with coefficients in H®, which resembles the theory of Chern classes for
the usual Chow groups. The foundation of this theory can be found in [ , Sec.
2.1],

Let X be a quasi-projective scheme endowed with a linearized G-action and
let E — X be an equivariant vector bundle of rank r. Then for every ¢ the vector
bundle E induces a degree-preserving homomorphism of equivariant Chow groups
with coefficients:

(B): AS(X,H*) — AY (X, H°)
which is the i*" equivariant Chern class of E.
Using the language of Chern classes, the projective bundle formula 1.2.3.(7)

can be restated (see | , prop. 2.4]) by saying that, if 7 : P(F) — X is the
projectivization of an equivariant vector bundle, then we have:

AG(P(E),H*) =~ @j_ocf (Op(i) (1)) (w* AL (X, H?))

If X is smooth, there exist cycles ; in AE(X ,H°) such that the equivariant
Chern classes are equal to the multiplication by ; (see | , cor. 2.6]). Therefore,
in this case it makes perfect sense to think of equivariant Chern classes as elements
in Ag(X, H').

In particular, for 7 : P(E) — X the projectivization of an equivariant vector
bundle of rank r over a smooth scheme, we can consider the element h = ¢ (O(1))

in AL (P(E),H°) and proposition 1.2.3.(7) can be reformulated as follows:
Ac(P(E),H*) = Ag(X,H*)[h] /(" + T (E)N" ™" + G (E)h™2 + - + ¢ (B))

This isomorphism preserves the cohomological degree.

1.2.2. Examples. We collect here some computations of equivariant Chow
groups with coefficients which will be useful for our purposes.

PROPOSITION 1.2.4. | , prop. 2.11]] , prop. 3.1, prop. 3.2] We
have:

(1) Let E be the standard representation of GLs, regarded as an equivariant
vector bundle of rank 3 over Spec(ko). Then

AL, (Spec(ko), H®) = Fp[cl, c2, c3]

where ¢; = ¢ (E). In particular, Agr,(Spec(ko), H®) is concentrated
in degree 0.

(2) Fizp =2 and let E be the standard representation of GL3, on which PGLq
acts via the adjoint representation. Set ¢; := ¢F O (E). Then

Apcr, (Spec(ko), H®) = Falca, c3] @ Falca, c3] - wa @ Faca, 3] - 71

as an Fy-vector space. The generator ws has codimension O and degree 2,
the generator 71 has codimension 1 and degree 1 and c¢; = 0.
(3) Fizp=2. Then Apqp (P, H®) ~ F,.

REMARK 1.2.5. Proposition 1.2.3.(7) and 1.2.4.(3) are not in contradiction, as
1 . . .o . . _ .
P* is not the projectivization of any PGLa-representation of rank 2.

Here it is an analogue of proposition 1.1.8.
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PROPOSITION 1.2.6. Let X be an equidimensonal, quasi-projective scheme over
ko, endowed with a linearized G-action, and let L — X be an equivariant line
bundle, with associated G,,-torsor L*. Then we have:

Ac(L* H®) ~ (Ac(X,H®) /im(c{/ (L)) & ker(cf' (L)) [1]
as Fy,-vector spaces.

PRrROOF. Here A%(—) stands for A% (—, H®). Using proposition 1.2.3.(4) applied
to the zero section ¢ : X — L, we get:
e ALTLHX) B AR(L) - AZ(LY) — AR(X) 15 ARFY(X) -

From proposition 1.2.3.(6), we know that there exists an isomorphism (7*)~1 :

Ag(L) ~ Ag(X). By definition of the Chern classes (see in particular | , def.
2.2]) we have ¢§' (L) = (7*) "' oi,, so that the exact sequence above can be rewritten
as:

n—1 (L) n n (7% n f (L) n+1
= ALTH(X) —2 AR(X) = AG(LT) = AG(X) —= AT (X) — - -
This implies the formula for Ag(L*). O

1.3. GL3-counterpart of PGLs-schemes

In this section we introduce the notion of GL3-counterpart of a PGLy-scheme
(definition 1.3.5). This is a particular case of a fairly simple but interesting phenom-
enon: given an injective morphism of algebraic groups H — G, there is a functor
F from the category of H-schemes to the category of G-schemes such that the quo-
tient stacks [X/H| and [F(X)/G] are isomorphic. What we do is to apply this fact
to the injective morphism PGLs < GL3 and to give some explicit constructions.

We also state a simple result (proposition 1.3.8) which enables us to replace
morphisms between PGLs-equivariant Chow groups of PGLs-schemes with mor-
phisms between GL3-equivariant Chow groups of their GLs-counterparts.

We will denote A(n, d) the affine space of homogeneous forms in n+ 1 variables
of degree d, and P(n, d) will stand for the projectivization of P(n,d).

We will denote A(2,2), the locally closed subscheme of A(2,2) of forms of rank
r, and A(2,2)[,, will stand for the subscheme of forms of rank r with a > r > b.
In particular, the scheme A(2,2)3 parametrizes smooth forms.

Given a scheme X over A(2,2)3,1), we will denote the pullback of X to A(2,2),
(resp. A(2,2)[4,5)) as X, (vesp. X4 3))-

1.3.1. Basic definitions and some properties. Let f : X — X’ be a
PGLs-equivariant morphism between two schemes of finite type over a base field
ko. We can form the quotient stacks [X/PGLs] and [X'/PGLs].

The morphism f induces a representable morphism between the two quotient
stacks. Observe that both [X/PGLg] and [X'/PGLs] are stacks over BPGLy, and
that both structure morphisms are representable.

We have:

PROPOSITION 1.3.1. Let A(2,2)5 denote the scheme parametrising smooth qua-
dratic ternary forms, endowed with the GLs-action defined by the formula:

A-q(a,y,2) = det(A)g(A™ (2,9, 2))

We start with two technical lemmas:



1.3. GL3-COUNTERPART OF PGL2-SCHEMES 9

LEMMA 1.3.2. Let L be an invertible sheaf on a scheme m : X — S such
that moL is a globally generated locally free sheaf of rank n + 1. Then giving an
isomorphism mw,L ~ O?"H induces a morphism f : X — P% and an isomorphism
f*O(1) ~ L, and vice versa.

PROOF. One implication is obvious. For the other one, suppose to have a
morphism f : X — P% and an isomorphism f*O(1) ~ L. For functoriality of the
pushforward we obtain an isomorphism m.L ~ m, f*O(1). We want to produce an
isomorphism of the sheaf on the right with O?”H.

Let pry : P* x S — S be the canonical projection. Then we have a surjective
morphism of locally free sheaves pripr,, O(1) — O(1) that composed with f* and 7,
induces a surjective morphism of locally free sheaves « : m,m*pry, O(1) — 7. f*O(1).
Observe that we have a canonical chain of isomorphisms:

O ~ 1 7 OF"! ~ 7 pry,, O(1)

Thus, composing these isomorphisms with o we get a surjective morphism of locally
free sheaves O?"H — 7. f*O(1). The hypotheses imply that this morphism is
actually an isomorphism, and we are done. O

LEMMA 1.3.3. Let w: C' — S be a smooth and proper morphism whose fibres
are curves of genus zero. Then the sheaf ﬂ*wa/ls is a locally free sheaf on S of rank

3 which satisfies the base change property. The morphism ﬂ*w*wa/ls — wc/ls i

surjective and induces a closed immersion C' — P(ﬂ*wa/ls).

PRrROOF. Follows from the base change theorem in cohomology (] , Th.
I11.12.11]) applied to w*wg}s. O

Consider the prestack in groupoids over the category (Sch/kg) of schemes
E(S) = {(w :C— S a: W*wa/ls o~ 0?3)}
where C' — S is a family of smooth rational curves, and the morphisms
(C— S a: W*wa}s ~ 0% = (C'— S5,a w;wa}/s, ~ O%%)
are given by triples (¢ : 8" — S,¢ : C' ~ o*C, ¢ : ﬂ;wa,l/s, ~ ga*ﬂ*wa}s), where
¢ must commute with o and o’. It can be easily checked that this prestack is
equivalent to a sheaf.

Observe that there is a free and transitive action of GL3 on &, which turns £
into a GLg3-torsor sheaf over BPGL,. Consider also the auxiliary prestack

£'(8)={(D).5:0(1) = w5ly)}
where (D) is a commutative diagram of the form

P2

|/

S

with C' — S a family of smooth rational curves, and i a closed immersion. Recall
that A(2,2)3 is the scheme parametrising quadratic ternary forms of rank 3.

LEMMA 1.3.4. There are isomorphisms € ~ £ ~ A(2,2)3.

PROOF. The first isomorphism follows from lemma 1.3.2: given a pair (7 :
C = Sa: mwé}s ~ Ogg), the trivialization o determines a closed embedding
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i: C — P% and an isomorphism 3 : i*O(1) ~ wg}s, hence an object of £'(.S), and
viceversa.
Suppose to have a commutative triangle

P2

|/

S

and an isomorphism ¢ : *O(1) =~ wg/ls. This one can be seen as a non-zero section
of H*(C,i*O(1) ® weys). We have the following chain of isomorphisms:

H(C,i*O(1) @ weys) =~ HO(P%, (i O(1) @ woys))
~ HO(P, i, (5 (O(1) @ wps ©T1)
~ H°(P%,0(-2) @I ®i.0¢)
where Z denotes the ideal sheaf of i(C) C P% and in the last line we used the

projection formula and the canonical isomorphism wpz ~ O(=3). If L := O(-2) ®
Z~!, then by twisting the exact sequence

O%I%Oﬂ%%i*Ocﬁo

by L and by taking the associated long exact sequence in cohomology, we easily
deduce the isomorphism
HY(P%, L ®i,0c) ~ HY(P%, L)

Now observe that a non-zero global section of L induces an isomorphism Z ~ O(—2),
and vice versa.

Thus, by dualizing the injective morphism of sheaves Z < O]pé and by applying
the isomorphism above, we obtain a morphism O]Pvié — O(2), which is equivalent to

choosing a global section g of O(2), that will be smooth because of the hypotheses
on C.
It is easy to check that the induced morphism

& — A(2,2)3, ((D),p)—rq

is an isomorphism, whose inverse is given by sending ¢ to the object ((D), ), where
(D) is the commutative triangle

Q(_i> Ip%

L

S
and the isomorphism ¢ : i*O(1) ~ wé}s is induced by
I ~wp (1)~ O(-2)
U

PROOF OF PROP. 1.3.1. From lemma 1.3.4 we know that A(2,2); ~ &, and
& is a GLgs-torsor over BPGLy by construction. We only have to check that the
action of GL3 on A(2,2)s is the correct one, but this immediately follows from the
isomorphism Z ~ wp, (1) seen in the proof of lemma 1.3.4. O

In other terms, there is a morphism A(2,2)s — BPGLy which is a GL3-torsor.
We can pull back along this torsor the map [X/PGLg] — [X'/PGLs]: what we get
is a GLg-equivariant morphism ¢ : Y — Y’ between GL3-schemes.
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DEFINITION 1.3.5. Let X and X’ be two schemes of finite type over Spec(kg)
endowed with a PGLsy-action, and let f : X — X’ be a PGLs-equivariant morphism.
Then the GLs-equivariant morphism g : ¥ — Y’ obtained with the construction
above is the GLs-counterpart of f.

The GLg-scheme Y (resp. Y”) is the GLs-counterpart of X (resp. X').

The construction of GLs-counterparts is functorial. Observe also that if f is
proper (resp. flat) then g will also be proper (resp. flat).

There is another way to think of GL3-counterparts. The inclusion ¢ : PGLs <
GL3 induces a representable morphism of classifying stacks BPGLy — BGLg3: this
morphism sends a PGLa-torsor P — S to the associated GLs-torsor PxFPGl2GLy —
S, where P xPGl2 GL3 := (P x GL3)/PGLy and the (right) action on the product
is defined by the formula:

(x,g) h= (h_lxvgi(h‘))

In general, given an algebraic group G, the functor X — [X/G] induces an equiv-
alence between the category of G-equivariant schemes over kg and the category of
algebraic stacks over BG with representable structure morphism: therefore, given a
PGLy-scheme X, we get a representable morphism [X/PGLy] — BPGLy — BGL3,
hence a GL3-equivariant scheme over k.

Let X be a scheme of finite type over kg, endowed with an action of PGLo X Gy,
We can form the cartesian diagram

X —— [X/PGL; x Gy,]

J J

Spec(ko) —— B(PGL2 x G,,)

Regarding A(2,2)3 as a GL3 x G,,-scheme, where the action of G,, is the trivial
one, we have that A(2,2); — B(PGLy x G,,) is a GL3 X G,,-torsor. We can take
the pullback of [X/PGLs x G,,] along this last morphism, obtaining in this way a
scheme Y.

DEFINITION 1.3.6. Let X be a scheme of finite type over Spec(kq) endowed with
a PGLs x G,,-action. Then the scheme Y obtained with the construction above
is the GL3 x Gy, -counterpart of X. In particular, we have that [Y/GL3g x G,,] ~
[X/PGL2 x G,y].

DEFINITION 1.3.7. Let X and X’ be two schemes of finite type over Spec(kg)
endowed with a PGLy X G,,,-action, and let f : X — X’ be a PGLy X G,,,-equivariant
morphism. The pullback g : Y — Y” of the induced morphism [X/PGLy x G,,] —
[X'/PGLa x G,] along the map A(2,2)3 — B(PGL3 x G,,) is called the GLg x G, -

counterpart of f.
The following proposition is immediate to prove:

PROPOSITION 1.3.8. Let f: X — X' be a PGLs-equivariant proper morphism
between two PGLg-schemes, and let g : Y — Y’ be its GLs-counterpart. Then we
have:

(1) a commutative diagram of equivariant Chow groups of the form

CHPSL: (x) Ly 0Pl (x7)

| |

CHEY () —&— cHEY (v)
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where the vertical arrows are isomorphisms.

(2) a commutative diagram of equivariant Chow groups with coefficients of the
form

APGe (1) Ly AP (x7 12

J |

ASLs (Y, He) — T AT (Y7 1)
where the vertical arrows are isomorphisms.

(8) The same results hold for PGLy X Gy, -equivariant morphisms and their
GL3 x G, -counterpart.

1.3.2. Applications. We apply now the machinery above to a particular case.
Let P(1,2n) be the projective space of binary forms of degree 2n. This scheme has
a natural action of PGLy given by A - f(z,y) = f(A7(z,y)). We want to find its
GL3-counterpart.

Consider the scheme A(2,2)3,1) = A(2,2) \ {0} of non-zero quadratic ternary
forms. This is a G,-torsor over the projective space P(2,2) of plane conics.

DEFINITION 1.3.9.
(1) We denote @ C P(2,2) x P? the universal conic over P2.
(2) We denote @ C A(2,2)3,1) ¥ P2 the pullback of the universal conic Q —
P(2,2) along the G,,-torsor A(2,2)3,1] — P(2,2).

Let pr; and pry be respectively the projection on the first and on the second
factor of P(2,2) x P2. We have a short exact sequence of locally free sheaves:
0 — Zg @ pryO(n) — pryO(n) — pryO(n)|q — 0
where Zg ~ priO(—1) ® pr5O(—2) is the ideal sheaf of Q.
Pushing everything forward along pr;, and applying the projection formula for
sheaves (see | , ex. I11.8.3]) we get:
0 — pry,pr;0(n — 2) ® O(—1) = pry,pr;O(n) — pry, (pr;0(n)|q) — 0

where exactness on the right is due to the vanishing of R'pry,prsO(n — 2), which
follows from the base change theorem in cohomology (see | , th. TI1.12.11])
combined with the well known vanishing of H!(P?, O(n — 2)).

Observe that the first two sheaves appearing in the exact sequence above are
locally free. From this we deduce that also the one on the right is locally free.

DEFINITION 1.3.10.
(1) We define V,, as the vector bundle associated to the locally free sheaf
Vi = pry, (pr30(n)|o)
Its projectivization is denoted P(V/,,).
(2) We define V,, — A(2,2)3,1] as the vector bundle obtained by pulling back
V,, along the G,,-torsor A(2,2)31] — P(2,2). Its projectivization is de-
noted P(V,,).

Equivalently, V,, is the vector bundle associated to the locally free sheaf
Vi = pry. (pr0(n)] )

Another way to think of the vector bundle V,, is as follows: consider the following
injective morphism of (trivial) vector bundles over A(2,2)(3 1;:

A(2’ 2)[3,1] X A(Qv n— 2) — A(Qv 2)[&,1] X A(27 n)’ (Qa f) — (qa Qf)
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Then the vector bundle V,, is equal to the cokernel of the morphism above.

REMARK 1.3.11. The points of P(V,,) can be thought as pairs (g, [f]), where ¢ is
the projective equivalence class of a non-zero quadratic ternary form (equivalently,
a conic) and [f] is the equivalence class of a non-zero ternary form of degree n,
where f ~ f’if and only if g divides f — f’ or f’ is a non-zero scalar multiple of f.
The same description holds for the points of P(V},), with the exception that in this
case we really look at the ternary quadratic form ¢ and not at the associated conic.

PROPOSITION 1.3.12. The GL3-counterpart of P(1,2n) is P(V,)s, endowed with
the GLs-action:

A (q.[f]) = (det(A)g(A™ (@, y,2)), [f (A7 (2,9, 2)])

where q is a smooth ternary forms of degree 2 and f is a representative of the
equivalence class [f] of a ternary form of degree n.

PrROOF. The quotient [P(1,2n)/PGLs] is the stack whose objects are pairs
(C — S, D), where C — S is a family of smooth rational curves and D C C is a
divisor such that the induced morphism D — S is flat and finite of degree 2n.
Therefore the GL3-counterpart of P(1,2n) is the fibred product:

[P(l, 2%)/PGL2] XBPGL2 A(2, 2)3

This can be described as the stack whose objects are triples ((D),, D), where
((D),1) is an object of A(2,2)3 ~ & (see lemma 1.3.4) and D C C is as before.

First we construct a morphism from this stack to P(V,,)s. Clearly, there is a
natural morphism p : [P(1,2n)/PGLs] XgpaL, A(2,2)3 = A(2,2)3.

Given an object ((D), 8, D), consider the injective morphism of sheaves Zp —
O¢. After twisting by O(n) and pushing forward along 7 : C' — S, we get the
injective morphism:

mIp(n) — m.0c(n)
By cohomology and base change (see [ , Th. III.12.11]) we see that the
first sheaf is invertible, whilst the second one, using the projection formula for
vector bundles, can easily be proved to be isomorphic to p*V,, 3. The well known
characterization of the morphisms to projective bundles yields a morphism of sets

[P(1,2n)/PGL2] xppaL, A(2,2)3(S) = P(V,)3(5)

As everything is functorial, we get a morphism from the GL3-counterpart of P(1,2n)
to P(Vn)g;

To construct an inverse of this morphism, consider the pullback 7 : Q@ — P(V,,)
of the universal conic Q — P(2,2). We have a cartesian diagram:

;)Q

Q
L)
P(V,) —P(2,2)

The Euler exact sequence for P(V,,), pulled back to Q, together with the definition
of the locally free sheaf V,, associated to the vector bundle V', (see definition 1.3.10),
yields an injective morphism:

7 Opr, ) (—1) — 7 pu(pr30p2 (n)|q) = p*p" ps (Pr30p2 (n)]q)
Observe that there is a surjective morphism

P P p«(pr30p2 (n)]Q) — p*Prs0pz(n)lq
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Hence, after twisting by p*priOp2(—n)|g we can construct a morphism:
7 Opz,) (1) ® p"pryOp2(—n)|q — Og

It is immediate to verify that this defines a Cartier divisor D C Q: the restricted
morphism D3 — P(V,)3 is finite of degree 2n.

Therefore, if we denote @3 the pullback of Q to P(V,,)s and D3 the pullback
of D, the pair (O3, D3) is an object of [P(1,2n)/PGLs] xpcr, A(2,2)3(P(Vi)s),
hence induces a morphism P(V,,)s — [P(1,2n)/PGL2] XgpcL, A(2,2)s. It is easy
to check that this second morphism is the inverse of the first morphism that we
defined, which concludes the proof of the proposition. O

REMARK 1.3.13. Another way to think of the points of P(V},)s is as pairs (¢, E),
where F is an effective divisor of degree 2n of the smooth plane conic C' defined by
the equation ¢ = 0.

Let F and G be the plane curves respectively defined by the equations f =0
and g = 0, and suppose that they do not contain C' as an irreducible component.

By the classical Noether’s theorem AF + BG, the intersection of F' with C' is
equal to the intersection of G with C' if and only if the difference f — g is divisible
by g, or in other terms if and only if f —g is in the image of A(2,2)3 x A(2,n—2) —
A(2,2)3 x A(2,n).

From this we deduce that the points of P(V},)s are in bijection with the pairs
(¢, E), where F is an effective divisor of degree 2n.

This can be reformulated by saying that P(V},)s is the relative Hilbert scheme

of points Hilb%ZI Ja(2.2)5" where Q3 is the pullback of the universal conic Q@ over
3 14)3

P(2,2): the isomorphism is given by the universal object (@\3, D3), where Dj is the
universal divisor constructed in the proof of proposition 1.3.12.
Similarly, the scheme P(V,,)3 is the relative Hilbert scheme Hilbgﬁ1 /P(2,2)s
Observe also that the scheme P(1,2n) can be thought as the Hilbert scheme
Hilb]%g of 2n points on P!. Its quotient [P(1,2n)/PGLs] can be identified with the

Hilbert stack Hilbf;f}BPGL2 of 2n points relative to the universal torsor P over the
classifying stack BPGLq.

So proposition 1.3.12 gives us the following presentation of this stack as a
quotient stack:

1.2 1.2
Hlll:)lj’r;ch;L2 ~ [Hllbé/A(2,2)3/GL3]

An interesting feature of this new presentation is that provides us with a natural

way to partially extend the Hilbert stack HilePT} BPGL, over the stack of genus 0 and

at most 1 nodal curves /\/loSl by taking the quotient stack [P(V},)(32)/GL3], where
P(V,)(3,2) denotes the restriction of P(V;,) over the open subscheme A(2,2)(3 9 of
quadratic forms of rank > 2.

In the proof of proposition 1.3.12 we constructed a subscheme D of P(V,,) x P2,
whose fibre over a point (g, [f]) of P(V,,) is the subscheme of P? defined by the
homogeneous ideal I = (g, f).

DEFINITION 1.3.14.

(1) Let D™ be the locus defined by the 0" Fitting ideal of the sheaf of

relative differentials Q% BV Then we define D as the image of the

projection of D' onto P(V,,).
(2) We define the fundamental divisor D as the pullback of D — P(2,2) along
the morphism A(2,2)[51] — P(2,2).
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REMARK 1.3.15. By | , Tag 0C3I], the subscheme D™ is the ramification
locus of D — P(V,,).

Moreover, due to the fact that taking the scheme theoretic image commutes
with flat base change (] , Tag 0811],) we deduce that D is the projection onto
A(2,2)(3,1) of the ramification locus of D — A(2,2)3 1)

We can think of the points of D as those pairs (g, [f]), where ¢ is a ternary
quadratic form defined up to scalar multiplication and [f] is the equivalence class
of a ternary form of degree n (see remark 1.3.11), such that closed subscheme of P2
determined by the homogeneous ideal I = (g, f) is either singular or it contains a
line.

Let D3 be the restriction of D to A(2,2)3: then D3 is a Cartier divisor whose
points can be regarded as pairs (g, [f]) such that the subscheme in P? defined by
the ideal I = (g, f) is singular.

Let Aj 2y, be the divisor of singular forms in P(1,2n). Then proposition 1.3.12,
together with proposition 1.3.8, immediately implies the following result:

COROLLARY 1.3.16. The GL3-counterpart of A1 2, is D3. We also have com-
mutative diagrams

CHPCL2 (A 5,) —=s CHPC"2(P(1,2n))

| |

CHEY (D3) — 5 CHE 3 (P(V,,)3)

APGE2 (A o,) —s APGT2(B(1,2n))

l |

AFY (Dg) —— AT (B(V,.)o)
where the vertical arrows are all isomorphisms.

Let Vi, 3 be the restriction of the vector bundle V;, — A(2,2)31] (see definition
1.3.10) over A(2,2)3.

PROPOSITION 1.3.17. The GL3-counterpart of A(1,2n) is V,, 3. Moreover, if we
endow A(1,2n) with the G,-action given by scalar multiplication, then the GL3 x
G, -counterpart of A(1,2n) is V,, 3, where Gy, acts as A - (¢, f) == (¢, Af).

PROOF. Observe that A(1,2n) \ {0} is the total space of the G,,-torsor as-
sociated to the tautological line bundle Op(; 2,,)(—1) of P(1,2n). It is almost im-
mediate to check, using proposition 1.3.12, that the GLs-counterpart of the total
space of this G,,-torsor is equal to the total space of the G,,-torsor associated to
Op(v;,),(—1). From this the proposition easily follows. O

Let A’ 5, C A(1,2n) be the PGLy-invariant, closed subscheme parametrising
singular binary forms of degree 2n. In other terms, the points of A} ,, correspond
to global sections o of Op: (2n) with multiple roots. We want to find its GLs-
counterpart.

DEFINITION 1.3.18. We define the closed subscheme D’ C V,, as the closure of
the pullback of the fundamental divisor D C P(V},) (see definition 1.3.14) along the
Gp-torsor V,, \ 09 — P(V,,), where og denotes the zero section of V;,.

The following result follows from corollary 1.3.16:

PROPOSITION 1.3.19. Let D be the restriction of D' to P(V,,)s. Then we have:


https://stacks.math.columbia.edu/tag/0C3I
https://stacks.math.columbia.edu/tag/081I
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(1) Djy is the GLg-counterpart and the GL3 X G, -counterpart of Al ,,,.
(2) V,3\Dj is the GLs-counterpart and the GL3 X Gy, -counterpart of A(1,2n)\
li

1,2n-



CHAPTER 2

The Chow ring of the stack of hyperelliptic curves
of odd genus

In this chapter we compute the integral Chow ring of the stack of hyperelliptic
curves of odd genus g, when g > 3 is an odd number and the characteristic of the
base field is equal to zero or > 2g + 2. The main result is theorem 2.5.2.

2.1. A new presentation of H, as a quotient stack

Fix a base field kg of characteristic # 2 and let g > 3 be an odd integer.

Recall that by a family of smooth rational curves over S we mean a proper and
smooth scheme over a kg-base scheme S such that every fiber is a curve of genus 0.

Then a family of hyperelliptic curves of genus g over S is defined as a pair
(C — S,1) where C — S is a proper and smooth scheme over a base ko-scheme S
such that every fiber is a curve of genus g, and + € Aut(C) is an involution such
that C/(1) — S is a family of smooth rational curves.

Let H4 be the moduli stack of smooth hyperelliptic curves of genus g, whose
objects are families of hyperelliptic curves of genus g as defined above, and the
morphisms are the isomorphisms over S (the condition of commuting with the
involutions is automatically satisfied). The goal of this section is to give a pre-
sentation of this stack as a quotient stack [U’'/GL3 x G,,], where U’ is an certain
scheme that will be defined later. This is done in theorem 2.1.1.

2.1.1. Properties of hyperelliptic curves. We briefly recall some basic
facts about hyperelliptic curves (for an extensive treament see | D). Let C — S
be a family of hyperelliptic curves of genus g. By definition there exists a global
involution ¢ which induces the hyperelliptic involution on every geometric fiber.

There exists also a canonical, finite, surjective S-morphism f : C — C’ of
degree 2 that on each geometric fiber corresponds to taking the quotient w.r.t.
the hyperelliptic involution. The scheme C’ — S is a family of smooth rational
curves. The morphism f can also be described as the canonical morphism f : C' —
P(m.weys) whose image is C”.

Families of hyperelliptic curves have a canonical subscheme W¢/ g, called the
Weierstrass subscheme, that is the ramification divisor of f endowed with the
scheme structure given by the zeroth Fitting ideal of Q}J ek It is finite and étale
over S of degree 2g + 2, and its associated line bundle, when seen as an effective
Cartier divisor, is the dualizing sheaf wy relative to the finite morphism f. Clearly,
J induces an isomorphism between W, s and the branch divisor D on C".

2.1.2. The main result. Let A(1,29+2)\ A} 5/, be the scheme parametris-
ing smooth binary forms of degree 2g + 2. There is an action of PGLg x G,,, over
this scheme defined as follows:

(A4, 0) - (f(z,y) = A7 det(A)7 1 f(A7 (x,y))

Observe that the action above is well defined, though the determinant of an element
of PGLsy is not. In | , cor. 4.7] the authors proved that 4 is isomorphic to

17
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the quotient stack
[A(lv 29 + 2) \ A/17294-2/PG'LQ X Gm]
Therefore, a new presentation of H, as a quotient stack with respect to the action

of GL3 x G,,, can be obtained by finding a GL3 X G,,,-counterpart of the PGL2 X G,,-
scheme A(1,2g +2) \ A} 5,40

THEOREM 2.1.1. Let U’ be the complement in (Vyi1,3\00) of Df, where Vyi1 3
is the vector bundle over A(2,2)s introduced in definition 1.3.10, oo is the zero
section and DY is as in definition 1.5.18. Then we have an isomorphism:

Hy =~ [U'/GL3 x Gy
where the action on U’ is given by the formula
(AN) - (g, f) = (det(A)g(A™ (2,5, 2)), A f(AT (z,y, 2)))

PROOF. Proposition 1.3.19.(2) tells us that a GL3 x G,,,-counterpart of A(1, 2g+
2) \ A} 5549, With Gy, acting by simple multiplication, is Vg1 3\ D3, where the
action of GL3 x G, is:

(A,N) - (g, f) = (det(A)g(A™ (z,, 2), \f (A7 (2,9, 2))

It is easy to see that the GL3 x Gy,-counterpart of A(1,2g +2) \ A} 5,5 with G,
acting by A\™% is V41,3 \ D}, with G,,, acting by multiplication for A~2. O

The theorem above can be rephrased by saying that V41 3\ D5 is a GLg X G-
torsor over H,. It is well known that to every GL3 x Gy,-torsor over a base X one
can associate a rank 4 vector bundle of the form £ ® £, where £ is a rank 3 vector
bundle and L is a line bundle, such that the total space of the original torsor will
be equal to Isom(&, 093) x x Isom(L,O). We want to find the vector bundle over
H, associated to V1,3 \ Dj.

Observe that Vy41,3 \ Dj, seen as a stack in sets, has as objects the triples
(S,q, f) where:

e S is a scheme.
e ¢ is a global section of O]Pé (2) whose zero locus @ C P% is smooth over S.
e [ is a global section of Og(g + 1) over Q.
and GL3 x G,,, acts as described in theorem 2.1.1. This stack is equivalent to the
stack P whose objects are
((D),p,L,0,c)
where:

(1) (D) is a commutative diagram of the form

' P

L

With C' — S a family of smooth rational curves and i a closed immersion.
(2) ¢:1"0Q1) = Tevys.
(3) L is a line bundle over C’ of degree —(g + 1)/2.
(4) o is a global section of L~%2.

(5) o m (L@ T 58" ~ 0.

The elements (1) and (2) above induce by lemma 1.3.2 an isomorphism

B : W*TC’/S ~ Og??)
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and vice versa. Therefore, it is easy to prove that the stack P is equivalent to the
stack P’ whose objects are

(r:C" = S, L,o,a,f3)
where:

m:C" — S is a family of smooth rational curves.
L is a line bundle of degree —(g + 1)/2 over C".
o is a global section of L~®2,
a:m(L7'® Tf,?égﬂ)ﬂ) ~ Og.
ﬂ . W*TC’/S ~ O?d
Let Hy be the stack whose objects are triples (C" — S, L, o), where ¢’ — S is a
family of smooth rational curves, L is a line bundle on C’ of degree —g — 1 and o
is a global section of L~%2 whose support is étale on S. In [ , prop. 3.4], the
authors proved that H, ~ H "

There is a morphism P’ — H defined as:

(r:C" = S,Lyo,a,8) — (n: C" = S,L,0)

that realizes P’ as a GL3 x G,,,-torsor over Hy, because GL3 acts by multiplication
on 8 and G,, acts by multiplication on a.

This description of P’ — My allows us to determine the associated rank 4
vector bundle: it coincides with £ @& L, where £ is the rank 3 vector bundle over
My functorially defined as:

E:(m:C" =8, Lo) — mTcrys

and L is the line bundle over ”Hg“ functorially defined as
Li(m:C = 8, Lo)— m (L7 @ T 58"

We may ask for a description of the vector bundles £ and £ as vector bundles
over Hy. This can be easily deduced from the description we gave before: indeed,
if C — S is a family of hyperelliptic curves of genus g which is a double cover of
C" — S via the morphism 7 : C' — ', and if W g is the associated Weierstrass
divisor, then:

(1) n*TC’/S ~ Wg/ls ® O(WC/S)
(2) ’17*L ~ 0 (—L?Wc/s).
From the formulas above it can be easily deduced that the vector bundle &, seen
as a vector bundle over H,, is functorially defined as
E((m:C = S)) = mwa/ls (Weys)

whereas L, seen as a line bundle over H,, is functorially defined as
g1 /] —
L((7:C = 8,)) = w*ng; <2gWC/5>

These considerations will be used at the end of the chapter in order to provide a
geometrical description of the generators of the Chow ring of H,.

2.2. Intersection theory of P(V,,)s

The aim of this section is to study the vector bundles P(V,,); on A(2,2)5 that
were introduced in the previous section (see definition 1.3.10). In particular, in
the first subsection we concentrate on the geometry of P(V;,)s, and we show that
over certain particular open subschemes of A(2,2)3 the vector bundles V;, 3 become
trivial (lemma 2.2.2). We also study some interesting morphisms between P(V,,)3
for different n.
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In the second subsection we do some computations in the T-equivariant Chow
ring of P(V,,)3, where T C GLj3 is the subgroup of diagonal matrices, focusing on
the cycle classes of some specific T-invariant subvarieties (lemmas 2.2.7, 2.2.8 and
2.2.9).

2.2.1. Properties of P(V,,)3. We will use the following notational shorthand:
an underlined letter ¢ will indicate a triple (ig,#1,42), and the expression X% will
indicate the monomial X{° X' X32.

A form f of degree n in three variables with coefficients in a ring R can then
be expressed as f = > biﬁi, where the b; are elements of R and the sum is taken
over the triples i such that |i| := g + i1 + i = n.

The coefficients b; give us coordinates in A(2, n), thus homogeneous coordinates
in P(2,n). The symbols a; will be used only for the coefficients of quadrics, or
equivalently for the coordinates of A(2,2).

Finally, we say that i < j iff i, < j, for a = 0,1,2. This is equivalent to the
condition X*|XZ.

DEFINITION 2.2.1. We define A(2, 2)% as the open subscheme of A(2,2); where
the coordinate a; is not zero. We also define Y as the complement of A(2,2)5.

The open subschemes A(2, 2);0’2’0), A(2, 2)%0’1’1) and A(2, 2)1(30’0’2) are an open
covering of A(2,2)3: indeed, a point not in the union of these three open subschemes
will necessarily parametrise a quadric divisible by Xo, thus not smooth. The open
subschemes A(2, 2)?3) share another property, expressed in the following lemma:

LEMMA 2.2.2. The projective bundles P(V,,)3 are trivial over the open sets
A(2,2)5.

The proof of the lemma above relies on a lemma of linear algebra concerning
the vector spaces of forms in three variables of fixed degree.

LEMMA 2.2.3. Let i be a triple such that |i| = 2 and let B, be the set of
monomials of degree n in three variables not divisible by X*.

Fiz a quadric q in three variables with non-zero coefficient a;. Define B}, to be
the set of polynomials obtained by multiplying q with a monomial of degree n— 2 in
three variables. Then the two sets B,, and Bj, are disjoint and B, U Bl, is a base

for the vector space of homogeneous polynomials of degree n in three variables with
coefficients in a field k.

PROOF. The fact that B,, and B], are disjoint is obvious, because every mono-
mial in B, is divisible by X*.

The monomials form a base for the vector space of homogeneous polynomials
of degree n in three variables. Let M be the matrix representing the unique linear
transformation that sends the base of monomials to the set B,,UB!, in the following
way: monomials not divisible by X* are sent to themselves, and monomials of the
form Xtf are sent to ¢f.

Observe that, after possibly reordering the monomials of the form Xf, the
matrix M will be upper triangular, with either 1 or a; on the diagonal: this shows
that the determinant of M is invertible, thus B], U B,, is a base. O

PROOF OF LEMMA 2.2.2. From lemma 2.2.3 we see that over A(2,2)3 the co-
ordinates by, for |k| = n and i £ k, induce a trivialization of the vector bundle
Vil =

Consider the following morphisms:

Tn,m : P(1,2n) x P(1,2m) — P(1,4n +2m), (f,g) — g
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whose GL3-counterparts are
7T,,nym : P(Vn)d ><A(2,2)3 P(Vm)ZS — P(‘/Qn+m)37 (qv fv g) — (qv f2g)

Applying proposition 1.3.8 we deduce the following commutative diagrams of equi-
variant Chow rings:

’
T

n,ms

CHar,(P(Va)s) ®cHeay, (a2,2)s) CHary (P(Vin)z) ——— CHar, (P(Vantm)3s)

: :

CHper, (P(1,2n)) @ctpe,, CHpaL, (P(1,2m)) —=25 CHpgu, (P(1, 4n + 2m))

Observe that we also have the following class of closed linear immersions of
projective bundles:

jn,r,l : P(Vn—r—l)l} — ]P(Vn)Sa (Q; f) — (qv XgXif)

These are not GLg-equivariant but only T-equivariant, where T is the maximal
subtorus of diagonal matrices.

DEFINITION 2.2.4. The T-invariant, closed subscheme W, ,; C P(V,,)3 is de-
fined as the schematic image of j, ,;.

2.2.2. Computations in the T-equivariant Chow ring of P(V},)3. Let us
introduce another little piece of notation: with A we mean the triple (A1, Ao, Az). If
i is another triple (most of the times, we will have ¢ = (49, 41, %2)), we indicate with
2 - A their scalar product.

As already observed, there is a well defined action of GL3 on P(V,,)s and there-
fore an induced action of the split torus T of diagonal matrices. We can consider the
T-equivariant Chow ring CHr(P(V,,)s). If Z C P(V,)3 is a T-invariant subvariety,
its T-equivariant cycle class will be denoted [Z]7.

Recall from proposition 1.1.4 that we have:

CHr(Spec(ko)) =~ Z[A1, A2, As]

where ); is the first Chern class of the representation associated to the i*"-projection
T — G,,. Let 0; be the elementary symmetric polynomial of degree 7 in A1, A2 and
As.

PROPOSITION 2.2.5. Suppose that the characteristic of ko is # 2. Then we have
CHT(A(Q, 2)3) ~ Z[)\l, )\2, )\3]/(01, 20’3)
PROOF. Observe that A(2,2)s is a Gy,-torsor over IP(2,2)s, whose associated

line bundle is O(—1)®@D, where D is the pullback of the determinant representation
of GL3 regarded as a T-representation. Applying proposition 1.1.8, we deduce:

CHr(A(2,2)3) = CHr(P(2,2)3)/(01 — h)

where h is the restriction of the hyperplane section of P(2,2).
The localization exact sequence (proposition 1.1.1.(3)) for the open embedding
P(2,2); < P(2,2) is:

CHr(P(2,2)12,1)) Ly CHr(P(2,2)) — CHr(P(2,2)3) — 0

By the projective bundle formula (proposition 1.1.1.(6)) we see that the ring in the

middle is isomorphic to CHr(Spec(ko))[h]/(f), where f =[], 41 c_o(@ls +bA2 +

c)3) is the equivariant top Chern class of the T-representation A(2,2) = Sym?*EVY

(here F is the standard representation of GL3 regarded as a T-representation).
Let W be the closed subscheme inside P(2,2) x P? defined as:

W = {(g,p) such that gx,(p) = ¢x, (p) = qx,(p) = 0}
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Observe that Wlpe,2), — P(2,2)2 is an isomorphism, and also the morphism ¢ :
P(2,1) — P(2,2); that sends a linear form to its square is an isomorphism. If we
denote 7 : W — P(2,2) the induced projection, these last two remarks imply that
im(i,) = im(ms) + im(ps).

The generators of im(y,) had been computed in | , pg. 10], and they are:

4(h3 = 201h? + (0% 4 02)h + (03 — 0102))
2h(h? — 201h? + (0% 4 09)h + (03 — 0102))
R2(h® — 201h* + (0% + 02)h + (03 — 0102))

To compute the generators of im(7.), first observe that W is a projective sub-
bundle of P(2,2) x P> — P?. This implies that the generators of CHy (W) as a
CHr(Spec(kg))-module are of the form h® -7, where t is the pullback of the hyper-
plane section of P2, and h is the restriction of the hyperplane section of P(2,2) to
w.

The projection formula (proposition 1.1.1.(8)) tells us that m, (h?-#/) = ht- w7,
so we only have to compute 7. ([W]r - ) for j = 0,1,2. We can write:

[Wir =& + &t + &t

where §; come from CHp(P(2,2)). Applying the compatibility formula (proposition
1.1.1.(4)) we deduce that 7, ([W]r - t7) = &4

To compute [W]r, we can apply lemma 1.1.7, because W is the complete in-
tersection of the hypersurfaces:

Hy = {qx,(p) =0}, Hz := {qx,(p) = 0}, H3 := {gx, (p) = 0}
A simple computation gives us the following result:
Wlr=Mh+t—X )(h+t— ) (h+t—A3)
=(h+t) —o1(h+t)>+02(h+1t) — 03
= (h® — 01h* + 09h — 03) + t(3h? — 201 + 03) + t2(3h — o1) + 3
= (h® — 01h? 4 o9h — 203) + t(3h* — 201 h) + t*(3h — 207)
where in the last equality we used the relation t3 = —o1t? — oot — 03. We deduce:
&3 = h3 — o1h? + o3h — 205
£ =3h% —201h
& = 3h — 20,
Putting everything together, we get the desired conclusion. U

The projective bundle formula (proposition 1.1.1.(6)) together with the previous
proposition implies that
CHr(P(Vy)3) = Z[A1, A2, A3, b/ (01,203, pr(hn))
where h,, is the hyperplane section of P(V},)s and p,(h,) the T-equivariant top
Chern class of V3.

Let A(2,2)5 and Y be as in definition 2.2.1: the T-equivariant Chow ring of
]P’(Vn)3|A(2 z)t can be easily computed.
1=/3

LEMMA 2.2.6. We have CHT(IP’(VH)3|A(2 2)1) ~ CHr(P(V,)s3)/(i-)).
»4)3
PROOF. From the localization exact sequence (proposition 1.1.1.(3)) we get:

CHr(P(Vy,)3lyi) N CHr(P(Vy,)s) EMR CHr(P(V,)s] )—0

A(2,2);

We want to prove that im(i,) = (i - A).
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Let t be the hyperplane section of P(V},)s]y:, so that the T-equivariant Chow
ring of P(V,,)sl|y: is generated as C Hp(Spec(kop))-module by elements of the form
p,*oz -t4 for d < 2n, where p’ is the projection map to Y.

This implies that im(i,) is generated by the elements i, (p *a-t?). Observe that
i*h,, = t. From the cartesian square

P(Vi)sly: S P(Va)s

[

’

Vi 5 A(2,2);
and the projection and compatibility formula (proposition 1.1.1.(4),(8)) we deduce:
in(p - t?) = in(p - ihi)
=ip*a-hd =pila-hl
This means that im(i,) = p*(im(é,,)).

Observe that Y% is an open subscheme of a representation of T, namely the
vector subspace of forms of degree 2 with the coefficient a; equal to zero. This
implies that CHr(Y?) is generated by 1 as a CHr(Spec(kg))-module, from which
we deduce that im(i,) is generated, as an ideal, by [Yr.

Because of the fact that the closure of Y inside A(2,2) is defined as the zero
locus of the coordinate a;, the class of this closure can be computed using lemma
1.1.7: we obtain [YZr = ¢; —i-A. From the explicit presentation of C Hr(A(2,2)3)
that we have obtained in proposition 2.2.5 we deduce that [Y&r = —i - \. O

We previously defined T-invariant closed subschemes W, ,.; C P(V,,)3 (see def-
inition 2.2.4). The cycle classes [W,, ;|7 have degree 2r + 2I. We can pull back
them via the open immersion

i P(V) 00 = PP A2, 2){"02) < P(V,)3
3

3‘A(2,2

so that they can be actually computed. Indeed, here we have homogeneous co-
ordinates given by the coefficients by, for |k| = n and (0,0,2) £ k and we see
that

3T W = {bg = 0 for kg <7 or ki < I}

from which we deduce that they are complete intersection. Using lemma 1.1.7 we
get:

5 Wadlr = [[(hn — k- X) for kst [k] =n, ky <2, ko <7 or ky <1
Combining this with lemma 2.2.6 we deduce:
LEMMA 2.2.7. We have
(Wrdlr = [[(hn — k- X) + 2038 for k s.t. |kl =n, ko <2, ko <7 orky <1
where & is an element of CHr(P(V,,)3).

In particular, all these classes are monic in h,. Another useful property is the
following: the set-theoretic intersection of W, ;.o and W,, o is exactly W, ;. This
is also true at the level of Chow rings: indeed W, ,; is the only component of
Wh,r0 N Wy 0., all the varieties involved are smooth and it is easy to check that
the intersection is transversal. This implies the following result:

LEMMA 2.2.8. We have [er,O}T . [WmO,l}T = [Wn,r,l]T-



24 2. THE CHOW RING OF THE STACK OF HYPERELLIPTIC CURVES OF ODD GENUS

Recall that we have defined the morphism
T P P(Va)s Xa@2,2)s P(Vin)s — P(Vanim)s

n,m
as 7, (¢, f,9) = (¢, f2g). If we restrict this morphism to Wy 1,n—1 Xa(2,2), P(Vin)3
we obtain a birational surjective morphism

Whin-1 Xa@2,2)s P(Vin)z — Wanim2,20-2

This implies the following result:
LEMMA 2.2.9. We have W;ﬁm*([Wnﬁlynfl XA(272)3 ]P)(Vm)g]T) = [W2n+m,27n,2]jﬂ

2.3. The Chow ring of H,: generators and first relations

The goal of this section is to do the first steps in the computation of the Chow ring
of Hg, finding the generators and some relations. The intermediate result that we
find is the content of corollary 2.3.12.

2.3.1. Some preliminary results. In this subsection we prove two technical
results that we will be used frequently.

The following proposition is a generalization of the classical construction of the
projection morphism from a projective subspace.

ProPOSITION 2.3.1. Let X be a scheme of finite type over kg and suppose to
have an exact sequence of locally free sheaves over X of the form:

0 —F —=E&—G—0

We can form the projective bundle = : P(G) — X.

Consider the flat morphism f : P(E) \ P(F) — X obtained by composing the
open embedding of P(E)\P(F) into P(E) with the projection of this projective bundle
onto X.

Then there exists a canonical morphism 8 : P(E) \ P(F) — P(G). Moreover, if
there is a section o : € — F, the scheme P(E) \ P(F) is isomorphic to the vector
bundle over P(G) associated to the locally free sheaf 7 F @ Opg)(1).

PRrROOF. To define a morphism S : P(€) \ P(F) — P(G) over X we have to find
an invertible sheaf £ over P(€) \ P(F) and an embedding of locally free sheaves
L — f*G.

Let p : P(€) — X be the projection morphism. We have a canonical inclusion
Op(g)(—1) = p*E. Restricting this morphism to the open subscheme P(€) \ P(F)
and composing it with the morphism f*& — f*G, we get:

Op(e)(=Dlpenpr) — 76
This last morphism is injective because the image of Op(g)(—1)|p(e)\p(F) inside f*E
does not intersect the image of f*F.

To prove the second claim of the proposition, is enough to show that on the

site of P(G)-schemes there is an isomorphism of sheaves:
Hom(—,P(€) \ P(F)) ~ 7" F @ Opg(1)
Take a P(G)-scheme S and a morphism S : .S — P(£) \ P(F) over P(G): due to the
fact that P(G) is a scheme over X, the morphism S can be regarded as a morphism
of X-schemes, and it induces an inclusion
Opey(=1)[s = €ls

The fact that 8 is a morphism of P(G)-schemes implies that:

(1) Op(e)(—1)[s = Op(g)(—1)]s.

(2) After identifying Op(e)(—1)|s with Opgy(—1)|s, the composition of 3 with

the morphism £|s — G|s is equal to the inclusion Opgy(—1)|s — Gls.
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Therefore, the sheaf Hom(—,P(€) \P(F)) on the site of P(G)-schemes is isomorphic
to the sheaf

F: S+ {Opg)(—1)|s < €|s that commutes with the morphisms to G|s}

Using the section o : £ — F we can construct an isomorphism F ~ 7*F ® Op(g)(1)
as follows: in one direction, we send an inclusion i : Op(g)(—1)|s — &|s to o o,
and then we twits by Opgy(—1)|s. In this way we get a morphism

Os — Fls @ Opg)(1)|s

In the other direction, given a morphism Og — F|g ® Op(g)(1)|s we first twist
it by Op(gy(—1)|s, obtaining in this way a morphism «a : Op(g)(—1)|s — Fls.

After that, we take the unique lifting 7 : Opg)(—1)|s = €|g of the canonical
inclusion Op(g)(—1)|s < G|s having the property that o oi = cv.

This construction gives us a well defined isomorphism of sheaves F ~ 7* F ®
Op(g)(1). O

The next proposition will be used to compute equivariant cycle classes of in-
variant subvarieties.

_ ProrposiTION 2.3.2. Suppose to have a flat, GLz-equivariant morphism [ :
U — P(2,2) and form the cartesian diagram

v—"1 T
I
A(?, 2)[3’1] E— P(?, 2)
Denote P(V,,)u the pullback of P(V,,) (see definition 1.3.10) along U — A(2,2)[31)-

Then we have:
(1) There exists a closed subscheme Y C U x P(2,n) and a flat morphism

p:UxP2,n)\Y —PV,)u

(2) There exists an isomorphism
D CHby, (P(Va)) — CHl, (T x P(2,m))/(orif*s — 1)

where s = C?L3(OP(272)(1)) and k < 2n.
(3) Let Z C P(V,)u be a subvariety of codimension < 2n and let Z C U x
P(2,n) be a subvariety such that

(g x id)il(j‘ﬁxp(z,n)\q(y)) =p ' (Z)
Then ®[Z] = [Z] modulo the relation prif*s —c; = 0.
ProOOF. Consider the diagram:

P(2,2) x P?

pry pry
P(2,2) P?
Recall from definition 1.3.10 that we have an exact sequence of locally free sheaves
on P(2,2):
0 — pry,pr30(n — 2) ® Op(z,2)(—1) — pry,pr;0(n — 2) — V,, — 0

and that V;, is the vector bundle associated to the locally free sheaf V;,, the pullback
Of Vn to A(Q, 2)[5’1] .
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From this we deduce the following exact sequence of locally free sheaves on U:
0 — pry,prsO(n — 2)y — pry,prsO(n —2)y — Vy, — 0
Therefore, we can apply proposition 2.3.1, which gives us a morphism:
p:UxP(2,n)\U xP(2,n—-2) — P(V,)|u

This proves (1), with Y :=U x P(2,n — 2).
It is easy to see that p* induces an isomorphism at the level of Chow groups.
Using the localization exact sequence (proposition 1.1.1.(3)) we get an isomorphism:

@y : CHEL (P(Vy)|v) 2, CHE, (U xP(2,n)\Y) v, CHE, (U x P(2,n))

where j is the open embedding (U x P(2,n))\Y — U x P(2,n).

Observe that U — U is the G,,-torsor associated to the equivariant invert-
ible sheaf f*Op(22)(—1) ® D, where D is the determinant representation of GL3,
whose equivariant first Chern class is ¢;, the generator of C’H(l;LB (see proposition
1.1.4.(2)). From this we deduce that U x P(2,n) — U x P(2,n) is the G,,-torsor
associated to the line bundle prj f*Op3,2)(—1) ® D. Applying proposition 1.1.8, we
get:

@y : CHEL, (U x P(2,n)) = CHEL (U x P(2,n))/(f*pris —c1)

We define ® := ®5 o ;. This proves (2).
To prove (3), is enough to observe that with those assumptions we have:

®:1[2) = (5°)'p"[Z] = (a x id)*[Z] = @5 [Z]
O

2.3.2. Computation of the generators. Theorem 2.1.1 tells us that the
Chow ring CH(H,) is isomorphic to the equivariant Chow ring CHgy, xc,, (U'),
where U’ is the open subscheme of V113 consisting of all the pairs (g, f) such
that the intersection of the plane curves {¢ = 0} and {f = 0} is smooth, i.e. the
intersection consists of 2g 4+ 2 distinct points.

Let Dj be the complement of U’ in V41 3. It is easy to see that D5 is a closed
subscheme of codimension 1. In this section, we will always assume n = g+ 1. The
localization exact sequence in this case is

CHgryxc,, (D5) = CHaryxc,, (Vas) 2 CHaryxc,, (U') — 0

Observe that V,, 3 is a GLg x G,,-equivariant vector bundle over A(2,2)s, hence
from proposition 1.1.1.(6) we deduce

(1) CHgL;xG,, (Va,3) = CHgL, xG,, (A(2,2)3)

with G, acting trivially. We know an explicit presentation of C Hy(A(2, 2))3 thanks
to proposition 2.2.5: applying proposition 1.1.3 we get

(2) CHGL;xG,, (A(2,2)3) >~ Z[T, c2, c3]/(2¢3)

where 7 is the first Chern class of the standard G,,-representation and co, c3 are re-
spectively the second and the third Chern class of the standard GL3-representation.

We have found a set of generators for CH(H,). To find the relations among
them, we have to compute the generators of the ideal im(i,) inside the equivariant
Chow ring of V;, 3.

Consider the projective bundle P(V,,)s and its open subscheme U, whose preim-
age in V,, 3 \ 0¢ is exactly U’ (recall that o¢ : A(2,2)3 — V,, is the zero section).
Observe that V;, 3 \ 0¢ is equivariantly isomorphic to the G,,-torsor over P(V;,)s
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associated to the line bundle O(—1) ® E~®2 where E is the standard representa-
tion of G, pulled back to P(V,,)s. The same thing holds for U’ over U. Applying
proposition 1.1.8 we obtain:

CHaryx6,, (U') = CHaryxG,, (U)/(—hy — 27)

where h,, is the restriction of the hyperplane section of P(2,2).

This means that, if p(h,) is a relation in CHgr,xg,, (U), then p(—27) is a
relation in CHgr,xgc,, (U’'), and all the relations in this last ring are obtained from
relations in the Chow ring of U in this way.

The action of G,, on P(V;,)s is trivial, so that we can restrict ourselves to
consider only the GL3z-action. Is then enough, in order to determine the equivariant
Chow ring of U’, to compute the GLz-equivariant Chow ring of U.

Again, we have the localization exact sequence (proposition 1.1.1.(4)):

CHar, (Ds) 25 CHer, (B(Vy)s) s CHer, (U) — 0

The projective bundle formula (proposition 1.1.1.(6)) tells us that the ring in the
middle is isomorphic to:

(3) CHa, (A(2,2)3)[hn]/ (pn(hn)) = Zlca, 3, hn]/ (2¢3, pn(hn))

where p,, (h,) is monic of degree 2n 4+ 1. We have to compute the generators of the
ideal im(i.).
Observe that the closed subscheme D3 admits a stratification

D3, CDs,1C..CDsy=Ds

where Dj ,,, is the locus of pairs (g, f) such that QNF = 2E+ E’, with deg(E) =m
(here @ is the vanishing locus of g and F' is the vanishing locus of f). All these sets
are clearly GLs-invariant. Observe moreover that D3 s coincides with the image
of the equivariant, proper morphism

The 1 P(Va)s Xa2.2)s P(Vao2s)s — P(V)s,  (q, f,9) — (q, [*9)

. - . . '
which coincides with the morphism 7 ,,_ o

This induces a scheme structure on D3 5.
Consider also the GLs-invariant closed subscheme Yy C P(V;)s defined as:

that we have defined in subsection 2.2.1.

Y1 = {(q,1) such that the plane curve {g = 0} is tangent to the line {{ = 0}}
and let us define the closed subschemes )ss11 as the image of the morphisms

¢ V1 Xa2.2); P(Ve)s — P(Vasy1)s, (g1, f) — (¢,1f?)
We can think of Vss41 as the locus of quadrics plus a divisor of the form 2F, with
deg(F) = 2s + 1.
Consider the equivariant morphism:
Un.m : P(1,2n) x P(1,2m) — P(1,2n + 2m), (f,9) — fg
It is immediate to verify that its GLs-counterpart is given by:

¢:l,m : P(Vn)?) XA(2,2)3 P(Vm)B — P(Vn+m)3a <Q7 f7 g) — (q7 fg)

Restricting the morphism 9., , o, 1 t0 Vast1Xa(2,2), We obtain a proper mor-
phism
7T§S+1 : Vast1 XA(2,2)3 P(Vi—2s5-1)3 — P(V3,)3
whose image is D3 9s41. This induces the scheme structure on D3 241.
The stratification defined above resembles the stratification

Apon C ... C Ay, C P(l,Qn)
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that has been introduced in | , pg. 5]. Indeed, we have that D3 , is the GL3-
counterpart of Ago,. Furthermore, it is easy to see that the GLg-counterparts of
the morphisms

95t P(1,25) x P(1,2n — 4s) — P(1,2n), (f,g) — f?g

are exactly the morphisms 75, : P(V)3 Xa(2,2); P(V2s)3 — P(V,)3. Applying
proposition 1.3.8 we obtain the commutative diagram:

CHpcr, (P(1,2s) x P(1,2n — 4s)) —— CHar, (P(Vs)s X a(2,2); P(Vn—2s)3)

| |

CHPGLQ (P(l,?n)) = CHGLB(ED(Vn)ii)

We also have that ) is the GLs-counterpart of P!, as we can think of ), as the
tautological conic over A(2,2)3, and in general the closed subschemes Yss11 C
P(Vasy1) are the GLs-counterparts of P(1,2s + 1) sitting inside P(1,4s 4 2) via the
square map, so that we have

CHpar, (P(1,25 + 1) x P(1,2n — 45 — 2)) —— CHary (Vast1) Xa(2,2)5 P(Va—2s-1)3)

|

CHpar, (P(1,4s +2) x P(1,2n — 4s — 2)) —— CHary (P(Vas+1)3 Xa(2,2)5 P(Va—25-1)3)

| |

CHpcr, (P(1,2n)) — CHgar; (P(Vn)s)

Combining | , lemma 3.1] with the diagrams above we obtain:

LEMMA 2.3.3. Suppose that the characteristic of the base field ko is 0 or >
2g + 2. Then the ideal im(i,) is the sum of the ideals im(r’,), and these ideals are
equal to im(ms,) via the isomorphisms of the diagrams above.

From now on, we will assume that the characteristic of kg is > 2¢g + 2.

2.3.3. Computation of the first relations. The following result allows us
to compute the first relations in the Chow ring of H,:

PROPOSITION 2.3.4. We have im(7},) = (2h2 — 2n(n — 1)ca, 4(n — 2)hy,,).

The remainder of this subsection is devoted to prove the proposition above.

Recall that in the proof of proposition 1.3.12 we constructed a closed subscheme
of P(V,,) x P2 that we called D: let D be its pullback to P(V;,) x P2. We can think of
the points of D as triples (g, [f], p) such that the plane curves {¢ = 0} and {f = 0}
intersect in p.

Let Z be the ramification locus of D3 — P(V,,)s, i.e. the locus defined by the
0*h-Fitting ideal of QD JP(Vi)s "

Observe that it is GL3-invariant, where GL3 acts on P? in the standard way
(we can think of P? as the projectivization of the standard representation of GL3).

The image of Z via the projection on P(V},)s is D3, and moreover pr; : £ — D3
is injective over D31 \ D3 2. Before going on, let us pause a moment to study the
geometry of Z. We start with a well known technical result.

LEMMA 2.3.5. Let p be a point of P2 and let Q, F be the plane projective
curves defined by the homogeneous polynomials q and f. Let J(q, f) be the 2 X 3-
jacobian matriz, and suppose that Q and F' intersect in p. Then their intersection
is transversal iff there exists one 2 x 2- minor of J(q, f) whose determinant does
not vanish in p.
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Let us denote the determinant of the minor of J(g, f) obtained by removing
the column with the partial derivatives w.r.t. Xy (resp. X; and X5) as detg J(q, f)
(resp. dety J(q, f) and dets J(q, f)). Then we have the following equational char-
acterization of Z, which directly follows from the lemma above:

LEMMA 2.3.6. Consider Z restricted to IE”(V,L)\A(2 2t X P2, where [ = (1,0,0)
)3
(resp. (0,1,0) and (0,0,1)). Then Z is defined by the following equations in p and

in the coefficients aj, bg, forl £k, of g and f:

*q(p)=0
e f(p)=0
e det; J(q, f)(p) =0, fori=0 (resp. i =1 andi=2)

A first step in the proof of proposition 2.3.4 is the following, which enables us
to work with the morphism p : 2 — P(V},)3 rather than 7} : Y1 X 4(2,9), P(Vii—1)3 —
P(V,.)s.

LEMMA 2.3.7. We have Y1 Xp2,2), P(Vii1)3 =~ Z and the isomorphism com-
mutes with the morphisms to P(V,,)s.

PRrOOF. Consider the morphism Vi X 2,2y, P(Voo1)3 — P(Vi)3 ¥ P? which
sends a triple (¢, 1, [f]) to (q, [lf],p) where p is the point of tangency of @ and L.

By construction, the image of this morphism is Z. We want to define an inverse
Z — Y xsP(V,,_1): this is done by sending a triple (g, [f],p) of Z to (q,I,[fl71]),
where L = {I = 0} is the only line tangent to @ in p. Details are omitted. O

COROLLARY 2.3.8. We have im(7],) = im(p.).

In order to prove proposition 2.3.4 is then equivalent to compute im(p.).
Let us call ¢ the hyperplane section of P2, so that the equivariant Chow ring
CHgr,(P(V,,)s x P?) is generated as C Hgp, (A(2,2)3)-algebra by prih, and prit:
with a little abuse of notation we will keep calling these cycles h,, and t.

The class [Z] can then be written as a polynomial in ¢ of degree 3 with coef-
ficients in CHgr, (P(V,,)3): indeed, the dimension of V1 X 42,2y, P(Vsi—1)3 is equal
to 2n + 4, which by lemma 2.3.7 is equal to the dimension of Z, so that we
deduce that the codimension of Z in P(V,,)3 x P? is equal to 3. We then have
[Z] = ﬂl(hn)tz + /BZ(hn)t + BS(hn)

LEMMA 2.3.9. We have im(p.) = (51(hn), B2(hy), B3(hn))-

The lemma above reduces the computation of the generators of im(p,) to the
computation of the class [Z] inside CHgr,(P(V,)s x P?). Before proving lemma
2.3.9 we need some preliminary results.

LEMMA 2.3.10. The closed subscheme Z is a projective subbundle of P(V,,)3 x P?
over the universal smooth quadric Q3 C P? x A(2,2)3.

PROOF. First recall that Q3 = {(g,p) such that ¢(p) = 0}. We can work
Zariski-locally on @3, so that Z is described by the equations of lemma 2.3.6,
which are linear in the coefficients of f: this proves the lemma. O

LEMMA 2.3.11. The image of i : CHgar,(Z) — CHgr,(P(V,)3 x P?) is gen-
erated as an ideal by i1 = [Z].

PrOOF. We claim that the equivariant Chow ring of Z is generated as a
i*priy(CHgr, (P?))-algebra by i*h,, so that every element is a sum of monomi-
als of the form i*prs¢ - i*hl . If this is the case, the projection formula (proposition
1.1.1.(8)) imply that i.(i*prs& - i*hl) = prs& - A% - [Z], and we are done.
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From lemma 2.3.10 we know that the > equivariant Chow ring of Z is generated
by i*h,, as C’HGL3(Q3) algebra, where Q3 is the universal smooth quadric and
CHgr, (Q3) acts via the pullback morphism induced by the projection ¢ : Z — Qg

Consider the trivial vector bundle P? x A(2, 2) over P2, which contains the vector
subbundle @ defined by the equation ¢(p) = 0, which is linear in the coefficients of
g. By homotopy invariance (proposition 1.1.1.(5)), the equivariant Chow ring of @
is isomorphic to the one of P? via the pullback along the projection map.

Moreover @3 is an open subscheme of @, thus from the localization exact se-
quence (see proposition 1.1.1.(3)) we deduce that C’HGLS(CAQ;;) is generated by 1 as
a j*prsCHgr, (P?)-module, where j : Qs = A(2,2)3 x P? is the closed embedding.

To finish the proof, one has only to observe that ¢*j*prs = i*prs. O

PRrROOF OF LEMMA 2.3.9. Due to the fact that p = pr; o, from lemma 2.3.11
we deduce that im(p,) is generated, as an ideal, by elements of the form

pry.([2] - pri& - prst’) = € pry, (2] - prst")
The compatibility formula (proposition 1.1.1.(4)) applied to the cartesian dia-
gram

P(V,)s x P2 22—, P2

SN

P(V,,)s — Spec(ko)

implies that pry,prit? it is zero unless d = 2, in which case is equal to 1.
Therefore, we have pry, ([Z]-prit*) = 314, where [Z] = B3+ B2-prit+ 31 - prit>.
This finishes the proof. O

Thanks to lemma 2.3.9 to prove proposition 2.3.4 we only have to compute the
GL3s-equivariant cycle class of Z.

Let Z’ be the GLz-invariant, closed subscheme of P(2,2) x P(2,n) x P? whose
points are triples (g, f,p) such that

4(p) = f(p) =0, detJ(q, f)(p) =0, i =0,1,2

We can apply proposition 2.3.2 to the morphism P(2,2)3 x P? — P(2,2): this tells
us that there is an isomorphism

®: CHY, (P(Vy)s x P?) = CHEp, (P(2,2)3 x P(2,n) x P?) /(s — c1)

where s is the hyperplane section of P(2,2). Moreover, it also tells us ®[Z] = [2’]
modulo the relations s — ¢; = 0, ¢ = 0 and 2¢3 = 0. Therefore, all we have to do
is to compute the cycle class of Z’.

Observe that Z’ it is not a complete intersection, but it becomes so if we restrict
to the open subscheme of P? consisting of points where one of the homogeneous
coordinates does not vanish. Let us consider the auxiliary cycle class [Z5], where
Z} is the closed subscheme defined by the equations

q(p) = f(p) =0, det J(q, f)(p) =

It is easy to check that this locus has two irreducible components, Z’ and W,
where W is defined by the equations ¢(p) = 0, f(p) = 0 and pa = 0 (here ps stands
for the third homogeneous coordinate of P?).

Thus, we would like to write [Z] = [Z5] — [Ws]. Unfortunately, the subschemes
Z} and Wy are not GLs-invariant.

We can use the following trick: we first pass to the action of the maximal
subtorus T' C GL3, and we observe that Z5 and W, are equivariant with respect
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to the T-action. Then we compute their T-equivariant classes in the T-equivariant
Chow ring of P(2,n) x P(2,2) x P?: by proposition 1.1.3, their difference will be S3-
invariant, hence after expressing it in terms of elementary symmetric polynomials
o; and substituting o; with ¢; we will obtain the GL3-equivariant cycle [Z'].

Both Z} and W, are complete intersections, hence their cycle classes can be
computed using lemma 1.1.7:

[Z5]7 — Walr = (s + 2t)(hy, + nt) (s + hy + 0t — A1 — A2)
— (s +2t)(hp, +nt)(t + A3) =
= (s 4 2t)(hp + nt)(s + hp + (n — 1)t — 01)
Observe that the cyle classes of ZJ and W were not symmetric with respect to \;
but they become so when combined together, precisely how we expected.

In order to find the coefficients (31, 82 and 3 we have to put this expression
in its canonical form, by using the relation t3 = —c3 — ot — ¢,t? coming from the
equivariant Chow ring of P2. In the end we obtain:

[Z2'] =(5%hy, + sh2 — shpcr — 2n(n — 1)cz)+
((n —1)s® + (2n + 1)shy, — nscy + 2h% — 2h,c1 — 2n(n — 1)co)t
((n—1)?43n—1)s + (4n — 2)h,, — 2nc; — 2n(n — 1)ey )2
Substituting s = ¢; = 0 and 2c3 = 0, we obtain 31 = (4n—2)h,, B2 = 2h2 —2n(n—
1)eg and B3 = 0. This proves proposition 2.3.4.

COROLLARY 2.3.12. The Chow ring of Hy is a quotient of the ring
Z[T7 C2, 03]/(4(2.9 + 1)7-7 87—2 - zg(g + 1)02, 203)

PrOOF. The only thing we need to prove is that p,(—27) is contained in the
ideal above. This works exactly as in [ , proposition 6.4]. U

The next section will be devoted to check if there are other relations in the Chow
ring of H, or if they all come from the pullback to CHgr,,x,, (Vz) of im(rw],).

2.4. Other generators of im(i,)

As before, we assume char(kg)=0 or > 2¢g 4+ 2. The value of n is always assumed to
be even.

In this section, we first compute im(i,) with Z[%]—coefﬁcients, which means that
we do the computations in the equivariant Chow ring tensored over Z with Z[3].
The main result is the following proposition:

PROPOSITION 2.4.1. We have im(n.,) ®z Z[3] C im(7},) ®z Z[3].

T

In other terms, using Z[$]-coefficients, the ideal im(i,) coincides with the ideal
im(7}, ), whose generators we computed in the previous section (proposition 2.3.4).

Next, we pass to Z)-coefficients. What we deduce at the end is the following
result:

PROPOSITION 2.4.2. We have im(i,) ®z Zy = (2h% — 2n(n — 1)cz,4(n —
2) i, h, (h X [P(Va—2)])) and the inclusion im(w,) ®z Zey C im(i.) ®z L) is
strict.

The last two propositions together imply:

COROLLARY 2.4.3. We have im(i,) = (2h2 — 2n(n — 1)cg, 4(n — 2)h,, 7h, (h3 x
[P(Vi2)]))-
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Using proposition 1.3.8 we see that the corollary above, interpreted in the
PGLs-equivariant setting, says that the image of

’L'* : CHPGL2 (A172n) — CHPGL2 (P(L 2’[7,))
is equal to the image of
T1x - CHPGL2 (P(l, 1) X ]P)(l, 2n — 2)) — CHPGL2 (]P(L Zn))

plus the cycle mo. (H? x 1), where H is the hyperplane section of P(1,2) and the
morphism 7 is

my 1 P(1,2) x P(1,2n — 4) — P(1,2n), (f,9) — f?g

and the inclusion im(7m,) C im(é,) is strict. Instead, in | , proposition 5.3] is
stated that im(7m,.) C im(7m.).

To prove proposition 2.4.2; we initially work with GLgz-equivariant Chow rings,
we pass then to the T-equivariant ones, and we complete the computation of
im(i7) @z Z2) in this different setting. Then, using what we have found exploiting
the T-equivariant Chow rings, we go back to the GLs-context and we finish the
computation of the generators of im(i.) ®z Za) .

We initially follow the path of | ] but at a certain point we diverge. Indeed,
as said before, the computation is completed in the T-equivariant setting, mainly
because we start working with cycle classes of subvarieties that are only T-invariant
and not GLg-invariant. In particular, these classes do not have an analogue in the
PGLa-equivariant setting that is adopted in [ ]. This is where we really need
the new presentation given by theorem 2.1.1.

2.4.1. Computations with Z[%]-coefﬁcients. Let us recall the content of
[ , lemma 5.4]:

LEMMA 2.4.4. Let X be a smooth scheme on which PGL,, acts, and consider
the induced action of SL,, via the quotient map SL, — PGL,,. Then the kernel of
the pullback map CHpgy, (X) — CHsy,, (X) is of n-torsion.

From now until the end of the current subsection, every Chow ring is assumed
to be tensored over Z with Z[%] The strategy adopted here is substantially the
same as the one used in [ ]. Consider first the commutative square

CHgyr, (P(Vi)3 Xa(2,2)s P(Vii—2s)3) ——— CHgr, (P(Va)3)

J»

(
CHPGL2 (P(l, 28) X P(l, 2n — 48)) — CHPGL2 (P(l, 2n))

|

CHSL2 (]P)(l, 28) X P(l, 2n — 45)) — CHSL2 (P(l, 27?,))

Il

where the three horizontal arrows are the pushforward along the maps 7, mos and
WS;“Q.

Recall that 75, (¢, [f], [9]) := (q,[f?g]), and that mos(f,g) = f2g, and 752 is
defined in the same way.

Then from lemma 2.4.4 we deduce that the two last vertical arrows, when
using Z[%]—coefﬁcients, are injective, so that it is enough to prove proposition 2.4.1,
r = 2s, for the SLs-equivariant Chow rings. This can be done copying verbatim

[ , section 4], with the additional relation ¢; = 0.
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The case r = 2s + 1 is handled similarly, using the commutative square

CHcr, (Vast1 Xa2,2); P(Va—2s-1)3) —— CHar,

—~

P(V,,

Il Il

%

CHPGLQ( (1 2s + 1) X P 1,2n —4s — 2)) %CHPGLQ

—~

P(1,2n))

%
<;

CHSLQ( (]. 28+1 X (1 2n74872))*>CHSL2( (]. QTL))

This concludes the proof of proposition 2.4.1 stated at the beginning of the section.

2.4.2. Computations with Z)-coefficients, first part. Throughout this
subsection, we will assume that every Chow ring and every ideal appearing is ten-
sored over Z with Z3), also when is not explicitly written. The main result of this
section is the next proposition.

PROPOSITION 2.4.5. The ideal im(i.) ®z Z2y is equal to the sum of the ideal
im(n},)®z%2) and the ideal generated by the elements wh,, (h2°-1) fors =1,...,n/2

Recall from lemma 2.3.3 that when the characteristic of kg is 0 or > 2¢g + 2 the
ideal im(i,) is the sum of the ideals im(x7.,).

LEMMA 2.4.6. We have im(7y, ,,) ®z Zy C im(7,) @z Za).

ProoOF. Consider the commutative square

V1 Xa2,2)s P(Ve)s Xa2,2)s P(Va—2s—1)3 —— V1 Xa2,2); P(Va-1)3

Jqﬁxid Jﬂ'g

Vasi1 Xa2,2)s P(Va—2s-1)3 o

where the top horizontal arrow v sends a tuple (gq,l, f,g) to (q,1, f?g). Observe
that the vertical arrow on the left is finite of degree 2s 4+ 1, thus the pushforward
induces an isomorphism at the level of Chow rings (we are using Zs)-coefficients).
The commutativity of the square implies that

(Mhep1)s = (M1)uc 0 (¥)w 0 (& x i)

and this implies the lemma. O

Now we want to study the image of 7r’25*. Observe that this ideal is generated
by the pushforward of the classes hb - h? for 1=0,....,2sand j =0,...,2n — 4s,

n—2s?

where we use the notational shorthand hi, - h? to indicate what should be more

n—2s
correctly denoted as prihb, - prth%QS. An intermediate result is the following
lemma:

LEMMA 2.4.7. We have that ), (hi - h?

I _og) s in im(wy,) fori=0,..,2s —1
and j =0,...,4n — 2s.

In order to prove the lemma above we need a technical result, which can be
found also in [ ], with the exception that there the authors claim the result
also for i = 2s. The proof works exactly in the same way.

LEMMA 2.4.8. We have that wh, (h% - b _,.) is 2-divisible for i = 0,...,25 — 1
and j =0,...,4n — 2s.
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PRrROOF. We start with the case s = n/2. Observe that W%*(hﬁl/z), for i =
0,...,n—1, is 2-divisible if and only if W;*(hil/Q) -h,, is 2-divisible. This follows from
the uniqueness of the representation of cycles in CHr(P(V;,)s) as polynomials in
hy, of degree less or equal to 2n.

We also have that W;L*hn = 2hy, /2, and from this we deduce that

Tha(By2) -l = T (B 0) - 0 h) = 20 2

Now consider the general case, and observe that we have a factorization of 7}, as
follows:
my Xid

P(V3)3 X 2.2y P(Vio2s)3 2 P(Vas)a X a2.2)5 P(Vi—2s)3 ——"2% P(Vy,)3

where 75, ((q, f)) = (g, f?). At the level of Chow rings, the first morphism coincides
with
CHar, (P(Vs)s) ®cney, (a2,2)s) CHary (P(Vii—25)3)

lﬂé’s* ®id.

CHary (P(Vas)s) ®cHar, (42.2)5) CHarg (P(Vi—2s)3)
From the previous case we deduce that

/ i J _ " i+1 J
7T28*(h$ : hn72s) - 27T257"—25* (7-(-25*}7’3 ' hn72s)

which concludes the proof of the lemma. O

REMARK 2.4.9. We cannot extend the previous lemma to the classes in which
h2% appears. Indeed, for s = n/2, write W;l*hg/Z as a polynomial agh2" + a1 h2" =1 +
... + aa,,. Then we have

Trhi o - b = (@bl + arhi + ..aon) - hy = (bt = pu(ha)) + ... + aznhn
and the first coefficient will always be 2-divisible, no matter if ag is even or not.

PRrROOF OF LEMMA 2.4.7. Consider again the commutative diagram

CHgLr, (P(Vi)3 Xa(2,2)s P(Vii—2s)3) ——— CHgr, (P(V2)3)

: :

CHPGL2 (P(l, 28) X P(l, 2n — 48)) E— CHPGL2 (P(l, 2n))

l |

CHSL2 (]P)(l, 28) X P(l, 2n — 45)) — CHSL2 (P(l, 27”&))

where the three horizontal arrows are respectively the pushforward along the mor-
phisms 7, T, and 7552,

Recall that the kernel of the two last vertical maps is (c3) and that, from
[ ], we already know that im(75-2) is contained in im(7>F2). This implies that
there exists a cycle € such that 75, (h% - h! _,.) + cs - € is contained in im(7,).

Observe that this last ideal is contained in (2) and, by lemma 2.4.8, so is
e (L - h? ). From this we deduce that ¢3¢ is contained in (c3) and (2), but
(c3) N (2) = (0), thus ¢3 - € = 0 and consequently b, (h% - b _,.) is contained in
im(7],). O

So far we have proved that the ideal im(i,) is equal to the sum of the ideal

im(7},) and the ideal generated by the elements ), (k2 -h? , ) for s = 1,...,n/2

and j =0, ...,2n—4s. We are in position to prove the main result of this subsection.
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PROOF OF PROPOSITION 2.4.5. The key observation is that ﬂ;*shn = 2hs +
hp—2s. This implies the following chain of equalities:

Wés*(h% hix 2s) = les*(h2s Wy, - (hn—2s + 2hs — 2hy))

n—2s
7 2s j—1 / 2s+1 j—1
- 7T25*(h h’n 2s 7T25h ) 27T28*(h hn 25)

= 7-‘-IZS*(hzs th 129) : h’” - 271'58*((0101735 +o Tt a23) : hZL_—129>

By lemma 2.4.7 we see that the cycle mh,, (h?® - h

7 _o¢) is in the ideal im(n},) +
(mh . (2 - hfL 125)) Iterating this argument, we see that for every j > 0 the cycle
e (h2* - B _,.) is contained in the ideal im(w},) + (b, (h2* - 1)). Applying this
to every s we conclude the proof of the lemma. O

2.4.3. Interlude: computations in the T-equivariant setting. Let again
T C GL3 be the maximal subtorus of diagonal matrices. In this subsection the fact
that we work with the T-equivariant Chow ring will be essential. For the sake of
clarity, the morphisms between T-equivariant Chow rings will be denoted with a T
in the apex. Moreover, we will keep using Z,)-coefficients, so that every ring and
ideal is assumed to be tensored over Z with Z), where not explicitly written.
What we have found in the last subsection implies that

im(if) = im(my}) + (b (03 1), m L (B2 0)), s =1,00m/2 = 1

Recall that we defined in the third section the T-invariant subvarieties Wy, ,; of
P(V},)3 whose points are the pairs (g, X5 X! f) (see definition 2.2.4). We will prove
the following result:

PROPOSITION 2.4.10. Inside CHp(P(V,,)s), we have

im(il) = (2h2 — 2n(n — 1)ca, 4(n — 2)hn, Whaol7)
All what we need in order to prove the proposition above is the following lemma:
LEMMA 2.4.11. We have im(iT) = im(mL) + (Wh2,26—2]T)s=1,....n/2-

PROOF. From lemma 2.2.7 we know that the cycle class [W; 1 s—1]r contained
in the T-equivariant Chow ring of P(Vj)3 is a monic polynomial in hy of degree 2s.
We already know from lemma 2.4.7 that the cycles W;Z*(h; - 1), for i < 2s, are in
im (7).

Combining this with our initial observation, we get

im(my ) + mhe, (A2 1) C im(my ) + (b (Wi p6-a]r X 1)

because we have
W;Z:*(hzs : 1) = W/QZ*([W‘? 1,5— 1 T X 1 ZEZTFQG* hZ

for i < 2s. The other inclusion is obvious because the ideal on the right is by
construction contained in im (1), that coincides with the ideal on the left.

To finish the proof of the lemma, is enough to observe that, by lemma 2.2.9,
we have myl, (Wi 1s-1]r X 1) = [Wh.22s2]7. O

PROOF OF PROPOSITION 2.4.10. From lemma 2.2.8 we see that the ideal

((Wh22s—2]1), s =1,...,n/2
is actually generated by [Wp, 2.0]7-
Together with lemma 2.4.11 this implies that im(i7) = im(m,%) 4+ ([Wh.2.0]7)-
The fact that the inclusion im(m,T) C im(:T) is strict follows from the fact that
im(m,7) C (2) whereas [W,, 2.0]7 is not 2-divisible, as lemma 2.2.7 shows. O



36 2. THE CHOW RING OF THE STACK OF HYPERELLIPTIC CURVES OF ODD GENUS

2.4.4. Computations with Z)-coefficients, part two. We want to de-
duce from proposition 2.4.10 what are the generators of im(i.) ®z Z(). Again, all
the ideals and the Chow rings will be assumed to be tensorized over Z with Zy),
where not explicitly stated.

Observe that the ideal im(i7) is equal to the sum of ideals im(7, %), where
r ranges from 1 to n. In particular, proposition 2.4.5 remains true also in the
T-equivariant setting, so that we actually know that

im(if) = im(m}) + (ol (03 - 1)) o=, /2
and from lemma 2.4.7, which also remains true in the T-equivariant setting, we
know that the cycles of the form 7,5, (h - h? _,.) are in im(m,T) for i =0, ...,2s — 1
and 7 =0,...,4n — 2s.
We proved in proposition 2.4.10 that im(i7) is equal to im(7,%) plus the ideal
generated by the cycle class [W,, 2.0]7 = mok ([Wi.1,0]r x 1). The equality

(Wiiolr = (h1 — X2)(h1 — A3) = h% — (A2 4+ A3)h1 + A3

is immediate to check, using the fact that P(V1)3 = P(2,1) x A(2,2)3 and the usual
formula for cycle classes of complete intersections (lemma 1.1.7)
Putting all together, we readily deduce that

im(i7) = im(my%) + (Wa0lr) € im(m?) + (m5f (b3 - 1)) € im(iT)

which implies the following result:

COROLLARY 2.4.12. We have im(iT) = im(m,T) + (myL (h3 - 1))

*

The corollary above gives explicit generators for the ideal im(i1) that are also
symmetric in the \;, hence using proposition 1.1.3 we deduce proposition 2.4.2,
which was stated at the beginning of the section.

2.5. The Chow ring of H,: end of the computation

In this section we finish the computation of CH(H,). Recall that in corollary 2.4.3
we proved that

im(i,) = (2h2 — 2n(n — 1)co, 4(n — 2)hp, 7, (W2 x [P(V,,_2)]))

In order to obtain the relations inside the Chow ring of H,4, we need to pull back
the generators of the ideal above along the G,,-torsor p : V,, 3\ 09 — P(V},)3, where
oo denotes the image of the zero section A(2,2)3 — V.

We have already computed some of these relations in the third section (see
corollary 2.3.12). Let us call I the ideal appearing in that corollary, that is

I= (429 + 1)7,87% — 2g(g + 1)c2, 2¢3)

By construction, it coincides with the pullback of the ideal im (7}, ). Unfortunately,
the ideal im(4,) is not equal to im(7}, ) inside CHgr,, (P(V;,)3), so we can’t conclude
that I is the whole ideal of relations, though this claim may still be true, because
when pulling back the only generator of im(i,) not in im(x},) we may obtain a
cycle contained in I.

Moreover, the fact that we do not know an explicit expression for the last
generator, namely 75, (h3 X [P(V,,—2)3]), prevents us from finishing the computation
in a direct way.

Recall that in the previous section we also deduced that

im(if) = im(m L) + (Wa,2.0)7)
inside the T-equivariant Chow ring of P(V},)s, and observe that the relations inside

the Chow ring of H,, are exactly the pullback of the elements of im(i!), symmetric
in \;, along the Gy,-torsor p: V,, 3 \ 0o = P(V;,)s.
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If € is in im (44 ), seeing it as an element of the T-equivariant Chow ring through
the embedding CHgr,(P(V;,)3) — CHr(P(V,,)s3) (see remark 1.1.5), then we have
{=a 1,8+ 8 [Whaolr.

LEMMA 2.5.1. Let & = agh?™ + a1 h2"~! + ... + ag, be a cycle in im(i.), con-
sidered as an ideal in the GL3-equivariant Chow ring of P(V,,)s, and suppose that
Qo 18 2-divisible. Then p*§ is in I.

The proof of the lemma is postponed to the end of the section. Write £ as a
polynomial in h,, of degree less or equal to 2n. If we prove that £, written in this
form and evaluated in h,, = 0, is 2-divisible, then by lemma 2.5.1 we can conclude
that p*¢ must be in I, thus [ is the whole ideal of relations.

We already know that every element in the image of 7], is 2-divisible, so that
we only need to check that § - [W,, 2,0]7, seen as a polynomial in h,, of degree less
than or equal to 2n and evaluated in h,, = 0, is 2-divisible.

Clearly, it is enough to prove this claim when 3 = h¢, where d = 0, ..., 2n. For
matters of clarity, let us work with Z/2Z-coefficients, so that what we need to prove
is that 8- [W,,2,0]T, seen as a polynomial in h,, of degree less or equal to 2n and
evaluated in h,, = 0, is equal to 0.

Write [Wy,.2.0]7 as hi +n1 - h2 + ... +n4. Observe that, with these coefficients,
we have h2"+1 = (. This implies that the product h? - [W,, 2 o]z is equal to

Xahdt 4 xam b + L+ xonahl

where x; = 0 for j +d > 2n, and equal to 1 otherwise. In particular, for d > 0
the evaluation of this polynomial in h,, = 0 is zero. In other terms, we have shown
that he - [W,,.2,0]7, written as a polynomial in h,, of degree less or equal to 2n and
evaluated in h,, = 0, is 2-divisible for d > 0.

Now we only need to prove that [W,, 2 o]r itself has this property. Recall from
lemma 2.2.7 that

(Waaolr = [[(hn = k- X) + 2Xs¢ for kst [k = n, ky < 2, ko < 2

The 2-divisibility of [W,, 2,0]r when evaluated in h, = 0 is then equivalent to
studying the 2-divisibility of the product [[(—k - A), where |k| = n, k2 < 2, ko < 2.
Observe that there are only four triples k£ that verify the conditions above,
namely (0,n,0), (0,n —1,1), (1,n —1,0) and (1,n — 2,1). This implies that the
product above is a multiple of nAg, thus it is 2-divisible because n = g + 1 is even.
To conclude the proof of theorem 2.5.2 we only need to show the technical
lemma 2.5.1.

PROOF OF LEMMA 2.5.1. We can assume that ¢ is not in im(7,), otherwise
the conclusion is obvious. Moreover, we can also assume that ¢ is in im(7w),,),
because we have proved in the last section that im(75,  ,) is contained in im(77,).

Consider again the commutative diagram

CHgy, (P(Vi)3 XA(2,2)3 P(Vii—2s)3) —— CHgr, (P(Va)3)

J»

(
CHPGL2 (P(l, 25) X P(l, 2n — 45)) — CHPGLg (]P(l, 271))

J

C’I’ISL2 (]P)(l, 28) X ]P(l, 2n — 45)) —_— CHSL2 (P(l, 2n))

Il

Then it must be true that £ = 77, + c3 - 7: we know from | ] that the image
of the last horizontal map is contained in the image of Wfi“, and that the kernel of
the last two vertical maps, which are surjective, is generated as an ideal by cs.
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Let us briefly comment on the surjectivity of these maps: first recall that
P(1,2m) is the projectivization of a PGLa-representation, hence C Hpgr, (P(1,2m))
is generated by the hyperplane section and the Chern classes c; and c3. Similarly,
the ring CHpgr, (P(1,2m) x P(1,2m')) is generated by the hyperplane sections of
the two factors plus c¢; and cs3.

Moreover, it is well known that C'Hgy,, is generated by co: therefore the SLo-
equivariant Chow ring of P(1, 2m) xP(1, 2m/) is generated by c2 and the hyperplane
sections, and the surjectivity of the two last vertical maps in the diagram above
follows, because all the projective spaces that we considered parametrise forms of
even degree.

Observe that we can assume that 7, seen as a polynomial in h,, has only odd
coefficients: indeed, if we write n =7’ + 25" then

cs-n=c3-n +2c3-1" =cz-1
We deduce then that n must be equal to h,, - v, because by hypothesis when we
evaluate £ in h,, = 0 we must obtain something even, and n has only odd coefficients.

In the end, we have that £ = 7{,( + hy, - ¢3 - y. We now pull back & to V, 3\ oo,
which we saw to be equivalent to substituting h, with —27, so we get:

PrE=p TG =27 e pTy = PG
where in the last equality we used the relation 2c3 = 0. This concludes the proof
of the lemma. O

Putting all together, we have finally proved the

THEOREM 2.5.2. Let g be an odd integer > 3. Suppose that the characteristic
of the base field ko is 0 or > 2g + 2, and let Hy be the moduli stack over ko of
hyperlliptic curves of genus g. Then we have:

CH(H,y) = Z[r,ca,c3)/(4(2g + 1)7,872 — 2g(g + 1)c2, 2¢3)
where the degree of T is 1, the degree of co is 2 and the degree of c3 is 3.

We want to give a geometrical interpretation of the generators of CH(H,).
Recall that in order to do the computations of the last three sections we used
the isomorphism [U’/GL3 X G,,] obtained in theorem 2.1.1, where U’ is the open
subscheme of V41 whose points are pairs (g, f) such that the plane curves {g = 0}
and {f = 0} intersect transversely.

We also showed, at the end of section 2.1, that the rank 4 vector bundle over
M4 associated to the GLg x Gy,-torsor U’ is the vector bundle £ @ £, where L is
the line bundle over H, functorially defined as

gt (1 —
L((m:C— S)) = w*w?/g (2gW>
and £ is the rank 3 vector bundle over H, functorially defined as
E((m:C — S)1)) = ﬂ'*wé/s (W)
Then by construction the generator 7 coincides with ¢;(£) and ¢ and ¢3 coincide

respectively with ¢3(€) and ¢3(E), whereas ¢ (€) = 0. This analysis agrees with the
one made in the last section of | ].



CHAPTER 3

Cohomological invariants of the stack of
hyperelliptic curves of odd genus

In this chapter we deal with the computation of the graded Fs-vector space
structure of the cohomological invariants with coefficients in [Fy of Hg, the stack of
hyperelliptic curves of odd genus, when g > 3 is an odd number. As already said in
the introduction, this is the only case left open, because for g even, g = 3 or p # 2
this type of result can be found in | ].

The main obstruction to generalize the computation of Inv®(H3) done by Pirisi
in | ] consists in proving that a certain morphism of PGLy-equivariant Chow
groups with coeflicients is zero.

More precisely, let P(1, 2n) denote the projective space of binary forms of degree
2n, endowed with the GLs-action

A f(a,y) = det(A)" f(A™ (2, y))

This action descends to a well defined action of PGL> on the same scheme. Let
Ay 2, C P(1,2n) be the closed, PGLg-invariant subscheme parametrising singular
forms. Then to extend the results of Pirisi on Inv®(H3) is enough to prove the
following:

KeYy LEMMA. Let kg be an algebraically closed field of characteristic # 2, and
let i : Aq2, — P(1,2n) be the inclusion of the subscheme of singular forms into
the projective space of binary forms of degree 2n over ko. Then the pushforward
homomorphism:

(M AOPGL2 (A1,2n7 H.) — A113GL2 (]P)(lv 2”)7 H.)
between equivariant Chow groups with coefficients in H® := &; H.,(—, ,ugz)i) vanishes.

The notion of GLs-counterpart of a PGLo-scheme will play a central role in the
proof of the key lemma. The main result is theorem 3.1.1.

3.1. Cohomological invariants of H,

In this section, we fix p = 2, so that H*(—) = @gsoH&(—, u5?). We assume
the base field kqy to be algebraically closed and of characteristic # 2. We will also
adopt the shorter notation Ag(—) instead of Ag(—,H®) to denote Chow groups
with coefficients.

In this section we will prove our main theorem, which is the following:

THEOREM 3.1.1. Let kg be an algebraically closed field of characteristic # 2,3,
and let H, denotes the moduli stack of smooth hyperelliptic curves of odd genus
g > 3 over ky.

Then the graded-commutative ring of cohomological invariants Inv®(Hg) with
coefficients in Fo, regarded as a graded Fo-vector space, has a basis given by the
elements

1,21, we, x2, coy Lg4+1, Lg42

39
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where the degree of each x; is i and wo is the second Stiefel-Whitney class coming
from Inv®(BPGL3).

The case g = 3 is | , th. 0.1]. Actually, the only obstruction to generalize
the result contained there to any odd genus is given by | , corollary 3.9
], where the assumption g = 3 is strictly necessary. Once one generalizes that
corollary, the computation of the cohomological invariants is basically done.

Therefore, what we present here is essentially a rewriting of the proof contained
in | , sec. 3]: the only difference is in the key lemma 3.1.3, which is a
generalization of | , corollary 3.9 ]. The proof of this key result, which is
rather non-trivial, is postponed to section 3.4, as we need to develop more theory
in order to complete it.

3.1.1. Setup. Let A(1,n) be the affine space of binary forms of degree n and
let X, be the open subscheme parametrising forms with distinct roots. Recall
[ , cor. 4.7], which tells us the following:

Hy =~ [Xogr2/PGLy x Gy,
The action of PGL3y X G,,, on X545 descends from the action of GLy x G, defined
by the formula:
(A,N) - fa,y) = A" det(A)? T f(A™H(z,y))
This presentation and theorem 1.2.1 imply that:
(4) Inv* (Hy) ~ A%GszGm (X2g+2)

Therefore, to obtain the cohomological invariants of H4 is enough to compute the
codimension 0 part of an equivariant Chow ring with coefficients.

Let P(1,2n) be the projective space of binary forms of degree 2n, and denote
Aq 2y the divisor in P(1,2n) parametrising singular forms. We are first going to
compute AL (P(1,29 4 2) \ Ay 2942), and then we will use the fact that

Xogra — P(1,29 +2) \ A1 2442

is a PGLy X Gy,-equivariant G,,-torsor to get a presentation of A%GszGm (Xag42)-

3.1.2. Proof of the main theorem. As already stated at the beginning of
this section, we will always be assuming p = 2. The proposition below is the starting
point to determine Inv®(H,).

PROPOSITION 3.1.2. | , cor. 3.10] The graded-ring APy, (P(1,2n) \
A1 9p) is freely generated as Fo-module by n + 2 elements 1,1, ..., xn, we where
the degree of x; is i and wy is the second Stiefel-Whitney class coming from the
cohomological invariants of BPGLs.

The proof of this proposition is by induction on n. To set up the induction
argument, we need the following technical lemma, which is of fundamental impor-
tance:

KeEy LEMMA 3.1.3. For n > 1 the boundary morphism
9 : Aper, (P(1,2n)) — Apar, (A120)
is surjective.

The key lemma above is proved by Pirisi only for n < 8 (see [ , Cor.
3.9]): he shows that, for every n > 1 there exists an element g2, in Apcr, (P(1,2n))
such that, for every a in A%GLQ(AL%)» we have go,, - 1. = 0 (what here is called
P(1,2n) is denoted P?" by Pirisi).
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From this, he deduces that if i,a # 0 then ga,, - ¢§(O(1)) is divided by another
element fa, of Apar,(P(1,2n)), and this cannot be the case for 2n < 8 but can be
true for 2n > 8: the last two assertions follow from the explicit construction of fa,
and go,, contained in | , Im. 3.7, pr. 3.8].

In this way, Pirisi proves that i, = 0 for 2n < 8, which implies the key lemma
3.1.3 for n < 4. This allows him to prove proposition 3.1.2 only for this values of
n, and to compute Inv®(H,) only for g = 3.

In section 3.4 we will prove key lemma 3.1.3 for every n > 1, adopting a
completely different strategy. For the remainder of the section, we assume key
lemma 3.1.3.

We will also need the following results:

LEMMA 3.1.4. We have:
(1) for n > 2, there is an isomorphism
AL, (A120) =~ Apgr, (P(1,20 — 2) \ Ap2n—2) X PY)
(2) for n > 1, the pullback morphism

APGLZ( (1,2n) \ A120) = APGLz(( (1,2n) \ Aq 2p) x P)

is surjective with kernel generated by wa, the Stiefel- Whitney class coming
from the cohomological invariants of PGLs.

PROOF. Before proceeding with the proof, let us warn the reader that what is
called P(1,2n) here is denoted P?" in | ].
From | , pr. 2.2] we know that

Apar, (A12n \ Az 2n) ~ Apar, (P(1,2n — 2) \ Ay 2,—2) X P')

where Aj o, is the closed subscheme of P(1,2n) parametrising forms which have
two double roots. To prove (1), it is then enough to show that APy (Aj2,) ~

14%(}]_42 (Al,Qn \ A2,2n)~

The key lemma 3.1.3 together with | , cor. 3.5] imply that the condition
S1(2n) (resp. S2(2n)) of | , pg.- 14] hold true for every n > 1 (resp. for every
n>2).

Condition S7(2n) is exactly (2), and condition S(2n) says that the pullback
morphism AOPGL2 (A1,2n) — A%GL2 (A1,2n, \ Ag9,) is an isomorphism, from which
we deduce (1). O

PRrROOF OF PROP. 3.1.2. The key lemma 3.1.3, applied to the localization ex-
act sequence (see proposition 1.2.3.(4)) associated to the closed subscheme Aj 2,
gives us the following short exact sequence of Fy-vector spaces:

0— APGLQ( (1,2n)) — APGLQ( (1,2n) \ Ay 2,) % A%GL2 (Ar2n) =0
From this we deduce:

APGLz( (1,2n) \ A12n) =~ APGLz( (1,2n)) & APGLz(AL?n)[l]

where the notation Apar, (A1,2,)[1] means that everything is degree-shifted by one.
The projective space P(1,2n) is the projectivization of a PGLa-representation,
hence using the projective bundle formula (proposition 1.2.3.(7)) we deduce

APGLQ( (1,2n)) ~ APGL2

and the Fo-vector space on the right is known (see proposition 1.2.4.(2)).

To compute AOPGL2 (A1,2r), we proceed by induction on n. To prove the base
case n = 1, observe that Ayy ~ P!, and ARq (P') is trivial by proposition
1.2.4.(3).
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Lemma 3.1.4.(1) tells us that:
Apar, (B12n) = Apar, (P(1,2n = 2) \ Arn—2) x P)

and lemma 3.1.4.(2) says that the Fa-vector space on the right is isomorphic to
A, (P(1,2n — 2) \ Ay 2, —2)/Fa - wy. Using the inductive hypothesis, we get the
desired result. O

As announced at the beginning of the section, we will use proposition 3.1.2 to
compute ABqr g, (X2n). We will use the following result:

LEMMA 3.1.5. | , proposition 2.3] Let Y be a scheme endowed with an
action of PGLy, and let G, act trivially on it. Then

ApcLy %G, (Y) =~ Apar, (V)]

where t has codimension 1 and degree 0. In particular, we get an isomorphism on
the codimension zero part.

We observed that Xs, — P(1,2n) \ Aj 9, is a PGLy X G,,-equivariant G,,-
torsor. Let L be the line bundle associated to Xs,,.

LEMMA 3.1.6. The codimension zero part of ker(ct¢v2*®m (L)) is generated as
an Fo-vector space by a single element x,, of degree n.

PrOOF. The proof of | , th. 3.12], once we know the key lemma 3.1.3
for every n > 1, works for all n > 1. O

We now have all the elements necessary to prove the main result of the paper.

PROOF OF THEOREM 3.1.1. We know from (4) that

Inv* (Hg) = AOPGL2 XGm (X2g+2)

Applying proposition 1.2.6 to the Gy,-torsor Xogro — P(1,29 + 2) \ Ay 2442, We
get:

Abar,xe,, (Xogr) = Abar, e, (B(1,29 +2) \ A zg42)  ker(e; “P2XE (L)[1]

where L is the line bundle on P(1,2g + 2) \ Aj 2442 associated to the G,,-torsor
Xag+2, and we consider only the codimension zero part of ker(cPGT2XCm (L)),

The first summand is isomorphic to Apqp, (P(1,29 +2) \ A 2g42) by lemma
3.1.5, and this Fs-vector space can be computed using proposition 3.1.2 with n =
g+ 1

The second summand is also known, thanks to lemma 3.1.6. Putting all to-
gether, we get the desired conclusion. O

3.2. The geometry of the fundamental divisor

In this section we will study the geometry of D5, the restriction of the funda-
mental divisor D (see definition 1.3.14) to P(V},)2, and we will show that Dy has
two irreducible components (proposition 3.2.5).

We will also consider the proper transform sz,l] of Dy 1) inside a certain

variety ﬁ(vn)[Q’l] equipped with a birational morphism to P(V;,)[2,1) (see definition
3.2.11), and we will show that the restriction of DEQ ) to the exceptional locus of
this morphism has two irreducible components (proposition 3.2.14).
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3.2.1. The geometry of Ds. Recall definition 1.3.10, where we introduced
the vector bundles V,, and V,, defined respectively over P(2,2) and over A(2, 2)3,1]5
the scheme of non-zero quadratic forms in three variables. The points of P(V,,) can
be thought as pairs (g, [f]), where ¢ is the projective equivalence class of a non-zero
quadratic ternary form and [f] is the equivalence class of a non-zero ternary form
of degree n (see remark 1.3.11).

Let Dy denote the pullback of D — P(2,2) to the subscheme of rank 2 conics
P(2,2)2: then it follows from the last lines of remark 1.3.15 that the points of D
are pairs (g, [f]) where ¢ = l;l5 is a quadratic form of rank 2 (well defined up to
multiplication by a non-zero scalar) and the subscheme defined by the homoge-
neous ideal I = (Iyl, f) of P? is either singular or has an irreducible component of
dimension 1 (this happens when one of the linear factors of ¢ divides f).

DEFINITION 3.2.1.

(1) We define the subset 5; C P(V,,)2 as the set of points (g, [f]) such that
q = lils, where [; and [o are two distinct linear forms, and the closed
subscheme of P? defined by the ideal I = (Iy,ls, f) is non-empty.

(2) We define the subset D} as the preimage of ﬁ; along the Gy,-torsor

P(Vi)2 = P(Vi)e.

—1
Thanks to the next proposition, we can make the subsets D, and D} into closed
subschemes.

—=1
PROPOSITION 3.2.2. There is a scheme structure on Dy (resp. on D3) which

turns it into an irreducible divisor inside P(V )2 (resp. P(Vi,)z2). Moreover, we

have that ﬁé (resp. D3 ) is an irreducible component of Dy (resp. Ds).

PRrROOF. It is enough to show that E; is an irreducible divisor inside P(V,)s.
Let V! be the subscheme of P(2,1) x P(2,1) x P(2,n) x P? defined as follows:

V' ={(l4, 12, f,p) such that l;(p) = la(p) = f(p) = 0}

Observe that V' — P2 is a projective bundle over P2, hence it is irreducible, and
its fibres have codimension 3 in P(2,1) x P(2,1) x P(2,n).

Call Y! the image of the projection morphism pryss : Y1 — P(2,1) x P(2,1) x
P(2,n), where by image we mean the smallest closed subscheme of P(2,1) xIP(2,1) x
P(2,n) through which pry,5 factors (see | , Tag 01RT]).

The morphism Y' — Y! is generically finite, hence Y'! is closed, irreducible
and it has codimension 1. Moreover, due to the properness of pry,5, the points of
Y'! correspond to triples (I1, 2, f) such that the closed subscheme of P? defined by
the ideal T = (Iy, 13, f) is not empty.

Consider the projective morphism:

7 P(2,1) x P(2,1) x P(2,n) — P(2,2) x P(2,n)

which sends a triple (11,12, f) to (l1l2, f). Observe that the image of 7 is (2, 2) 2,1 X
P(2,n), and that 7 is finite of degree 2 over its image. This implies that 7(Y!),
regarded as a subscheme inside P(2,2)[2,1) x P(2,n), is closed, irreducible, it has
codimension 1 and its points correspond to pairs (l1l2, f) such that the closed
subscheme of P? defined by the ideal I = (Iy, [, f) is not empty.

Recall that V,, is a quotient of the vector bundle associated to the locally
free sheaf pr;,prsO(n) by the subsheaf pr;,prsO(n — 2) ® O(—1) (see definition
1.3.10.(1)). Applying proposition 2.3.1, we obtain a morphism:

(P(2,2) x P(2,7)) \ im(i) — P(V,,)
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where i : P(2,2)xP(2,n—2) — P(2,2) xP(2, n) is the inclusion of (trivial) projective
bundles which sends a pair (g, f) to (¢,qf). The quotient morphism sends a pair
(g, f) to (g,[f]), where [f] denotes the equivalence class of f in the quotient.

This morphism restricts to the morphism:

p: (P(272)[2,11 x P(2,n)) \im(i)[z,l] — (Vn)[271]
We can restrict 7(Y™!) to (P(2,2)p2,1) X P(2,n)) \ im(i)}2,1] and take its image via p,
which we denote Z!. By construction, we have that Z' is closed and irreducible.
Moreover, by | , Tag 01R8.(4)], it contains ﬁ; as an open, dense subset.
Observe that p is a topological quotient: this implies that E; is closed because
its preimage, which is the restriction of 7(Y'!) to (P(2,2)12,1] X P(2,n)) \ im(i)[2,1),
is closed. We deduce that E; = Z', hence that E; is irreducible because Z! is so.
Again by proposition 2.3.1, the morphism p makes (P(2,2)2,1) % P(2,n)) \

im()[2,1] into a vector bundle over P(V',,)}2,1), whose restriction over 5; is m(Y'1),
which has codimension 1 in (IP(2,2)}2,1] x P(2,n)) \ im(i)2,1: from this we deduce

that 5; has codimension 1.
Finally, we have to show that ﬁ; C Dy: this follows from the fact that if

(l1l2,[f]) is a point ofﬁé, then the subscheme of P? defined by the ideal I = (I1l2, f)
either contains a line or it has a singular point p, which is the unique point such
that I;(p) = la(p) = 0. O

DEFINITION 3.2.3.

(1) We define the subset Ei C P(V,)2 as the set of points (g, [f]) such that
q = l1ly, where [; and I are two linerarly independent linear forms, and
there is an ¢ such that the two plane curves defined respectively by the
equations [; = 0 and f = 0 do not intersect transversally. This is equiva-
lent to the condition that the subscheme of P? defined by the homogeneous
ideal I = (I;, f) is either singular or a line.

(2) We define the subscheme D3 as the preimage of Eg along the G,,-torsor

P(Vi)2 = P(Vi)e.

PROPOSITION 3.2.4. There is a scheme structure on Ei (resp. on D3) which

turns it into an irreducible divisor inside P(V,,)s (resp. P(Vy,)2). Moreover, we

have that Eg (resp. D3) is an irreducible component of Dy (resp. Ds).

PROOF. It is enough to prove the proposition for ﬁ;.
We will argue as in the proof of proposition 3.2.2. Let )? be the subscheme of
P(2,1) x P(2,n) x P? defined as follows:

V? .= {(l, f,p) such that I(p) = f(p) =det J(I, f)(p) =0 for i = 1,273}

where det; J(I, f) denotes the i*"-minor of the Jacobian matrix associated to the
forms [ and f.

Zariski-locally, to verify if a triple (I, f,p) is in Y?, it is enough to check the
vanishing of only one of the three minors of J(I, f): for instance, if U, denotes the
open subscheme of P? where the coordinate z # 0, then Y2 NP(2,1) x P(2,n) x U,
is the locus where:

Up) = f(p) = l(p) fy(p) — ly(P) fx(p) = O

Let H C IP(2, 1) xP? be the universal line: then )? can be regarded as a codimension
2 projective subbundle of P(2,n) x H over H, hence }? is irreducible.

Denote Y2 the image of the projection of 2 on P(2,1) x P(2,n). Due to the
fact that Y2 — Y2 is generically finite, we obtain that Y2 is irreducible, it has
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codimension 1 and its points are pairs of forms (I, f) such that the associated plane
curves do not intersect transversally.
Consider the projective morphism:

7 P(2,1) x P(2,1) x P(2,n) — P(2,2) x P(2,n)

which sends a triple (I1,1la, f) to (I1l2, f). The scheme theoretic image 7(P(2,1) x
Y2) will be closed, irreducible, of codimension 1 and its points will be pairs (I1l2, f)
such that there exists an ¢ € {1,2} such that the plane curves defined respectively
by the equations I; = 0 and f = 0 do not intersect transversally.

From here the proof works exactly as the proof of proposition 3.2.2: one has

only to substitute 7(Y") with 7(P(2,1) x Y2) and Dy with D. O
We are ready to prove the first main result of this section:

PROPOSITION 3.2.5. The closed subscheme Do (resp. Ds) of P(V,,)a (resp.
P(Vy.)2) has two irreducible components, both GLs-invariants and of codimension

1, which are E; and EZ (resp. D} and D3).

PROOF. We prove the proposition only for Do, as the other case easily follows
from this one. . .,

We know from propositions 3.2.2 and 3.2.4 that D, and D, are both irreducible,
of codimension 1 and are contained in Dy. The GLs-invariance of both divisors is
easy to check.

We have to show that ﬁ; and 5; are the only irreducible components of Ds.
The points of Dy are pairs (I1lz, [f]) such that I # Iy and the closed subscheme Z
of P2 associated to the ideal I = (I1l2, f) is either singular or it contains a line (see

remark 1.3.15). If Z contains a line, than the point (g, [f]) is in 5; Oﬁi.

Otherwise, the subscheme Z must be supported on a set of points, and it must
be singular: we can either have that the support of every singular point lays on
only one of the two lines defined respectively by the equations [y = 0 and Iy = 0,
or that there exists a singular point whose support lays on the intersection of the
two lines.

In the first case, there must exist a line, say the one defined by the equation
l1 = 0, such that its intersection with the plane curve F' defined by the equation
f =0 is somewhere non-transversal, thus the point (I;l3,[f]) is in E;.

In the second case, the only possibility left is that the plane curve F contains

the intersection point of the two lines: this implies that (1112, [f]) is in ﬁ;. O

Finally, we have the following simple result on Dj:
PROPOSITION 3.2.6. We have D1 = P(V,,)1 and Dy = P(Vy,);.

PROOF. All the points in P(V,,); are of the form (12, f), hence their associated
subschemes of P? are all singular, and by construction the points in D; are those
pairs (I, f) such that the associated subschemes are either singular or contain a
line (see remark 1.3.15).

The same argument works also for D;. U

3.2.2. The geometry of Dj. Recall (definition 1.3.9) that @ — P(2,2) is
the universal conic and @ — A(2,2)31) is the pullback of @ along the G,-torsor
A(2, 2)[371] — ]P(2, 2)

DEFINITION 3.2.7. We define Q?;nﬁ (resp. @Enf]) as the closed subscheme of
Qp2,1) (resp. @[271]7 see definition 1.3.9) whose associated sheaf of ideals is the
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1*"_Fitting ideal of the sheaf of relative differentials of
1 L
Q2,11/P(2,2) (2,1 (resp. Q Q2.1)/A(2,2)[2.1) )

Observe that both Qgénlg] and @Enlg] inherit a GLg-action.

REMARK 3.2.8.
(1) We have:

Q55 = {(g,p) such that g,(p) = gy(p) = g¢:(p) = 0} C P(2,2) x P*

If the characteristic of the base field is # 2, we deduce that Q?;nf] — P?is
a projective bundle: actually, it is a projective subbundle of P(2,2) x P2.

(2) By | , Tag 0C3I] we have that Qsénlg] is the pullback of Q?;nﬁ along
the G,,-torsor A(2,2)2.1] — P(2,2)2,1)-
We also know from | , Tag 0C3K] that Qsénlg] (resp. @Enlg]) is

the subscheme of Q2 1) (resp. @F;nlg]) where the projection onto P(2,2)2 1]
(resp A(2,2)[2,1)) is not smooth.

PROPOSITION 3.2.9. Suppose that the characteristic of the base field is # 2.
Then the morphism QF;“% — P(2,2)[2,1) is an isomorphism over P(2,2)y. Moreover,
the restriction Q™ — P(2,2); is a projective bundle. Similarly, we have that
Q?;nlg] — A(2,2)j2,1) is an isomorphism over A(2,2)s and the restriction @iing —
A(2,2)1 is a projective bundle.

PROOF. The restriction Q3" — P(2,2), has a section, which sends a point
(I1l2) in P(2,2) to the pair (I1l2,p) where p is the unique point in P? such that
I1(p) = lo(p) = 0. This proves that Q5™ — P(2,2), is actually an isomorphism.

The restriction QY e can be described by the following equations:

178 = {(1%, p) such that 2(p)l,(p) = 2l(p)l,(p) = 21(p)l.(p) = 0} C P(2,2); x P*

At least one of the partial derivatives of I, evaluated in p, is invertible, hence the
subscheme can be equivalently describes as:

$¢ = {(12,p) such that I(p) = 0}
This proves that Q"% — P(2, 2)1 is a projective subbundle of P(2,2); x P2.

The assertions on @Enlg] and Q“ng easily follow from what we have just proved,

because we have the cartesian diagrams:

Asing sing bmg
_ —
Q[Z 1] Q [2,1] Q

| R

A(2, 2)[271] e P(2, 2)[271] A(27 2)1 E— P(27 2)1

sing

This concludes the proof. O
We are ready to give the main definitions of this subsection.

DEFINITION 3.2.10.
(1) We define ﬁ(m)m] as the pullback of P(V,)[2,1] along the morphism

QT;"f] — P(2,2)[2,1). Similarly, we define ﬁ(V )i2,1) as the pullback of

P(V;)[2,1) along the morphism QEnlg — A(2,2),1]-
(2) We define P(V,,); as the restriction of ]P’(Vn)[g,l] over P(2,2);. Similarly

we define P(V,,); as the restriction of I?P;(Vn)p’l] to A(2,2);.
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DEFINITION 3.2.11.
(1) We define E/[Q’l] (resp. Df2,1]) as the closure of the preimage of Do (resp.
D,) inside P(V,)j2.1) (resp. P(Vy).1])-
(2) We define 5/1 (resp. D7) as the pullback of 5[271] (resp. sz,l]) to P(Vn)1

(resp. P(Vp,)1).

All the objects defined above inherit a GLgz-action or are GLz-equivariant sub-
schemes.

LEMMA 3.2.12. The restriction P(V )y of IF(V”)[271] over Q3" is isomorphic

to P(Vn)g

PRrROOF. Follows directly from proposition 3.2.9. O

Let ﬁ; and ﬁ; (resp. D3 and D3) be as in the definitions 3.2.1 and 3.2.3.
Briefly, ﬁé is the subscheme of P(V,,)2 whose points are pairs (g, [f]) with ¢ = [115
a quadratic ternary form of rank 2 and f a ternary form of degree n such that there
exists a point p in P? with 1 (p) = la(p) = f(p) = 0.

On the other hand, the points of ﬁ; are the pairs (g, [f]) with ¢ = 12 and
such that the plane curves I; = 0 and f = 0 do not intersect transversely, for some
i€ {1,2}.

DEFINITION 3.2.13. _

(1) We define ﬁt&ﬂ as the closure inside P(V,)2,1] of the preimage of D, for
i =1,2. We also define D’} as the restriction of ﬁfz@] to P(V,)1.

(2) We define Dy ; as the closure inside @(Vn)[m] of the preimage of D& for
i=1,2. We also define D as the restriction of Dé 1y to P(Va)s.

PROPOSITION 3.2.14. We have that D'y (resp. D}) is a codimension 1, GL3-
invariant closed subscheme of P(V,)1 (resp. P(V,)1) with two GLs-invariant ir-
reducible components of codimension 1, which are ﬁi and ﬁf (resp. Dit and
D?2).

PROOF. It is enough to prove the proposition for D’;. By proposition 3.2.5
we know that 5; and ﬁ; are the only two irreducible components of Dy: due to
the fact that @(Vn)[z’l] — P(Vy)p2,1) is an isomorphism over P(V,,)2, we deduce
that ﬁfll]’ where ¢ = 1,2 (see definition 3.2.13.(1)), are the only two irreducible
components of D[ 1.

This implies that D’; is the union of the two closed subschemes ﬁi and ﬁf
We have to show that these two closed subschemes are distinct and have codimen-
sion 1: both these properties will be easy to verify once we know what are the

points of D’; and ﬁf

Recall from definition 3.2.1 that the points of ﬁ; are pairs (l1la, [f]) with 11 # lo
linear forms and such that there exists a point p in P? with I;(p) = l2(p) = f(p) = 0.
Therefore, the points of the preimage ﬁ; of D, inside P(V,) (see lemma 3.2.12)
are equal to triples (I1l2, [f], p) with I1(p) = l2(p) = f(p) = 0.

Let R be a DVR over ko with quotient field K, and take a morphism Spec(R) —

ﬁ[lQJ] such that the induced map from Spec(K) factors through ﬁ; and the closed

point lands in I@(Vn)lz then the image of this point will be of the form (12, [f], p)
with {(p) = f(p) = 0, and every such point can be obtained in this way. This gives

o . -1
us a description of the points of D’;
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On the other hand, the points in ﬁz will be triples (I1ls,[f],p) with I;(p) =
la(p) = 0 and such that the plane curve F' defined by the equation f = 0 in
P? intersects non-transversely one of the two lines (see definition 3.2.3). Given a

morphism Spec(R) — ﬁéj] whose generic point lands in ﬁ;, and whose closed

point is sent to a point in P(V,,)1, such a point will be of the form (I2,[f],p) with
I(p) = 0 and the plane curve F intersecting non-transversely the line [ = 0. This

gives us a description of the points of ﬁf

Putting all together, we obtain that ﬁ} #* ﬁ?

Finally, propositions 3.2.2 and 3.2.4 tell us that both E; and 5; have codi-
mension 1 in P(V,,)s, thus ﬁ[lzu and ﬁél] have codimension 1 in ﬁ(Vn)m by
lemma 3.2.12. When restricting a subvariety to another, the codimension can only
decrease: therefore, both ﬁi and ﬁf must have codimension 1 in ﬁ(Vn)l, as they

do not coincide with the whole P(V,,);. O

REMARK 3.2.15. From the proof of proposition 3.2.14 we deduce an explicit
description of the points of D' and D72. More precisely, a triple (12, [f], p) is in D{!
if and only if [(p) = f(p) = 0, that is if the plane curves defined by the equations
I =0and f =0 intersect in p (this condition does not depend on the representative
of the equivalence class [f]).

On the other hand, the points of D? are the triples such that I(p) = 0 and the
plane curves [ = 0 and f = 0 do not intersect transversally.

3.3. Some equivariant intersection theory

The main goal of this section is to compute the cycle classes of some schemes
that we introduced in section 3.2, namely D} (see definitions 3.2.1 and 3.2.3) and
DY (see definitions 3.2.13) for i = 1, 2. These results will be used to give a proof of
the key lemma 3.1.3 in section 3.4.

3.3.1. Cycle classes of Dj. From now on, we will always assume the char-
acteristic of the base field to be # 2.

We will write CHgr,, (X)r, for CHgr, (X) ® Fo and we will denote A(2,d) the
affine space of forms in three variables of degree d.

As before, the notation A(2,2), will stand for the scheme of quadratic forms in
three variables of rank r and A(2,2)[,,) for the scheme of quadratic forms of rank
r with a > r > b. A similar notation will be adopted for the subschemes of P(2,2).

Recall that GL3 acts on A(2,2)3 via the formula:

A-q(x,y,2) = det(A)g(A " (x,y, 2))

and that A(2,2)3 is a GLs-equivariant G,,-torsor over P(2,2)3.

Recall that in definition 3.2.1 we introduced the divisor D3 C P(V,,)2 whose
points correspond to pairs (g, [f]) where ¢ = l1ly is a rank 2 quadric and the
subscheme of P? associated to the homogeneous ideal I = (Iy,ls, f) is non-empty.
In proposition 3.2.2 we proved that D2 is irreducible.

Let D[13)2] be the embedding of D inside P(V;,)(3,9-

LEMMA 3.3.1. We have [D[lgyz]] =c1h #0 in CHgp, (P(Vy)(3,2))F, -

PRrOOF. Consider the GL3-invariant, closed subscheme of P(2,2) x P(2,n) x P?
defined as:

Z' = {(g, f,u) such that ¢, (u) = gy(u) = ¢.(u) = f(u) =0}

Let Z' be its image via the projection on P(2,2) x P(2,n).
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By proposition 2.3.2.(2) applied to the morphism P(2,2)(3 ) — P(2,2), we get
an isomorphism:

P CHC2}L3 (P(Vn)[3,2]) = C'ch;L3 (P(2, 2)[3,2] x P(2,n))/(s —c1)
where s = C?Ls (OP(Q’Q)[SWQ] (1)).

Moreover, by proposition 2.3.2.(3), we have that the cycle class of the restriction
of Z to P(2,2)(3,29) X P(2,n) is equal to <I>[D[13’2}], thus to prove the lemma is enough
to compute [71] inside CH&yp, (P(2,2)(3,2) X P(2,1))r, and substitute s with ¢;.

Observe that pry,,[Z | = [Z | because pry, restricted to Z; is an isomorphism.

We compute now the cycle class of Z inside the T-equivariant Chow ring of
P(2,2) x P(2,n) x P2, which is isomorphic to

ZIA1, A2y A3, 8, by t] /(82 + o1 (N) + toa(Ni) + 03(\), Ry, Ri)
where s = ¢f (Op(2,2)(1)), h = ¢ (Opn)(1)), t = ¢f (Op2(1)), the \; come from
CHr(Spec(kg)) (see proposition 1.1.4.(1)), o; is the elementary symmetric polyno-
mial of degree 7 in three variables and R, and Rj, are monic polynomials respectively

in s and h, with coefficients in C Hgr, (Spec(kg)). To obtain this isomorphism, one
has to apply two times the projective bundle formula (proposition 1.1.1.(6)).

—1 . . . . .
The scheme Z  is a complete intersection of four T-invariant hypersurfaces,
which are

Hy = {q:(p) = 0}, Ha := {gy(p) = 0}
Hs :={q.(p) = 0}, Hy :={f(p) = 0}
Thanks to lemma 1.1.7, we can compute the cycle class of each hypersurface and
then we can use the fact that [él]T =[I[H;i]r. The final result is:
27 = (s+1—M)(s+t = Ao)(s +t — A3)(h + nt)

Using the relation t3 +t201(\;) + toa(\;) + 03(\;) = 0 and after tensoring with Fa,
we get:
1

[Z )7 = t2(s* + sh+ so1(\)) + t&1 + & for n odd
[§1]T = t*(hs) + &1 + & for n even
We have a cartesian diagram:
P(2,2) x P(2,n) x P? —— P2
P(2,2) x P(2,n) — Spec(ko)

Hence, using the compatibility (proposition 1.1.1.(4)) and the projection formula
(proposition 1.1.1.(8)), we deduce:

[71]T = 5% + sh + so1(\i) for n odd
[Zl]T = hs for n even
inside CHZ(P(2,2) x P(2,n))r,. We apply now proposition 1.1.3 to deduce that:
[71] = 5% 4 sh+ sc; for n odd
[71] = hs for n even

inside CH&yp, (P(2,2) x P(2,n))g,, because the Weyl group associated to the maxi-
mal subtorus T' C GLj3 is the symmetric group.
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Finally, substituting s with ¢;, we get [71] = ¢1h mod 2, hence [D[1372]] = c1h.
This last element is not zero because by the projective bundle formula (proposition
1.1.1.(6)) we have that CHYp (A(2,2)32)r, - h = Fa - c1h is a non-zero direct
summand. (]

Recall that we defined another divisor D3 in P(V,,)2, whose points are the pairs
(g, [f]) such that ¢ = ;15 has rank 2 and the plane curves [; = 0 and f = 0 do not
intersect transversally in P? for some i (see definition 3.2.3).

By proposition 3.2.4 we know that D3 is an irreducible divisor in P(V,,)2. Let
D[QS’Q] be its embedding in P(V},)(3 2]

LEMMA 3.3.2. We have [D3] = 0 in CHy, (P(Va)2)r, and [Df 5] = 0 in
CHZy,(P(Va)ps,21)F, -

PROOF. Clearly, it is enough to show that [D3] = 0 in CHYy (P(Vy)2)r, .

Recall that in the proof of proposition 3.2.4 we proved that there exists a closed
subscheme Y2 C P(2,1) x P(2,n) whose points are pairs (I, f) such that the plane
curves [ = 0 and f = 0 do not intersect transversally. Consider the image of
P(2,1) x Y2 via the morphism

T P(2,1) x P(2,1) x P(2,1) — P(2,2)2.1) X P(2,n)

which sends (I1,12, f) to (l1l2, f), and let Z” be the restriction of this image to
P(2,2)7 x P(2,n).

By proposition 2.3.2 applied to the morphism f : P(2,2)y — P(2,2), we get an
isomorphism:

©: CHgy, (P(Va)2) = CHgy, (P(2,2)2 X P(2,0))/(f*s — c1)

such that ®[D2] = [Z°] modulo f*s —¢;. Hence, it is enough to show that [Z°] = 0
in C’];IG,L3 (]P(Q, 2)2 X IP(Q, n))&.
We claim that [Y?] = 0in CH, (P(2,1)xP(2,n))r,. From this the proposition

would easily follow, because the morphism P(2,1)xY?2 — 7% s generically bijective.
To compute [Y2] we will first find an explicit expression for [V?], regarded as
an element of CHgr,, (P(2,1) x P(2,n) x P?), where:

Y= {1, f.p) such that U(p) = f(p) = det (L, f)(p) = 0}

Here det; J(I, f) stands for the determinant of the minor of the Jacobian matrix
J(1, f) obtained by removing the i*" column.

This would enable us to compute [Y?] because pry,, [V?] = [Y?].

Observe that the scheme Y2 is not a complete intersection but, if we restrict
to the open subscheme of P2 where py # 0, then we need exactly three equations
to describe the restriction over this open subscheme of Y2, namely I(p) = f(p) =

dets J(, f)(p) = 0.
Consider the T-invariant subscheme

V3= {1, £.p) such that U(p) = f(p) = det J(L, f)(p) = 0}

where T is the usual subtorus of GLs made of the diagonal matrices. Then we
have that Y? has two irreducible components, which are }? and the T-invariant
subscheme

Y3 = {(l, f,p) such that I(p) = f(p) = p2 = 0}
From this we deduce that [V?]r = [VZ]r — [V3]r in CHr(P(2,1) x P(2,n) x P?).
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Observe that V? is a complete intersection of three T-invariant hypersurfaces
Hy, Hy and Hjz and that V3 is a complete intersections of three T-invariant hyper-
surfaces Hy, Hy and Hy, where:

Hy = {l(p) = 0}

Hy = {f(p) =0}

Hy = {det J(L, f)(p) = 0}
Hy = {p> =0}

Hence D}12]T = [Hl]T[HQ]T[Hg]T and D}22]T = [Hl]T[HQ]T[H4]T. We have that
CHr(P(2,1) x P(2,n) x P?) is generated as a CHr(Spec(kg))-algebra by the fol-
lowing elements:
v =prici (Opa)(1))
h = pryc] (Opam (1))
t = pricl (Op2(1))

We can compute [H;|r using the formula given in lemma 1.1.7. In the end we get:

Vilr = V3lr = (s +t)(h+nt)(s + h+ (n — 1)t — A\ — Ao
—(s+t)(h+nt)(t+ A3) =
=(s+t)(h+nt)(s+h+(n—2)t—o1(\))

Expanding the expression above, using the identity t> 401 (\;)t2 +0o2(\;)t+o3()\;) =
0 and after tensoring with Fy, we obtain that

V27 = t&1 + &

for some &; in CHr(P(2,1) x P(2,n)). The compatibility property (see proposition
1.1.1.(4)) applied to the diagram

P(2,1) x P(2,n) x P? ——— P2

| |

P(2,1) x P(2,n) —— Spec(ko)

implies that [Y2]r = pry,, [V?]7 = 0.
By injectivity of the morphism CHgr,(P(2,1) x IP’( n)) — CHp(P(2,1) x
P(2,7n)) (see proposition 1.1.3), we conclude that [Y?2] = O

3.3.2. Cycle classes of D/. Let @ — A(2,2)(3,1) be the pullback of the

universal conic @ — P(2,2), and let @Sing be the closed subscheme of singular

points, i.e. the scheme defined by 1'M-Fitting ideal of Q%
Q/AR2,2)51)

Recall that Qf;nlg — A(2,2)[2,1] is a birational morphism, which is an isomor-

phism over A(2,2), (see lemma 3.2.12). Morcover, the fibre Q58 over A(2,2); is a
projective subbundle of A(2,2); x P2, defined by the equation:

()5ine — {(?,p) such that I(p) =0}

Observe that all these schemes inherits a GLg—action, which comes from the diagonal
action of GL3 on the product A(2,2) x P2.

In what follows, the projective bundle Q5
we think of it as an exceptional divisor.

58 will be simply denoted Ej, because
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LEMMA 3.3.3. We have
CHcry(Ey) =~ Zlcy, ¢, c3,t,0]/(c1 — 20, ft, fo)

where t is the restriction to Ei of C?L3 (Op2(1)), fi is a polynomial of degree 2
monic in t and f, is a polynomial of degree 3 monic in v.

ProoF. We have that F; — A(2,2); is a projective bundle, hence applying
the projection bundle formula (proposition 1.1.1.(6)) we get:

CHar, (E1) ~ CHaw, (A2, 2)0)[1]/(f1)

where  is the restriction to E; C A(2,2); x P? of ¢ (Op2(1)).

Observe that A(2,2); is the G,,-torsor over P(2,2); associated to the equivari-
ant line bundle Op(z 2)(—1)|p(2,2), ® D, where D is the determinant representation
of GL3. Applying proposition 1.1.8 we deduce:

CHgr,(A(2,2)1) ~ CHgr, (P(2,2)1)/(c1 — $)
where 5 = ¢S (Op(2,2)(D)p(2,2), )-
There is an equivariant isomorphism
0:P(2,1) — P(2,2);, [+ 12
which induces an isomorphism at the level of Chow rings:
©*: CHgr,(P(2,2)1) ~ CHgr, (P(2,1)) ~ Z[eq, c2, c3,v]/(fv)
where v = c§L3((9]p(271)(1)).
Observe that ¢*(Op2,2)(—1)|p(2,2), ® D) = Op(2,1)(—2) @ D, hence:
CHgr, (P(2,2)1)/(s — 1) = Zex, ¢z, ¢3,v]/(fo, c1 — 20)

This concludes the proof of the lemma. O

Recall from definition 3.2.10 that ﬁ(Vn)[g,U denotes the pullback of P(V;,)[2,1) —
A(2,2)[2,1] along the morphism Q?;nlg] — A(2,2)[2,1), and that P(V,); is the restric-
tion of P(Vy)j2,1) to By = Q7.

We also introduced in definition 3.2.11 the divisor sz)”, which is the closure
of the preimage of Dj in ]FIVD(Vn)[le]. We also defined D] as the restriction of sz,l]
to El.

By proposition 3.2.14, we know that the divisor D} has two irreducible compo-
nents, denoted D}t and D??: the points of D! are the triples (I2,[f],p) such that
I(p) = f(p) = 0. The points of D{? are the triples (I%,[f],p) such that I(p) = 0
and the plane curves I = 0 and f = 0 do not intersect transversally (see definition
3.2.13 and remark 3.2.15).

We want to compute the cycle classes of these two components.

LEMMA 3.3.4. We have [D}] = h + nt in CHéLB(]f”(Vn)l), where h denotes

the hyperplane section of the projective bundle P(V,,)1 — F1 and t comes from the
hyperplane section of P2.

PrOOF. Consider the cartesian diagram:

El 4)@1

Ll

A(Qa 2)[3,1] —_— ]P)(Qa 2)
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where E, = Qiing. We can apply proposition 2.3.2 to the diagram above: we obtain
an isomorphism

& : CHgr, (P(Vo)1) ~ CHau, (Er x P(2,1))/(g"s — 1)
Let 77 C E1 x P(2,n) be the GLz-invariant subvariety defined as:
7= {(%, f,p) such that I(p) =0}

Then proposition 2.3.2 also implies that ®[D}!] = [7 ] modulo the relation g*s —
Cc1 = 0.
Consider the cartesian diagram

(p*El — El

|,

P(2,1) —— P(2,2);

where ¢ sends [I] to [I?]. The horizontal arrows are then equivariant isomorphisms.
We have an induced isomorphism:

¢" 1 CHer,(Ey x P(2,n))/(g"s — c1) =~ CHar, (9" E1 x P(2,1))/(¢7g"s — c1)
= Z[Cl,Cg,C?,,t,’U,h]/(QU - Cl)fhflh fh)

where h = ¢¢ (O]p 2y (1 )) and the other generators are as in lemma 3.3.3. The

isomorphism ¢* sends [Z7'] to [p~'Z7']. To compute the cycle class of ¢~ Z7" we
consider the subscheme of P(2,1) x P(2,n) x P? defined as:

W = {(l, f,p) such that f(p) =0}
If i : o*E1 x P(2,n) — P(2,1) x P(2,n) x P? is the closed immersion, then we
have i'[W1] = [?1] (see proposition 1.1.1.(9)). Thanks to lemma 1.1.7, we get
(W1 = h + nt, hence:
2] =i W' =h+nt

Here there is a little and quite common abuse of notation, as we are denoting ¢
both the pullback of ¢S (Op2(1)) to P(2,1) x P? and its restriction to ¢*E;. This
concludes the proof. [l

Observe that D! can also be seen as a codimension 2 integral subscheme of
P(Vy)2,1-

LEMMA 3.3.5. The class [D{'] is non-zero in CH&y, (ﬁ(Vn)[QJ])Fz
To prove the lemma above, we need a technical result.
LEMMA 3.3.6. The cycle class [E1] is not zero in C’HGLB(Q?;%)

PRrROOF. From remark 3.2.8.(2) we know that there is a cartesian diagram:

f/
Asing sing
Q[Q 1] Q [2,1]

Jq, lq
I
A(Qa 2)[3,1] ? ]P)(2a 2)
Therefore, the top horizontal morphism is a G,,,-torsor whose associated equivariant

line bundle is ¢*Op(2,2)(—1) ® D, where the latter is the determinant representation
Of GLg



54 3. COHOMOLOGICAL INVARIANTS OF HYPERELLIPTIC CURVES OF ODD GENUS

This implies (proposition 1.1.8) that the pullback morphism
f*: CHaw, (@) — CHar, (@)
is surjective with kernel the ideal (c1 — ¢*s). In particular, to compute [E;]| we
can equivalently check that [E1] is not zero modulo the ideal (¢ — ¢*s), where
E; = Q}"®. This is because we have the cartesian diagram:

B

sing

By —— Q[2,1]

sing
2.1] ,
bundle formula (proposition 1.1.1.(6)), because Qanf] is a projective bundle over P2

(see remark 3.2.8). We have:
CHGLS (Q?;llg]) = Z[ch C2,C3, S, t]/(R€7 Rt)

The equivariant Chow ring of @ can be easily determined applying the projective

where ¢ is the pullback of the hyperplane section of P? and s is the restriction of
the hyperplane section of P(2,2).

Proposition 1.1.3 tells us that for any GL3-scheme X we have an inclusion of
CHgr,(X) inside CHp(X), where T denotes the subtorus of diagonal matrices:
applying this to our case, we deduce that it is enough to show that [E;]r # 0
modulo the ideal (o1();) — s), where the \; are the generators of CHr(Spec(ko))
(see proposition 1.1.4).

Let U be the open, T-invariant subscheme P2\ {[1: 0 : 0],[0 : 1 : 0]} of P2
Denote QF;ng]|U (resp. E1|y) the restriction over U of QEnlg] — P? (resp. E).
The localization exact sequence (proposition 1.1.1.(3)) implies that the restriction
morphism induces an isomorphism

CHHQEE )/ (01 (0) — ) = CHEQS)/ (01 (\) — 9)
~ Z<)\1, /\27 /\3, 5,t> /<0’1()\1) - 3>

so that we have reduced ourselves to show that [E1|y]r # 0 modulo o1();) — s.

We can write [E1|y]r = ns+mt+2f=1 k;\;, where n, m and k; are coefficients
in Fy. Observe that it is enough to prove m # 0. If p : Ei|y — U is the usual
projection, then we have:

3
p([E1ly] - 5%) = np.s® + Z Eidi - pes® +mt - pes® = &+ mt
i=1

where £ is linear polynomial in the A;. In the identity above we used several facts:
the projection formula (proposition 1.1.1.(8)) to obtain mp, (¢ - s%) = mt - p,s?, the
fact that for every projective bundle p : P(E) — X whose fibres have dimension d we
have p.c1(Og(1))? = [X] (see | , prop. 3.1.(a).ii]) and finally that the relation
R = 0 is a monic polynomial of degree 3 in s with coefficients in C Hr(Spec(ko)). If
we prove that m # 0, we are done, because {\1, A2, A3, t} is a basis for CHL(P?)g,.

Let Hy be the T-invariant hyperplane in the projective bundle P(2,2) x U — U
whose points are those pairs (g, p) such that ¢(1,0,0) = 0. Similarly, define Hy as
the hyperplane whose points are pairs (g, p) such that ¢(0,1,0) = 0. The equations
defining these two hyperplanes are respectively gq1;1 = 0 and ¢o2 = 0, where ¢ =
qu1x® +qny® + .. ..
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Lemma 1.1.7, together with the description above of H;, tells us that [H;]r =
cf (Op2,2)(1)) + 2X;. Observe that

i QR = P(2,2) x U

is a regular embedding because both the domain and the target are smooth, hence
there is a well defined Gysin homomorphism (proposition 1.1.1.(9)):

i' 1 CHp(P(2,2) x U) — CHr(Q}|v)
In particular, i'([Hy]r - [Ha]r) = s% in CHT(Q?;HEHU)W. On the other hand, we

have that i!([Hl]T[HQ]T) = [Hl N H2 n Q?;?1g]|U]T; where:

; (¢,p) such that ¢.(p) = qy(p) =0
and p#1[1:0:0],[0:1:0]

We can write p.[E1]r - s2 = p.[E1 N Hy N Ha]7, and E1 N Hy N Hy is sent by p onto

the restriction to U of the unique line L = {z = 0} that passes through (1,0,0) and
(0,1,0). Moreover, F1 N Hy N Hy is 1:1 on L, therefore

p«[E1 N H1NHylp = [Llr =t+ A3

This proves that [Ey|y]r = t+&€ in C’HT(Qf;nlg] |u)F,, where ¢ is a linear combination

of \; and s, and it concludes the proof. O
Now we are ready to give a proof of lemma 3.3.5.

PROOF OF LEMMA 3.3.5. From lemma 3.3.4 we know that [D{!] = h + nt
in CH(I}L3 (@(Vn)1)7 where h is the hyperplane section of the projective bundle
@(Vn)l — E; and t is the pullback of the hyperplane section of P? along the
morphism @(Vn)l — E; — P2

Letj: By — @?;Illg] be the closed immersion, so that we have a cartesian square:

’

IE’(Vn)1 — @(Vn)[m}

bl

j ~
B 3
We want to prove that j.[D/'] is non-zero in CHg (@(Vn)[g)l])yz.
We have:
JUDT) = Glh 4 nglt = Gi(hp™ 1) + jip ¢ (O (1))
= h-p"jul + Pt (Op(1))
where in the second identity we applied the projection formula for not necessarily
flat morphisms (proposition 1.1.2) to the proper morphism j’: with a common
abuse of notation, we used the symbol h to denote both the hyperplane section of
P(Vy,)[2,1] and its pullback along j.

The third identity is a consequence of the compatibility property (proposition
1.1.1.(4)).

The projective bundle formula (prop. 1.1.1.(6)) applied to C’HéL3 (]FIV”(Vn)[zyl])
tells us that this group decomposes as a direct sum

CH,y, (]IND(Vn)[z,U) ~ p*CHEy, (A2, 2)21]) @ p*CHEy, (A2, 2)2,1)) - h
@ p*CHGp, (A(2,2)2,1)) - h?
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Hence it is enough to check that [E1] # 0 in CHYp, (Q\Er‘lg’]), which follows from

lemma 3.3.6. O

We focus now on D7 (definition 3.2.13). Recall that the points of D{? can
be seen as triples (I2,[f],p) such that the plane curves [ = 0 and f = 0 does not
intersect transversely at p. This property is clearly independent of the choice of a
representative of [f].

Observe that, just as for D!, this scheme can be seen both as a codimension 1
subvariety of P(V,,); and as a codimension 2 subvariety of I?P/’(Vn)p,l].

LEMMA 3.3.7. We have that [D?] = 0 in CHY, (P(Vo)1)r,. The same thing
holds in CHgy,, (P(Vy,)(2,1))F, -

ProOF. Clearly, the second assertion follows from the first one. Applying
proposition 2.3.2 exactly in the same way as in the proof of lemma 3.3.4, we see

that it is enough to show [72} =0in CHYyp, (Ey x P(2,n))/(g*s — ¢1), where g is
the obvious morphism to P(2,2) and 77 is the subvariety whose points are triples
(12, f,p) such that the plane curves [ = 0 and f = 0 intersect non transversally in
.

As in the proof of lemma 3.3.4, we have a cartesian diagram

(p*El _— El

|,

P(2,1) — P(2,2);

where o sends [I] to [I?], and the horizontal arrows are equivariant isomorphisms.

Therefore, there is an equivariant isomorphism ¢ : ¢*E; x P(2,n) ~ E; x
P(2,n). After identifying the equivariant Chow rings of these two schemes, we have
that [Z77] = [~1Z").

Recall that in the proof of lemma 3.3.2 we introduced the subscheme Y? of
P(2,1) x P(2,n) whose points are pairs (I, f) such that the plane curves I = 0
and f = 0 do not intersect transversally, and we also proved that [Y2] = 0 in
CHéLS_ (P(2,1) x P(2,n))r,.

Observe that the embedding i : ¢*Ey xP(2,n) < P(2,1) xP(2,n) x P? is a local
complete intersection, because both schemes are regular. We can apply proposition
1.1.1.(9), which tells us that there is a well defined Gysin homomorphism:

i' : CHgr, (P(2,n) x P(2,1) x P?) — CHqr, (9" E1 x P(2,n))

In particular, we have i'Y? x P?) = [1#‘172], thus the latter cycle class is zero in
CHGL3 ((,O*El X ]P(Q, n))[pg. O

3.4. The key lemma

In this section, we will always be working with Chow groups with coefficients in
F5. The goal is to prove the key lemma 3.1.3, which is the only missing ingredient
for completing the computation of the cohomological invariants of 4 (see section
3.1). Let us restate here what we want to prove:

KEY LEMMA. Fix an algebraically closed base field ko of characteristic # 2.

Let P(1,2n) be the projective space of degree 2n binary forms, endowed with the
PGLsy-action:

A- f(x’y) = f(A_l(:Ij,y))
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Let Ay 9y, be the divisor parametrising singular forms and denote i the closed em-
bedding Ay, — P(1,2n). Then i, : Abgr, (A12n) = Apgr, (P(1,2n)) is zero for
every n.

From now on, we assume that the characteristic of the base field kg is # 2.

3.4.1. Proof of the key lemma. Corollary 1.3.16 implies that
Apar, (A12n) — Apgr, (P(1,2n))
is zero if and only if is zero the morphism
it G, (D3) — Agp, (P(Va)s)

It @3 denotes the pullback to A(2,2)3 of the universal smooth conic Q3 — P(2,2)s,

then P(V},)s is isomorphic to the relative Hilbert scheme of points Hllb@s/A(Q,Q)s

(see remark 1.3.13), and Djs is the divisor parametrizing subschemes non-étale over
the base.

We know almost nothing about A% (Ds) but, on the other side, we know a
lot about Agyp, (P(V;,)3). Indeed, from the formula for equivariant Chow rings with
coefficients of projective bundles (proposition 1.2.3.(7)), we have

Agr, (P(Va)s) = Agr, (A(2,2)s) & Agy, (A(2,2)3) - h

where h is equal to ¢$*(O(1)), which is an element of codimension 1 and degree

0. Proposition 1.3.8 applied to the PGLy-scheme Spec(kg), whose GL3-counterpart
is A(2,2)3, tells us that Apgr,(Spec(ko)) ~ AL, (A(2,2)3). Combining this with
proposition 1.2.4, we readily deduce that

Agr, (P(Vy)s) ~ (CHgp, (P(Va)s)r,) ® Fa - 11 & Fa - woh

where the first addend coincides with the elements of degree 0, the element 7 has
codimension and degree both equal to 1, and finally ws has codimension 0 and
degree 2, so that woh has codimension 1 and degree 2.

Thanks to the fact that i, preserves the degree (proposition 1.2.3.(2)), every
element in A%Ls (D3) of degree greater than 2 will be sent by i, to 0. We need to
find out if there is any element a of degree smaller or equal to 2 such that i« is
not zero.

LEMMA 3.4.1. The morphism i, : CHgy, (Ds)r, — CHEy (P(Vy)s)r, is zero.
PROOF. We have to show that the cycle class [D3] = 0 in CHgy, (P(Vy)3)r, -

From 2.3.4 we have that [Ds] = 4(n — 2)h in CHgr,(P(V,,)s), where h is equal to
C?L?’(Op(v“)?’(l)). This implies the lemma. O

We have a closed embedding of P(V,,) inside P(V},)[3,2], whose open comple-
ment is P(V;,)s. Moreover, if we pullback D391 along this closed embdding, we
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obtain Dy. By compatibility (proposition 1.2.3.(5)) we get:

.[3,2]

(5) A%Lg (D[372]) — A%}LS (P(Vn)[SQ])
ib J

AOGL3 (D3) é AELS (P(VM)S)
9p o

AL, (D2) ——— Ag, (P(Va)2)
fD« fx

.[3,2]

AéLs (D[3’2]) — AQGLg (P(Vn)[?)g])

Observe that the vertical sequences are exact.

LEMMA 3.4.2. The Chow group with coefficients Agy,,(P(Vy)(s,9)) is concen-
trated in degree 0. In particular, if a is an element of A%LS (D3) of degree greater
than 0, then i.a = 0 if and only if i2(Opa) = 0.

PRrROOF. Using the projective bundle formula (proposition 1.2.3.(7)) we have

AGL, P(Vi)3.2) = AGL, (A(2,2)[3.9) © AL, (A(2,2)3.9) - h

where h = (§2 (Op(v,)p3.5 (1)) The scheme A(2,2)(3 5) is an open subscheme of

A(2,2) whose complement has codimension 3. The localization exact sequence
(proposition 1.2.3.(4)) implies that:

L, (A(2,2)(3.9) = AL, (A(2,2)) for i = 0,1

The GL3-representation A(2,2) can be regarded as a GLg-equivariant vector bundle
over Spec(ko), hence by homotopy invariance (proposition 1.2.3.(6)) we obtain:

s (A(2,2)) = A, (Spec(ko))
By proposition 1.2.4, there are no non-zero elements of degree greater than 0 in
this ring, therefore Agy, (P(V,,)[3,9)) is concentrated in degree 0.

Let a be an element of A¢; (D) of degree greater than 0. Then i,oc = 0 implies
that ii(ap) = 0 because of the commutativity of the middle square of diagram 5.
On the other hand, if zi (Opa) = 0 then the exactness of the vertical sequences of
diagram 5 implies that i,a = j*3 for some [ in A%;LB (P(Va)s,21)-

By proposition 1.2.3.(2) and 1.2.3.(3), we have deg(a) = deg(i.c) = deg(B),
thus 3 = 0 because A&y, (P(V,)3,2)) is concentrated in degree 0. O

PROPOSITION 3.4.3. If o in Ay, (D3) has degree 1, then i.a = 0.

PROOF. By hypothesis, dpa is a degree zero element of AOGL3 (Ds): the degree
zero part of this group can be identified with CH@y_ (D2)r, (proposition 1.2.3.(1)).
From proposition 3.2.5 we deduce that

CHy,(D2)r, ~ CHRy,, (Dy)r, ® CHRy, (D3)r, ~ Fy & Fy

where D} and D3 are the two irreducible components of Dy (see definition 3.2.1
and 3.2.3).
Write dpa = (n,m). From lemma 3.4.2 we have that i,a = 0 if and only if

0 = i3(n,m) = n[Dy] + m[D3] € CHGy, (P(Vy)2)r,
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Because of the exactness of the left vertical sequence of the diagram 5, we have
fp«(0pa) = 0. This implies that

0 =i fp.(dpa) = n[D}] +m[D3]

in CHEp, (P(Vi)(3,2))- By lemma 3.3.1 we know that [D{] = ¢1h # 0 and lemma
3.3.2 tells us that [D3] = 0: we deduce 0 = ncih, thus n = 0 and dpa = (0,m)

In particular i}dpa = m[D3] in CHy, (P(V;,)2), and by lemma 3.3.2 we know
that this last term is zero: this concludes the proof. U

Let Q?;nlg — A(2,2)}2,1] be the singular locus of @[2,1} — A(2,2)[2,1], where
@[271] is the pullback to A(2,2)[,1) of the universal conic Qz1) — P(2,2)[2,1) Te-
stricted over the closed subscheme of conics of rank < 3 (see definition 3.2.7).
Denote E; the restriction of Q?;nlg — A(2,2)[9,1) over A(2,2);. Recall that Qs
A(2,2)5 is an isomorphism, and that E; — A(2,2); is a projective bundle (see
proposition 3.2.9).

Let ]TD(V )i2,1] be the pullback of P(V,,)j2.1) — A(2,2)[2,1) along the morphism

Q?;lﬁ — A(2,2)[2,1), and define IF’(V )1 as the restriction of P(V,, )i2,1) over Ep (see
definition 3.2.10). The restriction P(V,)s of P(V, w)[2,1] over Q2 is isomorphic to

P(V,)2 (see lemma 3.2.12).
Finally, let DEQ 1 be as in definition 3.2.11 and let D7 be the restriction of

DE2,1] over Ej. Then by compatibility (proposition 1.2.3.(5)), we get the following
commutative diagram, whose vertical sequences are exact:

(6) A(C)}Lg (Df271]) — A%;Lg @(Vn)[m])

Jib J*
Ay, (D2) 4> A, (P(Va)2)

9p o

.71

Ay (Dh) ——— ALy (P(V)1)

fD« fe

A, (D ) — Ay, (B(Va) )
Observe that lemma 3.2.12 allowed us to identify in the diagram above AGLS( 5) ~
AQr, (D2) and Ay, (P(V2,)2) = AQyp, (P(Va)2).
LEMMA 3.4.4. We have:
o AgL, (Q?;nlg]) ~ AQy, (P?)
° A%}Lg,(@?;ﬁ) = A%;Lg, (P?)
PROOF. Let Q"8 be the closed subscheme of A(2,2) x P? defined as follows:
Q"8 := {(q, p) such that q.(p) = gy (p) = g:(p) = 0}

Observe that @Si“g — P? is a GLz-equivariant vector subbundle of the (trivial)
vector bundle A(2,2) x P2 — P2. Therefore, for the homotopy invariance of the

Chow groups with coefficients (see proposition 1.2.3.(6)) we get A%;LB (@Si“g) ~
AGr, (P).
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The scheme @Enﬁ is the complement in @Sing of the zero section, which has
codimension 3. The localization exact sequence (see proposition 1.2.3.(4)) implies
that, if Z is a closed subscheme of codimension > i of a scheme X, then the Chow
group with coefficients of codimension ¢ of X and X \ Z coincide.

Applying this to our case, we deduce that Af (Q¥"€) ~ AIGLS(QEnlg]) for
1=0,1. O

LEMMA 3.4.5. The Chow group with coefficients Al (@(Vn)[m]) is concen-
trated in degree 0. In particular, given an element 8 of AOGLS(DQ) whose degree is
greater than 0, then i23 = 0 if and only if i’} (0pB) = 0.

PROOF. Applying the projective bundle formula (proposition 1.2.3.(7)) we get:
AL, B(Va)io) = Agr, (@) ® AGL, (@) - b

-~

We know from lemma 3.4.4 that A | (Q?;nlg]) is concentrated in degree 0 for 7 = 0, 1:
this proves the first part of the lemma.

Given an element 3 in A%LS(DQ) of degree > 0, suppose that i’}(dpB3) = 0.
The commutativity of diagram 6 implies that 9(i23) = 0, and the exactness of the

right vertical sequence tells us that 23 = j*v. Observe that
0 < deg(B) = deg(i2f) = deg(j*v) = deg(7)

because pushforwards and pullback preserve the degree (see proposition 1.2.3.(2)

and 1.2.3.(3)). The group Agy,, (]’.—EVD(VH)[QJ]) is concentrated in degree 0, hence v = 0
and this concludes the proof. O

PROPOSITION 3.4.6. If 3 is an element of degree 1 in Ay (Da), then i = 0.

PROOF. By lemma 3.4.5, we can equivalently show that i’!(dp3) = 0. Ob-
serve that dp(B3) has degree 0. The degree 0 part of Ay (Df) is isomorphic to
CH@y,(D})r, by proposition 1.2.3.(1). Recall that Df is the union of two irre-
ducible components (see proposition 3.2.14), hence we have:

By exactness of the left vertical sequence of diagram 6, we have that fp.(9pfS) =
0, thus 7, fp«(0pB) = 0. If we write OpfS as (n,m), then we are saying that
n[D{] + m[D?] = 0 in CHYy, (P(Vy)j2,1))F,- By corollary 3.3.5 and lemma 3.3.7
we know that [D}!] # 0 and [D{?] = 0, thus n = 0.

We have proved that dpB = (0,m). This implies that i’}(0pB) = m[D{],
which is equal to zero by lemma 3.3.7. U

We are ready to prove the key lemma 3.1.3.

PROOF OF KEY LEMMA 3.1.3. We want to prove that:
it AL, (Ds) — Agp, (P(Va)s)

is zero. As already observed, A&y, (P(V,)3) is concentrated in degree 0, 1 and 2,
hence every element « in A%L3 (D3) of degree > 2 will be sent to 0, because i,
preserves the degree (see proposition 1.2.3.(1)).
Suppose deg(a) = 0. The morphism i, restricted to the degree 0 part is equal
to
i CHGy,(Ds)z, — CHGy, (P(Va)s)s,

by proposition 1.2.3.(1), and we know that this morphism is zero by lemma 3.4.1.
Suppose deg(a) = 1. Then proposition 3.4.3 tells us that i, = 0.
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The only case left is when deg(a) = 2. By lemma 3.4.2 we have that i.a = 0
if and only if i2(pa) = 0. Observe that deg(dpa) = 1, hence we can apply
proposition 3.4.6 to deduce that i2(0pa) = 0. This finishes the proof. O






CHAPTER 4

Cohomological invariants of the stack of
hyperelliptic curves of even genus: multiplicative
structure

In this chapter we investigate the multiplicative structure of Inv®(#,), the
graded-commutative ring of cohomological invariants with coefficients in Fy of the
stack of hyperelliptic curves of even genus g > 2. Our main result is theorem
4.2.14. All the results of this chapter had been obtained in collaboration with
Roberto Pirisi.

4.1. Cohomological invariants of étale algebras

The goal of this section is to recall some results on cohomological invariants
of classifying stacks. We will be mainly concerned with BSs,, regarded as the
stack that classifies étale algebras of degree 2n, and BOs,,, the classifying stack of
quadratic forms of degree 2n. All this material can be found in | ]: more
precise references will be given along the way.

Whenever we write Inv®(—), we will always be thinking of cohomological in-
variants with coefficients in Fo. Therefore, the base field kg will always be assumed
to be of characteristic # 2.

Recall that the classifying stack BS,, over kg, where S,, is the symmetric group
on n elements, is equivalent to the stack whose objects are degree n étale morphisms
X — S of kg-schemes: the equivalence in given by the functor that sends a degree
n étale morphism X — S to the S,-torsor Isomg(X,[[;—, S) — S, where S, acts
on the right by permutation.

Cohomological invariants of BS,, with coefficients in Fy have been extensively
studied (in particular, see | , ch. VII]). We briefly summarize here their
main features.

PROPOSITION 4.1.1.

(1) There is a well defined cohomological invariant oy that sends an étale K-
algebra E ~ Klx]/(z? — a) to the element {a} in K*/(K*)? (we are using
the well known identification of this group with H},(Spec(K), uz)).

(2) We have Inv®(BSs) ~ H®(ko)[a1]/(aF — {—1} - a1)

PROOF. As the characteristic of kg is # 2, we have the following chain of

isomorphisms:

BSp ~ Bup ~ [(A"\ {0})/Gni]
where G,,, acts by multiplication by A\2. As G,, is special, this implies that A\ {0}
is a smooth-Nisnevich cover and the cohomological invariants of BS; are those of
A\ {0} which are invariant with respect to the action of G,,.

The invariants of A1\ {0} can be easily computed using the long exact sequence
associated to the open embedding A!\ {0} C A! (see proposition 1.2.3.(4)). We
have:

0— A°(AY) — A%(AM\ {0}) — A°({0}) — A'(AY)

63



64 4. MULTIPLICATIVE STRUCTURE

The last morphism vanishes because A*(A!) ~ H®(ko) @ CH'(A') = 0.

Moreover, we have a splitting A°({0}) — A°(A!\ {0}) given by multiplication
by o, where o is the invariant that sends a morphism Spec(K) — Al \ {0},
which is equivalent to the datum of 8 in K™, to the equivalence class of § in
H},(Spec(K), pua) ~ K*/(K*)%. The fact that 9(a}) = 1 follows from the fact that
o) does not extend to a cohomological invariant of Al, because it is not trivial.
Therefore we have:

AC(AM\ {0}) = H* (ko) - 1 @ H* (ko) - o

Observe that o} descends to an invariant a; of [Al\ {0}/G,,], where G,, acts by
multiplication for A%: if we identify BSy with the classifying stack of quadratic
étale algebras, we see that ay is the invariant described in (1).

We are left with proving that a? = {—1} - a;: observe that a quadratic
étale algebra E can be regarded as a rank 2 K-vector space with a quadratic form
defined as y — Trg(m,2), where m,2 denotes the multiplication by y?, regarded as
a K-linear application on the K-vector space E, and Trg(—) is the usual trace.

In particular, if we have E ~ K[z]/(z? — a), the associated quadratic form
will be diagonal of the form (2,2a). This shows that, if ¢ : BSy — BOs is the

morphism induced by the construction above, then oy = ¢*wy, where w; is the first

Stiefel-Whitney invariant of quadratic forms (see | , 17.1]), which sends a
quadratic form to its determinant.
Then (2) follows from the relation w? = {—1} - w; (see [ , (19.3)]). O

The inclusion S5" < Sy, which sends o; to (7,7 + 1) induces a morphism of
classifying stacks f : BSy"™ — BSa,, hence we have a pullback morphism f* :
Inv®(BS2,) — Inv®(BS5™).

By proposition 4.1.1 we deduce that:

Inv®(BS5™) ~ H*(ko) - 1 ® H®* (ko) - prics @ --- @ H® (ko) - pry,ci1

as H*(kop)-module. Observe that there is an action of S,, on Inv®(BS;") given by
permuting the pr}o;g.

THEOREM 4.1.2. | , Th. 25.6] The pullback morphism
[*:Inv®(BS2,) — Inv®(BSS™)
induces an isomorphism of H®(ko)-algebras:
Inv® (BSa,) ~ Inv® (BSy™)%"

In particular Inv®(BSsy,) is freely generated as H®(ko)-module by 1,a1,...,ay,
where deg(a;) = 1.

To get some feeling for the cohomological invariants «; appearing in theorem
4.1.2, take a multiquadratic étale algebra E of degree 2n, i.e. E is isomorphic
to a product of n quadratic étale algebras E; ~ K[z]/(z* — a;). Then o;(E) =
agi({a1},...,{an}), where o; is the i*’-elementary symmetric polynomial and the
product is the cup product in H*(K).

There is another way to describe the cohomological invariants of BSs,, as
showed in [ , 25.7].

DEFINITION 4.1.3. We define the morphism of classifying stack ¢ : BSs, —
BOs,, as follows: given an étale morphism f : T — S | we define the quadratic form
gr on the locally free Og-sheaf f,Or as the one that sends an element y to the
trace of myz2, the Og-linear morphism given by multiplication for y?.
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In particular, if E is an étale K-algebra, we get a K-quadratic form gp :=
q(Spec(FE)). Using the morphism ¢ we can pull back cohomological invariants from
BOQn to BSQn

Cohomological invariants of BO,,, or equivalently cohomological invariants of
non-degenerate quadratic forms of rank n, are discussed in | , 17]: we recall
here just some basic facts.

Write {(a1,...,a,) to indicate the diagonal quadratic form of rank n whose
diagonal entries are a,,...,a,. Then we define the i'" Stiefel-Whitney invariant
w; as the cohomological invariant that sends ¢ ~ (a1,...,a,) to o;({a1}...,{an}),
where as before o; is the elementary symmetric polynomial of degree 4 in the {a;},
which we regard as elements of K*/(K*)? ~ H},(Spec(K), u12), and the product is
the cup product of H*(K). It can be proved that w; is well defined, i.e. does not
depend on how we diagonalize q.

THEOREM 4.1.4. | , 17.3 and remark 17.4.(1)] The graded-commutative
H*(ko)-algebra Inv®(BO,,) is generated as H®(ko)-module by the Stiefel-Whitney
invariants 1,wy, ..., w,

The multiplicative structure is given by the relations of the form

Wy - W = {_1}m(’r,8) . wr-‘,—s—m(?‘,s)

where m(r, s) is obtained as follows: write r in dyadic form as Y.2¢ fori € R C
{0,1,2,...}, and write s as Y2 fori € S C {0,1,2,...}. Then m = >.2¢ for
i€ RNS.

The theorem above gives a rather complete picture of the graded-commutative
ring Inv®*(BO,,). In particular, as observed in | , remark 17.4.(1)], the in-
variants wy: generate Inv®(BO,,).

THEOREM 4.1.5. Let q : BS3, — BOs,, be the morphism introduced in definition
4.1.5.

(1) We have:
a; = q"w; + {2} - ¢"wy - ¢Fwi—o fori<n
qgw; =0 fori>n+1
¢ Wpy1 =0 if n is even
¢ wnir = {2} - ¢"wy if n is odd

(2) We have that Inv®(BSa,,) is freely generated as H®(ko)-module by
L, q"wy,...,q"wy,
In particular, the induced morphism of graded-commutative rings
q" : Inv*(BO2y,)/(Wnt2, .. ., way) — Inv® (BSa;,)

has kernel (wp41) if n is even and has kernel equal to (wp+1 — {2} - wy)

if n is odd.

PROOF. Point (1) is | , thm. 25.13]. For (2), observe that (1) im-
plies that the morphism of H®(kg)-modules ¢* is surjective with kernel equal to
(Wnt1, ..., wap) if n is even and equal to (wp+1 — {2} - W, Whaa,. .., way,) if n is
even. Therefore, if we mod out by the kernel, we get an isomorphism of H®(kg)-
modules, hence of graded-commutative rings. O

The theorem above describes the multiplicative structure of Inv® (S5, ), build-
ing on what we already know about Inv®(BOs3,) from theorem 4.1.4.
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4.2. Multiplicative structure of Inv*®(H,)

We assume as usual that the base field k¢ has characteristic # 2. All the
cohomological invariants are implicitly assumed to be with coefficients in Fs.

In this section we study the multiplicative structure of Inv®(H,) for g > 2 even.
Our main result is theorem 4.2.14.

4.2.1. Cohomological invariants of B,. Let g be any integer > 2. Recall
from | , ex. 3.5] that the stack #, is isomorphic to the stack M, whose objects
are triples (m: C' — S, L, s), where 7 : C'— S is a family of smooth rational curves,
L is a line bundle of degree —g—1 and s is a global section of L~®2 whose vanishing
locus is étale over S.

For us it will be more convenient to work with H7" rather than H,, though
everything we say can be restated in terms of objects of the latter stack.

DEFINITION 4.2.1.

(1) We define B, as the stack whose objects are triples (7 : C' — S, L, D)
where 7 : C'— S is a family of smooth rational curves, L is a line bundle
on C' of degree —g—1 and D is a divisor of C étale over S of degree 2g+2.

(2) We define the morphism F' : Hy — B, as the one that sends a triple
(m:C — S,L,s) to the triple (7 : C' — S, L, Ds) where Dy is the divisor
defined as the vanishing locus of s.

(3) We define pr : B; — BSa442 as the morphism that sends a triple (7 : C' —
S, L, D) to the étale morphism D — S.

Observe that the morphism F': HY — B, makes B, into a Gy,-torsor over Hy',
and in particular shows that By is a smooth Artin stack.

PROPOSITION 4.2.2.
(1) The pullback morphism of graded-commutative H® (ko)-algebras

pr’ : Inv®(BS2442) — Inv®(By)
18 injective.

(2) If ko is algebraically closed, then pr* is an isomorphism when g is even,
and has cokernel equal to Fo-wo when g is odd, where wy is the cohomolog-
ical invariant pulled back via the morphism By — BPGLy that remembers
only the family of smooth rational curves.

PROOF. Suppose that pr*a; # 0 for i = 1,...,9 + 1. We can rewrite pr* =
69?:8 pr;, where pr; : IHVi(BSQQ+2) — Invi(’Hg) is the homogeneous part of degree
i. By theorem 4.1.2 we know that Inv’(BSa,42) =~ Fs - a;, hence our assumption
implies the injectivity of pr; for each ¢, hence of pr*.

Proving that pr*a; # 0 is equivalent to finding an étale K-algebra E of the
form K[z]/(f) such that «;(E) # 0: given such an algebra F, then Spec(F) will
be by construction a divisor D in P} of degree 2g + 2. The hyperelliptic curve
(C — Spec(K),t) obtained by taking the double cover of Pk ramified along D
will be such that pr*a;((C — Spec(K),t)) = a;(E) # 0, which will imply that
prra; # 0.

By | , 12.3] o (EV®") # 0, where EV®" is the versal Sygo-torsor, which
is the algebra

BV ~ k‘o(cl, - ,ngJrg)[t]/(tn + Cltn_l + -4 Cn)
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over K = ko(cq,...,cpn) (see | , ex. 5.6.(2)]). This K-point thus lifts to a
K-point of H,4, and we are done.

For point (2), when kg is algebraically closed we know from [ , cor. 4.7]
and proposition 3.1.2 that for even g the Fy-vector space Inv®(B,) is generated by
g+ 2 elements 1,z1,...,2411, where deg(z;) = 4, whereas if ¢ is odd Inv®(B,) is
generated by g+ 2 elements and the Stiefel-Whitney invariant wy. This implies the
surjectivity of pr* when g is even, and that the cokernel is equal to Fs - wy when g
is odd. O

DEFINITION 4.2.3. We define the Weierstrass morphism W : Hgy — BS3442 as
the composition of pro F' with the isomorphism H; ~ H’, where pr and F’ are the
morphisms introduced in definition 4.2.1.

In other terms, the Weierstrass morphism sends a family of hyperelliptic curves
(C = S,1) to the Weierstrass divisor W¢ /g, regarded as an étale scheme over S.

COROLLARY 4.2.4. The morphism of graded-commutative H®(kg)-algebras
W™ IHV.(BSQQ+2) — IHV.(HQ)
induced by the Weierstrass morphism (definition 4.2.3) is injective.

PROOF. Recall that W = pr o F. From proposition 4.2.2.(1) we know that
pr* is injective, and F* is injective because F' : H, — B, is a G,-torsor, hence
smooth-Nisnevich. ]

DEFINITION 4.2.5. For 1 <14 < 2¢g+ 2 we define the cohomological invariant §;
of H, as
Bi == W*q w;
where W : Hy — BSag42 is the Welerstrass morphism (definition 4.2.3) and g :
BS2g42 — BOg2442 is the morphism introduced in definition 4.1.3.

PROPOSITION 4.2.6. Let kg be a field of characteristic # 2 and fix a positive
integer g > 2. Then the cohomological invariants of H,

LB1,. s Bgt1
are Fo-linearly independent, 3; = 0 for i > g + 2, Bgyo = 0 if g is odd and it is

equal to {2} - By11 if g is even.
Their multiplicative structure is given by the formula:

BT : Bs = {_1}m/6r+sfm
where m is computed as follows: write v in dyadic form as >.2' for i € R C
{0,1,2,...}, and write s as Y. 2% fori € S C {0,1,2,...}. Then m = >.2¢ for
i€ RNS.

PROOF. Asdeg(8;) = i, we can equivalently show that 5; Z0fori=1,...,g+
1. We know from corollary 4.2.4 that W* is injective, hence we only have to check
q*w; 0 fori=1,...,g+ 1, which follows from theorem 4.1.5.(1).

The same theorem also implies the statements on [; for i > g + 1.

Finally, the multiplicative structure is deduced from the one of the Stiefel-
Whitney invariants stated in theorem 4.1.4. O

4.2.2. The exceptional invariant. Suppose that g > 2 is even. Recall from
the previous section that B, is the smooth Artin stack whose objects are triples
(m: C — S,L,D) where 7 : C — S is a family of smooth rational curves, L is a
line bundle on C of degree —g — 1 and D is a divisor of C étale over S of degree
29 + 2.

PROPOSITION 4.2.7.
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(1) Let (m : Cqg = By, Ly, Dy) be the universal object over By. Then Cy is a
smooth Artin stack and

7 Inv® (By) — Inv®(C,)

s an isomorphism.

(2) Let Cy be the pullback of Cy along F : HY — B, (see definition 4.2.1.(2)).
Then:
Inv*(Hy) ~ Inv*(Cy)
In particular, the induced map of graded-commutative H®(ko)-algebras
Inv®(By) — Inv®(H,) is injective.

PRroor. By definition £ has degree —g —1, hence the line bundle on C, defined

as M = w? ®/3;1 has degree 1. This implies that there is an isomorphism between
P(m.M) ~ C,.

Observe that B, is isomorphic to the stack [(P(1,2g+2)\ A1,24+2)/GL2], hence
C, is the projectivization of an equivariant vector bundle E over P(1, 2g+2)\A1 2412.
From this and the usual isomorphism between cohomological invariants of quotient
stacks and equivariant O-cycles with coefficients of the cover (see | , thm.
4.16]) we deduce that Inv®(Cy) ~ Ay (P(E)). The isomorphism of cohomological
invariants then follows from the projective bundle formula for Chow groups with
coefficients (proposition 1.2.3.(7)).

This proves (1) and implies (2), because C;” — H" will be the projectivization
of a vector bundle as well. The last assertion is clear. ]

REMARK 4.2.8. The hypothesis of g being even is essential in the proof above,
otherwise it is not true that C, is the projectivization of a rank 2 vector bundle.

This is the main difference between the even and the odd case: if (C' — S,¢)
is a family of hyperelliptic curves of genus g, the family of smooth rational curves
C/iv — S will always have trivial class in the Brauer group when g is even. This is
not true in general for odd g.

The remainder of the section will be devoted to the construction of a cohomo-
logical invariant g2 of C;” that does not come from B,.

The objects of C,4 are quadruples (C'— S, L, D, p) where (C' — S,L,D) is an
object of By and p : S — C is a section of the family of smooth rational curves.
Similarly, the objects of C}" are quadruples (C' — S, L, s, p) where (C' — S, L, s) is
an object of Hy and p : S — C' is a section of the family of smooth rational curves.

Let U, be the open substack of C, whose objects are those quadruples (C' —
S,L,D,p) such that D and p do not intersect. Analogously, let Uy be the open
substack of C” whose objects are those quadruples such that s never vanishes on
the section p.

LEMMA 4.2.9.

(1) Let B be the Borel subgroup of GLa of upper triangular matrices. Then
we have:
0 Cy= [(P(1,29+2)\ Ay 2g42)/B]
0 O = [(A(L2g+2)\ A sy )/ Bl
(2) Let U be the B-invariant open subscheme of (A(1,29+2)\ A} 5/, 5) whose
points are those binary forms that does not vanish on [1: 0], and let V' be
the image of the projection of U in (P(1,29 +2) \ A1,2¢+2). Then:
o U, ~[V/B]
o Uy ~[U/B]
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PRrOOF. Recall that if (7 : C' — S, L, D) is an object of C,, then the line bundle

g
FE = wf? > @ L~! has degree one, hence C' ~ P(m.E) canonically, and the set of
sections p : S — C' is then equivalent to the set of line bundles M C E.
Consider the B-torsor over C, whose objects consist of the datum

(C % S7L7D7p’<p)
where (C'— S, L, D, p) is an object of C4 and ¢ is an isomorphism between flags:
¢: (M CE)~ (05 C 0%

The morphisms in this B-torsor consist of the datum of a morphism between objects
of C4 that commutes with the trivializations of the respective flags.

There is an equivalence between this B-torsor and P(1,2g+2) \ Ay 2g42: given
a datum (C — S,L,D,p,p) as before, the trivialization ¢ of the flag induces an
isomorphism of C' with PY, of p with {oo} x S and of L with O(—g — 1).

This implies that there is a well defined morphism from the B-torsor to P(1, 2g+
2) \ Aj 2442 that, after identifying C' with P!, only remembers D, and that the
composition of this with the morphism that sends the datum of a divisor D C Pk
étale over S of degree 2g+2 to the object (P§, O(—g—1), D, {oo} xS, id) is equivalent
to the identity.

This proves that P(1,2g + 2) \ Aq 2442 is a B-torsor over Cq, hence the first
statement. The second one is proved exactly in the same way: the only difference is
that instead of a divisor D, the datum of an object of C7” contains a global section
s of L792,

Finally, point (2) follows from the construction above. O

REMARK 4.2.10. The lemma above in particular implies that (A(1,2¢g + 2) \
Al 5,19) — C is a smooth-Nisnevich cover, because the group B is special.

This fact will be relevant for the construction of the exceptional cohomological
invariant 7,12 of C;” (i.e. a cohomological invariant which does not come from By):
we will first construct the exceptional invariant on the cover A(1,2g +2)\ A} 5,1,

and subsequently we will show that is B-invariant, hence descends to an invariant
of Cr.
g

LEMMA 4.2.11. Let U and V be as in lemma 4.2.9. Then we have:
Inv® (U) ~ Inv*(V)[t]/(t* — {1} - 1)

where t is a cohomological invariant of degree 1 that sends a binary form f(x,y)
with coefficients in a field K to f(1,0), regarded as an element of K*/(K*)? ~
Hy,(Spec(K), p2).

PROOF. Let t be the degree 1 cohomological invariant of G,, which sends an
element z of G,,(K) = K* to its equivalence class in K*/(K*)?. Then we claim
that for any scheme X we have:

Inv® (X x G,,) ~ Inv®(X)[t]/(t? — {—1} - t)
Observe that U — V is a G,,-torsor that can be trivialized via the isomorphism
U ~ V X Gy, that sends a section s of Op1 (29+2) to the pair (D — 5, 5(c0)), where
by s(o0) we mean the composition S — {00} x S — Al x S regarded as an element
of Og(S) (the trivialization O(2g+2)|{y ~ A' is induced by the restriction of the
section 22912).
To prove the claim, we argue as follows: by proposition 1.2.6, we know that

Inv®* (X x Gy,) ~ (Inv*(X)/e1 (L)) @ ker(e1 (L))[1]

as Fy-modules, where L is the line bundle associated to the trivial G,,-torsor:
observe that in our case we have ¢;(L) = 0.



70 4. MULTIPLICATIVE STRUCTURE

Actually, from the proof of proposition 1.2.6 we see that the left summand can
be canonically identified with the submodule of invariants pulled back from X, and
the right summand can be identified with the submodule of invariants such that
the boundary morphism Inv®(X x G,,) — Inv®*(X) induced by the open inclusion
X x G,, C X x Al is not zero.

Let v be a cohomological invariant pulled back from X: then 9(t-v) = 0t -
v because the pullback morphism Inv®(X) — Inv*(X x G,,) factorizes through
Inv®(X x Al). Moreover 9t = 1, otherwise ¢ would be an invariant of the whole
X x A', which is not the case.

Putting all together, we have proved that the morphism of graded-commutative
H* (ko)-algebras

Inv* (X)[t] — Inv®* (X x G,,)
is surjective. We only have to prove that t? = {—1} - ¢.

From | , ex. 17.5.(1)] we know that, given a field K over ko, = and y in
K* such that « +y # 0, then we have {z} - {y} = {x + y} - {—2y} in H*(K) (we
are only considering cohomology groups with Fo-coefficients).

From this we deduce

=02 (1= +{hH-{-={2 - {-1+{t}-{-1}
and that 0 = {1} - {1} = {2} - {—1}, from which the relation above follows. O

PROPOSITION 4.2.12. Let f : U — BSa442 be the morphism that sends a global
section s of O(2g + 2) to the étale morphism D — S, where D is the vanishing
locus of s. Let t be the degree 1 cohomological invariant of U introduced in lemma
4.2.11.

Then the degree g + 2 cohomological invariant t - f*agy1 of U is non-zero and
descends to a cohomological invariant of Uy, which moreover extends to a cohomo-
logical invariant of C;.

Proor. The fact that ¢ - f*ag41 is non-zero follows from the computation of
Inv®(U) of lemma 4.2.11.

By lemma 4.2.9.(1) and remark 4.2.10, we know that U is a smooth-Nisnevich
cover of Ug” and that a cohomological invariant of U descends if and only if it is
B-invariant, where B is the group of upper triangular matrices.

Therefore, the degree 1 cohomological invariant ¢ of U descends to an invariant
of Uy, because it is B-invariant: if f(x,y) is a binary form of degree 2g + 2 with
coefficients in a field K and b is an element of B

(b1 b2
b= < 0 b22)
then ¢(b - f(x,y)) = [det(b)9b3912 £(1,0)], which is equal to [f(1,0)] in K*/(K*)2
This implies that ¢ - f*ag41 descends to CJ .
Let Z be the complement of U in A(1,2g + 2) \ A} ,,,5: then proposition

1.2.3.(4) gives us the following long exact sequence of equivariant Chow groups
with coefficients:

0— AR(A(1,29+2)\ Al ogta) — AR(U) — AR(2)

To show that ¢ - f*og11 comes from a global cohomological invariant, we have to
show that 9(t - f*ag41) = 0.

We already know that f*ay41 extends, because is the restriction to U of the
pullback of ay; along the morphism 3" — B,. We also know from the proof of
lemma 4.2.11 that 0(t) = 1. This implies that 9(t - f*ag41) = g1

We have reduced ourselves to prove that oy, vanishes on the étale algebras
that are in the image of [Z/B] — BSag.
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Observe that these algebras will be of the form E’ x K: this is because by
construction the section p : Spec(K) — C of an object (C — Spec(K), L, s,p)
of C; contained in the closed substack [Z/B] will factorize through D C C, the
vanishing locus of the section s.

Therefore, if D = Spec(E), the section p will give us a section of E, thus
E ~ E' x K. Applying the formulas of | , 25.2], we deduce:

agi1(E) = agi1(E') =0

because E’ has degree 2g + 1 and «; vanishes on étale algebras of degree < 2i (see
[ , th. 25.6]). This concludes the proof of the proposition. O

DEFINITION 4.2.13. We define the exceptional cohomological invariant ngyo of
Inv*(H,) as the image via the isomorphism Inv®(Cy) =~ Inv®(H,) of the degree
g + 2 cohomological invariant of C7” constructed in proposition 4.2.12.

We are ready to prove the main result of the chapter.

THEOREM 4.2.14. Fix a base field ko of characteristic # 2 and an even number
g =2

Let B; fori=1,...,2g9+ 2 be the cohomological invariant of H4 introduced in
definition 4.2.5 and let ngyo be the exceptional cohomological invariant introduced
in definition 4.2.13. Then:

(1) The invariants 1,51, .., Bgt1,Ng+2 are Fo-linearly independent, 5; = 0
fori>g+2 and Bgyo = {2}~ Bg+1-

(2) The multiplicative structure is given by the formulas:

B Bs ={=1}"") B m
Bi mg+2 =0 fori#g+1
By+1 - gr2 = {=13 g 40
Ng+2 - Ng+2 = {*1}g+2ng+2
where m(r,s) is computed as follows: write r in dyadic form as > 2" for

i€ RC{0,1,2,...}, and write s as 3.2 fori € S C {0,1,2,...}. Then
m(r,s) =>.2" fori € RNS.

(3) If ko is algebraically closed, then the invariants 1,51, . .., Bgt1,Ng+2 gen-
erate Inv®(H,g).

PROOF. We already know (1) from proposition 4.2.6: the only thing to observe
is that deg(ng+2) = g + 2, hence it is independent of the §; for i < g + 2.

Proposition 4.2.6 also gives us the relations in (2) not involving 7412. To
compute 3; - 7442, we can pull back this invariant along the composition:

Uy = C; — Hy ~H,

The induced morphism at the level of cohomological invariants is injective, because
Uy — Cy is an open embedding, and the pullback morphism Inv* () — Inv*(Cy)
is an isomorphism (see proposition 4.2.7.(2)). Therefore, it is enough to prove the
formulas of (2) for the pullback of the invariants to ;"

The pullback of 742 to U is by construction (see definition 4.2.13) equal to
t- ffogy1, where t is the degree 1 invariant that sends an object

(C — Spec(K), L, s,p : Spec(K) — C)
to the evaluation in K*/(K*)? of s at the K-point p and f : U, — BSag12 is the

morphism that only remembers the K-étale algebra {s = 0}. This has been proved
in proposition 4.2.12.
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Moreover, the pullback of §; is equal to f*¢*w;, where ¢ is the morphism
introduced in definition 4.1.3 and w; is the Stiefel-Whitney invariant of degree i.

Recall from theorem 4.1.5 that ag41 is equal to ¢*wgi1 + {2} - ¢ w1 - ¢*wy—_1.
We know from 4.1.4 that wq - wg—1 = {—1} - wg—1 and the formula | , €X.
17.5.(1)] tells us that 0 = {1}% = {2} - {—1}, hence ay41 = ¢*wyt1.

Theorem 4.1.4 tells us that w; - wg41 = {—1}"wg414i—m: using the fact that
¢*w; = 0 for j > g+ 2, we deduce that f*¢*(w; - wg41) =0 unless i —m =0or 1
(by construction m < 7).

Suppose that m = i: as we are supposing that ¢ < g + 1, this implies that
i =g+ 1, in which case we have w2, = {—1}9"" - w, ;. From this we deduce:

fra(wgir) -t f7q" (wgi1) = —t- [T q" (wg41)
=—t- ffr ({1} wgpa
= 1w,
which implies Bg41 - 7g+1 = {—1}9"1ny41. Suppose i —m = 1, then:
wi - wgyr = {—1}" - wgio
={-1}" {2} - wgn1
Recall that {—1}-{2} = 0, hence the last line above is zero unless m = 0 and i = 1:

this can never happen, because both 1 and g 4+ 1 are odd, thus m > 1.
To conclude the proof of (2), observe that:

tefrqg wgpr -t [T wg1 = —t?. f*q*wg-i-l
= ) )
= {_1}g+2t * Wg+1

Finally, point (3) is a direct consequence of what we already proved and [ ,
thm. 1.1]. O

REMARK 4.2.15. We may ask ourselves if the generators of Inv®(#,) as H® (ko)-
algebra generate also when the base field is not algebraically closed.



Future directions

‘We outline here some future directions of research related to the themes dis-
cussed in the previous chapter.

4.2.3. Multiplicative structure of #,, g odd. The techniques used to
investigate the multiplicative structure of Inv®(#,) for an even g > 2, and in par-
ticular the construction of the exceptional invariant 7442 (see proposition 4.2.12),
does not seem to apply in the odd genus case.

Let g > 3 be an odd number. The universal rational curve CgN — ”Hg is not
a smooth-Nisnevich cover: this is a consequence of the fact that the quotient of a
hyperelliptic curve of odd genus by the involution is a curve of genus zero that does
not necessarily have a rational point.

What one might consider is the Hilbert stack X, parametrising 0-dimensional
subschemes Z of degree 2 relative to the morphism ]P’(w*chw/H;) — Hy: this
Hilbert stack is actually isomorphic to a projective bundle over 7', hence the
pullback morphism induces an isomorphism at the level of cohomological invariants.

Inside X; we may take the open substack U whose objects are those quadruples
(m:C — S,L,s,Z) such that the family of smooth rational curves 7 : C — S, once
embedded in P(7,T¢/s), does not intersect the 0-dimensional substack Z, and the
section s does not vanish on the intersection of C' with the unique line in P(7.7T¢/g)
that contains Z.

There is a representation of ;" as a quotient stack [U/T] where U is an open
subscheme of V11 3 such that the projection U — V C P(V,41)3 makes U into a
trivial G,,,-torsor over V.

Similarly to what is done in proposition 4.2.12, we can use this fact to construct
an exceptional cohomological invariant of degree g+ 2, but we are not able to prove
that it extends to a global invariant.

Moreover, when g is odd there is another cohomological invariant in H, that
we must take into account to understand the multiplicative structure of Inv®(#,),
namely the second Stiefel-Whitney invariant coming from the morphism H, —
BPGLs. At the present moment, we do not have fully understood how to multiply
this invariant with the other ones.

Therefore, the following seems to be an interesting line of future research:

QUESTION. What is the multiplicative structure of Hy for g > 3 odd?

4.2.4. Cohomological invariants of some compactifications of H,. The-
orem 4.2.14 is telling us that when the base field kg is algebraically closed, the coho-
mological invariants of H, for an even g > 2 are all constructed using the cohomo-
logical invariants of BSag442, exploiting the fundamental fact that the Weierstrass
divisor of a family of hyperelliptic curves is an étale algebra over the base.

If we consider the Deligne-Mumford compactification ﬁg by stable curves, there
is no obvious way to extend the Weierstrass morphism 4.2.3 to the whole ﬁg, thus
we expect that the cohomological invariants of #, do not come from Inv®(H,). The
next proposition shows that this is actually the case.
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PROPOSITION 4.2.16. Let kg be a field of characteristic # 2, and let H, be the
Deligne-Mumford compactification of H, via stable curves, where g > 2 is even.
Then Inv® (H,) is trivial.

SKETCH OF PROOF. We have an injective morphism of H®(k)-modules:
Inv* (H,) < Inv®(H,)
where ﬁ; is the open substack of families of stable hyperelliptic curves such that
every geometric fibre is irreducible and has at most one singular point.
We want to prove that the right hand side is trivial.
For doing this, observe that we have an isomorphism:
Hy = [A(1,29 +2)\ Ay 54, U Z)/GLy]

where Aj 5. 5 is the usual subscheme parametrising forms with at least two double
roots, and Z is the subscheme parametrising forms with at least one triple point.
Both Z and Aj,,., have codimension > 1 in A(1,2g + 2), from which we
deduce:
Inv® (H,) ~ Ay, (A(1,2g + 2)) ~ H* (ko)

This concludes the proof. O

Let ﬁg be the compactification of H, by admissible covers. The Weierstrass
morphism can be extended to a morphism

ﬁ// : ﬁg — BSgg+2

Therefore, we have a commutative diagram

Inv®(Hy) — Inv® (H,)

al /

IIIV. (BSQQ+2)

We know from corollary 4.2.4 that W* is injective, hence so it is W,

QUESTION. Let g > 2 be an even number, and fix a base field kg of characteristic
# 2. Does the exceptional invariant ng4o of Hy defined in 4.2.13 extend to a

cohomological invariant of the compactified stack ’;qg ?

An answer to this question would allow us to describe Inv® (ﬁg)



Acknowledgements

Finally we reached what everyone knows to be the most read part of a thesis.

I would have liked to start by thanking my advisor, Angelo Vistoli, but I am
aware of how much he gets embarrassed by this sorts of things. Therefore, I will
keep myself from saying how much I have learned from him, how important his
support had been in these years, how generous he had been in terms of shared
knowledge and opportunities. For his comfort, I will not say anything of this sort,
even if I was asked by the Spanish inquisition.

I wish to thank Aise Johan de Jong for allowing me to spend two months at
Columbia University and for several useful conversations.

My thanks are also due to Enrico Arbarello, whose lectures introduced me to
algebraic geometry, and whose passion for geometry is still a source of inspiration.

I would have not discovered how interesting mathematics can be without the
efforts of several other teachers whom I have been lucky enough to meet along
the way: I cannot forget the reading suggestions of Valeria D’Adamo, the efforts
of Maurizio Castellan for educating me to formalize my thoughts in a clear way.
Some nice words from Domenico Fiorenza in 2011 also played an important role for
what had to come next.

I benefited from numerous mathematical discussions with many people. I wish
to thank Giulio, who rescued me from my deep ignorance of commutative algebra
during my first year as a graduate student, Samouil and Roberto. I also wish
to thank Michele and Guglielmo: their questions taught me more than they can
imagine.

This thesis would have not come to light without the presence and the sup-
port of many people who helped me to rest from the emotional rollercoaster that
sometimes the research activity can be.

Among those people, it is my pleasure to keep acknowledging my old roman
friends, with a particular mention for Riccardo and his Sunday phone calls, and
my former university fellows at La Sapienza. I am glad that, though we all live in
different places now, we keep sharing with each other our lives and our experiences.

Tough I arrived in Pisa without knowing anyone, I can now say that I have not
felt alone for a single day. For this I have to thank, among many others, Maria
Ilaria, Ilaria, Iuri, Arno, Benedetto, Francesco, Mario, Daniele, Nanni, Michele and
Antonio: Sanremo had never been so much fun.

My experience at Scuola Normale Superiore had been truly enjoyable: this had
been possible because of people like Edoardo, Giulio, Giorgio, Dayana, Roberto,
Giovanni, Mattia, Federico, Luigi, David, Elisabetta, Andrea, Francesco, Francesca,
Edoardo, Marco, Maria Teresa and Giancarlo, and many others more.

The very first steps of the computations contained in this thesis had been done
in Paris. For this, as well as for several other reasons which this margin is too
narrow to contain, a special acknowledgment is due to Rachele. Her presence gave
me the stability I needed when the payoff of my work was only frustration.

During my years in Pisa, I used to have a true home where to come back to
rest at the end of the day: by resting, I obviously mean cooking, singing, dancing,

75



76 ACKNOWLEDGEMENTS

playing, possibly all at the same time. For this, I thank Raffaele, Giovanni and
Giuliano.

The last chapter of this thesis had been written during a pleasant stay of
three months at MSRI in Berkeley. These months had been truly great thanks to
the combined efforts of Dario, Maggie, Autumn, Giovanni, Nicolo, Sarah, Marco,
Kenny, Sam, David, Gabriele, Roberto, Jacopo, Mauro and Diletta, whom you can
blame if you think that this acknowledgement section is too lengthy and sentimental.

Dear Elisabetta and Sandro, your importance for my whole existence is quite
unquestionable (even from a practical point of view) so I will not keep repeating
the obvious, but let me say, what an amazing adventure it had been so far, hadn’t
it? Hopefully, the best is yet to come.

Finally, this thesis is dedicated to my grandfather Quintilio, who passed away
few months after I moved to Pisa. Now you can join my grandmothers in the quite
exclusive club of people to whom I dedicated a questionable production of mine.



[AVO4]
[Art74]
[Cho56]
[DM69)]

[EF08)

[EF09]
[EGS]
[Fab90a]
[Fab90b)
[FV18]

[FV11]

[Ful98)

[GMS03]

[Gil84]

[Gro95a)

[Gro95b]

[Gui07]
[Har77]

[1za95]

[KL79]

[Kre99]

Bibliography

A. Arsie and A. Vistoli, Stacks of cyclic covers of projective spaces, Compos. Math. 140
(2004), no. 3.

Michael Artin, Versal deformations and algebraic stacks, Invent. Math. 27 (1974), 165—
189, DOI 10.1007/BF01390174. MR0399094

Wei-Liang Chow, On equivalence classes of cycles in an algebraic variety, Ann. of Math.
(2) 64 (1956), 450-479, DOI 10.2307/1969596. MR0082173

P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus,
Inst. Hautes Etudes Sci. Publ. Math. 36 (1969), 75-109. MR0262240

D. Edidin and D. Fulghesu, The integral Chow ring of the stack of at most 1-nodal ratio-
nal curves, Comm. Algebra 36 (2008), no. 2, 581-594, DOI 10.1080,/00927870701719045.
MR2388024

, The integral Chow ring of the stack of hyperelliptic curves of even genus, Math.
Res. Lett. 16 (2009), no. 1.

D. Edidin and W. Graham, Fquivariant intersection theory, Invent. Math. 131 (1998),
no. 3.

Carel Faber, Chow rings of moduli spaces of curves. I. The Chow ring of M3, Ann. of
Math. (2) 132 (1990), no. 2, 331-419, DOI 10.2307/1971525. MR1070600

, Chow rings of moduli spaces of curves. II. Some results on the Chow ring of
My, Ann. of Math. (2) 132 (1990), no. 3, 421-449, DOI 10.2307/1971526. MR1078265
D. Fulghesu and A. Vistoli, The Chow Ring of the Stack of Smooth Plane Cubics,
Michigan Math. J. 67 (2018), no. 1.

D. Fulghesu and F. Viviani, The Chow ring of the stack of cyclic covers of the pro-
jective line, Ann. Inst. Fourier (Grenoble) 61 (2011), no. 6, 2249-2275 (2012), DOI
10.5802/aif.2672 (English, with English and French summaries). MR2976310

William Fulton, Intersection theory, 2nd ed., Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math-
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics],
vol. 2, Springer-Verlag, Berlin, 1998.

S. Garibaldi, A. Merkurjev, and J.-P. Serre, Cohomological invariants in Galois coho-
mology, University Lecture Series, vol. 28, American Mathematical Society, Providence,
RI, 2003.

Henri Gillet, Intersection theory on algebraic stacks and Q-varieties, Proceedings of
the Luminy conference on algebraic K-theory (Luminy, 1983), 1984, pp. 193-240, DOI
10.1016,/0022-4049(84)90036-7. MR 772058

Alexander Grothendieck, Technique de descente et théorémes d’existence en géométrie
algébrique. 1. Généralités. Descente par morphismes fidélement plats, Séminaire Bour-
baki, Vol. 5, Soc. Math. France, Paris, 1995, pp. Exp. No. 190, 299-327 (French).
MR1603475

, Techniques de construction et théorémes d’existence en géométrie algébrique.
IV. Les schémas de Hilbert, Séminaire Bourbaki, Vol. 6, Soc. Math. France, Paris, 1995,
pp. Exp. No. 221, 249-276 (French). MR1611822

Pierre Guillot, Geometric methods for cohomological invariants, Doc. Math. 12 (2007).
Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977.
Graduate Texts in Mathematics, No. 52. MR0463157

Elham Izadi, The Chow ring of the moduli space of curves of genus 5, The moduli space
of curves (Texel Island, 1994), Progr. Math., vol. 129, Birkh&user Boston, Boston, MA,
1995, pp. 267-304, DOI 10.1007/978-1-4612-4264-2-10. MR1363060

Steven L. Kleiman and Knud Lgnsted, Basics on families of hyperelliptic curves, Com-
positio Math. 38 (1979), no. 1, 83-111. MR523266

Andrew Kresch, Cycle groups for Artin stacks, Invent. Math. 138 (1999), no. 3, 495-536,
DOI 10.1007/s002220050351. MR1719823

7



78

[Mum65]

[Mum83]

[PV15]
[Pir17]
[Pir18a]
[Pir18b]
[Ros96]
[Sta19)]
[Tot99]
[Vis89]
[Vis98]

[Wit37]

BIBLIOGRAPHY

David Mumford, Picard groups of moduli problems, Arithmetical Algebraic Geome-
try (Proc. Conf. Purdue Univ., 1963), Harper & Row, New York, 1965, pp. 33-81.
MRO0201443

, Towards an enumerative geometry of the moduli space of curves, Arithmetic
and geometry, Vol. II, Progr. Math., vol. 36, Birkhduser Boston, Boston, MA, 1983,
pp. 271-328. MR717614

N. Penev and R. Vakil, The Chow ring of the moduli space of curves of genus siz,
Algebr. Geom. 2 (2015), no. 1, 123-136, DOI 10.14231/AG-2015-006. MR3322200
Roberto Pirisi, Cohomological invariants of hyperelliptic curves of even genus, Algebr.
Geom. 4 (2017), no. 4.

, Cohomological invariants of algebraic stacks, Trans. Amer. Math. Soc. 370
(2018), no. 3.

, Cohomological invariants of genus three hyperelliptic curves, Doc. Math. 23
(2018), 969-996. MR3861039

Markus Rost, Chow groups with coefficients, Doc. Math. 1 (1996), no. 16.

Stacks project authors, The Stacks project, https://stacks.math.columbia.edu (2019).
Burt Totaro, The Chow ring of a classifying space, Algebraic K-theory (Seattle, WA,
1997), Proc. Sympos. Pure Math., vol. 67, Amer. Math. Soc., Providence, RI, 1999,
pp. 249-281, DOI 10.1090/pspum/067/1743244. MR1743244

Angelo Vistoli, Intersection theory on algebraic stacks and on their moduli spaces, In-
vent. Math. 97 (1989), no. 3, 613-670, DOI 10.1007/BF01388892. MR1005008

, The Chow ring of Ma. Appendiz to "Equivariant intersection theory", Invent.
Math. 131 (1998), no. 3.

Ernst Witt, Theorie der quadratischen Formen in beliebigen Kérpern, J. Reine Angew.
Math. 176 (1937) (German).




	Introduction
	Overview
	Motivations and discussion of the main results
	Methods
	Description of contents
	Assumptions and notation

	Chapter 1. Preliminary results
	1.1. Equivariant Chow groups
	1.2. Equivariant Chow groups with coefficients
	1.3. GL3-counterpart of PGL2-schemes

	Chapter 2. The Chow ring of the stack of hyperelliptic curves of odd genus
	2.1. A new presentation of Hg as a quotient stack
	2.2. Intersection theory of P(Vn)3
	2.3. The Chow ring of Hg: generators and first relations
	2.4. Other generators of im(i*)
	2.5. The Chow ring of Hg: end of the computation

	Chapter 3. Cohomological invariants of the stack of hyperelliptic curves of odd genus
	3.1. Cohomological invariants of Hg
	3.2. The geometry of the fundamental divisor
	3.3. Some equivariant intersection theory
	3.4. The key lemma

	Chapter 4. Cohomological invariants of the stack of hyperelliptic curves of even genus: multiplicative structure
	4.1. Cohomological invariants of étale algebras
	4.2. Multiplicative structure of Inv(Hg)

	Future directions
	Acknowledgements
	Bibliography

