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ABSTRACT

We investigate in detail solutions of supergravity that involve warped products of flat geometries
of the type Mpy1 x R x Tp_,_» depending on a single coordinate. In the absence of fluxes,
the solutions include flat space and Kasner—like vacua that break all supersymmetries. In the
presence of a symmetric flux, there are three families of solutions that are characterized by a
pair of boundaries and have a singularity at one of them, the origin. The first family comprises
supersymmetric vacua, which capture a universal limiting behavior at the origin. The first and
second families also contain non—supersymmetric solutions whose behavior at the other boundary,
which can lie at a finite or infinite distance, is captured by the no—flux solutions. The solutions
of the third family have a second boundary at a finite distance where they approach again the
supersymmetric backgrounds. These vacua exhibit a variety of interesting scenarios, which include
compactifications on finite intervals and p + 1-dimensional effective theories where the string
coupling has an upper bound. We also build corresponding cosmologies, and in some of them the

string coupling can be finite throughout the evolution.
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1 INTRODUCTION AND SUMMARY

Supersymmetry is a spacetime symmetry, whose breaking can be realized in manifold ways [I],
above and beyond the homogeneous setting at work for the gauge symmetries of the Standard
Model of Particle Physics. A number of scenarios where a partial breaking of supersymmetry is
induced by compactifications on suitable internal manifolds, where extended objects (p—branes
and orientifolds) are possibly present, have been widely explored in connection with String The-
ory [2]. Still, one can fairly state that our current understanding of String Theory is confined, to
a large extent, to vacua where some residual amount of supersymmetry is preserved. These cases
can be investigated by powerful tools, which rest on solving first—order Killing spinor equations

(for a review, see [3]).

In this paper we explore the option of breaking supersymmetry spontaneously and completely
via inhomogeneous vacuum solutions of the ten—dimensional supersymmetric strings. We rely on
the complete equations of Supergravity [4], prescribing some symmetry properties. In contrast
with the well-explored Scherk—Schwarz compactifications [5], which rest on modified boundary
conditions, here the bulk plays a central role. Drawing some motivation from branes, we consider
inhomogeneous geometries depending on a single spatial coordinate. The class of vacua that we
address is also relevant to eleven—dimensional supergravity [6], involves warped products of two

symmetric spaces, and is described by metric tensors of the form
ds? = ) (x)dat da” + 2BU ar? 4 200, (€) dem dg™ . (1.1)

Here 7, (z) and 7, (&) describe, in general, maximally symmetric spaces of dimensions p + 1
and D — p — 2, with curvatures k and k’, and the standard BPS branes in ten dimensions are
encompassed by eq. (LI with £ = 0 and k¥’ = 1, so that 7,,(z) is a Minkowski metric while
the &-coordinates describe a sphere. This motivated us to focus on vacua of this type with
k = K = 0, which can describe compactifications on products of intervals and internal tori
resulting in lower—dimensional Minkowski spaces. This type of setting is relatively simple, and
yet it suffices to provide different scenarios where supersymmetry breaking is induced in static
vacua, starting from supersymmetric strings, also in the presence of internal fluxes compatible
with the symmetries of eq. (ILT)). Backgrounds of this type can describe compactifications to flat
space where gravity and gauge interactions are effectively p+ 1-dimensional, as in [7]. In addition,

most of the static vacua that we shall construct have interesting cosmological counterparts, which



can be reached by analytic continuation.

The plan of this paper is as follows. In Section 2] we set up our notation, describe the relevant
portions of the string effective actions and their main features, together with the salient properties
of the class of metrics of interest. We also identify the symmetric field profiles that are allowed in
them. In Section [3] we build a reduced action principle, and we identify the convenient “harmonic
gauge”

B=@p+)A+ (D-p—2)C, (1.2)

which greatly simplifies the resulting equations. In Section dl we determine the supersymmetric
vacua of the form (1)), solving the corresponding Killing spinor equations. All these vacua,
aside from flat space, require the presence of symmetric fluxes. In Section [f] we determine the
simplest class of solutions of the form (II)) in the absence of internal fluxes. Aside from flat
space, they are Kasner—like backgrounds depending on two independent parameters spanning
an elliptical cylinder and break supersymmetry completely. We also consider the corresponding
cosmologies, which can be obtained by analytic continuations. In Section [6] we determine the
general backgrounds of the form (L)) in the presence of a symmetric internal form flux. There
are three families of solutions, which have a pair of singularities and are distinguished by the
energy of the Newtonian model reviewed in Appendix [Bl The zero—energy family includes the
supersymmetric solutions of Section Ml which capture the limiting behavior at the origin in all
cases. The remaining zero—energy solutions and the positive-energy ones approach at the other
boundary, which can lie at a finite or infinite distance, the zero—flux Kasner-like backgrounds.
Finally, the negative—energy family has a second boundary at a finite distance, where it approaches
again the supersymmetric behavior. Many new options emerge, including compactifications to
p + 1 dimensions where the string coupling is everywhere bounded. By an analytic continuation,
we also build corresponding cosmologies in Section [[l Our conclusions can be found in Section [8
Finally, in Appendix [A] we collect, for the reader’s convenience, some technical details that are

used extensively in the paper.



2 EFFECTIVE ACTION AND SYMMETRIC PROFILES

In this section we describe our basic setup and the notation that we shall use for the solutions of

interest. We use a “mostly—plus” signature, defining the Riemann curvature tensor via
[Var, ValVo = Rung” Ve, (2.1)

so that
RMNQP = 8NPPMQ — 8MFPNQ + FPNRPRMQ — FPMRPRNQ. (2.2)

We also define the Ricci tensor as

Ryg = RMNQN. (2.3)

In general, late capital Latin indices refer to the collection of curved labels (space-time or inter-
nal), and among these we distinguish space-time (small Greek) and internal (late Latin) curved
labels. Moreover, all our I'-matrices will be curved, while all our y—matrices will be flat, and we

reserve early Latin letters to flat labels.

2.1 EFFECTIVE ACTION AND EQUATIONS OF MOTION

In the string frame, the bosonic portions of the low—energy effective field theories that we shall

consider, here and in [9], include the following contributions:

1 D —2¢ 2 TD-1 é 1 —2 85 ¢ 142
- - _ 4 _ el o & s
S /)D;2 /d RV G{e [R + 4(09) ] € SICE] e Hpto

S N
=~ o~

e=2059 g1 (F,, }"“”)} . (2.4)

|

This prototype action thus involves, in general, three types of fields aside from gravity: the dilaton

¢, a gauge field A of field strength
F = dA — i A%, (2.5)

and a (p + 1)-form gauge potential By, of field strength H,;2 = dB,yi. The values of p
and of the two constants ag and Sg for supersymmetric strings are collected in Table Il Here
the “tadpole term” proportional to 7p_1 can describe a non—critical potential if v¢ = —2 and
D # 10, with 7p_1 ~ D — 10, an overall brane—orientifold tension if v¢ = —1 and D = 10, or a

contribution emerging from genus—one amplitudes if vg = 0 and D = 10. In this paper, our focus

!These conventions are as in [§].



Model D ag Bs
I1A 1,Vi(0,2,4,6,8) | — | 1, —1;(0,0,0,0,0)
IIB LVi(—1,1,3,57) | — |1, —1,(0,0,0,0,0)
SO(32) open (1,5) 3 (0,0)
SO(32), Eg x Eg heter. Lv 1 1, -1

Table 1: String—frame parameters for the supersymmetric ten—dimensional string models. Roman numer-
als refer to NS-NS branes, entries within parentheses refer to RR ones, and dashes signal couplings that

are not present in the low—energy effective theory.

will be on supersymmetric critical superstrings and on the eleven—dimensional supergravity, for
which 7p_1 = 0. In [9] we shall study the effects induced by tadpole potentials involving a single
exponential, which will depend on the choice of «. Here we shall set up the general formalism,
also for generic values of D, insofar as possible, before concentrating on the solutions for 7p_1 =0
in D =10, 11.
In the Einstein frame, with the corresponding metric g related to G according to
L

Gun = eP2 gyn , (2.6)

the action of eq. (2.4]) becomes

-2
s = ﬁ/d%ﬁ [R - g 00 - e 2e<pjp;>! pe2
_ O/%Mtr(}"MN}"MN)] : 2.7)
with
azas_%’ 577:55_%’ 7:75+D2—?2' (28)

The values of these quantities for the ten—dimensional superstrings are collected in Table 2] and

the corresponding field equations, here written for a generic potential V' (¢), read

1 4 e 2B 9 o e=209 P
Run — 5 gun R = 55— OudOn¢g + 1) (Hp+2) o + — (Fup Fn')
1 4(0¢)2 e %Bo o 7209 MN
. O (FunF v
29MN[D_2 +2(p+2)!%p+2+ 1 r (Fun )+ (@5)}7
8 Bye= 2B o/ (D —2)ae22? MN ,
—° gy = -2 _
D—2 ¢ (p+2)! p+2 16 tr (-7:MN]: )+V (9) ,
d(e—25p¢*ﬁp+2> = 0, D(e_2a¢*f) ~ 0. (2.9)
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Model P a By
1A LLV02468) | - |5 -5 (-2, -11373
118 LVALI35T) |~ | -5~ L-1.0.51)
SO(32) open (1,5) % (_ %7 %)
S0O(32), Eg x Eg heter. LV 1 %,-%

Table 2: Einstein—frame parameters for the supersymmetric ten—dimensional string models. Roman
numerals refer to NS-NS branes, entries within parentheses refer to RR ones, and dashes signal couplings

that are not present in the low—energy effective theory.

We shall often use the alternative form of the Einstein equations

4 1 ol e20¢
R = — 0 0 = o7 2Bp9 2 - tr(F F P
MN D=3 MOONG + S (Hps2) yyn + 5 r (FupFn")
(p+1)e 2P, a2 MN V()
— - —t — 2.1
TN | “op e e T ap g PN FT) g o (210)
and when taking into account the tadpole potential in [9], we shall refer to

V(ig) = 27L evo 2.11
= ¢ (2.11)

Note also that in the type IIB string there is a five—form field strength, which satisfies the first—
order self-duality equation

Hs = "Hs, (2.12)

and taking it into account will require some slight amendments of the formalism that we shall

return to in due time.

We can now set up our systematic search for symmetric profiles within the class of effective
Lagrangians in eq. (2.7). We begin with a detailed discussion of their features for the various

types of fields.

2.2 ISOMETRY GROUPS AND METRIC PROFILES

The familiar supersymmetric p—branes live in asymptotically flat D—dimensional spacetimes,
and are special solutions of the low—energy Supergravity with isometry groups I.SO(1,p) x
SO(D —p—1). These are special cases of more general D—dimensional manifolds, with isom-

etry groups Gi(p+ 1) x Hyp (D — p — 2). Here Gi(p + 1) and Hy/ (D — p — 2) denote the isometry



groups of the maximally symmetric Lorentzian or Euclidean manifolds with dimensions equal
top+1and D —p—2, and k and ¥/, equal to &1 or 0, determine the corresponding constant
curvatures. As is well known, the space-time isometry groups Gy, for the three cases £ = 1,0, —1
are SO(1,p+ 1), ISO(1,p) and SO(2,p). In a similar fashion, the internal isometry groups Hy
for ¥ =1,0,—1 are SO(D —p—1), ISO(D —p—2) and SO(1,D —p —2). In some special cases,
as in [I0], the radial coordinate combines with one set or the other, the corresponding symmetry
enhances, and different values of k or k' merely reflect different choices of coordinate sets. The

ordinary supersymmetric branes have k = 0 and k' = 1.

All the preceding options are available insofar as p < D — 3, and lead one to distinguish p + 1
space—time coordinates z#, (u =0, ...,p), D—p—2 internal coordinates {™, (m = 1,..., D—p—2),
and a radial coordinate r, invariant under the isometry groups, on which the profiles we are after
will depend. If p = D — 3 there is a single {é—coordinate and only the choice k' = 0 is possible,
while if p = D — 2 there are no {—coordinates altogether. We shall work at times with general
values of D but, as we have stated, we have in mind primarily critical superstrings, for which
D = 10. The three choices kK = £1,0 select de Sitter, anti de Sitter and Minkowski space—time
manifolds, while &’ = 0 selects a Euclidean internal space (or, more generally, a product of tori,
where only continuous internal translations are left), k¥’ = 1 selects a sphere, while k¥’ = —1 selects

a hyperbolic space.

The class of D—dimensional metrics compatible with the above symmetries takes the form
ds? = Ay, (x)dat da” + 2P0 ar? 200y, (6) dem den (2.13)

where 7, is a (p + 1)-dimensional metric of constant curvature k and ¥y, () is a (D —p — 2)—-
dimensional metric of constant curvature &’. The complete metric thus involves three dynamical
functions of a single variable r. The preceding discussion motivates our choice, which was antic-

ipated in eq. (ILI)) of the Introduction.

In this paper we shall begin with the general setup for the field equations to then concentrate
on solutions with k = k' = 0. This choice describes vacua, rather than branes, which include com-
pactifications on internal tori. The redundancy resulting from the introduction of an independent

function B(r) has the virtue, as in [II], of allowing a wider class of exact solutions.

Here we shall find it convenient to work in the “harmonic gauge”, whereby

B =(p+1)A + (D—p—2)C, (2.14)



which will simplify the resulting equations. Moreover, we shall also explore counterparts of these
solutions that are obtained via an analytic continuation of r and z° to ima@inary values. These

build anisotropic cosmologies and generalize previous results [11] 12, [13] We shall address

elsewhere [9] the effects of the tadpole potential (ZI1]) on vacuum profiles.

2.3 SYMMETRIC TENSOR PROFILES

In this section we characterize the symmetric tensor profiles of interest, largely with reference
to the case k = k' = 0, although most expressions have a more general applicability. Here we
are interested in field configurations compatible with the isometries of the class of metrics in

eq. (ZI3]). Therefore, we can begin by considering the closed and invariant volume forms

€pr) = V(@) d® Anda Ep_pgy = V/(E) dEP AL ADEPTPT (2.15)

since combining them with dr one can the build profiles of closed r—dependent form fields

b;_,_l(T) 6(p+1) dr s NlD—p—2(T) g(D—p—2) dr 5 (2.16)

where b and b are functions of r and also the closed r-independent forms

hp+1 €(p+1) » }NLD—P—2 EJ(D—p—2) ) (217)

where hy,1 and hp_,_o are two constants. In components

Hp+2, pyopppirr = —(z) €pr.. pip1 b/p-i-l(r) )

HD—p—l, i1...iD,p,27‘ = 7(5) Eil...iD,p,Q b,D_p_Q(r) ’ (218)
and
Hpt1, proppr =V —y(z) €pt . pipr1 hp+1
,HD—p—l i1.ip_p_2 ’Y(g) €i1..ip_p_2 }NLD—p—Q : (2’19)

We can now concentrate on the first member of each of the preceding couples, since the others

are related to them by dualities.

The forms in eqgs. (ZI6) and (2I7) have degrees p+2, D —p—1,p+1and D —p — 2, and
correspond to field strengths of forms of degrees p+ 1, D —p —2, p and D — p — 3. The two

2In this case the internal symmetry groups remain as above, while Gy (p + 1) become Hy(p + 1), the isometry

groups of the spatial slices of these cosmologies.
31n our conventions €o1... = +1 and Ol = 1.
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cases in eqgs. (2I7)) are special, in that they are r—independent, and moreover the corresponding
gauge fields are invariant under the isometry groups only up to gauge transformations. Therefore,
they have to be treated with care, and we shall return to this issue in the following section, after
eq. [B3). Since all these forms are closed, the Bianchi identities are satisfied by the tensor profiles
in egs. (Z.I6]) and (2I7)). Moreover, taking into account that

* _  B-(+D)A+H(D—p-2)

(1) Cdr NEpp-2)

D) = (—1)P+2(D-p=2) eB+(p+1)A—(D—p—2)Ce(p+1) Adr . (2.20)

one can see that the dynamical equations (2.9]) are identically satisfied by the r—independent
forms in eq. (ZI7), for arbitrary r—dependent scalar profiles ¢(r) and metric profiles in eq. ([213]).

On the other hand, the two profiles in eq. (2.16]) satisfy eqs. (29]) if
;»+1(7") = Hpio ¢ 2Pp¢+BH(p+DA—(D—p-2)C

,D—p—2(r) _ f_jD_p_le2BD7p73¢+B—(p+l)A+(D—p—2)C7 (2.21)

where the factors are a pair of constants.

Summarizing, in form language the four symmetric tensor profiles are described by

Hpro = Hpio e 2ot BHp+A=(D=p=2)C —y(z) dz® A .. A dxP Adr

Hpr1 = hpoi v/ —y(x) de® AL AdaP . (2.22)
and by
Hp_p1 = ﬁD_p_l ¢ 2BD—p-30+B—(p+1)A+(D—p-2)C dyl AN dyD—p—2 Adr .

Hp_p—2 = }N‘LD_p_g VAE) dyt AN dyP P2 (2.23)

For brane profiles & would be equal to one, r would be a radial coordinate and the internal
space would be a sphere. The total “electric” charge of the first profile in eq. ([2:22]) would be
finite and given by

Ge = Hpi2Qp_p2, (2.24)
with p_,_o the volume of a unit internal sphere. The first profile would then be the configuration
sourced by an electric p-brane, whose counterpart in Maxwell’s theory is the Coulomb field of a

point charge. On the other hand, with a sphere as internal space, the second profile in eq. (2.:22]),

which also respects the symmetry of the background, would be a uniform field in spacetime, which

11



would result from uncharged open p-branes carrying, on their boundaries, opposite charges of one
lower dimension, associated to (p — 1)-(anti)branes. Its counterpart in the standard Maxwell’s
theory would be a uniform “electric” field resulting from a pair of opposite charges ¢ and —q

moved, in opposite directions, to a very large mutual distance rg, in such a way the ratio T%

0
remains finite. The second profile in eq. (Z.23]) would be the configuration sourced by a magnetic

p-brane, with magnetic charge

qm = hp—p-2Qp_p-2, (2.25)

whose counterpart in the standard Maxwell theory would be the field of a magnetic monopole,

while the first profile in eq. (223]) is the dual of the second profile in eq. ([2:22)).

There are also some special tensor profiles that are relevant for type-IIB supergravity in ten
dimensions. They lead to an interesting class of vacua, which will be dealt with at length in [14].
A proper account of the contribution of these profiles requires a few additional comments, since
the corresponding field strength is self-dual. To begin with, one can start from the solution of

the self-duality condition, which reads

Hs
2v/2

since 8 = 0 in this case. For &’ = 1 this type of profile would be associated to a dyon. In a similar

Hs = (eBHAT ey Ndr + €5)) (2.26)

fashion, a second type of profile,
Hs = —= (6(5) 4 e PATBHC gy /\E(4)) , (2.27)

is the counterpart of eq. (2.20)) for the h field strengths discussed above.

3 DYNAMICAL ACTION PRINCIPLE AND EQUATIONS OF MOTION

In this section we derive a dynamical action principle inserting in eq. (Z7]) the symmetric profiles
that we have described. To begin with, up to an overall factor that we shall leave out consistently,

the metric of eq. (Z13) and a symmetric scalar profile lead to the reduced action principle

S= % /dr { P+ A=B+(D—p-2)C [p(p +1) (A’)2 + (D—-p—2)(D—p-3) (C”)2

4(¢') v k (p—1) A+ B+(D—p—2)C
- m +2(p+1)(D—p—2)AC] +ap(p+1)ep p
/

— Tp_1 e(p+1)A+B+(D—p—2)C+’y¢> + k_/ (D —p— 2)(D —p— 3) e(P+1)A+B+(D—p—4)C} 7 (3'1)
[0

12



where

(3.2)

and k and k', as we have already stated, are the curvatures of the (p + 1)-dimensional metric
Y () and of the (D — p — 2)-dimensional metric ¥y,,(§). From now on, for brevity, Tp_; will

be concisely denoted by T

As we have seen, there are two independent options for the inclusion of symmetric tensor fluxes
in the class of metric of eq. (ZI3]). The first one corresponds to the first profile in eq. ([2.I6) for
a (p+ 1)—form gauge field, with &',41(r) given in eq. (22I), and contributes to the dynamical

action principle the term
ASS) _ % /dr e~ 26p¢— (p+1)A— B+ (D-p-2)C (b;,+1)2 ) (3.3)

The second independent option corresponds to the first profile in eq. (ZI7) for a p—form gauge
field, but is not described in these simple symmetrical terms, as we have stressed. Therefore we
shall only include its contribution to the equations of motions, deducing it from eqs. (2:9]) and
(2I0), while also making use of eq. (AI0Q). With this proviso, and with different choices of p
and f3,, one can describe in this fashion, as we have anticipated, all symmetric “electric” and

“magnetic” fluxes of interest.

One can now combine the different contributions described in Section [, aside from the one

related to h,41, and the end result reads

S — % /dr { e(p+1)A—B+(D—p—2)C |:p(p + 1) (A/)2 + (D o p o 2)(D o p . 3) (Cl)2
/\2
- gg + 2(p+1)(D —p—2)4 c’} + gp (p+ 1) elP~DA+BHD=p=2)C

pe K pe
— T P+DA+B+H(D—p=2)C+7$ g (D —p—2)(D —p — 3) Pt DA+BHD—p=4)C

e~ 2Bpd— (p+1)A— B+ (D-p-2)C (b;,+1)2} . (3.4)

DO | =

+

In the resulting equations of motion, we shall also include shortly the contribution related to
hpt1, starting from eqs. ([2Z9) and (ZI0). To begin with, the first tensor profile of Section

satisfies the simple equation

/
<e_2ﬁp¢—(p+1)A—B+(D—p—2)c ;:+1) — 0. (3.5)
which is solved by
;7+1(7”) = Hpt2 e 2Ppo Bt )A-(D-p=2C (3.6)

13



as we had seen more generally in eq. (Z.22]). It is now convenient to work in the “harmonic” gauge
(p+1)A — B +(D—-p—-2)C =0, (3.7)

which reduces the equations of motion for A, C and ¢ to

T kp _
M= g (58)
(D—p-—3) 2B+28p¢—2(D—p—2)C 172 (D-p—2) 2B—-2Pp-1¢9—2(p+1)A
A .4 H A s p—1 p+1)Ap2
2(D—2) ° 2t Ty pogy € Pl
T K'(D—p-—3)
/A 2B+ 2(B-C
(P+1)  2B128,6—2D-p-2)C 12 p 2B 28,_16—2(p+1)A
M H N p—1 p+) h2
2(D—2)e p+2 2(D_2)e p4+1
o = T’7(§_2) 2B+7é (3.10)
8, (D —2) 2D Bp-1(D—2) 5p_ -
L P g 2B+28,6-2D-p 2)CH§+2 L Pp - (2B=2Bp-10 2(p+1)Ah12)+1'

Here we have included the contributions related to h,y1, and moreover the equation for B, which

is usually called “Hamiltonian constraint”, reads

P+ DA A + (D-p—2)C"] + (D—p—2)C"[(D—p—3)C" + (p+1)A]
4(¢/)? L Te2BHY6 _ kp(p+1) Q2B-A) _ K'(D—p-3)(D—-p-2) 2(B=0)

D -2 o o
1 1
I §e2ﬁp¢+2B—2(D—p—2)C H,, - 56—25,,,1<;s—2(p+1)A+2B h2, =0. (3.11)

Notice that this system has an interesting discrete symmetry: its equations are left invariant

by the redefinitions
[A, C, p, k‘,k"] — [C’,A, D —p-—3, k:/,k‘] )
[HI%-FQ? Bp? h12)+17 /Bp—l] — [_h]%—',-la _Bp—l; _H5+27 _/Bp] 5 (312)

which can be regarded as implementing an “electric-magnetic” duality. The simultaneous presence
of Hp o and hy; profiles is only relevant in one special case, for type IIA, with one of them
of NS-NS type and the other of RR type. In the following, we shall focus on solutions with
k = k' =0, leaving the study of the other types of configurations to [I5].

As we have anticipated, two special cases, related to the type-IIB string, must be treated
separately, since they involve fluxes of the self-dual five-form field strength, for which we refer
the reader to egs. (226]) and ([2.27)). The complete equations of motion for the first case are

1

RMN:ﬂ

(HE)MN + %aM ¢8N¢ ) (313)
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and their reduced form for the class of metrics of interest in the “harmonic” gauge B = 4A + 5C

and for the symmetric Hj profile of eq. ([2:26]) reads

y — £5268A,
8
H2
o —?568‘4,
" = 0. (3.14)

The corresponding Hamiltonian constraint is

2
B(A) +104C 4+ 5(C) = L () - e e (3.15)

The counterpart of these results for the h,;—fluxes corresponds to p = 4, and in this case

2
Al — %680,
h2
o’ = _§5€807
" = 0. (3.16)

while the Hamiltonian constraint becomes

5(A)2 4+ 104°C + 3(C)° = L () + e (3.17)

1
8
4 SUPERSYMMETRIC VACUA WITH FLUXES

In this section we determine which backgrounds of the general form of eq. (2I3]) with k = k¥’ = 0,
with corresponding symmetric profiles as in eq. ([2.22)), are supersymmetric. These are special
solutions of eqs. (B8))—([B11]), and in a particular case of eqs. (8.14]) and (BI5]), which maintain part
of the original ten—dimensional supersymmetry, and we shall obtain them solving the first—order
Killing equations. The corresponding solutions for k' = 1 are the well-known BPS brane profiles
(for a review, see [16] or Polchinski’s book in [2]). We begin from the case of eleven—dimensional

supergravity [6], which is simpler since it does not contain a dilaton field.

4.1 SUPERSYMMETRIC VACUA OF ELEVEN-DIMENSIONAL SUPERGRAVITY

In this case the starting point is provided by the supersymmetry transformations of eleven—

dimensional gravitino [0],

1
0¢m = Dye + o2 (T NN NsNs g5 N pN2NsNay gy v N € (4.1)
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where

1
Dye = 0Oye + §A/€A_B’7u’}/¢€,
D.e = O0re,
1
D,,e = 0Opne + 50/60_3%1%6. (4.2)

Following the discussion in Section [2.3] one can see that there are two H-type field strengths of

interest, with p = 2,5, and correspondingly two possible cases.

e For p = 2 there is an internal 77, and the H-form in the first of eqs. (Z22]), in the harmonic

gauge and with no dilaton, reads
Hy = Hy €6A ez A dr . (4.3)

Moreover, in this symmetric profile the three groups of supersymmetry transformations

become

1 H.
vy = Oue + =Y [A’eA_B + —4€4A_ny]e,

2 3
H
0, = 6T6+?4€3A’76, (4.4)
1 H
Sm = Ome+ 3 Ym [C’/ec_B - ?463A+C_B’7:| €,
where the matrix ~, defined by
1
Y= ée/wp ’ijp > (45)
satisfies
1
72 = 17 fYM’Y = _’Y’Y;,L - §€uypfyl/p~ (46)
One can now solve the conditions
Sy = 0 (4.7)

making use of their explicit form in eqs. (&4, which leads to

A (4.8)

Notice that, if Hy = 0, flat space is the only solution. Similar considerations apply to all

the following cases.
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Up to a translation of r and a rescaling of the y coordinates, the metric reads
ds® = (|Hy|r)~5 da® + ([Har)5 (dr? + dy?) . (4.9)
Finally, the condition ¢ ¢, = 0 gives the differential equation

1
Oy —e =0, 4.10
e + e € (4.10)

which determines the r—dependent spinor profile and is solved by

= 760 .
O et .

with €y a constant spinor subject to the condition

Y€ = — € - (4.12)

The preceding results also determine the tensor profile

€3 A dr
Hy = H —— (4.13)
(|Hy| r)?
whose dual is
*H4 = H4 €7 . (4.14)

e In the p = 5 case there is an internal 7%, and the dual of the seven—form H-field strength is
Hy = Hrey . (4.15)
The three groups of supersymmetry transformations read

1 H
Sty = Gue + 5w [A’eA‘B + %e"“w%v}e,

2
H

6, = are+éeB_4cvrye, (4.16)
1 _ H; _

Othm = ame'i‘a’}/m’}’r |:C/ec B ?76 3C’YT’Y:|6'

Now, defining v as
v =7, (4.17)
the Killing spinor equations require that € be an eigenvector of v ~,, and one can make the

choice

YYE = €. (4.18)
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This is possible since
(r 7)2 =1, (4.19)

and then

ds®> = (\Hﬂr)_% dz? + (\Hﬂr)% (dr2 + dyz) ,

e(r) = %eo, (4.20)
(IHz7| 7)1

with €y a constant spinor subject to the projection (£IS]).

Summarizing, we have seen that eleven—dimensional supergravity admits, in addition to flat
space, which preserves 32 supersymmetries, other backgrounds with H-fluxes that preserve 16
supersymmetries. They are in one-to-one correspondence with BPS brane solutions, and the
difference is that spheres in the transverse space are replaced by flat space or tori. In the latter
case they describe compactifications to three or six dimensions. Following similar steps, one can

see that there are no corresponding solutions with A-fluxes.

We can now turn to discuss ten—dimensional supersymmetric strings, referring explicitly to
type IIA and IIB models, although part of the latter options clearly apply to type I. One must
distinguish further two cases, according to whether H, 2 is an RR or NS-NS form, and the

self-dual five-form field strength of type IIB will be treated separately.

4.2 RR H-ForwMS IN TEN DIMENSIONS

Let us begin our discussion from the case of RR forms. We can now let D = 10, while also
recalling that p is even for type IIA and odd for type IIB. We work in the string frame, in order
to rely directly on the setup of [I7], while also leaving aside momentarily the p = 3 case, so that

the metric has the form of eq. (LI]) with A, B and C replaced by

_ ¢ _ ¢ _ ¢
AS_A+4, BS_B+4, CS_C+4, (4.21)
and consequently the harmonic gauge condition ([B.7]) becomes
By = (p+1)As + 8-p)Cs — 2¢. (4.22)

In the string frame, as we stressed in Section 23] Sg = 0, and taking into account the gauge

condition, one can translate the first of eqs. (Z22]), into
Hptr2) = Hpiz Bt P DA=(B=P)Cs g0 A A da? Adr (4.23)
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Here all v matrices are flat, so that taking into account the pairs of “dual” contributions and

using ”
+2 (38—
(p(i2))' = Hpp ™ BP0 900y, (4.24)
the supersymmetry transformations of the Fermi fields taken from [I7] finally read
- - : 3—p
A = e P <% ¢ + Hyppe OF0HDA (q)p % fyo---’)vmgﬂe) :
Hp+2 — ¢+ (p+1)As ~0..p
0, = Ope+ —g € 7P Prgae, (4.25)
1 A (8 H (3~
0Py = Oue+ 5 Yur € Pl pﬂk+ﬂ¢l4;6_+__§;2 ef A= 70mp7r7u7jg+1€,

2¢—(p+1)As—(7—p)Cs C’; € + Hpi2 e®—(T=p)Cs 70...:0% Ym Pr 1€
2

1
Oy = ame—l—ivm%e 3

after making use of the gauge condition ([£22]). Here Py [17] has the following form:

)§+1

1. for type ITA P%H = (711 , with p even;

2. for type IIB Pgﬂ =01 ifp=1,5, and P§+1 = i09 in the remaining cases.

For p # 3, one can conveniently start from the first of eqs. ([£.20]), demanding that

H _
oX = e By ¢ <e - % e+ (PHDAs (347]9) ’70"'p73g+16> =0. (4.26)

This equation involves a projection on e provided

¢ = + (3;]9) Hyyg ePt)As=0 (4.27)

since then it reduces to

(1 + 70~--PP§+1>6 ~ 0, (4.28)

which halves the number of supersymmetries with respect to those present in the ten—dimensional

Minkowski vacuum. One can see that in all cases, for both ITA and IIB,

(70...;,73%“)2 _ 1, (4.29)

and therefore the preceding condition is indeed a consistent projection. For p # 3 the condition

01, = 0 can be turned into
1

<ar + 3G ¢’>e =0, (4.30)

whose solution is

__®
e = e T eoa,y) (4.31)
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while the condition 6 v, = 0 reads

1 —pA—(8—p)Cs+2 ¢/
oue + 57“%6;) (B=p)Cst2¢ (g1 4 57 e = 0. (4.32)
Since the projection anticommutes with 7, ., one thus gets the two conditions
¢
AL+ = 0,
° 0 B-p)
Ope = 0. (4.33)
In a similar fashion, from 6 1, = 0 one can deduce that
O € + 1 AV Yy €26 PHDA=(T=p)Cs (o _ 7(25/ e = 0 (4.34)
ety SRNCE | |

Making use of eq. (£31]), one can now replace € with €y, and then all residual r—dependence must

disappear, so that

(26— (p+1) Ac—(T-p)Cs (O; ¢ ) _ 90 (4.35)
with o a constant. Eq. ([£34]) thus reduces to
Om€ = 0 YmYr€, (4.36)

which implies

O Ope = — o2 Y Yn € - (4.37)

Since the partial derivatives commute, the only possible choice is ¢ = 0, so that finally

Cch — =0. (4.38)

Consequently, €g is also independent of the internal coordinates.

Summarizing, we have found that
__¢
e = e 2677 ¢, (4.39)

where ¢ is a constant spinor subject to the projection ([L28), and integrating eqgs. ([@33]) and

E33)
¢

Ay, = — + ag , Cs = + ¢, 4.40
T Eaat “TEa e o

with as; and ¢s two additive constants, so that
(245 _ o aep T 2as 7 o20s — paspt2es 7 02Bs _ oy t2Aptast2(8=pes (4.41)
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Now eq. ([E27) becomes

3— _ A \
¢ =+ Tp Hpis e @-p T(PHDas , (4.42)

so that for p # 3 the string—frame solution reads

3—p
1

e = % [|Hypol 1] T (4.43)

in the region r > 0, where

(p+1L(37p) as

e = e (4.44)

Consequently, after rescaling the y coordinates, for p # 3 the string—frame metric and the form

profile read

ds? = ¢ 3% [|Hppo|r] " 2da® + [|Hpso|r]? (e%s dr? + 29 dy2) :
H M dz® A .. A daP A dr (4.45)
(v+2) FANE : .
’ p+2T’

taking also eq. ([{.23)) into account, where

5
2bs = §(p+1)a5+2(8—p)cs,

1
2d, = L ;T as + 2 . (4.46)

More conveniently, one can rescale the x, y and r coordinates, in such a way that the three

vacuum profiles become

1 1
ds? = [\Hp+2]7‘]_5dx2 + [[Hpt2|7] 2 (dr2 + dy2) ,
(3-p)(8—p) H
Hipr2)y = e e p7+22dx0/\.../\dxp/\dr ,
|Hp+2 il
(3—p)(8—p) 3—p
e = e % o [Hypalr] T (4.47)
while the Killing spinor becomes
_ ¢
€ = e 207 ¢, <1 T 70~--PP§+1> 0 =0, (4.48)
with €p a constant spinor. Notice also that
(3—p)(8—p)
*Hpo) = € By cs pro dyt AL AdYETP (4.49)

The corresponding form of the metric in the Einstein frame is determined by eqs. ([@45]) or ([£4T),
using eq. (@2I)), and reads

G-pE-p)

-7
ds® = e [ Hppo| 7] 5 da? + [[Hpypo|r] s (dr® + dy2)} . (4.50)
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The special case p = 3 is discussed at length in [I4], and here we can just summarize the

results,
va ]? :
2 Hs|r|2
ds®> = []H5\7’] de? + [’\/5%] (dr2+dy2) ;
2
H 2
Hs ﬁi [‘}\IF‘T] dz® A .. AdZP Adr + dyt AL NdyR |
5
¢ = const . (4.51)

This background is compatible with the existence of the Killing spinor

€ = [H}/j?“] € , (4.52)

where ¢ is a constant spinor subject to the condition
3096y = sign (Hs) €0 (4.53)

The reader should note the self-dual nature of the form and the absence of an overall constant.

4.3 NSNS H-ForMS IN TEN DIMENSIONS

In this case the values of the constant 8 of Section [2] are different, and lead to a different set of
supersymmetry transformations. Here we shall elaborate separately on the two cases of interest,

p=1and p=0>.

4.3.1 THE p=1 CASE

Let us begin by considering the NS-NS three—form, for which the supersymmetry transformations

become
SN = e Boq, <¢/—|— %ng2¢+35_70570173>6 =0,
0, = <8r + i Hye2¢+Bs—7Cs 70177> e = 0,
v, = <8M + % YuYr es—Bs AL+ i H;y eu,,e2¢+As_7CS ’y"’yrp> e =0,
S = <8m + % Yy €8s C’g) e =0, (4.54)
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taking into account that for the NS two-form 3, = 1 in the string frame, and making use of

eq. ([222). Here P [I7] has the following form:

1. For type ITA: P = yi1;

2. For type IIB: P = —os.

To begin with, let us note that, in all cases,

(' P)? =1, (4.55)

so that the variation of A tells us that
WPe = oe, (4.56)

with ¢ = £1, and then

o = — _"f?’ e2®+Bs—7Cs (4.57)

The second equation is thus solved by

o

e = e2¢elz,y), (4.58)

and then, as in previous cases, the last equation implies that

C. =0, dieg = 0. (4.59)
Now the third equation reduces to
1 _
<8M + 5 W et B (Al — qﬁ’)) e =0, (4.60)
using €, 7" = Y ~%1. and the integrability of these conditions translates, as in previous cases,
into
Oueo = 0, AL =¢, (4.61)

so that As = ¢ + a5, where ag is a constant. The resulting equation for ¢ is

¢ = — —Uf?’ e2@+tas) (4.62)
which is solved by
—2as
2¢ _ € 4
e oI (4.63)
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up to a translation of . The gauge condition ([£22]) determines now
By = 2ay + 7Cy

and one is thus finally led to the string—frame results

da?
ds* = — + dr* + dy*,
T
®o
e
e® = —
r2
1
€ = —160,
ra
dxO A dzt A dr
Hy = 60 —m——— .

r2

(4.64)

(4.65)

Here o is a sign, and this simple result is reached after rescaling the x and y coordinates and e,

which is a constant spinor subject to the projection (4.50), and after some redefinitions of the

constants. In the Einstein frame, the metric becomes

d2
ds® = i?, + i (dr? + dy?) .

ri
4.3.2 THE p =15 CASE

Recasting now the seven—form field strength in terms of a dual three-form, as
Hs = Hydy' Ady® A dy®

the relevant portions of the supersymmetry transformations of eqs. (£25]) become

SN = e By, <<;5' + %H7€BS_3CS %«712373> e =0,
0, = 0Ore = 0,
S, = <8“ + % YuYr eAs—Bs A;) e =0,
Oty = <8m + % Ym Y €957 B O+ éH7emnp7”pe_2CS P> e =0,

and imply that now € is a constant spinor, say ¢, with

123
Yy P Pey = o€,

A, =0,
c = ¢,
& = — H7o ¢64s =20

2
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(4.67)
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where ¢ = +1. Consequently, working in the region r > 0, one can choose
e’ = (|He r)7 (4.70)
while the string—frame metric is
ds* = da® + |Hq| r(dr® + dy?) , (4.71)

up to rescalings of the x and y coordinates. With some redefinitions as above, these results can

also be presented in the form

ds* = da® + |r|(dr® + dy?) ,
e = \7‘]% e®o |

Hy = dy' Ady® Ady® . (4.72)

In the Einstein frame, the metric becomes
da?

1
ri

ds* = + i (dr2 + dyz) . (4.73)

4.4 h-FORMS

Let us begin from RR forms, where our starting point is

7/{'( +1) —(p+1)As 0
ﬁ = hppy e” WEDA A0 (4.74)
where the form profile was given in eq. (2.22]), and the supersymmetry transformations include
4 —
SN = e Bory, ((b' + hpy1 e®+Bs = (pHDAs % AP A, Pp_+1> €. (4.75)
2

However, in contrast with the preceding cases, now
0 2
(0P ) = -1, (4.76)
and consequently the spinor would have to satisfy
APy Poi e = tie, (4.77)
2

so that there are no solutions of these Killing spinor equations with a due real profile for ¢.

Similar considerations hold for the NS-NS h—cases.

The solutions that we have displayed are supported by an internal flux. They will play a role
in the non—supersymmetric backgrounds that we shall explore in Section [6] where they capture

limiting behaviors close to a singularity.
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5 VACUUM SOLUTIONS AND COSMOLOGIES WITHOUT FORM FLUXES

In this section we construct all the exact vacuum solutions within the class of metrics (1) with
k = k' = 0, an r-dependent dilaton profile and no form fluxes. As we just saw, the non-trivial
solutions within this class will necessarily break supersymmetry. Then, via suitable analytic

continuations, we derive from them corresponding classes of cosmological solutions.

5.1 STATIC BACKGROUNDS

In this case egs. (3.8)), (8:9) and BI0) reduce to
A" =0, " =0, ¢ =0, (5.1)
and therefore the general solution in the harmonic gauge takes the form

A = Air+ Ay, B = (p+1)A+(D-p-2)C,
¢

= Cir+ Gy, = ¢gr + 92, (5.2)

where the A;, C;, ¢; are arbitrary constants. The constants As and Cy can be removed by

rescaling all coordinates, thus bringing the solution to the form

ds* = M dx? + 2T dr? 4+ 2T dy?

e? — ehirtd2 7 (5.3)
where for simplicity we retain the same symbols, and where

p= (p+1)A+(D-p-2)C . (5.4)

The Hamiltonian constraint (3.11]) reduces in this case to the homogeneous quadratic form

4¢?

55 = P+ DA} +2(p+1)(D—p—2)AC1 + (D —p—2)(D—p—3)C} . (5.5)

and the special choice A1 = C7 = ¢1 = 0 corresponds to the supersymmetric flat—space vacuum.

Let us also record two useful alternative presentations of this constraint,

4¢3

55+ @+ DAL + (D-p=2)CF = [P+ DA + D-p-2C  (56)
and , )
—(p;g’(‘j’jl_% — |pa +(D-p-201| - (D_Z)ﬁl‘p”) cr. o (57)
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Eq. (5.0) shows that, away from the flat—space solution, the values of A; and C; are subject
to the condition that p # 0. Therefore, letting

A
ay = = Oéczﬁ, %:ﬂy (5.8)
7 7 7

the a; are determined by the original Hamiltonian constraint (5.6) divided by 12,

2 2 daf
which defines an ellipsoid, while the definition of p turns into
p+1l)aa + (D—p—2)ac = 1, (5.10)

which describes a plane. The independent geometries in this class are thus determined by their
intersections, which are the points of the ellipse

(p+1)(D — 1) 1\ 4D-1)
(D—Q)(D—p—2)< > + s % = 1 (5.11)

We have thus obtained a family of solutions

d82 _ e2o¢A/M“dx2 + e2urdr2 + e2()¢¢~/ﬂ“d?j27

e? = eWHT 2 (5.12)

where p is an arbitrary nonzero constant and

aq = L[1 + \/(D—2)(D—p—2) cos@] ,

D-1 (p+1)
1 (D-2)(p+1)
S | T S A Y i )
agc D—l[ \/ D—p—2) cosf| ,
ay = b=z sinf = 2 sinf , (5.13)

2vD —1 Ye

which are thus parametrized by an angle 6, by the constant ¢o that enters the dilaton profile and
by the scale p, and where
4v/D —1

= — 5.14
Ve D—92 ( )

equals % in ten dimensions. For any given choice of gy and «¢, there are pairs of solutions
that are mapped into one another by ¢ — —0, which turns oy to —ay. This is the S-duality
transformation gs — é, which links the type-I and SO(32) heterotic strings and maps the type-

IIB string into itself. Particular cases are the two isotropic nine—dimensional solutions, with
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a = ag, which are obtained for § = +7, for which

2pr
ds2 = eD-1
+ 28

e = e e e¥? (5.15)

(d:z:2 + dz72) + 21T dr?

and the constant dilaton solutions, for which § = 0, 7 and
D—-2)(D—-p-—2
L. [0
(p+1)

1 (D-2)(p+1)
- ﬁll* \/m

I
@A = P

: (5.16)

which are conventional Kasner solutions. Note that for D = 11 these expressions provide su-
persymmetry breaking solutions to the eleven—dimensional supergravity. On the other hand, the

D = 2 case is special, since the solutions reduce to Rindler space.

The backgrounds depend apparently on the three quantities u, 0 and ¢o. Note, however, that

the redefinition

r = AT + o), (5.17)

where X is an arbitrary positive constant and rq is determined by

62/1/)\7"0 )\2 — 1 , (518)
turns the background into
~~ ~~ ~~ :2
ds? = 2alT g2 4 Q2ETR? 4 @20CHT gyt
e = MRTehe (5.19)

These expressions are of the same form, up to rescalings of the x and y coordinates, but with

different values of the parameters, since now

po= Ap,

P2 = 2 )"0 — of2 )y Tac sl (5.20)
Therefore, the triplets <,u, 0, ¢2> and <[Z, 9,;5;) are equivalent for arbitrary nonzero values of \.
Note also that the backgrounds in eqs. (.12 include flat space, which corresponds to p = 0

and is supersymmetric. As we have just seen, they also include another branch, which is not

supersymmetric and is parametrized by the triplets <,u, 0, QSQ) , with p # 0, up to the identifications

2.
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For positive values of y a singularity is always present, at a finite distance % from the origin,

as v — —oo. In this case, one can also define the new variable

1
€= = e, (5.21)
W

where clearly 0 < & < oo, which turns the background into the space-dependent Kasner—like form

ds® = (€)™ da® + d€* + (u)**C dy*

e = (ue)™ e (5.22)

where the singularity now lies at £ = 0. For nonzero values of p, rescaling the z and y coordinates
and redefining ¢o removes p completely. However, this new coordinate system was reached by
the transformation (5.2I]), which becomes singular as © — 0, so that the supersymmetric solution
is lost in this way. On the other end, the presentation (5.12]) has the virtue of encompassing
both the non—supersymmetric solutions and the supersymmetric one. In this sense, u can be
regarded as determining the scale of supersymmetry breaking. The case of eleven—dimensional

supergravity is captured again by solutions with ay = 0.

Finally, let us stress that the quantity . in eq. (5.14]) will play an important role in connec-
tion with dilaton tadpole potentials. It signals the transition to the climbing behavior [I3] of
corresponding cosmologies but, as we shall see in [9], it also affects in an important fashion the

general dynamics of these systems.

5.2 COSMOLOGICAL BACKGROUNDS

The analytic continuation » — i 7, and corresponding redefinitions A1 — —i Ay, C; — —iC} and

¢1 — —i ¢1, after the transition to the cosmic time ¢, yield

ds? = —dt® + 24 dz?® + 29 dy? |

e® = twed? (5.23)

where the parameters are still determined by eqs. (B.I3). These are effectively Kasner—like so-
lutions arising from D + 1 dimensions where, if ay # 0, the dilaton spans the whole real axis
during the cosmological evolution, moving toward larger or smaller values depending on the free
sign choice for oy in eq. (B9). There is an interesting option, just like in a conventional Kasner
Universe, which is allowed by eq. (5.I0) for 1% <ag < ﬁ: an expansion in the z—directions
can be accompanied by a contraction in the y—directions.
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6 VACUUM SOLUTIONS WITH FORM FLUXES

In Section @] we saw that form fluxes allow an interesting class of supersymmetric vacua. We can
now extend the discussion, exploring the general class of solutions that are allowed by eqs. [B.8)—-

(BId), and in two particular cases by eqs. [B.14]) and ([B.I%]), or by eqs. (B16]) and BI7), in the

presence of form fluxes of the H and h types, in the nomenclature of Section 23]

Before exploring these solutions, let us recall again that in ten dimensions the H—contributions
can be associated to RR forms in the type—IIB string when p is odd, and to RR forms in the
type—IIA string when p is even, and the p = 1,5 cases are also relevant for the SO(32) type-I [I§]
orientifold [19] model. Moreover, in D = 10 these systems can also encompass the fluxes associated
to the fundamental string and to the NS fivebrane, in the type—II and heterotic strings, where
they can be present. Finally, one can adapt these considerations even to the eleven—dimensional
supergravity [6], where p = 2,5, setting 5, = 0 and confining the attention to solutions with a
vanishing dilaton. We first discuss the H—fluxes, to then return at the end of the section to the

h—fluxes.

6.1 SoLuTIiONS WITH H-FLUXES

Let us begin again by spelling out the basic ingredients for arbitrary values of D, before
specializing to the most relevant options. For this class of solutions, it is convenient to work in

terms of the three variables (C, ¢, Z), where
Z = p+ DA+ Bo, (6.1)

is related to the exponent that accompanies the flux contributions. The relevant values of 3,

were given in Section 2l This choice leads to the three equations

v p+1l) oz
= sy e
o = Bp (1;—2) 22 {2, |
n o HI%-F? 517 (D_Z) 2 27
A 2D —9) [< 5 > +(D-p-3)p+1)|e”. (6.2)

Notice that there are linear combinations of C' and Z, and of ¢ and Z, whose second derivative
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with respect to r vanishes identically. Consequently, letting

R e [<5p(])2‘2))2+<1)—p—3><p+1> , (63)
one can relate €' and ¢ to Z according to
c = —(lgp_%)ézz+clr+02,
qs:%&;g)zjumrjt@, (6.4)

where C} 2 and ¢q 2 are integration constants, and finally these results determine A and B as

A = 7(33__1)2)_52) Z - p%l (p17 + ¢2) (6.5)
B o= - 2 Gt + (D-p-D(Cir ).

The Hamiltonian constraint (B.I1]) now gives

(22 = A?e%?2 + F (6.6)

where o

H? .6
A’ = P2 (6.7)

2
and
_ 52 pﬁg B 4 9 o - B

E T ooz PG -p=3)C = 250] . (68)

Eq. (6:6) has the form of an energy—conservation condition for a Newtonian particle moving in
one dimension with total energy E. It corresponds to one of the options discussed in Appendix (Bl
with € = 1, and thus with “negative potential energy”. As explained in Appendix[B] the value of
the “energy” F determines the form of Z. Letting

e 7 = f(r), (6.9)
the different cases are all encompassed by

flr)y = % sinh (\/Er) , (6.10)

up to a translation of r. In detail, the result for £ =0

fr) = Ar, (6.11)



can be recovered as a limit, while the result for £ < 0,

A
f(r) = JE sm< ]E\r) . (6.12)

can be recovered by an analytic continuation. In all cases, one should confine the range of r to a

region where f > 0. This is the half-line » > 0 in the first two cases and the interval 0 < r < —ZX

N

in the last case.

Using eqgs. ([64), ([6.35) and ([6.9]), the solutions for the different fields take the form

_ 2Bp(d1r+d2)

ds> [F(r)] 7294 e »F1 da® + [f(r)]278 e 2Pp(017492)+2AD—p=2)(CLr+C2) g2

+ [f(T)]2JB e2(C’1 r+C2) d?j2 :

@ = [f) 7 enrrer,
N €p+1 dT
Hpro = Hpio [f(r)]2 ) (6.13)
where
D—-p-3 +1 Bp (D —2
7A = (5‘2 (Dp— 2)) R % 70T % ‘ (6.14)

Note that the values of 3, given in Section [, with the integration constants and the energy F
related as in eq. (G.8), imply that o4 can have both signs in the cases of interest. We can now
discuss, in sequence, the cases of D = 11 and D = 10. In the latter case we treat separately the

self-dual p = 3 solutions.

6.1.1 SOLUTIONS OF ELEVEN—DIMENSIONAL SUPERGRAVITY

These solutions are simpler, and can be obtained from egs. (6.13) setting D = 11 and 3, = 0,
while also removing the dilaton, so that ¢; = 0. Note that 6> = 2 for the two relevant cases

p = 2,5, and now the energy E in eq. (6.8]) becomes
E = 28-p)(9—-p)CF, (6.15)
and is thus always positive. Consequently, one finds

= ‘Hp+2 | sin — — r
1) = o=t sinh (V2O - P)E ) Cal 7) (6.16)

while
d82 _ [f(T)]_&Tp dl’2 + [f(T)] pgi |:e2(9—p)(C'1 T’+Cg)dT2 + 62(01 r+Cg)dg2} 7
€Ep+1 dr
Hpra = o 2T (6.17)
' )P
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In the limit Cy — 0
Fr) = [Hypol 7. (6.18)
and one recovers the supersymmetric solutions described in Section [ egs. (£9) and ([@.20).

These solutions are to be considered for r > 0, and there are singularities at » = 0, co, which
are separated by a finite distance for C; < 0 and by an infinite distance if C; > 0. In both
cases of interest, with p = 2,5, the integral of xH,42 over the internal torus is Hpyo times the
“parametric” volume of the torus, proportional to R°™P, where R denotes the range of the y-
coordinates. This result does not depend on r, as demanded by the equation for the form, but is
not zero and its limiting value as » — 0, where the internal torus associated to the y-coordinate
shrinks to a point, reveals the presence of a charged extended object with a (p + 1)-dimensional
world volume. In Section [B. 1.6l we shall gather further indications on this type of extended objects,

resorting to a probe brane.

As r — 0, the general solution in eqgs. ([6.20]) approaches the supersymmetric results that were

obtained in Section 4 On the other hand, as r — oo for Cy # 0, letting

o = V209-p)8-p), (6.19)

ds?  ~ e—STTpdol\rdlﬁ + G%U\C’ﬂr |:e2(9—p)01rdr2 +e201rdg»2] ,

Hpro ~ Hpioepyrdre 29101 (6.20)

Therefore, the form flux disappears, and the comparison with eqgs. (5.12]) shows that the solutions
approach the Kasner—like backgrounds that we discussed in the previous section, with exponents
8-p)o
(p+1)o + 18¢(9—p)’
(p+1)o + 18¢
(p+1)o + 18¢(9—p)’

where € is the sign of C'y. In particular, for p = 2

1 1 Oe
ozA—E<1—6\/ﬁ), ac——<1+—>, (6.22)

o)y = -

ac (6.21)

while for p =5

1 1 3
o= L (1-eVB) . ac - 1—0<1+§e¢6), (6.23)

and agree with the values given by eqs. (BI6]) with D = 11 and p = 2,5. Here we are working
in the region r > 0, so that C7 < 0 corresponds to a finite length of the internal interval, while

C1 > 0 corresponds to an infinite length of the internal interval.
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The basic lesson of this setup is clearly visible from these examples: the flux introduces a
singularity at » = 0, where the background approaches a supersymmetric configuration, while
also halving the range of r. As r — 400, for C1 # 0 these backgrounds approach the no—flux
Kasner-like behavior of Section [Bl but the presence of fluxes makes it possible to attain a finite

length for the internal interval.

6.1.2 SOLUTIONS FOR p =3 AND D = 10, THE SELF-DUAL CASE FOR TYPE 1IB

This special case is characterized by 5, = 0, and the starting point is provided by eqs. (.14,
which imply

¢ =11 + ¢o, C:—A—ar—ﬁ, (6.24)
where ¢, ¢2, a and § are four constants. Letting now Y = e *4, the Hamiltonian con-
straint (3.I15) becomes

2
n2 2 01 2 1.9
(Y 40 <a 40> Y? = 2H5 : (6.25)

and there are three classes of solutions, which can be studied following Appendix

2
1. If a® — i)—é = a&? > 0, the Hamiltonian constraint describes an inverted harmonic

oscillator with positive total energy, and the solution reads

Hsp . <7’>
Y = sinh | — | 6.26
V2 p (6:26)

where 0 < 7 < oo, and

1
= . 6.27
ST (6.27)
Consequently
1 1 _567\/1+(¢1”)22_105 _ Vit @e?,
ds> = (Y)"2da® + (V)2 |e VIO P dr’ + e Vo e di?|
Hs (ewdr = 55 )

Hs; = —— | ——5— +¢€’7¢€ ) e® = ef1rtoz 6.28
° 2V2 < Y? ) (6.28)

where ¢ = 41 is the sign of a. These solutions depend on ¢1, ¢2, 8 and involve finite
values of p. However, rescalings of the x and y coordinates and redefinitions of ¢; so that
o1p = <;~51, and of g so that g = E + % log p, can eliminate the dependence on p altogether,
thus leaving a three—parameter family of solutions. Negative or zero values of ¢ grant a

bounded string coupling, while positive values of o grant a finite internal length.
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2. Ifa? — i—g = 0, the solution is simply
Y = — (6.29)

where 0 < r < 0o, and consequently

_ Seldalr _ _cloalr
ds? = (Y)"2da? + (Y)? [e vio T8 gp2 e o gg?|
Hj 6(4)(17‘ 58~ >
Hs; = —— | —5— +¢e’7¢€ ) e? = 1T toz 6.30
5 e < v 5) (6.30)

These expressions are limiting forms of eqs. (6.28) as p — oo, and depend on the three
parameters ¢1, ¢o and B. For ¢; = 0, they reduce to the supersymmetric solutions of
Section M, and in this case [ can be eliminated rescaling the coordinates. Negative values of
¢1 grant a bounded string coupling, while positive values of o grant again a finite internal

length.

2
3. Ifa? — i)—é = — &% < 0, the Hamiltonian constraint describes an ordinary harmonic

oscillator, and the solution reads

Yy = If;i” sin (%) , (6.31)

where 0 < r < 7 p, with
S (6.32)
P havio '

Now ¢2 p? > 1, and the solution reads

1 1 _55\/(‘1’19)271[_105 _5\/(¢lp)271£
ds* = (Y) 2de? + (V)2 |e” VIO v dr? + e vio edy?|
Hs (ewdr = 55 ) 6 _ ¢
Hs = —— + e’7€ , e? = ehr oz 6.33
5 e ( v ) (6.33)

As in the first case, one can eliminate p, and this is therefore a three—parameter family of
solutions, with a bounded string coupling for all values of ¢; since the range of r is bounded.

The length of the internal interval is always bounded in this case.

As r — 0 the three families of solutions approach the supersymmetric ones of Section @l This

is also true at the other end for the third type of solutions. As r — oo the solutions of the first
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type approach the Kasner—like behavior of Section Bl with

1
dyg = — —
1 — eVI04/1 + ¢2

1 — £V104/1 + o2
ac = —

1 — eV104/1 + ¢7

3

ay = 1 (6.34)

1 — eV104/1 + ¢2

which satisfy the constraints of egs. (5.9) and (B.I0). The corresponding relations for the second
case with ¢; # 0 can be obtained from these expressions in the limit qz~51 — 00, so that the behavior

as 1 — 00 is again Kasner-like, with (a4, ac, ay) = (0, %, —€ %)

These families of solutions have the very interesting property of allowing, within a certain range
of values for the parameters, compactifications to four—dimensional Minkowski space that combine
a five-torus with an internal interval of finite length, where the string coupling is everywhere

bounded. We shall return to them in [14].

6.1.3 SOLUTIONS FOR D = 10 AND p # 3,8

In order to discuss the remaining ten—dimensional solutions, we now return to eqs. ([G.I3]) and

(614), which reduce in D = 10 to

ds® = [f(r)]p%7 o= T g2 + [f(r)]p—él e~ 2Bp(é1 7+2)+2(8-p)(C1 7+C2) .2
) P 20 r+C2) g2
¢ = () etion,
Hp2 = Hpis % : (6.35)
Moreover, in the string frame and for Ramond—Ramond forms this class of solutions reads
ds? = [ F e T da? 4 [f(r)F e TR 128 Corrn) g2
L) HOT T g
¢ = [f) T etrren,
Hpra = Hpio E[;JE;)C]Z (6.36)
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while for NS-NS forms

ds2 = [f(r)])5F @G g2 4 [f(r)) 5T e U2 (01 m e 28-p) (Cr 4 C2) g2
+ [f(T‘)] pll 62(01 r+Cs) + —¢1T2+¢2 d372 :
¢ = [f)T enrren,
€Ep+1 dr
Hpro = o (6.37)
’ SOE
with p = 1,5. In all these cases D = 10, and 6% = 2, so that our starting point is
p B 1
E =2 D 1 - = (;51 (8 —p)Cl [(7 —p)Cl — Qﬁp @1] . (6.38)
For p # 7, this expression can be cast in the convenient form
Bp i) 847
E =2 8—p7—p<C— - — 6.39
[( T-p (0 -22) - (6.39)
while if p =7
3 8 \? 64

In order to discuss these solutions further, one must now distinguish three sub—cases, depending

on the value of E:
1. If E>0ineq. [639), letting F = % one can see from eq. (6.10) that

1) = 1tpeal psint (£ | (6.41)

where 0 < 7 < 0o, up to a translation and a choice of orientation on the r axis. Eq. (€39)
then shows that, for p < 7, the independent choices for Cy and ¢; can be expressed in terms

of a real parameter  according to

o = /3 ptl siuh¢ & cosh ¢ ,
T-p 2(8 = p)(7—p)
(7 —
b1 = (p+ =P Gone (6.42)
4p
while for p =7
V3
=4+ —— e*¢ = —— sinh( . 4
¢ = \/_p ; Ch 15 sinh ¢ (6.43)
2. If E =0, one can see from Appendix [Bl that
f(r) = |Hpio| r, (6.44)
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where 0 < r < 0o, and then for p < 7

o1 n 2V2sign(¢1)

C, = —/— 6.45
T-p|” (p+1)(8—p) (0:49)
while for p = 7 there are again two branches of solutions, with
o1 =0 (6.46)
and (1 arbitrary, or with
16
o1 = 3 Cy . (6.47)
The solutions with £ = 0 and ¢; = 0 are supersymmetric, and were already discussed in
Section [
If £ <0, letting £ = — p%, one can see from Appendix [Bl that

F0) = Ityeal psin (1) (6.43)

where 0 < 7 < 7 p, up to a translation and a choice of orientation on the r axis. Eq. ([€39)
then shows that for p < 7 the independent choices for C7 and ¢ can be expressed in terms

of a real parameter (, according to

p1 = =* (p+ DT =p) cosh ( ,
4p
Bp [p+1 sinh ¢
Ch + 1 7_pcosh( + N CED IR (6.49)

For p = 7, there are again two branches of solutions, with

b1 = * %peif, C, = Zl/—fsinhg“. (6.50)

Summarizing, this class of backgrounds with fluxes apparently contains five real parameters

and a two-valued discrete one, which identifies the two branches. The real parameters are Hp o

and p, both of which enter the function f of eq. (GI0), ¢, and the three constants Cs, ¢o,

leaving aside the moduli of the internal torus. However, rescaling the coordinates and redefining

the constants C1, Ca, ¢1 and ¢ one can remove completely the dependence on both p and

H, .2 in egs. ([€35). In conclusion, one is left with ¢, Cy and ¢9, for each of the two branches.

These considerations hold for both positive and negative values of E, while for £ = 0 one can

remove H, ;o by a rescaling and then, proceeding as in other case, one ends up again with three

parameters, say ¢1, ¢o and Cs.
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6.1.4 SOLUTIONS FOR D =10 AND p=38

This is a formal limit of the general solutions. In this case C' is not present and the energy is

positive, with

1 16 ,
so that
) r
f(r) = |Hio| p sinh (;) . (6.52)
Consequently, using
3
= + — 6.53
¢1 4p ) ( )

one gets

1

57 5 8 5r 5
ot = IR g gt (D) e + 783 [ p s (£)]
P P

o] e}

i%z o2
e = ¢t (6.54)
(1ol p sinh ()]
Hyp €1

T Tt o ()T

In the string frame these results become

ds? = et pt5o [|H10| p sinh <C>}
p

©
[NIES

1
- 2
dz? + eT 2529 [|H10| p sinh <z>} dr® . (6.55)
p

There are two branches of solutions, in which the string coupling always diverges at the origin
and tends to zero as r — oco. As above, finite values of |Hjg| and |p| can be eliminated by
redefinitions of ¢o and rescalings of the coordinates. Hence, this is effectively a one—parameter
family with two branches. The length along the r direction and the effective Planck mass are
finite for the upper branch and infinite for the lower one. In the former case, the string coupling
vanishes at the right end of the interval. There is also a special £ = 0 solution, which can be

obtained in the limit p — oo, and reads

ds? = (|H| )5 da® + e~ 39 (|Hy| r)s dr?
2
¢ = —— | (6.56)
([Hio| 7)7
Hyge
i = 10 102 ’
([Hiol )
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while the corresponding string—frame expressions are

ds? = €39 (|Hy| r)”2da® + e~ 2% (|Hy| r)% dr?
b2
¢ = — . (6.57)
[|Hio| 7)1

This is the familiar supersymmetric D8 brane solution of type ITA, which we also encountered
in Section @l while the backgrounds in eqs. ([6.54]) are non—supersymmetric deformations of it.
Notice also that all these solutions behave in the same fashion near r = 0, where they approach

the supersymmetric background of Section Fl

6.1.5 GENERAL PROPERTIES OF THE TEN—DIMENSIONAL SOLUTIONS

These metrics are always singular at 7 = 0. This can be seen from the scalar curvature, which is

always singular for p # 3, or from the invariant Ry;y RMY, which is singular in the latter case.

6.1.5.1 DBEHAVIOR NEAR 7 =0
Close to r = 0, the function f(r) of eq. (GI0) becomes independent of E, and

f(r) ~ |Hpa| 7. (6.58)
The limiting behavior of the solutions is thus, for p # 3,

ds® ~ (| Hp+2| 7‘)%7 dz? + (| Hp+2l 7’)%1 (e‘zﬁpd’2 e2(8-P)C2 gp.2 d§2> ,

¢® ~ (|Hysa| 1)~ e,

€p+1 dr

Hpro ~ Hp+2( (6.59)

|[Hpia| 1)?
This result is the same for the three classes of backgrounds, while the contributions of ¢; and
C1 are subdominant. Note that this general limiting behavior reproduces the supersymmetric
profiles of Section [ and indeed eqgs. ([6.59]) and ([@350]) coincide, up to a rescaling of r. This result

is what we also found for the eleven—dimensional supergravity and for the self-dual case of type

IIB.

The limiting form of the backgrounds close to r = 0 affords a convenient presentation in terms
of a variable ¢ that measures the proper length along the r—direction. Letting

p+17

([Hpto| r) T8
p+17 ’

|Hpyo| € = 16 e~ Prd2 o8-P)C2 (6.60)
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the metric and the string coupling take the simple forms

) _2(1-p) ) 204
ds® = (|Hpy2| &) @0 dr-dx + d&° + (|Hpio| §) ®F10 dy-dy,

@2
e = — ¢ (6.61)

16 Bp

(|Hpsa| €)7777
after absorbing some constants in the normalizations of the x and y coordinates, and after a
redefinition of ¢9. These expressions define a Kasner—like background but are different from
those of Section Bl Notice that the contribution to the length of the interval from the £ = 0 end
is always finite, so that these spacetimes have a boundary there, where the string coupling can
vanish or diverge, depending on the value of §,. In particular, for RR forms the string coupling

is finite for p < 3, and the same is true for the NS-NS 7—form field strength.

6.1.5.2 BEHAVIOR FOR LARGE VALUES OF r

On the other hand, the asymptotic behavior for large values of r depends on the energy FE, so

that one must distinguish a number of cases.

1. For £ > 0 and p < 7, in terms of the proper length £, as 7 — 400 the metric and string

coupling approach
ds* ~ €24 da? 4 dE? + €290 dy?
e? ~ €% (6.62)

with

oy = -, ac = , (6.63)

S|~

where, for p < 7,

a = —1[; + ﬁp” s1nhC]
’

b = 1lptl ﬁp”p—i- sinh ¢ + cosh(]
p T—p \/
_ 1 p—|—1 519
c = o | 6 1 7 p sinh{ + (7—p)(8—p) cosh(]
f o= % 6y + 3 VI DT ) sinh g] . (6.64)
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For p = 7, with the parametrization ([6.43)), the coefficients become

8]
H
Y

IS
Il
H
B
=
s

- i
b:11 2¢ —I—ﬁsinhC,
P2 V3 4
11
c:;§+§sinhC],
1] 2et
f = 2|+ —1]. 6.65
Pl V3 (6.65)

a4, ac and ay satisfy egs. (0.9) and (5.10), so that the large— behavior of these solutions is
captured by the Kasner—like vacua of Section[Bl This can be verified from these expressions,
but it is implied by the fact that, for £ > 0, Z ~ —% as r — o0o. As a result, A, C
and ¢ in egs. (6.4]) and (6.5) approach a linear dependence on r, while the Hamiltonian
constraint (6.38]) is independent of the flux. This is precisely the setting of Section [l

Depending on the sign of b, this type of asymptotic behavior corresponds indeed to one
or the other of the two regions r — =+oo of eqs. (512]), which describe corresponding
solutions in the absence of a flux. On the other hand, close to r = 0 the flux dominates
and spacetime ends. For this reason one can obtain solutions with positive energy, finite
string coupling, finite r—length and finite effective Planck mass in the presence of fluxes,
which was impossible in the setup of Section Bl One can rightfully state that these vacua
interpolate between the supersymmetric solutions of Section [ in the region where the flux
dominates, and the Kasner—like solutions in the absence of fluxes of Section [{, in the region

where the flux fades out.

Alternatively, in the absence of flux there was always a boundary, in eq. (512]), as r — —o0,
and here the flux introduces another boundary. If the new boundary coincides with the
original one, the resulting setup is similar to the one in Section However, if the new
boundary lies at the other end, the result can be a finite interval with the novel features
that we have illustrated. B determines indeed the length of the interval, which can be
finite or infinite, and the same is true for the asymptotic behavior of the string coupling as
r — 400. Moreover, in the gauge F' = 0 the (p+ 1)-dimensional Planck mass is determined

by B — A if the internal (8 — p) dimensions are compact, since

(Mpigpen))' ™" = (Mpiaoy)® Vol(TPH) x /0 dr ?PA) (6.66)
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where Vol(TP*!) = RP*! is the parametric volume of the internal torus. Since asymptoti-
cally B— A ~ (b— a)r, the finiteness of the p + 1-dimensional Planck mass is granted by a

negative sign of

—a = 1 1 25y sin M cos
b p [2 + TR h( + 27— p) h(] (6.67)

if p <7, or by a negative sign of

101 7 e*¢

if p =7, since the corresponding contributions at the origin are well behaved for all values
of p. Both options are possible, depending on the branch and the value of ¢, but for
p > 0 finite(infinite) internal lengths always accompany finite(infinite) values of the effective

Planck mass.

There are also special values of  in both branches, such that f =0,

48,
p+D(T-p)

for which the string coupling approaches a finite value as r — +oo. This value separates

sinh{ =

(6.69)

the two regions of strong and weak coupling for large values of r. Hence, there are cases
where supersymmetry is broken, the string coupling is bounded, the length of the r—interval

1s finite and the effective Planck mass are also finite.
In particular, for p = 3, a special case of eqs. (6.28) with ¢; = 0 yields a relatively sim-
ple four—dimensional flat vacuum of this type from the type-1IB string, where the string

coupling is constant, and is thus finite everywhere. In the Einstein frame, with vanishing

values for ¢o and [, the corresponding metric reads

Hj| r\|~
ds®> = ['—5 sinh (—)] dz?
V2’ p

1
4+ |—= psinh | — e 2rdr + e VIO dy . 6.70
8 siun (- (6.70)

The corresponding five-form field strength reads

D=

H dzO A A d
Hs — 2\/55 H”“’ Lt dy A A (6.71)
o 3

Notice that, in the limit p — oo, these expressions reduce the supersymmetric ones in

eqs. (E5]), which were obtained from the Killing-spinor equations.
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2.

For E = 0, f(r) is given in eq. (6.44]), and for large values of r and for RR forms, the
contributions to the metric behave as

_plep—3)r
4(p+1) 7

€lp1|r
B ~ W[(p—3)\/p+l + 86\/5\/8—]9] ,

A

N 1] er B 8v2
C N ES (p—3)V/p+1 £ —S—p] ,
¢~ elpfr, (6.72)

where € is the sign of ¢;.

Consequently, for ¢1 # 0 the solutions approach, at the second boundary, a no—flux Kasner—

like behavior as in eqs. ([6.62]), with

o = (7—p)p—3)
VPFI[(p-3)vp+1 £ 8ev2y8—p]
. (p—3)VpT1 + 322

[(p—3)vp+1 £ 8evV28—p]
o 4e(T—p)Wp+1 (6.73)
© T Tp-3)VpTI £ 8ev2yB | ‘

so that, in the parametrization of egs. (&.13)),

3e(T—p)vp+1
[(p—3)VPT T £ 8e¢v2y8—p]

Different options are thus possible, in the two branches of these solutions, for the length of

sinf = (6.74)

the internal interval and for the behavior of the string coupling.

On the other hand, for ¢; = 0 the solutions in this class reduce to the supersymmetric
ones obtained in Section [ from the conditions determining the Killing spinors. In terms of
the proper length, their limiting behavior is captured by eqs. (6.61]), which are not of the
flux—free form (G.13]).

For £ < 0 the range of r is finite, together with the length of the interval, since the
behavior at the two ends is the same as in eqs. ([6.59). Moreover, depending on the sign
of By, the string coupling can vanish or diverge at both ends. It vanishes for RR forms
for p < 3, and also for the NS 7—form, while it blows up for RR forms for p > 3 and for
the fundamental string. The effective Planck mass is finite in all cases. All these solutions

break supersymmetry and have no counterparts in the absence of fluxes.

44



Summarizing, the r interval can have a finite or infinite length, depending on the values of C4
and ¢, the two constants in eqs. (6.4]), and the string coupling diverges at least at one end, in
most cases. However, due to the presence of fluxes, in some cases with broken supersymmetry
the string coupling can remain bounded everywhere, even within intervals of finite length, and

the effective Planck mass in p + 1 dimensions can also be finite.

6.1.6 BEHAVIOR OF A PROBE D,-BRANE

One can describe a probe p-brane moving along the r direction in the class of backgrounds of

interest, considering the action

S = —1T,V, / dt e~ ?APTN/1 = 2B-4) 2 4 g v / dt byt - (6.75)

It can be deduced from the string—frame results of eq. (630, so that

Hpto

ETTOT

(6.76)

One is thus led, for £ > 0, to

bpi1 = — I}/E coth (\/Er) : (6.77)

p+2
while the other cases with ¥ < 0 can be obtained as a limit or by an analytic continuation, and

consequently

B=p)p (4 VovVE
S = \/ 1 — 72f(r z@fn Srr+e2) _ IpYpV / dt coth \/ r) . (6.78)
Hpio

where V), denotes the volume in the spatial directions for the brane. It is interesting to take a
closer look at the behavior near » = 0, where the background approaches the supersymmetric

limit. For a non-relativistic brane

T,V T,V, G-op @VoVE
S ~ /dt[— PPy p22P P3G +1)(¢”+¢2)] — 222 gt coth (VEr) ,  (6.79
f(r) 2 Hpio ( ) ( )

and close to 7 = 0 one can thus identify the potential

Vir) = Hﬁ2r(Tp+qp) . (6.80)

Its gravitational portion, proportional to the tension 7}, is repulsive, while its “electric” portion,
proportional to the charge g,, is also repulsive for g, > 0. Therefore, the singularity at r = 0

behaves like a BPS extended object of negative tension and positive charge, which in ten dimensions
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is naturally regarded as an orientifold, since the two contributions are equal in magnitude. While
we have derived them working for &£ > 0, these results apply for all values of E. Moreover,
similar considerations apply to eleven—dimensional supergravity, where there is no dilaton and,

as we have seen, F > 0.

6.2 SOLUTIONS WITH h—FLUXES

We can now turn to the second option that we have discussed in Section ], the presence of
h—fluxes, with field strength
Hpt1 = hpi16py (6.81)

with a constant hpy.
For non-selfdual cases, the starting point is now the system

A" — (D—p—2) e2Y p2

2(D —2) pHL>
" p 2Y 12
= —— &V
¢ 2(D —2) ¢ rrio
(D=2
o' = bp-1 (D =2) (8 ) eV hi, .y, (6.82)

which a special case of eqs. (B.8)—(@I1]), where p > 0 and
Y = (D-p-2)C — Bp10, (6.53)

after using the harmonic gauge condition. One can therefore work with the equation for Y,

Y = — A2V (6.84)
where
X2 52 2
A = 7hp+1 , (6.85)
and ,
= p(D-p=2) B (D-2)
6?2 = D) P . , (6.86)
which determines the behavior of A, C' and ¢, according to
A = —D_ip_}Y—l-AlT—I—AQ,
(D —2)62
_ 51)—1 (D - 2)
¢ = —TY+¢1T+¢2,
p G117 + ¢o
= —~ Y + B ———=, 6.87
(D —2)5? P D-p-2 (6.87)

46



where Ay, As, ¢1 and ¢o are constants. The equation for Y can turned into the non-relativistic

energy conservation condition

(Y2 = - A2 4 E, (6.88)
where now E must be positive, while the Hamiltonian constraint reads
P+ 1DAPA + (D-p-2)C] + (D—p-2)C"[(D—p—3)C"+ (p+ 1)A]

4(¢")? 1
— % — 5e” hipy =0, (6.89)

and allows to relate E to the integration constants, according to

~ 79 B 1 2 2 52—1 (D_Z) 4
E =9 p(p+1)<A1+ I;) ¢1> — ¢ <pI(JD—p—2) + D3 . (6.90)
Equivalently
= Bt , ) 4¢0°
= 2 A P - 1 N
E =96 p(p+1)< 1+ . ¢1> p(D—p—Q)] ; (6.91)

where we used eq. (680). This result is consistent with eq. (G8]) and with the symmetry trans-
formation in eq. (B12).

In ten dimensions, after using the Ramond-Ramond expression for 5,_1, letting E = 4, the

i)

preceding expression can be cast in the form

_ 2 2
1= 27 [plp+1) (A1 4 Z—f@) - &] , (6.92)

p(8—p)

and one can parametrize the solutions according to

¢ = 4%\/19(8—19) sinh

_ — - 1 -
e R W N S (6.93)

16p V p P/ 2p(p 4+ 1)

A =

According to Appendix Bl
e Y = f(r) = |hp+1| cosh (%) , (6.94)
so that —oco < r < 400, and consequently

g2 — —f(r)_ 5 |:e2(A1r+A2)dx2 4 e B (o)t 2p1) (Ar v Az) g, 2

r 1 (p—4)
+ |f(r) e 2(5—py (P17+62) dgj2 :

¢ = [ T o 7
Hpr1 = hpriépr . (6.95)
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In this setting the string coupling can be bounded everywhere provided
+/p(8=p) sinh¢ + p — 4 <0, (6.96)

or
p—4
p(8 —p)

but the length of the internal interval and the effective Planck mass are always infinite. There

p < 4, ‘sinhg‘ < : (6.97)

are again several options for the length of the internal interval and for the effective Planck mass,

and the p = 4 case must treated separately, since the five form in type IIB is self-dual.

7 COSMOLOGIES WITH FLUXES

There are also interesting cosmological counterparts of the preceding solutions, which can be

obtained by the analytic continuation of  to 7 in the original system of eqgs. (6.2)).

7.1 COSMOLOGICAL SOLUTIONS WITH H-FLUXES

The analytic continuation has a notable consequence: it reverts the Newtonian potential, so that

the solutions are related to the case ¢ = —1 in Appendix [Bl and rest on

o) = Itpeal posh (2} (7.1)

As a result, these cosmologies are described by

ds? = [9(7)]%7 e_wdaﬁ _ [g(T)]p%l e~ 2Bp(61 T+2)+2(8—p)(C1 7+C0) 7.2

]

+ [g(n)] e2ACTHCgg2

e — [g(T)]—ﬁp e2(@17td2)
€pr1 dr
Hpo Hypo 21— (7.2)
[9(7)]

Here —oo < 7 < 00, and there are two branches for C; and ¢, which can be parametrized as

B & p+1 . cosh ¢
G gy F P28 —p)(7—p)’

(p+1)(7—p)

o = i sinh ¢ , (7.3)
for p < 7, and as
2 V3
= + e*¢ C, = —— sinh 7.4
®1 3, 1 1 ¢ (7.4)



forp="1.

Different types of asymptotic behavior are possible as 7 — € 0o, where € = £1, as can be seen

from the limiting forms,

d82 ~ _e2b7d7_2 + e2a7dx2 + 6207'dy2

with

-l e

B l_p—l—l [p+1
b = o | 7 sinh{ =+ 2 coshC]
et / -
c = o | 16 € + T sth + (7—p)(8—p) cosh(]
F- —ﬁpe+§ G sinn ¢ (70

while for p = 7, with the parametrization (7.4]), the coefficients become
+¢

. $flf/ﬁp’

b o= %_gin\j?—F?sinhC],

c = %:%—F?sinhgl,

[= %_ 2;? - 1} (7.7)

The solutions manifest a power—like behavior in terms of the cosmic time for large values of 7,
close to the initial and final singularities, with different scale factors for the physical and internal
portions of the space:
ds? = —dt* + a3(t)de? + a3(t)dy® . (7.8)
Here
ap ~ [bt[v . ax ~ |bt]b (7.9)
so that different types of scenarios are possible, with both portions of the space expanding or one
expanding and one contracting, depending on the relative signs of these quantities. This is also
true for the string coupling, which can attain strong or weak coupling at the singularities. In the
RR case the string coupling can be bounded during the whole cosmological evolution if p > 3 and

|¢| is small enough, and the same is true in the NS-NS case for p = 1.

49



7.2 COSMOLOGICAL SOLUTIONS WITH h—FLUXES

The solutions for this case can be deduced from eqs. (6.13)), making use the transformations of

egs.(3I2]). One thus obtains

ds® = [f(r)]%7" [62(141 r+A2) g2 o 2Bp-1(d1m+¢2)+2(p+1) (A1 T+ A2) 4.2

28p—1(61 7+ ¢2)

+ [T e o

¢ = ()] e,
Hpr1 = Dpri6ptr (7.10)
where
TR (lf_ 2) (52 (_Dp__;) o ﬁp_lig—2) (G
and )
P - 5y [(5”‘1(5‘”) +p<D—p—2>] | (112)
Here _
f(r) = % sinh( ET) : (7.13)
A% = h?2’+T152. (7.14)
and
E = & K(Dj;p_;?)_)f‘l - D4_2> 0+ (p+ 1A [pAL + 28, 161) | . (7.15)

There are now two cases of interest. The first is D = 11, where 3,1 = 0 and p = 3,6. The second
is D = 10, where in the RR case p is even in Type IIA and odd in Type IIB and 5,1 = %. The
p = 4 case is special, since the form is self-dual, and must be treated separately. On the other

hand, in the NS-NS case p = 2 with g = % and p = 6 with 85 = — %, as can be seen in Table 2

7.2.1 THE D = 11 CASES

In these cases 6% = 2, and one can see from eq. (ZI5) that £ > 0. Therefore, for p = 3 one

obtains the five-dimensional cosmologies
d82 _ [f(T)]§ e2(A1 r+As) dfz _ 68(A1 r+As) dT2] + [f(T)]_% de ’

My = hiey,  f(r) = sinh (2\/6|A1|T) , (7.16)

e
2v/6 | Ay

50



while for p = 6 one obtains four—dimensional cosmologies if the x are compact coordinates and

the y are non—compact coordinates

d82 _ [f(T)]% |:€2(A1 T+A2) dj’2 o el4(A1 T+A3) d’7'2:| + [f(T)]_§ d:lj2 ’
B esdr B hr .
M= b fr) = N (wﬁ\Al\T) , (7.17)

but in this case one must let 7 run backwards from +oo. The E = 0 solutions can be recovered

in the limit A; — 0.

7.2.2 THE D = 10 CASES

In all these cases (RR for p # 4 and NS-NS) there are three classes of solutions, as in Section [6.1]

depending on the value of F.
1. If E>0in eq. [639), letting F = p%, one can see from eq. (ZI3) that

F(r) = Apsinh <%> , (7.18)

where 0 < 7 < 00, up to a translation and a choice of orientation on the r axis. Eq. (715
then shows that, for p > 0, the independent choices for A; and ¢; can be expressed in terms

of a real parameter ¢ according to

Bp—1 [8—p . cosh ¢
A = —=——] sinh( £ —————,
4p p p/2p(p+1)

b = %sinh(, (7.19)

while for p =0

2
p1 = £ — TS, A = :l/—fsinhg“. (7.20)

V3p

2. If E =0, one can see from one can see from eq. (Z13)

f(r) = A7, (7.21)
where 0 < 7 < oo, and then for p > 0
21/2sign
A= 2+ enidy) | (7.22)
p (p+1)(8—p)

while for p = 0 there are again two branches of solutions, with
o1 =0 (7.23)

o1



and A; arbitrary, which are Kasner—like, or with

16
o= S A (7.24)
3. If E <O, letting £ = — p%, one can see from eq. (TI3)) that

f(r) = Apsin (%) : (7.25)

where 0 < 7 < 7 p, up to a translation and a choice of orientation on the 7 axis. Eq. (.15
then shows that for p > 0 the independent choices for A; and ¢; can be expressed in terms

of a real parameter ¢, according to

o1 = =+ 7”‘48/:]?) cosh ¢,

_ — inh
B [8=p cosh( + & (7.26)

4p p py/2p(p+1)

On the other hand, for p = 7 there are again two branches of solutions, with

A = F

2
p1 = * 73y eTC, A = :l/—fsinhg“. (7.27)

Within this class of solution it is relatively simple to attain a bounded string coupling through-

out a four—dimensional cosmological evolution. This is the case, for example, for the upper branch

of four-dimensional solutions in eqgs. (ZI9) with an NS-NS flux (p = 2,8, = 2).

8 (CONCLUSIONS

In this paper, starting from the special class of metric profiles of eq. (II)), we have set up a
formalism that can encompass a wide class of compactifications (or cosmologies) depending on a
single coordinate. These involve, in general, a maximally symmetric spacetime and a maximally
symmetric internal space, and are also suitable to describe brane profiles. Here we have confined
our attention to compactifications from D = 10 and D = 11 to Minkowski spaces, resorting to
a simple flat internal manifold, a torus, but one can conceive generalizations of our results that
involve Ricci—flat internal spaces. A warping factor is always present, and plays an important
role in these types of vacuum solutions. Settings of this type induce a spontaneous breaking of

supersymmetry, in ways that are controlled by tunable parameters.

After discussing the supersymmetric options that, aside from flat space, require the presence

of internal fluxes, we have considered vacuum solutions that break supersymmetry in the absence
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of fluxes. These are generalized Kasner solutions that are characterized by a singularity at a
finite distance, and the string coupling diverges either there or at infinity. We then examined the
general effects of a form flux compatible with the symmetries of the metrics in eq. (ILI)). This
addition resulted in the emergence of three families of backgrounds, which are distinguished by
the energy E of a Newtonian particle subject to an exponential potential. The three families
of solutions have in common a singular boundary at the origin, where the form field strength
diverges and where they approach a supersymmetric limit, which belongs to the zero—energy
family. The behavior of a probe brane in the vicinity of this boundary revealed the presence
at the origin of a BPS—like extended object, with negative tension and positive charge. In the
resulting allowed region, the two families of non—supersymmetric solutions with £ > 0 interpolate
between a supersymmetric vacuum at the origin and one of the Kasner—like vacua with no flux
at the other boundary, which can lie at a finite or infinite distance from it. The solutions of the
third family, with £ < 0, have a second boundary at a finite distance from the origin where they
approach again a supersymmetric behavior. Curvature singularities remain present in all these
vacua [20], but the string coupling is everywhere bounded in some cases. We have characterized
precisely their moduli spaces, which include special subsets of parameters where supersymmetry is
recovered globally. We have also studied corresponding classes of cosmological models, which can
be obtained from the vacuum solutions via analytic continuations. In one class of these models,
it is simple and natural to obtain finite values of the string coupling throughout the cosmological

evolution.

The solutions that we have discussed result in lower—-dimensional Minkowski spaces, and in
this respect they are somewhat reminiscent of the well-known and widely explored Calabi-Yau
vacua [2], which led to systematic investigations of the partial breaking of supersymmetry in String
Theory. Ending up in Minkowski space is clearly interesting in connection with Particle Physics.
However, it also hides internal scales, opening a potentially useful window for perturbatively
stable vacua. This feature should be contrasted with the behavior of the non—supersymmetric
AdS x S solutions of [10], where the scales of the internal spheres and of the AdS spacetimes are
related, and consequently unstable Kaluza—Klein modes show up inevitably [21] (see [22] and [23]
for reviews). Among the vacua that we have analyzed, we have found a particularly interesting
class of IIB compactifications to four dimensions supported by a flux of the self-dual five form,
where the string coupling is everywhere bounded. In [14] we shall explore further these fluxed

compactifications to four dimensions, addressing in detail the key issue of perturbative stability,

53



which has proved daunting for non-supersymmetric AdS vacua.

A common feature of non—supersymmetric vacua is the emergence of severe back-reactions.
This will be the case for all the examples discussed in this paper, once quantum effects are
taken into account. Back-reactions have long been recognized as an important issue in the widely
explored context of Scherk-Schwarz compactifications [5], which have simple realizations in String
Theory [24], even when open string are present [25]. However, similar back-reactions present
themselves in a more basic context already in ten dimensions, in the three ten—dimensional
non—supersymmetric non-tachyonic models of [26], [27], and of [2§8], where supersymmetry is
non-linearly realized [29], and lead to the emergence of a peculiar contribution to the low—energy

effective action, a “tadpole potential”
AS = — T/dlox —g e’ (8.1)

where v = 7. = 2 for the orientifold models and v = 3 for the heterotic SO(16) x SO(16)
model. The same types of potentials are the leading contributions to generic string models when
quantum corrections due to broken supersymmetry are taken into account. Their effects on
vacuum solutions of the type considered here will lead to generalizations of the Dudas—Mourad
vacuum [II], of their counterparts for generic values of v in [I2], and of the climbing—scalar
cosmologies [I3], with a number of novel features. These systems are the main topic of the

companion paper [9].
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Appendix A SOME TECHNICAL DETAILS

For the backgrounds of eq. (I.I]), the Riemann tensor is computed most conveniently starting

from the one—form spin connection, with non—vanishing components
why = —wt = A8 A dat wh = —w = B Ayt . (A.1)

The non—vanishing contributions to the curvature two-form

—

4P = §RMNA B g™ Anda™N = dwa? + wa% Awe? (A.2)

when converted to curved indices, determine the background Riemann tensor, where here we add

also the contributions from the curvatures of the maximally symmetric metrics 7, and v,:

QHr = — (eA_B A')/ dr N dx* | Qm o= — (eC_B C')/ dr N dy™
Qv = — |XA-D) (A/)2 - E/ dzt A dx”
e
Q= eA+C’—2B A’ dym A da :
mn [ — 2 k:,_ m n
Q = — |e¥C-B) (c)” - o dy™ A dy" . (A.3)

Consequently, the Riemann tensor with all curved indices has the non—vanishing components

RT;LTV = — 3, €B A( A-B A/)/ ’ errn — 5mn eB—C (EC_B O/)/
k
Raﬁuy = — Tyla 65}1/ |:e2(A_B) (A,)2 - a:| ) Runum = — WP Vv " A C,
/
Rmnpq = — Tpm 5n}q |:e2(C_B) (0/)2 - §:| s Ryt = 62(0_3) o, Ymn AT , (A4)

together with others obtained from these by symmetry, and thus

Ry = — e [p(A')ze‘ZB + (D—p—2)A C'e 2B 4 (AeAB) ~A-B
_ bk —2A}
o
Rgg) - {p+1 (A’ A— B) v (D—p-2) (C/eC_B)/eB_C} 7
R = = Yne? [D p—3)(C")2e P + (p+1)A e P 4 (CeCP) e BC
_ We—zc] ‘ )
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In the harmonic gauge (214

Ry = — [ez(A‘B) A"~ %’f] :
RO = —[p+1)A" + (D-p-2)C" = plp+1) (4)°
— (D=p-2(D-p=3)(C")* ~ 2p+ )(D - p-2)4C"],
RO — 4., [62(0—3) " — D=—p=3)¥ _];/_ 3) k/} . (A.6)
Consequently the scalar curvature is
R = 2P [(p+1)4" + (D—p—-2)C"]
n p(P;Fll)k e—24 (D—p-— 1)((11/7 P = 2K s (A7)

+ e P [plp+1)(A) +2(p+1)(D —p—2)A'C"+ (D —p—2)(D —p—3)(C")*] .

and therefore

G, - % p(p;rll)k‘ 2B—4) % (D—-p-— 1)21/3 —p—2)K (2B=C) (A8)
+ % [P+ D(A)* +2(p+ 1)(D = p = AC"+ (D = p=2)(D - p-3)(C')*] .

In order to build the contributions of tensor fields strengths to the Einstein equations one needs

to take into account some properties of the field strengths of eqs. (ZI8) and ([2.19)),

(Hpt27),, = = @+ D () e 42,
(Hpio2), = — (p+ D) (Fpya(r))? e 2004 (A.9)
and
(Hp+1?),, = — ol hppae P, . (A.10)

There are also two special cases related to self-dual forms. The first concerns the self-dual profile

of eq. (2:20), for which

(H52) - _ 3H52 eQA—lOC 7;1,1/ , (H52) — 3H52 eQB—lOC ,

1% rr

(H5?) o = 3HZ ¢ ypun (A.11)

consistently with

HE =0, (A.12)
which is implied by the self-duality. The second concerns the corresponding h-profile of eq. ([2:27]),
for which

(7_[52)MV _ 3}7% 6_8A Vv (%52) — 3h§ eQB—lOA ,

(H5?) = 302 0% 5 (A.13)

mn

rr

56



Appendix B A USEFUL NEWTONIAN MODEL

In this Appendix we discuss the differential equation
7" = eN?e?7 (B.1)

where € = 1 and A is real and positive, which plays a role in various parts of the paper. This
equation has the first integral

(Z') = E + eA?e*Z (B.2)

which has the form of an energy conservation condition for a Newtonian particle, and in order to

proceed further one must distinguish a few cases.

1. Ife=1and E =% > 0, letting
p

r
T = - B.3
P (B.3)
eq. (B2) becomes
@2—1+(A )2 e2% (B.4)
dx B p
The redefinition
Z= 7 —log(Ap) (B.5)

leads to the reduced equation

~\ 2
dZ ;
— ] =1+ ¢7 B.6
<daz) + "7, (B.6)

and therefore finally to the solutions

Z = —log |Ap sinh <T_TO> , (B.7)

in the region r > rg, or

in the region r < rg.

2. Ife=1and £ = —p% < 0, letting

eq. (B.2)) becomes



The redefinition

Z = Z—log(Ap) (B.11)

leads to the reduced equation

~\ 2
A :
=1 = -1 27 B.12
(dx> +et, (B.12)

and therefore finally to the solution

7 = —log [Apcos<r_pro>} , (B.13)

which is valid for |r —rg| < &£, and one can conveniently choose ro = 0. These solutions

can be obtained from those of the preceding case letting

r—roﬁi(r—ro—g>, A — —iA. (B.14)

. Ife=1and E =0, eq. (B2) reduces to
7' = +Ae? (B.15)
which can be simply integrated and yields
e Z = FA(r—mr) , (B.16)

where 7y is another integration constant. Here clearly the upper sign is associated to the

region r < rg, where the real solution reads

Z = — logA(rog—r) . (B.17)
while the lower one is associated to the region r > ry, where the real solution reads

Z = — logA(r—rg) . (B.18)

These types of solutions capture the limiting behavior of the preceding cases when E is

negligible with the respect to the exponential €24, and thus as p — co.
. Finally, If e = —1 and I = p% > 0, letting

(B.19)

eq. (B.2) becomes
dz\? 2 27
— ) =1- (Ap)“e*”. (B.20)



The redefinition

leads to the reduced equation

\ 2
az >
ez _ oy L 27

and therefore finally to the solution

Z = —log [Apcosh(r_pm)} )

for all real values of r. This can be continued to the first solution

transformations

+z’%, A — —iA.

=
=
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(B.22)

(B.23)

combining the two

(B.24)
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