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In this paper we analyze the shape of fattened sets; given a compact set C ¢ R let C, be its r—fattened set; we prove a general
bound rP(C,) < NZ({C, \ C}) between the perimeter of C, and the Lebesgue measure of C, \ C. We provide two proofs: one
elementary and one based on Geometric Measure Theory. Note that, by the Flemin-Rishel coarea formula, P(C,) is integrable for
r € (0, a). We further show that for any integrable continuous decreasing function y : (0, 1/2) — (0, co) there exists a compact set
C c RY such that P(C,) = y(r). These results solve a conjecture left open in (Mennucci and Duci, 2015) and provide new insight

in applications where the fattened set plays an important role.

1. Introduction

For any A € R" closed, let u, be the distance function from
A

def .
Uy (x) = /1Vr€1£|y—x|. 1)

Let{uy <r}={xc¢ RY . u,(x) < r} be the fattened set of A
of radious » > 0. It is equal to the Minkowski sum of A and
a closed ball D,(0) of radius r with center in the origin. It is
also called the parallel set or the tubolar neighborhood.

Let £ be the N-dimensional Lebesgue measure. Let P(E)
be the perimeter of a Borel set E € R".

L1. Main Results. In this short essay we will prove some
geometrical properties of the function u, and of the fattened
set.

The main result is as follows.

Theorem 1. Let C ¢ RN be a compact set. For all r > 0 we
have

rP({uc<r}) s NZ{o<uc<r}). (2)

Note that (2) is sharp (consider the case C = {0}; see
relations (16)).

We will provide two proofs of Theorem 1. An elementary
proof is in Section 3; it is based on simple geometrical
properties of sets in R™. Another proof is in Section 5, it is
based on semiconcavity of uZ. and the Gauss-Green formula.
It may be appreciated that the first method of proof is simpler.

A corollary of the above theorem is that, for any r > 0, the
perimeter of the fattened set {u. < r} is finite—even when the
perimeter of C is not finite. We elaborate on this fact further.

Remark 2. Let w(r) = P({uc < r}) for convenience; by
the Fleming-Rishel coarea formula (see Proposition 14 and
Lemma 24 here)

9({0<uCSr}):Lrt//(s)ds<oo (3)

(so the function v is locally in LY); then thesis (2) can be
rewritten as

N r
v s | veds ()
the above implies
v =o(5) (5)

forr — 0.
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The above properties (5) and (3) are again “sharp,” in this
sense.

Theorem 3. Ify : (0,1/2) — (0, 00) is a continuous decreas-
ing function satisfying lim,__,y(r) = oo and f;/z y(s)ds <
00 (that is requirement (3) in the above remark); then y(r) =

o(1/r) (as in (5)), and we can construct a compact set C such
that P({uc < r}) = y(r) forr € (0,1/2).

This holds in any RY (for N > 1). The proof is in
Section 4.1.

The interest on these results was spurred by the use of 1,
in [1]. We will discuss the connection to [1] in Section 6. The
main theorem will be as follows.

Theorem 4. Let p € [1,00) and ¢ : [0,00) — [0, 00) a Borel
function such that

LOO N (t)F dt < oo, (6)

Je > 0,
(7)

ess-sup ¢ (t) < co;
O<t<e

then for any compact C € RN we have ¢ o uc € LF(RY).

Request (7) is justified by the existence of compact sets
with properties as described in Theorem 3.

1.2. Motivation

1.2.1. Banach-Like Distances. Let /# be the family of all
nonempty compact subsets of R". In 2015 Duci and Men-
nucci [1] studied a family of distances on .#, defined by means
of the distance function u,. Some natural questions came
from that study; one of them was eventually answered by
Theorem 4. See Section 6 for more details.

The study of fattened set though is quite wide and
interesting; we provide two examples.

1.2.2. Steiner Formulas. In 2004 Hug et al. [2] generalized the
Steiner formulas as follows. Let S; = {u € RN : |u| = 1}. Fix
C < RY closed, and let 9C be the topological boundary.

Definition 5. Define the normal bundle N(C) € C x S" as the
set of pairs (x,u) € C x S! for which there exists a t > 0
such that x is the unique point of C at minimum distance
from x + tu (this definition is equivalent to the definition
in Section 2.1 in [2], but it is simplified to avoid introducing
further definitions and notations that are not needed in this
paper); in that case, let §(x, 1) be the supremum of such t; let
8(x,u) = 0 forall (x,u) € (RN x S') \ N(C).

N(C) is a Borel subset of (3C) x S'. By Lemma 2.3 in
[2], it is countably (N — 1)-rectifiable. There are examples of
compact sets such that 7 N-1(N(C)) = oo (the examples in
this paper will do).

Definition 6. A reach measure is a real function y with
domain the Borel subsets of R x S, such that

(i) u(A) = 0 for all Borel subsets of (RN x S\ N(C)

(ii) at the same time, for any fixed a > 0, u(A) is a signed
measure (of bounded variation) when evaluated on
the family of Borel sets A contained in

{(x,u)eN(C):lxlSa, 8(x,u)2é}. 8)

Theorem 7 (Theorem 2.1 in [2]). For any closed set C there
exist reach measures py, Y, . ..y Such that

LB . G wAr d|ul(eu)y <o (9)

foranyr > 0 and B < RN compact, and, for any f : RN — R
bounded Borel,

N-1
JRN\C f(x)dx = ZO (N - i)
(10)

8(x,u) .
NONE J J N (x o+ tu) dedy; (x, )
N(©) Jo

Remark 8. A closed set C is a set of positive reach [3] when
there exists a p > 0 such that for any x € RY with
uc(x) < p there exists a unique y € C at minimum distance
from x; the reach is the largest such p (possibly infinite). For
example, smooth manifolds embedded in R" have positive
reach, as well as convex subsets. It is easily verified that p =
inf{d(x,u) : (x,u) € N(C)}, where N(C), § were defined in
Definition 5. When the set C has positive reach then for small
r > 0 formula (2) can be verified (through relation (3)) using
results in [3]: see Theorem 5.5 in [3] that provides an explicit
formula for Z({us < r}) = p(r), where p(r) is a polynomial
in 7 of degree at most N.

In this respect it is worth noting this result by Fu et al [4].
For any r > 0 that is a regular value for the distance function

uc, the set RN \ C, is a set of positive reach (see Corollary 3.4
in [4]). When N = 2 or N = 3 a Sard-type result shows that
the set of critical values is small, in an appropriate sense (see
Thm. 4.1in [4]).

1.2.3. Minkowski Content. The study of the fattened set is
linked to the Minkowski content

lim Z (2= 1) (1)

r—0 r

which has wide applications in the theory of Stochastic Dif-
ferential Equations. See Ambrosio et al. [2, 5] and references
therein.

2. Notation

We will write B, (x) for the open ball

B, (x) o {y eRY:|x-y| < r} (12)
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of center x and radius r > 0 in R™; we will write B, for B,(0).
D, (x) will be the disk

D, (x) ¥ {yeRY:|x-y|<r} (13)

of center x and radius r > 0 in RY and D, = D,(0); S,(x) will
be the sphere

S, (x) o {y eRY:|x-y|= r} (14)

of center x and radius r > 0 in R".

For A € R" closed, let u, be the distance function from
A (defined in (1)). Let {u, < r} be the fattened set of A of
radious > 0.

Let dy; be the Hausdorff distance of compact sets in R™; it
can be defined (as shown in Sec. C in Chap. 4 in [6] and Sec.
2.2 in Chap. 4 in [7]) as

def
dy (A,B) = sup |”A (x) —ug (x)|. (15)
xeRN
For d > 0 let #% be the d-dimensional Hausdorff

measure; let £ be the N-dimensional Lebesgue measure, and

wy &« Z(B,;). Let P(E) be the perimeter of a Borel set E C

RY, as defined in Definition 1.6 in [8]. We define wy = Z(B;)
and consequently for r > 0

Z(B,) = wyr",
P(B,) =" (S,) = Noyr"™, (16)

Z(B,) = wyr" = %%N-l (s,).

3. Area and Perimeter of Fattened Sets
These facts are known; see Sec. 4 and 5 in [1].

Proposition 9. Let A ¢ RY be a compact set.

(1) Letr > 0. Let F = {uy < r}and E = {uy = r} for
convenience.

(i) The boundary OF of F is contained in the set
E. (Equality may fail, consider A = {|x| €
[1,2]}r=1.)

(ii) E is Lebesgue negligible (hence OF is as well).

(iil) As a consequence, for any r > 0,

P({uc <r}) = P({uc <r}). (17)

(2) For any fixed A € M, the fattening map A — {u, <
A} is Lipschitz (of constant one) as a map from [0, 00)
to (M, dy).

(3) For any fixed A > 0, the “fattened area map” L, :
M — R defined by L(A) € P({u, < A} is
continuous on (M, dyy).

We add a further result in the same spirit.

Lemmal0. IfA,, A are compact and A, — A according the
Hausdorff distance and A={u, <AL A, = {uy, < A} are the

fattened sets, then L (A,AA) — 0 where A is the symmetric
difference of sets.

Proof. Letagain E = {x : u,(x) = A}; then for any x € A AA
we have that

(i) if ua(x) > A then uy (x) > A for n large (by (15)), so
x ¢ A,AA for nlarge;

(ii) ifu4(x) < A then uy (x) < A for nlarge, so x ¢ A AA
for n large;

(iil) if uy(x) = A then x € E, that is negligible (by
Proposition 9).

The proof then follows from the Lebesgue dominated conver-
gence theorem. O

We will also need this simple inequality.
Lemma 11. For each r,R > 0 and N > 1 integer we have
(r+RYN =RV 2r(r+RV". (18)

Proof. We have

N-1/N-1 o
rr+ RN = ( ‘ ) NIR, 19)
=0 J
N
(j) N .
= >1 Vi=0,...,N-1
() Nt .

We now come to the proof of the main contribution of
this paper, Theorem 1.

Proof. The proof is in three steps.

(1) Letz,w € RN, 7, p > 0and D,(z), Dp(w) two disjoint
disks (as defined in (13)). The locus of points x € R" at
the same distance from the two disks is (a connected
sheet of) a quadric. Choose appropriate coordinates
where z = (-a,0,...,0), w = (b,0,...,0), with 0 <
r<a,0<p<b<aanda-r =b-pso that thelocus
contains the origin; then the locus can be written

as
x, = 0 Adabx, (x, +a—b) = (a—b)* fo (20)
=
See Figure 1

Suppose that C = [J_, D, (z;) is the union of finitely
many disjoint disks. Let for simplicity

d;(x) = Up, () ) =(x-z|-r) (21)
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FIGURE 1

be the distance to one such disk. Note that

uc (x) = min G; (x). (22)

.....

Fix k € 1,...n and then consider the region R, of points x
that are nearer to D, (2;) than to any other disk; Ry is usually
called a Voronoi cell. R, is defined by the inequalities

Ry ={x:Vj#k & (x) <3;x)}. (23)

These can be reduced to inequalities involving first and
second-degree polynomials in x = (x,...x,). For example,
the three inequalities

=z >,
|x = z| > 7, (24)
8 (x) < 6j (x)

when 7. < r; can be reduced (in appropriate coordinates as

above, setting z = zj, w = zj, p =13, 7 = 1;) to

n
(x, -b)" + Zx? >pPAx; >0
=)
(25)

Adabx, (x, +a—b) > (a-b)* Z;xi
j=

So region R is an open semialgebraic set. Its boundary is
a semialgebraic set. It is contained in the finite union of
quadrics as described in (20).

The set {uo = r} is contained in the union of spheres
U1 Sr4r,(z:). A sphere can intersect a quadric such as (20)
in a set of at most dimension N — 2. So when evaluating
aN _1({uc = r}) we only consider the parts of {u, = r} that
are inside the regions Ry.

Inside each region R the set {us = r} is given by the
equality [x — z;| = r + 1, so it is a part of a sphere. For
each point x € {uz = r} N Ry, the projection of x to C is
an unique point p contained in S, (z;). The segment from
x to z; passes through p, and it is contained in R;. This
follows from well-known theory for distance functions, but in

FIGURE 2: Voronoi cells, regions.

this case can also be easily checked with simple geometrical
arguments. We denote by J the union of all segments xz; for
x € {ug = r} N Ry.. See Figure 2.

So we can establish the relations

Z(J\C) = %((r+rk)N—r£]),
(26)
N (fuc=r}nRy) = (r + rk)N_1 a.

(a > 0 is the solid angle under which z; sees {uz = r} N Ry).
By Lemma 11 then

rZN " ({uc =1} nR) < NZ(J\C). (27)
Since
J\C) c ({0 <uc<r}nRy) (28)
then a fortiori
r N (fuc =1} nR) < NZ ({0 <uc <7} nRy). (29)
Summing in k we obtain the relation
rN T (fue=r)) s NZ({0<uc<r}). (30

That is the same as (2) for the case when C is an union of
spheres.

(2) Let Cbea compact set. Define A, = {u < 1/n}: thisis
a decreasing sequence of open sets A, such that A, 2
C,N2 A, =C ZL(A,) —, ZL(A),anddy(A,,C) <
1/n.

Fix n; by Vitali’s covering theorem we can choose finitely
many disjoint disks inside A,, so that their union is C,, and it
satisfies Z(A,, \ C,) < 1/n; we also have that d;;(A,,,C,) <
1/n.

Summarizing we obtain a sequence C,, such that each C,
is the union of finitely many disjoint disks, d(C,,C) —, 0
and Z(CAC,) —,, 0.
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(3) Since d(C,,C) — 0 then by Lemma 10

& ({ucn < r} AMuc < r}) — 0. (31)
Using moreover the fact that #(CAC,)) —,, 0 then
.Sf({O<uCn§r}A{0<uC§r})—>0. (32)

Since Z(CAC,) —,, 0 then, by Thm. 1.9 in [8],
P(C) < lim inf P (C,). (33)

So (2) follows.

4. Examples
We first present the simplest case, of a compact subset C € R.

Example 1 (Let N = 1). Forh € Nbh > 1letr, > Obea
monotone nonincreasing sequence, such that f = Y2 1, <

co. Leta;, = 0and g, = 42?;11 rjfor h > 2. Consider a
compact set

s

C={ant Ul Jla, —mpa, +1,]. (34)

h

I
—_

C is composed by countably many disjoint closed inter-
vals spaced as in Figure 3, and the limit point {a,} is added.
Then

Z(C) =2B < oo,
(35)
P (C) = 0.
Letr > 0,7 < ry, define
x () ' max (h>1:r<n}; (36)

note that y(r) < oo sincelim,_ 7, = 0. We can estimate for
r < r; that

P({uc <r}) 2 2x(r), (37)
and indeed (setting k = x(r) for convenience)
{uc <r}n(-co,a]
(38)

k-1
=g -1 — 1,0 U U (@, -1, —roa, +r,+7],
h=1

where the latter part is a disjoint union.

The example can be built in higher dimensions as well. Let
N = 2 for simplicity (the case N > 3 is similar, by repeating
spheres along the extra dimensions and changing some
constants).

Example 2. Let (my),>; be a monotone nondecreasing
sequence of integers, such that m;, > 1and Y2, 1/mj, < co.
Let r, = 4/(4m;, - 2). (Note that 2 > r,;m;, > 1and Y, 7, <
00).Leta, =rjand g, = a, +4 Zi:ll r; for h > 2. Consider a
compact set C;, union of a family of m,, disks with centers in
xp,j = (ap, ry(1+4j)) for j = 0, 1,...,m;,—1, each of radiouses
1y, as follows:

def ol
Ch = U D (xh)j, Th) . (39)
j=0

It is easily proven that

Z£(Cy) = nrymy, < 271y,

(40)
P(Cy) = 2nrymy, > 2.
Let then the compact set be
def
C = {(ay,t) : t € [0,4]} U UCh (41)

h>1

C is compact since we include in C the line that contains
limit points of | ;5 Cy,. This set C is tightly contained in the
rectangle of corners (0, 0) and (a.,,4). See Figures 5 and 6 for
two examples.

For any h < k any two points x € Cy,, y € Cy in different
families are at a distance |x— y| > 2r,; moreover two different
disks composing C,, are at a distance at least 2r;, (see Figure 4);
hence

Z (C) < o0,
(42)
P(C) = c0.
Letr > 0,7 < r;, and define (as before)
x (r) © max {(h=1:r<n}; (43)
note that y(r) < oo since lim,,__, 1, = 0. Let M), = Z?:l m;.
We can estimate for r < r; that
X
P(luc<r}) = 2712 (r+r,)my, >2my (r), (44)

h=1
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FIGURE 4: Distances between disks in C,, Cy,, ;.

(0,4)

00)  ri1-067 2040
a_1=0.67 a_2-333
m_1=2 m_2=3

4rha—l
(a_co,4)

. )

. o,

® .-

. o

® °.

o °

® o.°

®

) [ ]

® °;:

® o

® o

. :

® 2

. o

. ® .

3=0.29 r_4=0.18 r_5=0.13 a_00=8.382

a_3=4.93 a_4=6.08 a_5=6.80
m_3=4 m_4=6 m_5=8

FIGURE 5: Compact set C (in gray) from Example 2 with m,, = [(3/2)"]. (The blue, dotted rectangle has corners (0,0) and (a,,, 4) and is not

partof C.)

and indeed for the first inequality we note that when » < r;,
and k > h, any two

x e{ug <r},
(45)
y € {uch < r}

are at a distance |x — y| > 2(r,, — r) > 0. See Figure 4 again.

In general for N > 1 the above examples will satisfy
P({uc <r}) = Noyy (). (46)
We will need a lemma.

Lemma 12. Suppose that f : (0,1) — (0, 00) is continuous
and decreasing and jol f(t)dt < co then lim,_,rf(r) = 0.
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(0,4)

(a_00,4)

(0,0) r_1=0.67
a_1=0.67

m_1=2

- 2=0.22 r_3=0.11 a_00=5.760
a_2=3.33 a_3=4.22
m_2=5 m_3=10

FIGURE 6: Compact set C (in gray) from Example 2 with m, = 1+ k. (The blue, dotted rectangle has corners (0, 0) and (a,,, 4) and is not part

of C.)

Equivalently (setting f(t) = g(1/t)), suppose that g : (1,
00) (0,00) is continuous and increasing and
.[lm g(t)t’zdt < 0o and then lim,__, g(t)/t = 0.

—

Proof. Suppose instead that limsup,_,  g(t)/t > 0 and let
then € > 0 and t; > 0 be an increasing sequence such that
t;— ;0o and for all j we have g(t;) > &t ;: then

% LOO gt 2de > i J

j=17t
it <1 1 >
il=-—
j=1 t] tj+1
X [t —t.
:Z(—]+1 ])zoo
j=1

£

+1 2
tt dt

(47)

tj+1

where the last step is explained in exercise 11 in Section 3 in
[9]. O

The above example can be finetuned as follows.

Proposition 13. Let 0 : [1,00) — [1,00) be a continuous
increasing function such that o(1) = 1, lim,_, o(t) = oo,

and
Jol o (%) dt = Jloo o (t)t72dt < oo, (48)

and we will build a compact set, following the previous exam-
ple, such that forr < 1/2

P({MCSr})zNwNa(1 —1)—1. (49)
r
Proof. Let T : [1,00) — [1, 00) be the inverse T = o', and
then 7(1) = 1 and lim, , 7(t)/t = co. The subgraph
{(s,t):l<s<oo,0<t<L} (50)
7(s)
coincides with the subgraph
{(s,t):0<t<1, 1<s<a<%>} (51)
)
© ] Vol
J —ds=J' a(—)dt<oo. (52)
1 T (S) 0 t

Let m;, = [t(h)]; note that m, = 1. Since 1/7(¢) > 1/m,,
forh > 2andt € [h—1,h] so ZZZI 1/my, < 00; so we can
build C as in the previous examples.

When N > 2 we let r;, = 4/(4m,, — 2) as before; note that
rmy, > 1. We define y as in (43) and note that k = y(r) is
characterized by

Ty ST < T (53)



Since t(h) + 1 = my, > 7(h) then

1

Tk+D)+1=>my,, = 2l (54)
T+1 r
and hence forr < 1/2
X(r)zo<1—1>—1. (55)
r

Combining this with relation (46) we obtain (49).
When N = 1 then we just set r;, = 1/my, and proceed
similarly. O

4.1. Proof. We eventually prove Theorem 3.

Proof. Possibly adding a constant to y and large disks to C,
we assume that y(1/2) = Nwy — 1. We relate

1
t=—--1,
r
(56)
1
o+l
fort >1and 0 < r < 1/2;welet
1 1/(t+1
U(t):M (57)

Nwy

and then 0 : [1,00) — [1, 00) is continuous and increasing,
o(1) =1,lim, , o(t) = co, and

r(,(%)dtzrwdt

0 0 Nwy
1 1 (Y2 1 (58)
=5 + N J v (s) 5 ds
Wy wy Jo (s-1)
< 00

so (48) is satisfied. By Lemma 12 lim, _,, ry(r) = 0. We then
build C using the previous examples; by (55) and (46)

P({uc <r}) = Noyy (r) = Nch7<l - 1) -1
r (59)

=y(r).
O

5. Alternative Proof

We now sketch a different proof of Theorem 1.

5.1. Standard Results. We will need these standard results in
Geometric Measure Theory. In the following 1 will be the
characteristic function of a set E.

Proposition 14 (Fleming-Rishel coarea formula [10]). Let
Q < RN be open and f : O — R be locally integrable, and
then

Ipfla= | PUs <t ) a (60)

International Journal of Mathematics and Mathematical Sciences

where

IDfllg o sup {L fdiv(g) dx :

(61)
geC®(Q—R"), |gx)| <1 vxeRY}
is the total mass of the distribution Df and
P(E,Q) < Dy, (62)

is the perimeter of a Borel set E inside Q).

(For a proof, see also Theorem 3.40 in [11]). We will write
P(E) for P(E,RM).

Proposition 15 (Federer coarea formula [3]). Let Q < RN

be a Borel set and f,g : QO — R with f Lipschitzian and g
integrable, and then

J g (x) |Vf (x)| dx
Q

- (j{f_tm) g ()@ (7)) at.

In particular

(63)

J |Vf(x)|dx=J FV({f=t)nQ)dt.  (64)
Q R

Proposition16. Let O € R™ be an open set; let E be Borel and
P(E, Q) < 00. Let 0" E be the reduced boundary of E and v be
the inward normal, and then

D1y =v|D1g|. (65)

For definitions and proofs see, e.g., those in Section 3.5 in
[11] or in Section 3 in [8].

Proposition17. Let QO € R™ be an open set; let E be Borel and
P(E, Q) < 00. Let 0" E be the reduced boundary of E, and then

(i) 0*E = OFE;
(ii)
P(E,A) = J |ID1g| = 2" (AND"E) (66)
A

forany A € Q open.

These results are due to De Giorgi [12]; for a proof see,
e.g., in Section 3.5 in [11] or in Section 4 in [8]. Combining
the above with the Fleming-Rishel coarea formula we obtain
the following.

Proposition 18 (structure theorem). If E is a Borel set such
that P(E) < oo then

J 0,.9(x)dx = —J gx) v (x)dZ" " (x)  (67)
E 0°E
forall g € C{(RN) andi = 1,...,n, where 3*E is the reduced

boundary and v(x) is the inward normal. (For a definition, see
also Theorem 3.54 in [11]).
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5.2. Lemmas

Lemma 19. Let Q be open; suppose that f : QO — R is
Lipschitz; let A € Q open. For almost all r > 0 we have that

P({f<r},A)=2"" (0" {f =t} n A)
(68)
=N ((f =1l nA).

The proof follows comparing the Fleming-Rishel and the
Federer coarea formula.

Lemma 20. Let ® : RY — [0,00) be an integrable

compactly supported function. Let ¢ : RN — R be convex.
Then the convolution @ * ¢ is convex.

This is easily proved, e.g., by showing that the derivatives
oft € R+ (® * ¢)(x + tv) are monotone nondecreasing.

Let C be compact. It is well known that ”2c is semiconcave;
we provide a simple quantitative proof.

Lemma 21. uzc(x) — |x|? is concave.

Proof. Indeed

¢ () = ug (x) =~ Ix|” = min (| - yI° - 1xP)

(69)
= min|x = yf" ~ xf” = min (~2x- y + y[")
but
x— (=2x-y+ ) (70)
is affine hence ¢ is concave. O

Lemma 22. Let again y(x) = uzc(x); it is well known that

(i) Vug(x) and y(x) are locally Lipschitz (by direct proof)
(ii) hence for almost any x the differentials exist,

(iii) when these functions are differentiable and x ¢ C then

(a) IVuc()| = 1 and [Vy()| = 2y(x),
(b) the point y of C closest to x is unique and is y =
x = Vy(x)/2;

for these last two, see in [13] (in particular Theorem 3.1 and
Remark 3.6).

5.3. Proof. Here is then a “geometric measure theory proof”
of Theorem 1.

Proof. In the first part of this proof we assume that P(C) < oo.

Let F, = {uc < t} and E, = {u = t} in the following. The
idea of the proof is as follows. Set y/(x) = uzc(x). LetK = {0 <
uc < r} = F,\C, supposing that the boundary of K is smooth
(in this case OF, = E,.), and we note that 0K = 0C U 0F,; we

have that Vy(x) = 0for x € 0C whereas Vy(x) = —2uq(x)v =
—-2rv(x) for x € OF,, where v(x) is the inward normal to JF,;
so we use the Gauss—Green formula and write

2NZ (K) = J Ay (x)dx
K

=—J Yo,y ()% ) D

t i=1
= 20" (),

where the first inequality follows from Lemma 21 that implies
that A(uzc) < 2N in the sense of distributions.

We now provide the general proof.

We sketch the following facts:

(1) For almost all t > 0 we have that P(F,) < oo, by the
coarea formula. (Note that, by the proof in Section 3,
this is actually true for every t > 0.)

(2) OF, € E, by Proposition 9, so 0°F, € E, forany ¢ > 0
such that P(F,) < co.

(3) By Lemma 19 for almost any r > 0 we have %”_I(Et \
0"F,) = 0.

(4) Hence for almost any r > 0 and %" '-almost any
x € E, we have that

V() _
2y (%))

Vuc (x) = -7 (x) (72)

that is the outward normal. This follows from the
existence of a “weak” tangent space of 0*F, near x;
see Theorem 3.8 in [8].

(5) Let @y, : RY — [0,00) a family of C* mollifiers,

with support in D, , and .[RN @, (x)dx = 1. Let y, &

y * @,: then (possibly passing to a subsequence) for
almost all £ > 0 we have

lim L [V, - Vy|dZ" ™ (x) = 0. (73)
F

h—o0

Indeed we know that lim,__ Vy;, = Vy in L'(Fy)
(for any R large), and we use the coarea formula

R

lim J g, )dt =0,
h—o00 Jo
(74)

g0 = [ [y~ vylaw o)

and then (up to a subsequence) gy, (t) —, 0 for almost
allt > 0.

Let r > 0 be such that all above properties are satisfied. Let
K = {0 < us < r} = F,\ C. Note that P(K) < oo (since
the boundaries of C and F, are separated); and the essential
boundary of K is the union of the essential boundaries of F,
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and of C. For any point y in the topological boundary of C,
lim,_,, Vy(x) = 0, and then

[V, (0] dZ" ™ (x) —, 0. (75)
0*C

By Proposition 18

JK Ay, (x) dx = ; L Oy ¥ (x) dx
(76)

_ _J 38, v, (), (x) 47" ()
0°K iy
the right hand side passes to the limit (by (75) and by (73))

lim — L*K iax,.llfh (x) v, (x) dZ" " (x)

== S X n-1
- L*Fr ;a""W(x)v’ () dZ™ (%) o)

= J 2rdZ™ " (x) = 2r 7" (0°F,)
0*F,

=2rP(F,).

For the left hand side of (76) we proceed as follows. By
Lemma 21, ¢(x) = y(x) — |x|? is concave, and let

P = Dy 9 =y, — Oy % x| (78)
by Lemma 20 ¢}, is concave and smooth so Vg, < 0
0> J Ag,dx = J Ay dx — J A (CDh * |x|2)dx; (79)
K K K
then

lim J A((Dh * |x|2) dx
K

h—0co
(80)
= 2N lim J Oy * Igdx =2NZ (K)
h—o0 JrN
SO
lim sup J Ay,dx <2NZ (K). (81)
h—o00 K

This ends the first part of the proof. Assuming that P(C) <
00, we have proved the required result (2); namely,

rP({uc <r}) < NZ ({0 <uc<r}), (82)

for almost any r > 0, i.e,, forall# > 0,7 ¢ N where N ¢ R
is a negligible set. Let then r > 0,7 € N, and then there is
a sequence 1\, r with 7, ¢ N; by Proposition 9 (point (2))
and the lower semicontinuity of the perimeter we deduce that
(2) holds for r as well.

We eventually extend (2) to the general case. Suppose
C is compact and P(C) = oo and then there is a
sequence C;, of compact sets with smooth boundary such that
dy(Cy, C) —,, 0. Indeed we may define C, = {x : O *
Tx(x) = 7} where 7 is a regular value and then use Sard’s
theorem. By Lemma 10 and the lower semicontinuity of the
perimeter we deduce that (2) holds. O
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5.4. Almgren Taylor Wang. It is worth mentioning that the
above proof follows closely part of the proof by Ambrosio
(lectures notes Minimizing Movements held in Padova, June
20-24,1994) of this result by Almgren, Taylor, and Wang [14].

Theorem 23. Let C ¢ RN be a compact set; suppose that there
are 0 > 0,7 > 0 such that

2" (CNB,(x)20p"" VxeC, pe(0,7). (83)
Then for allR > T

ess-sup Z" ' ({uc = r}) < aRY ' #ZN 1 () (84)
0<r<R

where « = y07't"N and y > 0 is an appropriate positive
constant dependent only on the dimension N.

6. Banach-Like Metric Spaces of Compact Sets

Let ./ be the family of all nonempty compact subsets of

RY. In 2015 Duci and Mennucci [1] studied a family of
distances dp«p on ./, where p € [1,00) ([1] also includes
the case p = oo, which will not be considered here) and
¢ : [0,00) — (0, 00) is a fixed given function. The distance
was then defined, for A, B € /, as

def
dpxp (A, B) = “9" cUpy—@Po uB"LP(RN) . (85)

Lemma 24 (Lemma 6.2 in [1]). Suppose that ¢ is monotoni-
cally strictly decreasing and

¢ (Ix|) € L? (RY). (86)

Let C ¢ RY be closed and nonempty; then the following are
equivalent:

(a) @ o uc € LP(RM).

(b) C is bounded (and then C is compact).

So, for any ¢ satisfying the above hypotheses, the formula
in (85) would properly define a distance on /.

6.1 Further Results on (.M,d,,). Assuming appropriate
hypotheses on ¢, [1] proved many interesting properties of
the metric space (/, dp,(p).

Hypotheses 25 (Hypotheses 6.1 in [1]). Suppose that ¢ is
monotonically strictly decreasing and of class C', such that

¢ (Ix|) € L? (RY). (87)

The resulting metric spaces enjoy many interesting prop-
erties.
(i) d . 18 Euclidean invariant.

(ii) The topology induced by d,, over the space ./
coincides with the topology induced by the Hausdorft
distance (Theorem 6.11 in [1]).

(iii) The metric space (4, d M,) is complete (Theorem 6.12
in [1]).
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6.2. Induced Distance and Geodesics. Given a metric space

(M, d), we define the lengthLen?y of a continuous path y :
[, 5] — M by using the total variation

def L
Len’y < sup Yd(y(t,),y(t) (88)
i=1

where the supremum is computed over all finite subsets T =
{tg»....t,} of [, Bl and £, < --- < t,. We then define the
induced distanced? by

d? (x,y) &ef iI]}f Lendy, (89)

where the infimum is taken in the class of all continuous paths
y connecting x to y. If the infimum is a minimum, the path
providing the minimum is called a geodesic.

With further hypotheses on ¢(t), more can be said on the
metric space (A, dp,(p).

Hypotheses 26 (Hypotheses 6.17 in [1]). Let ¢ be as defined in
Hypotheses 25. We moreover suppose that there is a constant
T > 0 such that ¢(t) is convex for t > T, and

¢  (Ix]) € L” (RY). (90)
Then these results follow.

(i) The space (A, dp,q,
6.18 in [1]).

(ii) Forany p > 0,A € M,

) is Lipschitz—arc connected (Prop.

DY (A, p) £ {Be | 9, (A B) < p} 1)

is compact in the (., d) topology (where dJ , is the
distance induced by dp,(p) (Theorem 6.20 in [1]).

(iii) Hence any two compact sets are connected by a
geodesic in (A, dp)q)).

(iv) When p € (0, c0) there is a variational description of
the geodesics (Sec. 6.4 in [1]), a weak formulation of
a “tangent bundle” (Sec. 6.5 in [1]).

(v) For p 2 there is an 1nterpretat10n of the metric d9 o0
as a “Riemannian metric” when smoothly deforming
smooth boundaries of compact sets (Sec. 6.6 in [1]).

6.3. Open Problem. All the above properties are quite inter-
esting for their applications in Shape Analysis and Optimiza-
tion. In this context, the set of Hypotheses 25 and Hypotheses
26 can be satisfied by simple functions such as ¢(t) = exp(—t)
or(t) =(1+t)"fora > N/p.

From a theoretical point of view, it may be interesting
instead to understand more in detail which hypotheses are
strictly needed to prove each of the above statements. This
requires a deeper understanding of the properties of the
distance function and the fattened sets. The theorems in this
paper are a step in this direction.

In proving Lemma 24 it was assumed that ¢ be mono-
tonically strictly decreasing. This was a useful ingredient in

11

writing a simple direct proof of the implication b = a. Some
geometrical and analytical considerations though suggested
that this hypothesis was not strictly needed.

Indeed as a consequence of Theorem 1 we can now prove
Theorem 4.

Proof. By Lemma 19 and Theorem 1 for almost any r > 0,
rZ™ 7 (fue = 1)) < NN (fuc < 1}). (92)

Let then 7 > 0 be such that C € D;(0), and then {u, =

1} € D(,,7; so for almost all > 0
N-1 N _N
T (luc=rf) < —(r+7)". (93)
r
Let ¢ : [0,00) — [0, 00) be as in hypotheses; we know

(Lemma 22) that [Vu(x)| = 1 for almost all x € RN\ C, and
then by the Federer coarea formula Proposition 15

| et ax
{uc(x)>¢}

J.{ “ (p (uc (x))P [Vue (x)] dx

J (Luc_t Q) ("‘c(X))‘Dda‘"’fl\l_1 (y))dt (94)
[ 7

=t})dt
< j o (t)F ? ¢+ dt < o
by relation (6), whereas

L " }9"(”c (x))" dx < 00 (95)

by (7); 50 ¢ o u € LP(RY). O
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