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In this article we discuss the distribution of asset price movements by the market potential func-
tion. From the principle of free energy minimization we analyze two different kinds of market
potentials. We obtain a U-shaped potential when market reversion (i.e. contrarian investors) is
dominant. On the other hand, if there are more trend followers, flat and logarithmic–like potentials
appeared. By using the Cyclical Adjusted Price-to-Earning ratio, which is a common valuation tool,
we empirically investigate the market data. By studying long term data we observe the historical
change of the market potential of the US stock market. Recent US data shows that the market
potential looks more likely as the trending followers’ potential. Next, we compare the market po-
tentials for 12 different countries. Though some countries have similar market potentials, there are
specific examples like Japan which exhibits very flat potential.

PACS numbers: 89.65.Gh

I. INTRODUCTION

In this paper we investigate the long-term behaviour of
asset prices, inspired by an analogy with statistical me-
chanics. Stock market fluctuations exhibit several sta-
tistical peculiarities which are still awaiting for a satis-
factory interpretation. In a perfect, frictionless complete
financial market the movement of an asset price should
follow a random walk [17]. Real markets seem however to
considerably deviate from this ideal behavior, exhibiting
both significant positive serial correlation [14] for weekly
and monthly holding-period returns and long-term neg-
ative serial correlation (mean-reversion) [10].
In addition the price moves much faster than its real

value changes [18, 21]. According to the efficient mar-
kets hypothesis (EMH) the main engine of asset prices
movement should be the arrival of some new piece of in-
formation which leads to a revision of the expectations of
market participants. For most assets the intrinsic value
will change under the influence of slowly varying macroe-
conomic conditions and/or under the effect of unantici-
pated new events (discoveries, technological innovations,
acquisitions, etc)
If this picture was correct, and in the absence of noise

traders, the price should essentially be constant between
two news items, and move suddenly around the release
time of the news. Noise trading should add high fre-
quency mean-reverting noise between news, that should
not contribute to the long term volatility of the price [9].
The price movement of an asset seems to be much more

chaotic and rapid than its intrinsic value. Although it
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is usually not possible to compute the present intrinsic
value of an asset, it could be estimated by statistical
means after a long period of time. The quoted price in
the market moves very rapidly and it rarely equals to the
intrinsic value ( indeed there is a rather strong statistical
evidence that the market overpays for superior growth
expectations [3, 4]). The relation between intrinsic value
and price has been well summarized by Fisher Black in
1986 [5].

In this article we analyze this phenomenon by exploit-
ing an analogy with some ideas of statistical mechanics.
In this framework a system hardly stays at the lowest
energy state (or equilibrium state). Indeed the system
should not only minimize its energy but also maximize
its entropy and the equilibrium state usually corresponds
to a state with little entropy. Thus it generates intrin-
sic “noise”. When energy is fixed the system will max-
imize its entropy, but if temperature is constant, it will
minimize free energy. At high temperature, maximizing
entropy is more important than minimizing energy.

Coming back to market dynamics, if we assume that
the intrinsic value of an asset changes slowly in time and
that the price of the asset should converge to the intrin-
sic value, the market should exhibit some mean revertion
(see, e.g. [7]). This implies the existence of a mean re-
verting “force” which we assume to be a function of the
deviation from the intrinsic value. Then the force is de-
termined by a potential function. When the price is at
the intrinsic value, it is at the lowest potential in the
phase space of the asset price. In Section II, the detailed
model for the mean reverting potential is discussed.

Whereas many long-term investors try to exploit this
mean reversion there is another major investment strat-
egy which is especially popular when the asset prices are
rising: trend following. Following the trends means to
invest only when the market is bullish and to be out of
the market during a bear market. A typical strategy for
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following the trends is compare the asset price with a
moving average and if the price is higher than the mov-
ing average then buy the asset and if not, go out of the
market. Others (contrarian investors) will try to exploit
market reversion, so they sell the asset when its price goes
up and vice versa. We will investigate the movement of
the asset price in these two different environments.

In the last Section of this paper we investigate two his-
torical datasets on market valuations: the first and most
important has has been collected and made available[19]
by the well-known economist Robert J. Shiller, the sec-
ond has been used in reference [1]. Shiller’s dataset is
very widely considered by the economics and finance re-
search communities (and also by many market practi-
tioners) as the reference dataset on valuation measures
for the U.S. stockmarket index and has been compiled
over a very long period of time starting from 1872. To
our best knowledge this is the deepest research grade his-
torical dataset of stockmarket valuations which is freely
available to the scientific community.

There are works on the market potential from stochas-
tic dynamics models applied to high frequency financial
time series (e.g. [6, 22]). However, in this article we
obtain the market potential not by making an assump-
tion on the microscopic structure of the market dynamics
but from the entropy maximization principle of statisti-
cal mechanics to distinguish different market behaviours
on a time scale of many years.

This paper is composed as follows: In the next sec-
tion, we introduce the mathematical formulations used
in this paper. In Section III we discuss various kinds of
market potentials deduced by free energy minimization.
Finally, the empirical investigations of historical datasets
are given in the last section.

II. MAXIMUM ENTROPY PRINCIPLE

The Shannon entropy of a probability density function
ρ(x) is defined by

H(ρ) = −

∫

ρ(x) log ρ(x)dx.

Entropy measures the uncertainty or the randomness of
a random variable. The maximum entropy principle was
first introduced by Jaynes [11, 12] in order to provide a
new formulation of Statistical Mechanics based on Infor-
mation Theory. A well-known maximum entropy prin-
ciple states that when the variance of ρ(x) is fixed, the
distribution which has maximum entropy is the normal
distribution[8].

Let ϕ(x) be a given potential function. Then the av-
erage energy for the density ρ(x) is

E =

∫

ϕ(x)ρ(x)dx.

The density function which maximizes entropy H(ρ) un-
der the condition of fixed average energy E is given by

ρE(x) =
e−βϕ(x)

∫

e−βϕ(x)dx
(1)

for some constant β satisfying

∫

ρE(x)ϕ(x)dx =

∫

ϕ(x)e−βϕ(x)dx
∫

e−βϕ(x)dx
= E.

(Refer to [8, 15] for the reference of the maximum entropy
distributions)
Since log ρE(x) = −βϕ(x)−log

(∫

e−βϕ(x)dx
)

, we have

H(ρE) = −

∫

ρE log ρEdx

=

∫

βϕe−βϕdx
∫

e−βϕdx
+ log

(
∫

e−βϕdx

)

= βE + log

(
∫

e−βϕ(x)dx

)

.

Therefore, we have

dH(ρE)

dE
= β + E ·

dβ

dE

+
1

∫

e−βϕdx
·
d

dβ

(
∫

e−βϕdx

)

·
dβ

dE

= β +
dβ

dE

(

E −
1

∫

e−βϕdx

∫

ϕe−βϕdx

)

= β.

Hence, we have β = 1/T the inverse temperature. Note
that we define the entropy without Boltzmann’s constant.

The density ρ(x) = e−βϕ(x)
∫
e−βϕ(x)dx

maximizes the quantity

H − βE = −

∫

ρ(x) log ρ(x)dx − β

∫

ϕ(x)ρ(x)dx.

In other words, the density ρ(x) minimizes the
(Helmholtz) free energy F = E − TH .

III. MARKET POTENTIALS

Let S and S0 be the price of an asset and its intrin-
sic value, respectively. The price S changes at high fre-
quency whereas the intrinsic value changes in time at low
frequency (apart from the rare occurrance of shocks). De-
fine x = log(S/S0) so that x = 0 corresponds to identity
between price and intrinsic value (the market is perfectly
efficient and the asset price is exactly equal to its intrinsic
value). We assume that there is a potential ϕ(x) which
describes the forces which push x toward the efficient
equilibrium at x = 0.
We classify the potential ϕ(x) into two cases; one is the

case that the force become stronger as the price deviation
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|x| become larger and the other case is that the force is
weaker as |x| goes bigger. We consider a system whose
the force increase proportionally to |x| and another sys-
tem of which force decreases proportionally to 1/|x| for
large |x|.
We also could use similar idea of entropy maximizing

principle to obtain the distribution of the market mo-
mentum. [23]

A. Market reverting potential

This is the case that there are many market practition-
ers who follow the mean reverting strategy. If the price
goes up, then more people sell the asset and vice versa.
The reverting force become stronger as price moves farer
from the intrinsic value - the equilibrium point. There-
fore, we assume that the mean reverting force is propor-
tional to the deviation, so we obtain

ϕ(x) = Cx2

for some constant C > 0. Then we have

ρ(x) =
e−βx2

∫

e−βx2dx
,

which is the Gaussian distribution.
The market temperature dH

dE
= β = 1

T
is inversely

corresponds to the variance of ρ. In this case, the energy
is

E =

∫

x2ρ(x)dx

and E corresponds the variance of the density ρ(x).

B. Market trending potential

This is the case that there are many investors who
follow the trends in the market. If the price becomes
higher, then more people come to buy the asset and vice
versa. The reverting force become weaker as price goes
up or down from the intrinsic value - the equilibrium
point. Therefore, we assume that the mean reverting
force is inversely proportional to the deviation. Thus, by
integrating 1/x, for large |x| we have

ϕ(x) = C log |x|

for a constant C > 0.
The density function ρ is

ρ(x) =
e−β log |x|

∫

e−βϕ(x)dx
=

|x|−β

∫

e−βϕ(x)dx
.

Note that the density ρ is a polynomially decreasing func-
tion as many researches on stylized facts of market move-
ment suggest.

The market temperature dH
dE

= β = 1
T

is the exponent
of ρ(x). In this case the energy is obtained as

E =
1

∫

e−βϕ(x)dx

∫

|x|−β log |x|dx.

C. Constant force

If we assume that the mean reverting force is constant,
Then we have the density function

ρ(x) =
e−β|x|

∫

e−β|x|dx
.

Such potential in small time scale was considered by some
articles (e.g. [16]).

IV. EMPIRICAL DATA

In this section, we visualize the market potential de-
duced from various historical market datasets. In order
to do this we will use a common valuation tool to ex-
tract the potentials from the market data. In Section II,
we showed how the market potential function ϕ(x) can
be obtained from the distribution function ρ(x) by (1).
The distribution function gives the relative frequency of
the deviations of the price from the equilibrium or the
intrinsic value.
It is a highly challenging problem to determine the

intrinsic value of financial assets. One of the major in-
sights provided by the maximum entropy approach is the
recommendation to focus on the behaviour of mean val-
ues of a rather small set of relevant quantities, instead
of trying to follow the full details of the time evolution
of a complex system. In a very similar spirit in Finan-
cial Economics the use of simple valuation tools has been
proposed in order to have an approximate valuation mea-
sure for a market index. Cyclically Adjusted Price-to-
Earnings ratio (CAPE) is a valuation measure developed
by Shiller[21]. It is the Price-to-Earning ratio using the
average ten years of earning adjusted inflation, i.e.,

CAPE =
price

10 years average of inflation adjusted earning
.

Let pk be the monthly CAPE value. We estimate the
distribution ρ(x) by the relative frequency of the devi-

ation of pk from the average p̄ = 1
M

∑M
k=1 pk, where

M is the number of monthly CAPE data pk. We di-
vide the range of pk − p̄ by equally distanced points
a0 < a1 < · · · < an and set xi, ρi to be respectively
the midpoint of the i-th interval [ai−1, ai) and of the rel-
ative frequency of pk − p̄ belonging of the i-th interval,
i.e.,

xi =
ai−1 + ai

2
, ρi =

#{k : ai−1 < pk − p̄ < ai}

M
,
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Then, as it is discussed in Section II, we estimate the
market potential ϕ at xi by

ϕi = − ln ρi.

A. Market potential from Historic US data

We use the data set constructed by Shiller [19] to inves-
tigate the chronological changes of the market potential.
This US data set consists of monthly stock price, divi-
dends, and earnings data and the consumer price index
(to allow conversion to real values), all starting January
1871 [20] (See FIG 1) . For our purposes we will not use
the dividends data.
In FIG 2, we present how the potential in the US stock

market evolves. The market data is categorized into 4
time period, (i) 1881–1913, (ii) 1913–1945, (iii) 1946-
1977, (iv) 1978–2010. During the periods of (i) and (iii),
the market potential in the US seems to be mean revert-
ing and U-shaped as we discussed in Subsection IIIA,
thus, we may conclude that the market reversion strat-
egy was dominant during the time span. On the other

hands, in the period of (ii) and (iv), the market poten-
tial became rather flat. It suggests that there were more
market trending investors as it is considered in Subsec-
tion III B.

B. Market potential for various countries

For Australia, Belgium, Canada, Denmark, Germany,
Japan, the Netherlands, Norway, Sweden, Switzerland,
and United Kingdom we use the CAPE dataset [2] built
in [1]. At variance with US dataset, these series span a
narrower time window running from December 1969 to
December 2010. The estimated market potential (xi, ϕi)
for these 12 countries are shown in FIG 3. Among
them Norway, UK, Belgium and Netherlands can be cat-
egorized as countries with market reverting potentials.
Other countries like USA, Switzerland, Germany and
Denmark have similar market potential. The most dra-
matic example is observed in Japan, which has a very
flat potential.
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The momentum is proportional to the velocity of the
price movement if many investors sell when price goes up
and vice versa. This situation is similar to mean reverting
case treated above and leads to a normal distribution for
the returns v with the variance (i.e. the volatility of the
returns) which can be interpreted as the market temper-
ature.
However, one can also consider the opposite scenario:
here investors are prevalently trend-followers, so that
they prefer to invest in momentum stocks, i.e. in stocks
with a recent past of high returns. Then the momentum
is inversely proportional to the velocity and the kinetic
energy will be
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for large |v|.
By the similar calculation, we have same distributions for
the potential energy.


