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SPHERICAL ANALYSIS ON HOMOGENEOUS VECTOR BUNDLES

FULVIO RICCI AND AMIT SAMANTA

ABSTRACT. Given a Lie group G, a compact subgroup K and a representation 7 € IAQ we assume
that the algebra of End(V;)-valued, bi-T-equivariant, integrable functions on G is commutative.
We present the basic facts of the related spherical analysis, putting particular emphasis on the role
of the algebra of G-invariant differential operators on the homogeneous bundle E; over G/K. In
particular, we observe that, under the above assumptions, (G, K) is a Gelfand pair and show that
the Gelfand spectrum for the triple (G, K, 7) admits homeomorphic embeddings in C".

In the second part, we develop in greater detail the spherical analysis for G = K x H with
H nilpotent. In particular, for H = R"™ and K C SO(n) and for the Heisenberg group H, and
K C U(n), we characterize the representations 7 € K giving a commutative algebra.

INTRODUCTION

Let (G, K) be a Gelfand pair with G a Lie group and K a compact subgroup of it. Recent work
has put attention on the fact that the spherical analysis on the bi- K-invariant algebra L'(K\G/K)
gains new interesting aspects from the fact that its Gelfand spectrum 3, i.e., the space of bounded
spherical functions with the compact-open topology, can be naturally embedded into some Eu-
clidean space as a closed set [§].

Such an embedding p is defined by choosing a generating k-tuple (Dy,..., D) in the algebra of
G-invariant differential operators on G/K and assigning to the spherical function ¢ on G/K the
vector p(¢) = (Ap,(¢),...,Ap,(#)) € CF whose entries Ap,(¢) are the eigenvalues of ¢ under the
Dj’S.

This allows to introduce a notion of smoothness for functions defined on X, and to pose the
problem, classical in Fourier analysis, of relating smoothness of the spherical transform of a given bi-
K-invariant function on G with properties of the function itself. This question has been investigated
in detail for nilpotent Gelfand pairs, in which G = K x H is a motion group on a nilpotent group
H [0}, 10, [11].

In this paper we extend the basic framework for such analysis to the spherical transform of type
7, where 7 is an irreducible unitary representation of K for which the appropriate commutativity
assumptions are satisfied.

The notion of spherical transform of type 7 goes back to [I5]. In most of the existing literature
the accent is on the case where (G, K) is a symmetric pair. For the general case we refer to [25],
Ch. 6] and [22] [5].

There are two equivalent ways to introduce the objects of our analysis on a triple (G, K, ),
where G is a Lie group, K a compact subgroup of it and 7 € K as above.
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In the first (or matrix-valued) picture one considers the homogeneous bundle E,. = G x, V,
with basis G/K and linear operators on sections of F, commuting with the action of G. The
Schwartz kernel theorem implies that, under mild continuity assumptions, any such operator can
be represented by convolution with an End(VT)—valuedE distributional kernel F' on G satisfying the
identity

(0.1) F(kyxky) = T(k;l)F(CU)T(k‘fl)

The commutativity condition imposed on 7 is that the algebra of End(V;)-valued integrable
functions F' on G satisfying the above identity is commutative with respect to the convolution
defined in (L4]) below.

In the second (scalar-valued) picture one considers the algebra of integrable scalar-valued func-
tions f on G which are K-central and satisfy the identity

f*Xr =1,
and the requirement on 7 is that this algebra be commutative.

We say that (G, K, T) is a commutative triple if either of these conditions is satisfied.

In the first part of the paper we recall definitions and basic facts about commutative triples and
analyze in detail the relevant algebras of invariant differential operators in the two pictures, proving
that they are finitely generated (Sections [2)).

It is proved in [7] that Thomas’s characterization [2I] of Gelfand pairs admits the appropriate
extension to commutative triples (G, K, 7) with (G, K) a symmetric pair. This means that (G, K, 7)
is commutative if and only if the algebra D(E;) of G-invariant differential operators on E; is
commutative. In Theorem B.I] we provide a proof of this property which applies to general triples,
under the assumption that G/K is connected. Then the spherical functions of a commutative triple
coincide with the joint eigenfunctions of these operators which satisfy (0.1]) and take unit value at
the identity of G.

From this equivalence we derive the following conclusion, which does not seem to appear in the
literature: if (G, K, T) is a commutative triple, then (G, K) is a Gelfand pair. In particular, G must
be unimodular and the pair (G, K) must fall in the classification of Lie Gelfand pairs [23, 26], 27].

Since our proof is based on the analysis of D(E;), this result is limited to Lie groups G, K with
G/K connected. It would be interesting to know if the same statement holds for commutative
triples where G is not a Lie group.

In Section [] we describe the embeddings of the Gelfand spectrum of the algebra of integrable
functions satisfying (0.I]) into Euclidean spaces, extending the result in [§] to general 7.

In Section Bl we comment on the special case of a strong Gelfand pair (G, K), defined by the
condition that (G, K,7) is commutative for every 7 € K. Since (G,K) is a strong Gelfand pair
if and only if (K x G, K) is a Gelfand pair (with K acting on G by inner automorphisms), it is
natural to compare the Gelfand spectrum of this pair with those of the individual triples (G, K, 7).
We show that the former is the topological disjoint union of the latter ones.

In the second part of the paper we analyze the case where G = K x H is a motion group on a
Lie group H. The sections of E, are then identified with the End(V;)-valued functions on H and
the algebra of integrable functions satisfying (0.I]) with the algebra of End(V;)-valued integrable
functions on H which transform according to 7 under K:

F(k-x) = 7(k)F(z)r(k™").

Ifor V, W finite dimensional complex vector spaces, Hom(V, W) denotes the space of linear operators from V to
W. If V=W, we write End(V) instead of Hom(V, V).
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In this context, the representation theoretical criterion for having a commutative triple can be
reduced to conditions on the representations of H rather than of G. At the same time, the spherical
functions can be defined directly on H and their properties described without lifting them to G,
cf. Sections [0 and [7}

In Section [§ we show that the Gelfand spectrum ¥ of the pair (G, K) is identified in a natural
way with a quotient of the spectrum X, of the triple (G, K, 7), and that the quotient map becomes
a canonical projection onto a coordinate subspace of C¥ when the two spectra are embedded in a
compatible way in complex Euclidean spaces.

From Section [@ on we further restrict ourselves to the case where H is nilpotent. We first extend
to this kind of commutative triples the proof in [3] that all bounded spherical functions are of
positive type.

In Section [0l we characterize the commutative triples with H = R™ as those for which 7 decom-
poses without multiplicities when restricted to the stabilizer of any point in R™, and the commu-
tative triples with H equal to the Heisenberg group H,, as those for which the tensor product of 7
and the metaplectic representation restricted to K decomposes without multiplicities.

This allows to easily recognize the known fact that (SO(n) x R™,S0(n)), (U(n) x Hy,,U(n))
are strong Gelfand pairs, and in addition to classify the representations 7 for which the triples
(SU(n) x C",SU(n),7), (SU(n) x Hy,SU(n),7) are commutative.

In Section [Tl we give general formulas for the bounded spherical functions and finally, in Section
, we explicitely compute them in the special case H = R", K = SO(n) and 7 the natural
representation on C".

1. COMMUTATIVE TRIPLES AND SPHERICAL FUNCTIONS OF TYPE T

Let G be a locally compact group, K be a compact subgroup of G and 7 a finite dimensional
unitary representation of K on the space V.

By C*°(G,V;) we denote the space of V;-valued smooth functions on G and by C(G,V;) we
denote the subspace of functions u satisfying the identity

(1.1) u(zk) = (k" YHu(z), VkeK.

Then C2°(G,V;) is naturally identified with the space of smooth sections of the homogeneous
bundle E; = G X, V;. Similar notation will be used with C* replaced by other function (or
distribution) spaces, like D(= C°), D', C*, LP etc.

It follows from the Schwartz kernel theorem that every linear operator, continuous with the
respect to the standard topologies, mapping D-sections of E, into D’-sections of E; and commuting
with the action of G on E,, can be represented in a unique way add

(1.2 Tu@) = [ Fly oy, we DGV,
G

with F € D} _(G,End(V;)), ie.,

(1.3) F(kyxke) = 7(ky V) F(x) (k7).

Conversely, any F € D, | (G ) End(VT)) defines a continuous G-invariant operator 1" on D-sections

of E; via formula (L2]).

2The integral notation in (2] and the pointwise identity (I3 must be appropriately interpreted when F is not
a function.
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In particular, operators T' = TF as in (2] with F' € L;T (G, End(VT)) can be composed with
each other (e.g., because they are bounded on L'-sections) and Tr Tr, = Tr,«F,, where

(1.4) Fy * Fy(x) = /GFg(y_lx)Fl(y)dy.

Definition. (G, K, 1) is a commutative triple if the algebra L;T(G,End(VT)) is commutative.

The following well-known theorem ([25], Vol. II, Page-9, Prop. 6.1.1.6) gives a characterization
of commutative triples in terms of representation of G. By G we denote the set of all equivalence
classes of irreducible unitary representations of G.

Theorem 1.1. (G, K, 1) is a commutative triple if and only if, for any ™ € @, the multiplicity of
T in T, is at most 1.

To an End(V;)-valued function F' we associate the scalar-valued function
(1.5) S;F =d;Tr F.

The following statement is also well known [25] vol. II].

Proposition 1.2. An End(V;)-valued function function F satisfies (L3) if and only if f = S, F is
K -central, i.e.,

(1.6) flkak™ = f(z), VkeEK,
and of type T, i.e.,

(17) f* (doXoms) = dr /K F(wh)xe(k)dk = f(x),

where my denotes the normalized Haar measure on K.
Under these assumptions on F and f, S; is bijective and the inverse map is given by

(1.8) Slf(x) = /KT(k)f(k:x)dk:.

By L7(G)™X we denote the space of K-central LP functions of type 7. For p = 1, LL(G)™¥ is
closed under convolution. It is easy to verify that

S (fixfo) = frx (ST ) = (ST A) * (S7 1)
which leads to the following conclusion.

Proposition 1.3. The map S; establishes an algebra isomorphism between L;T (G, End(VT)) and
L}_(G)intK.
Definition. Let (G, K,T) be a commutative triple. A non-trivial function ® € L3 (G,End(V;)) is
said to be a T-spherical function if the map
~ 1 1
F — F(®):= d_/ Tr [F(x)q)(x_l)]dx = d—Tr[F * D(e)]
T JG

is a homomorphism of Lt (G, End(V;)) into C.
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Definition. Let (G, K,T) be a commutative triple. A non trivial function ¢ € L=(G)™E is said
to be a trace T-spherical function if the map

) /f N)dz = f # (e)

is a homomorphism of LL(G)"™¥ into C.

Observe that our definition of trace spherical function differs from that in [25] by a factor of d.
The following theorem characterizes the 7-spherical functions in terms of functional equations.
We refer to [14] and [5, Thm. 3.6] for the proof.

Theorem 1.4. For ® € L% (G,End(V;)) and ¢ = d%ST(q)) the following are equivalent:

(i) ® is a T-spherical function.
(ii) ¢ is a trace T-spherical function.
(iil) ® € L°(G,End(V;)) is nontrivial and satisfies the functional equation

(1.9) [ @k (K)dk = 2(5)2()
K
(iv) ¢ € L=(G)™EK s nontrivial and satisfies the functional equation
(1.10) | otakyk )k = o(x)o(w)
K

A T-spherical function ® satisfies ®(e) = 1.
2. DIFFERENTIAL OPERATORS ON HOMOGENEOUS BUNDLES

Let D(G) be the algebra of left-invariant differential operator on G. The action of D(G) on
C*°(@G) induces an action of D(G) ® End(V;) on C*(G,V;) = C*(G) ® V; given by

(2.1) (D ®@T)u:= D(Tu).

With an abuse of notation, we will write D for the “scalar” operator D ® I.
The elements of D(G) ® End(V;) which preserve C2°(G, V;) are the ones which are invariant
under all operators u(k), k € K given by

(2.2) u(k)(D @ T) = DA% @ (k= HTr(k),
where, for an automorphism ¢ of G and D € D(G),
D¥f = (D(fow)) oy,

cf. [24] p. 120].

Denote by (]D ) @ End(V; ))K the algebra of operators which are invariant under p in (2.2]),
and by A : 6(g) — U(g) = D(G) the symmetrization operator. The following statement is pretty
obvious.

Lemma 2.1. The operator
A:=2A®1:6(g) ®End(V;) — D(G) @ End(V;)

is a linear bijection from the space (&(g) @ End(V )) of End(V;)-valued polynomials P on g
satisfying the identity
Po Ad(k) = 7(k) "1 Pr(Ek),
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onto (D(G) ® End(VT))K.

The algebra D(E;) of G-invariant differential operators acting on smooth sections of the homo-
geneous bundle E; is then the quotient

K

D(E;) = (B(G) ® End(V;))" / (D(G) @ Bnd(V7)),

of (D(G) ® End(VT))K modulo the ideal of those operators which are trivial on C2°(G, V7).
In fact, we have the relations obtained by differentiating (I.I]) with respect to k: for X € £ and
u e CX(G,V;),

(2.3) Xu=—dr(X)u .

The following statement, proved in [17], essentially says that the full ideal (D(G) ® End(VT))(If
is generated by the relations (2.3]).

Theorem 2.2. Let p be an Ad(K)-invariant complement of € in g. Then A is a linear bijection
from (&(p) ® End(VT))K onto D(E;).

Another consequence of ([23), combined with the identity End(V;) = dr(£i(€)), is that any
D € D(E;) acts on C(G, V;) in the same way as a (scalar) element of

Di(G) :={D e D(G) : DA*) = D} = {D € D(G) : D* = D}.

To be more precise, for a polynomial P(z,y) € S(g) on g (x € ¢,y € p), define the modified
symmetrization X' (P) € D(G) as

(N(P)f)(9) = P92, 0y, f(gexpy exp ).

It is quite obvious that A : &(g) — D(G) is the linear bijection uniquely defined by the require-
ment that, if P(z,y) = p(x)q(y), then

(2.4) N(P) = X@)A(p)-
Moreover, ' (u) € D (Q) if and only if u is Ad(K)-invariant. We set p~(x) = p(—x).

Corollary 2.3. For D = X (Y p;(x)q;(y)) € Dx(G), set
4:(D) = A( Y as @ dr(A;))) = 3 May) © dr (Mpy).

Then A; is well defined, it maps D (G) linearly onto D(E;) and A;(D)u = Du for every
u e CX(G,V;).

The identity A;(D)F = DF also holds for End(V;)-valued smooth functions satisfying the iden-
tity F(xk) = 7(k)"'F (), in particular for F € C; (G, End(V;)).

Proof. Well defined-ness follows from the linearity of A\ and dr; ontoness follows from Theorem



SPHERICAL ANALYSIS ON HOMOGENEOUS VECTOR BUNDLES 7
For v € C(G,V;), we have

Z% )y—oPi (0z)|,_ou(g expy exp )
- Z% )y=oP5 (Or)|,—oT 7(exp(—x))u(gexpy)
= Z% )y—odT (A(p;))ulg expy)

= ZdT (p; ) Mgj)ulg)

The last part of the statement is an obvious consequence of the fact that the space of smooth
End(V;)-valued functions F satisfying the identity F(zk) = 7(k)"'F(x) can be identified with
Cx(G, V)@ V.. O

From the above corollary we can conclude the following :

o Ker(4,) = {D € Dx(G) : D |eeo(an } = {D € Dr(G): D |C$o(G)imK}
o Let ST and its inverse S- ! be the operators defined in (L5) and (L8). For F € C2%(G,End(V;),
f € CX(G)"E and D € Dg(G), Corollary 23] gives the identities

S:(A-(D)F) = S;(DF) = D(S,F) ,  S;'(Df)=D(S;"f) = A-(D)(S; " f).
Let (S(p) @ S(€))™ denotes the AdK invariant elements in S(p @ S(8) = &(g).

Proposition 2.4. The diagram

(S(p) @ &(8) " 5 Dx (G)
I® (dro)) A,
(&(p) ® Bnd(V;))" A D(E;)

1s commutative, the horizontal arrows indicate bijections and the vertical ones surjections. More-
over, conjugation by S, establishes an isomorphism of algebras between D(E;) and

Dk +(G) = D (G)/ ker A.
Corollary 2.5. D(E;) and Dk .(G) are finitely generated algebras.

Proof. 1t suffices to prove that Dk ,(G) is finitely generated. By the Hilbert basis theorem, the space
I(g) of Ad(K)-invariant polynomials on g is finitely generated. Let uy,...,u,, be a Hilbert basis,
with degu; = d;. Then N (ujur) = N (u;j)N (ux) modulo elements of degree strictly smaller than
dj + di. This implies, by induction on the degree, that D (G) is generated by N (u1), ..., N (um).

Being a quotient of Dg (G), Dk ,(G) is also finitely generated. O
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3. CHARACTERIZATION OF SPHERICAL FUNCTIONS AS EIGENFUNCTIONS

Like for the standard case of a pair (G, K) [21} 24], commutativity of convolution algebras is
equivalent to commutativity of algebras of invariant differential operators, under the assumption
that G/K is connected. We remark that this statement is usually formulated under the stronger
assumption that G is connected.

Theorem 3.1. Consider the following statements:
(i) (G, K,T) is a commutative triple,
(ii) D(E;) is commutative,

(i) Dk +(G) is commutative.

Then (1)=(ii)<(iii). If G/K is connected, they are all equivalent.
Proof. The equivalence of (ii) and (iii) follows from Proposition 2.4

To prove that (i)=(iii), let D € Dg(G), f € C®(G)™E, u e C(G)ME,

With u; = u * (d;XxrmK), we have

o Df € OX(G)™K,

e Du, = (Du), € CX(G)"E,

e uxf=u*xf=fxu = fxu.

Hence, given D1, Dy € Dk (G),
U * (DlDQf) = Dng(u * f) = DlDQ(uT * f)

= D1 Ds(f xu;) = Dy (f * (Dauy))
=D ((DQUT) * f) = (DQUT) * (le)
= (D1f) * (Daur) = Do((D1f) * ur)
== (le) * (DQUT) = Us * (D2D1f)
= Uu* (DQle) .

Applying this identity to an approximate identity {u;} C C°(G)™%  we conclude that Dy Ds f =
DyDq f, hence D1 Dy = D2 Dy in the quotient algebra Dy, ,(G).

We consider now the opposite implication (iii)=-(i) assuming first that G is connected.

Let u be any K-central analytic function. The function

U(z,y) :/KuT(k‘xk_ly)dk:.

is analytic in (z,y) € G x G, K-central in each variable and satisfies the identity U(k1, k) =
U(kQ,kl) for all kl,kQ e K.

Let Dy, Dy € D(G). Defining DY := I DlAdek:, for any K-central function g, DYg is K-central.
Then, for every ki, ks € K,

D1 2Dy U(k1, k) = Dz JU k1, k2)

— /D (DYur(kxk™k2)) |oek, dk
— /D (D9ur (k™ koka)) |op, dk

= /D?DQUT(]C_ kokky))dk
K
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— / DYDY, (k™ kokkr)) dk

— / DYDY, (kkik™ ko)) dk
K

= DyoD1,U(k2, k1)

= DiyDo,U(ko, k).
Denote by G. the connected component of e in G. By the analyticity of U, it follows that
U(kyz, koy) = Ul(koy, kix) for all k1,ke € K and z,y € G.. Since G/K is connected, every

connected component of G contains an element of K. Hence U(z,y) = U(y,z) for all z,y € G.
This implies that, for any f,g € LL(G)™¥® and compactly supported,

/G g% f(@)u(z)dz = /G g% F(@)up (z)dz = /G /G F()g(@)U (z, y)dxdy
and similarly

/f*g d_// xydxdy—// y, x)dzdy.

Therefore [, g* f(z)u(z)dx = [ f* g(x)u(z) for all K-central analytic functions u. Since analytic
integrable functions are dense in L'(G), the same is true for L'(G)™X hence f*g =g * f. O

Theorem 3.2. Let (G, K, T) be a commutative triple, with G/K connected. For ® € LY (G,End(V;))
and ¢ = d, Tr® € L=(G)™ ) the following are equivalent :
(i) ® is a T-spherical function;
(ii) @ is a joint eigenfunction for all D € (D(G) ® End(VT))K and ®(e) =1.
(iii) @ is a joint eigenfunction for all D € D (G) and ®(e) =
(iv) ¢ is a trace T-spherical function;
V) ¢ is a joint eigenfunction for all D € Di(G) and ¢(e) =

In particular, both kinds of spherical functions are analytic.

Proof. The equivalence of (ii) and (iii) follows from Corollary 233l To complete the proof, it suffices
to prove the equivalence of (iv) and (v).

Lifting K-central functions on G to bi-K*-invariant functions on K x G, with K* = diag(K), one
can see that condition (II0) is equivalent to the functional equation [, ¢*(gkg')dk = ¢*(g)¢*(g')
for the lifted function ¢

The proof in [16, Ch. IV, Prop. 2.2] can then be adapted to prove that a non trivial K-central
bounded function ¢ satisfies (ILI0) if and only if it is an eigenfunction of all D € Dk (G).

Analiticity of ¢ follows from the existence of a K-central left-invariant Laplacian on G, and that

of ® by Theorem [[L4] d

Corollary 3.3. Let (G, K, 1) be a commutative triple with G/K is connected. Then (G,K) is a
Gelfand pair. In particular, G is unimodular.

Proof. By Theorem Bl D(E;) is commutative. Let I(p) denote the space of all Ad(K)-invariant

polynomials on p. Then clearly I(p) ® I C (&(p) ® End(VT))K. Therefore, in view of Theorem
2.2 it follows that A(I(p)) is commutative. But this implies, by [16, Thm. 4.9], that D(G/K) is
commutative. Hence (G, K) is a Gelfand pair. O
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4. GELFAND SPECTRUM AND EMBEDDINGS INTO EUCLIDEAN SPACES

The following theorem says that the 7-spherical functions are uniquely determined by the set of
their eigenvalues.

Theorem 4.1. Let (G,K,T) be a commutative triple. Let ¢1 and ¢o be two trace T-spherical
Junction so that Dp; = p1;(D)¢; (i=1,2) for all D € Dg(G). If pu1 (D) = p2(D) for all D € D (G),
then ¢1 = ¢2.

Proof. By the given conditions we have, D¢;(e) = D¢(e) for all D € Dg(G). Now let D € D(G).
Define Dy = [ K DAYk L which clearly belongs to D (G). Since ¢; are K-central, it follows that
Dooi(e) = Do;(e). Therefore Dgi(e) = Dea(e) for all D € D(G). But ¢1, ¢2 being analytic, they

must coincide on whole of G. O

Let ¥, be the set of all trace T-spherical function. By Corollary 25, we can fix a finite set
D = (D1, ,Dy) of generators of Dg ,(G). Then the map pp which assigns to a ¢ € 3, the
k-tuple

pp(®) = (A, (9), , Ap, () € C"

of its eigenvalues is injective, by Proposition LIl Assume that X, is endowed with the weak™*-
topology.

Theorem 4.2. On X, the weak*-topology and the compact-open topology coincide. The map pp
is a homeomorphism from %, to its image in C*, and pp(X,) is closed.

Proof. Introducing coordinates t = (t1,--- ,t,) on g according to the exp map, let |t| an Ad(K)-
invariant norm on g. The operator A := A([t|?) is in Dk (G) and is elliptic (a Laplacian). Being an
eigenfunction of A, any ¢ € 3, is real-analytic. The rest of the proof goes as in [8, Thm. 10 and
Cor. 11]. O

5. STRONG GELFAND PAIRS

Given a pair (G, K), with K a compact subgroup of G, there may be several 7 € K such that
(G, K,T) is a commutative triple. We have already seen that if a nontrivial 7 gives a commutative
triple and G/ K is connected, then also the trivial representation does.

The extreme situation occurs when (G, K, 7) is a commutative triple for all 7 € K. When this
occurs, one says that (G, K) is a strong Gelfand pair.

Lemma 5.1. The following are equivalent:

(i) (G, K) is a strong Gelfand pair,

(ii) (K x G, K) is a Gelfand pair, with K acting on G by inner automorphisms,
(iii) LY(G )th is commutative,
(iv) (for G connected) D (G) is commutative.

This follows easily from the identities

th Z Ll th ’ L,lr(G)intK *L;(G)intK — {0} , T 74 o .
rek
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Definition. Let (G, K) be a strong Gelfand pair. A non zero ¢ € L>®(G)™F is said to be a
LY (G)™E _spherical function if the map

o /G F(@)dlg)dg

is an an algebra homomorphism of L'(G)™*X onto C.
The following statement follows directly from (ii) in Lemma [5.1]

Theorem 5.2. Let (G, K) be a strong Gelfand pair. The following are equivalent:

(i) ¢ is a L' (G)™¥K -spherical function,
(ii) ¢ is nonzero, bounded and satisfies the functional equation

(1) | ekt = o(w)oto).
(iii) (if G is connected) ¢p(e) = 1, ¢ is K-central, analytic and is a joint eigenfunction of all
D e ]D)K(G).

If ¢ is a L'(G)™ X spherical function, then, by the functional equation (5.1)), ¢(e) = 1 # 0.
Therefore, in view of Theorem (iii) and Proposition B.2] we have the following proposition.

Proposition 5.3. Let (G, K) be a strong Gelfand pair. Let ¢ be a L'(G)™X -spherical function.
Then there is unique T € K such that ¢ € L>®(G)™E . Hence ¢ is an trace T-spherical function.

Proof. Since ¢ is nonzero, there is 7 € K such that ¢, := ¢ x (d;x+mk) is nonzero. By (B.1]), we
obtain that, for all z,y € G,

With y = e, this gives that ¢, = ¢,(e)¢. Hence ¢,(e) # 0, ¢ € L®(G)I"E  and finally
¢ = or. U

Corollary 5.4. Let ¥ denote the spectrum of the Gelfand pair (K x G, K). Then X is the disjoint
union of the spectra 3, of the triples (G, K,T), 7 € K. Each X, is open and closed in 3.

Proof. For each T € K, the map pr which assigns to a bounded spherical function ¢ € 3 the value
pr(6) = 6 (drxrmac)(e) = [ ok (R)dk

is continuous on ¥ and only takes values 0 or 1. This implies that X, = p=1(1) is closed. On the
other hand, if a sequence of functions ,, € ¥ converges to ¢ € 3., then p.(¢,) must be eventually
be equal to 1. Then ¢,, € ¥ eventually. This proves that 3, is open. ]

6. K-HOMOGENEOUS BUNDLES OVER A LIE GROUP H

In this section we consider the special case where G = K x H, H being a Lie group and K a
compact group of automorphisms of H, and (7,V;) is an irreducible unitary representation of K.
We denote by k - x the action of k € K on x € H. The product on K x H is given by

(k,z)(K,2") = (kK',z(k - 2')).
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The sections of E,, i.e., the V,-valued functions u on G satisfying the identity u(gk) = 7(k) ~'u(g),
are naturally identified with V,-valued functions ug on H, via the map T given by

(6.1) T: wug(z) — u(k,z) =7(k) Tug(z).
The action of H on wug is given by left translations and that of an element k& € K by
(6.2) E: o up(x) — m(k)ug(k™t - 2).

Similarly, the integral operators on V,-valued functions on H commuting with the action of G
are given, in analogy with (L2]), by

uw) — [ Pl
where F': H — End(V;) satisfies the identity
(6.3) F(k-z)=1(k)F(z)r(k™).
This is equivalent to saying that
TF(k,x) =7(k) 'F(z) € L: (G).

Composition of integral operators corresponds to convolution of Fy, Fy € LL(H), defined as
Fy x Fy(x) = / Fy(y~tz)Fy(y)dy.
H

Then, under this convolution, L!(H) becomes an algebra.

Therefore (K x H,K,7) is a commutative triple iff L(H) is commutative. In this case H is
unimodular. R

As for Gelfand pairs, here too we have a reformulation of Theorem [Tl Let H be the dual object
of H, i.e., the set of equivalence classes [r] of irreducible unitary representations 7 of H. The group
K acts on H in the following way: given k € K and 7 irreducible and unitary, 7% (z) = 7(k~! - z)
defines an irreducible and unitary representation of H, which may or may not be equivalent to .
Note that if 71 ~ m then 7F ~ 7§, So we can set k - [1] = [7*].

Let K, be the stabilizer of [r], which is clearly compact. For k € K, there exists a (unique
up to a unitary factor) unitary operator 6(k) on H, (the Hilbert space where 7 is realized) which
intertwines 7 with 7%, i.e., 7%(2) = §(k~')n(x)d(k) for all x € H. This defines a projective unitary
representation 6 of K on H,. Consider the representation § ® (7 |x,) of K on H, ® V,. Since
K, is compact, 0 ® (7 |k, ) is completely reducible. Then we have the following theorem giving a
characterization for (G, K, 7) to be a commutative triple, in analogy with [6].

Theorem 6.1. (K x H,K,7) is a commutative triple iff for cach w € H, §® (7 |k, is multiplicity
free.

To prove the Theorem we need the following lemma. Let £(H,) denote the set of all bounded
operators on H. For F € L'(H) ® End(V;), define 7n(F) € L(H,) ® End(V;) = L(H. ® V;) by

(F) = /H 7(2) @ F(x)dz.

Lemma 6.2. Let F € LL(H). Then ©(F) intertwines § ® (T |k, ) with itself.
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Proof. We have, for k € K,
m(F)(6(k) @ T(k)) = /H (7(2)d(k)) @ (F(z)7(k))dw
= /H (6(k)m*(2)) ® (r(k)F (k™" - 2))da

= / (6(k)m(k~" - 2)) @ (r(k)F(k™' - 2))da
H
= (0(k) @ 7(k))m(F). a
Now we prove Theorem For the proof of ’only if’ part, we follow [6], cf. also [3 Thm.3.5]

Proof of Theorem[6.1]. Let (G, K, T) be a commutative triple and let 7 € H. If o is the multiplier

of the associated projective representation ¢ of K, let I/(\,TU denote the set of equivalence classes of
unitary irreducible projective representation of K, with multiplier . Then

0= @ c(p; 0)p,
pekz”

where ¢(p,d) is the multiplicity if p in §. For p € I/(\Wo, let p’ be its contragredient representation,
with multiplier . Then R(k,x) := p'(k) ® m(x)d(k) defines an irreducible linear representation of
K, x H and the induced representation IndﬁfKHHR is irreducible. Also,

(Indie" M R) |2 Indg (R |k,) = Indf (' ®6).
By Frobenius reciprocity,
C(T, (IndgerR) |k ) =c(7 |k, p ®06).
Since (K x H, K,7) is a commutative triple, so is (K x H, K, 7). Therefore
(7', (IndﬁfKHHR) |k ) =0or1,
and hence ¢(7’ |k,,p' ®0) =0 or 1. But
o7 |k ©0) = (1,0 @0 @ (7 |k,)) = ¢(p,0 @ (7 |K,))-

Hence it follows that 0 ® (7 |k, ) is multiplicity free.

Conversely, assume that the K -action on H, ® V; is multiplicity free for all = € H. Then it
follows from Lemma [6.2] that (F) and 7(G) commutes whenever F, G € LL(H). Since this is true

for all 7 € H , by uniqueness of the Fourier transform we can conclude that F'« G = G x F. O

Definition. Let (K x H, K, T) be a commutative triple. A non-trivial function ¥ € L2°(H) is said
to be a T-spherical function if the map

F o F(0) = /H Te[W (2 V) F (x)|da

T

is a homomorphism of LL(H) into C. Here d, is the dimension of V;.
Recall the definition of T" from

Theorem 6.3. The following are equivalent:
(i) U is a T-spherical function on H;
(il) ® =T(V) is a T-spherical function on K X H;
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(i) ¥ € LX(H) is non-trivial and, for all h,h' € H, satisfies the identity
(6.4) dT/ T(k:_l)\I/(h(k: ) x7(k)dk = U (R')U(h).
K

Proof. An easy calculation shows that T/(}7)(<I>) = ﬁ(@) for all F € LL(H). This proves the
equivalence of (i) and (ii).

In view of Theorem [[4] it is enough to show that (LO) is equivalent to (64). If = = (e, h)
and y = (e, h’) then ®(zky) = ®(k,hk - h') = 7(k~1)U(hk - h’). Therefore, putting z = (e, h) and
y = (e, in ([LI) we get ([G.4]). Conversely, if x = (k1, k1) and y(ka, he) then

. [ @akyyc Rk = dr [ Sk (k- ho)x(0dk
K K
= dT/KT(klk:k:g)1\If(h1(l<:1k-h2))XT(k)dk
= dTAT(klkkg)_lT(kl)\I/((kll-hl)(k-hg))T(kll)XT(k)dk

= T(k‘Ql)dT/KT(k‘1)‘1’((k11-hl)(k-h2))XT(k)dkT(k11)

= T(ky )W (ha) W (ki - hi)T(ky ") = D(y) (). O
7. DIFFERENTIAL OPERATORS ON K-HOMOGENEOUS BUNDLES OVER H

Once the sections of E; have been identified with V, -valued functions on H, we can also realize
the elements of D(E;) as differential operators on V.-valued functions on H which are left-invariant
and commute with the action (6.2)) of K.

We denote the algebra of such operators by (D(H) ® End(VT))K.

Keeping Theorem in mind, we can choose p, the Ad(K)-invariant complement of ¢ in g, to
be b, the Lie algebra of H, and define the map

N =x©T: (S(h)®End(V;)" — (D(H) ® End(V,))".

The two maps A of Lemma 211 and A’ are conjugate of each other under the map T in (61]).
This gives the following theorem.
Theorem 7.1. The algebras D(E;) and (D(H) End(VT))K are isomorphic. In particular, (K x
H,K,7) is a commutative triple if and only if (D(H) ® End(VT))K is commutative.
Corollary 7.2. Let (K x H,K,T) be a commutative triple and ¥ € LX(H). The following are
equivalent:
(i) U is a T-spherical function.
(ii) ¥ is a joint eigenfunction for all D € (D(H) ® End(VT))K.
It must be noticed that we have no analogue of Corollary 2.3l for differential operators on H,

i.e., the effective action of (D(H) @ End(VT))K on C™ V-valued functions includes the action of
Dg (H) properly. However, we have the following proposition.

Proposition 7.3. (D(H) ® End(VT))K is a finite module over Dy (H).
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Proof. Given P € (&(h) ® End(VT))K, consider the characteristic polynomial
det (P(z) = M) = (A + @1 (@)A + - + qa(2))
where ¢; € &(h)K for j =1,...,d. It follows from the Cayley-Hamilton theorem that
P()! = —qu(@)P(e)* = - — qu(a)] .
Combining this with Corollary 2.5 we obtain the conclusion. O

8. RELATIONS AMONG THE SPECTRA Y, AND X

It follows from Corollary B3| that, if (K x H, K, 7) is a commutative triple, the same is true with
7 replaced by the trivial representation, i.e., (K x H, K) is a Gelfand pair. We establish relations
between the two spectra, >, and ¥ respectively, also in terms of their embeddings into complex
spaces as introduced in Section @l We start from the following statement.

Lemma 8.1. Given an T-spherical function W, the function v = d-'Tr ¥ is a usual spherical func-
tion for the Gelfand pair (K x H,K). For D € D(H)X, the following relation between eigenvalues
holds:

Ap(¥) = Aper(¥) .
The map d- LTy 4s continuous from ¥, to ¥;.

Proof. Since ¥ satisfies (6.3), Tr ¥ is K-invariant. Moreover, ¥(e) = 1 and, for D € D(H)X,
1 1
T T

Continuity of the map ¥ +— v with respect to the topologies of uniform convergence on compact
sets is obvious. O

Reformulating the results of Section Bl in terms of End(V;)-valued spherical functions and dif-
ferential operators, and specializing to the present situation where G = K x H, such embeddings

depend on the choice of a finite generating system D = {D;} C (D(H) ® End(VT))K.

It is convenient to consider systems D formed by a generating system Dy = {D1,..., Dy} of
Dk (H), completed with D1, ..., Dy generating (D(H) ® End(VT))K as a Dy (H)-module. Then
every element D € (D(H) ® End(VT))K can be expressed in the form

d
D=ILy®I+ » L;Dj
j=h+1
with Lo, Lp1,-- ., La € D(H)E, it follows that, setting D; = D; ® I for j = 1,...,h, (]D)(H) ®
End(VT))K is generated by
D={D,,...,Dy}.
Simultaneously, the generating system Dy = {D1,..., Dy} of Dg(G) induces an embedding pp,
of the spectrum ¥ of the Gelfand pair (G, K) into C".

With 7; denoting the canonical projection of C* x C4~" onto its first factor, we have the following
commutative diagram:
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X, oD PD(ET)
d-'Tr T
b] DDy pDo(El)

In particular, 71 maps pp(X,) into pp,(X1) and, if ¢ = d-'Tr ¥, pp, () = 71 0 pp(¥).

9. SPHERICAL FUNCTIONS OF POSITIVE TYPE

Let V' be a finite dimensional FEuclidean complex space, i.e., endowed with a positive definite
Hermitean product. A continuous End(V')-valued function F' is of positive type on a group G if
any of the following equivalent conditions holds, for every finite choice of elements z1,...,x, € G:

(1) for every vy,...,v, €V,

(9.1) > (F(@ja o, v;) > 0.
Jik
(2) for every vy,...,v, € V, the matrix

((F(wjay vws 7)) 5
is positive semi-definite;
(3) for every By, ..., B, € End(V),
Z B;F(xjx,zl)Bk € End(V)
4.k
is positive semi-definite;
(4) for any E € C°(G,End(V)))

(9.2) / Tr[(E* + B)(z)F(x~1)]dz > 0.
G
Moreover any measurable function F satisfying condition (4) is continuous and of positive type.

Proposition 9.1. Let F' be of positive type. The following properties hold.
(i) F(e) is positive semi- deﬁm’te
(ii) for every x € G, F(z™ ') = F(z)*;
(ili) fore every v € V, ¥,(x) = (F(z)v,v) is of positive type;
(iv) ker F(e) C ker F(x) and im F(z) C im F'(e) for every x € G;
(v) for every x € G, F(x)*F(x) < F(e)%.

Proof. To prove (i), apply (@) with n = 1.
To prove (ii), apply (@) with n = 2, 1 = z, xo = e. Then, for every vy, vo,
(93) <F(€)’01,’U1> + <F(.%')1)17’02> + <F(1'_1)’U2,’U1> + <F(€)’02,’U2> >0.

Then
Im((F(m)vl,vg> + <F(.%'71)1}271}1>) =0,
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i.e., Im(F(x)vy,v2) = Im(F (2~ 1)*v1,v2). Replacing vy by ivy, we find that also the real parts are
equal, and (ii) follows.

(iii) follows from condition (2) with v; = v for all j.

To prove (iv), apply (@) with n = 2,21 = z,29 = e,v1 = v1,v3 = Ave, where A is real. Then
we get

(F(e)vy,v1) + A2 (F(e)va, va) + MF(x ™ g, v1) + MF(x)vy,v2) >0 .
If v; € KerF'(e),
N (F(e)va, va) + 2ARe(F (z)v1,v2) > 0
which implies that
[A[{F(e)va, va) > [Re(F (z)v1, va)]|
for all real A. Taking A — 0, we deduce that Re(F(z)vi,v2) = 0. Replacing vy = ivy, we also
get that imaginary part of (F(x)vy,vs) is zero, so that (F(x)v,vs) = 0. Since this is true for any
v € KerF'(e),v2 € V, we conclude that KerF'(x) C KerF'(e).

(v) is equivalent to the condition ||F(x)v|| < ||F(e)v| for all v € V. By (iv), it is sufficient to
take v € (kerF(e))l. So we may assume that F'(e) is invertible. In this case, replacing F'(z) by
F(e)féF(:c)F(e)fé, which remains of positive type, we may assume that F'(e) = I. Applying ([0.3)
with vs replaced by e F(z)vq, we have

lor]|* + 2Re (e~ (F()vr, F(2)v2)) + | F(x)v2||* > 0.,
which gives, by the arbitrarity of 6,
2|(v1, F(2)" F(x)v2)| < [Jor|]? + [F(x)wa]* .
Passing to the supremum over vy of unit norm, we obtain the inequality
2| F(2)"F(z)vz]| <1+ | F(2)val? .
For ||ve|| = 1, this imples that
2| F (z)vo||* = 2(F (2)"F (x)v2, v2) < 2||F(2)" Fz)va|l < 1+ [[F(z)va]* ,
whence ||F(x)vs] < 1. O
The proofs of the following result can be found in [20], [25] vol. II p. 15-16 and Remark].

Theorem 9.2. Let (G, K,7) be a commutative triple. Given 7 € G such that T C T, (say, with
V: C Hy), the function ® given by

(9.4) (®(x)u,v) = (n(z)u,v) ,

with u,v € V., is T-spherical and of positive type. Conversely, every spherical function of positive
type arises in this way.

Consider now the case where G = K x H.

Proposition 9.3. Let F' be an End(V;)-valued measurable function on H. Then F is of positive
type if and only if T(F'), defined according to (6.1)), is of positive type on G.

This leads us to the following description of the L1(H)-spherical functions of positive type only
in terms of irreducible unitary representations of H, instead of representations of K x H.

Fix m € H. Let H, @ V; = W, (m) be the multiplicity-free decomposition into irreducible
invariant subspaces under the action of ¢ ® 7, where o runs over an index set A = A(w). Let P, =
P, (7) denote the orthogonal projection onto W, = Wy (). If F € LL(H), 7(F) € Lk (Hr ® V)
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by Lemma Therefore m(F) = @ F(m, )P, for some constants F(m,a). Since 7(F % G) =
7(F)r(G), it follows that, for cach a, F — F(m,a) defines a multiplicative linear functional of
Ly(H).

Since for F € LL(H), 7(F) can be written as

/ / [Ior(k )] [r(k™" - @) ® F@)][I ® (k))dzdk,

we have

F(rya) = d—Tr[ (F)P,]

_ —Tr[/ / r(k - 2) ® F(2)] [ © (k)] Pa [I®T(/€_1)]dmdk}

Defining Try, as the partial trace of an element of £L(H, ® V;) relative to H,, and setting
dr _ _
(9.5) O, 0(x) = d—Trq.[Tr [/ [7(k Loy® I[I & 7(k)]Pa[I ® 7(k 1)}dkz},
e K

we then have

F(ra) = %Tr [ /H [I ® F(z)] /K [r(k~ - 2) @ I[I @ 7(k)|Po[I @ 7(k1)] dkdm]

_ diTTr[ /H F(x)q>m(g;)dx].

This is true for all F' € LL(H). Also, note that ®,, € L>°(H). Therefore ®, , is a T-spherical
function.

In general, not all bounded spherical functions are of positive type. The following case where
the two classes coincide is particularly relevant in view of Vinberg’s structure theorem for Gelfand
pairs [23, Thm. 5]. The method of proof is taken from [3] and adapted to the nonscalar case.

Theorem 9.4. Let (K x H,K,T) be a commutative triple, with H nilpotent. Then all bounded T
-spherical functions on H are of positive type.

Proof. Let ¥ be a bounded 7-spherical function on H i.e. the linear map Ay : F — F (P) is a
non-trivial homomorphism of LL(H) onto C. Since H is a locally compact nilpotent lie group, by
Corollary 6 in [19], L'(H,End(V;)) is symmetric Banach x-algebra. By Theorem 1 in [I8] (page-
305), it follows that, there is an irreducible representation (7, H,) of L'(H, End(V;)) together with
a one dimensional subspace Hy of H, such that (71' lL1(m)s Hq,) is equivalent to (Ag,C). Therefore,
there is a vector vy € Hy such that F(¥) = (m(F)vg,vo) for all F € LL(H). Now, we use
Proposition to prove that U is of positive type. Let G € C°(H,End(V;)). Define

G* () == /KT(k:l)F(k: )7 (k)dk.
Then

/HTr[(G* * G)(x)\I’(x_l)]dx = Tr[(G* * G)#(x)\lf(x_l)]dx

= | Bl(6#) = @#) @)

7—<7T((G#)* * G )y, o)

.=

I
=y
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= d7—<7T(G#)Uo, W(G#)Uo> > 0.
Therefore V¥ is of positive type. O

10. THE CASE WHERE H = R™ OR THE HEISENBERG GROUP H,. COMMUTATIVITY CRITERIA

Let K be a compact subgroup of O(n) acting naturally on R", and (7,V;) be an irreducible
unitary representation of K.
The following theorem gives a criterion for (R™, K, 7) to be a commutative triple.

Theorem 10.1. Let K, = {k € K : k-x =z} be the stabilizer of x € R™. Then (K x R", K, T) is
a commutative triple if and only if, for all x € R™, K, action on V; is multiplicity free.

The condition “for all z € R™ can be replaced by “for generic x € R™. Theorem [IQ.1] can be
shown to be a consequence of Theorem [6.1], but it admits a direct proof, based on following lemma.
We denote by Endg, (V7) the elements of End(V:) which commute with 7, Kay®

Lemma 10.2. Let g € R™ and A € EndKIO(VT). Then there is a compactly supported function
F € C-(R™) such that F(zo) = A.

Proof. Let S;, be a slice at xg. For the existence of slices, cf. [4, Ch. 2, Section 5]. By definition,
Sz, is an open and K, -invariant neighborhood of 0 in the normal space IV, to the orbit K -z at
x(, such that the K-equivariant map

o: K Xp,, Sz — R,

given by o(k,z) = k(zo + z), is a diffeomorphism of K X gy, Sz, onto the open neighborhood
K (xo+Sg,) of K -xo. Here the notation K X Koy Sz, stands for the quotient of K x S;, modulo the
action of K, i.e., (kk',x) is equivalent to (k,k'z) for all &’ € K,z € Sy,. Also, cf. [11, Corollary
5.3], for every z € Sy, we have the inclusion K, C K,,, more explicitly K, = (Ky,)s-

Fix a K, ,-invariant scalar-valued function ¢ € C.(Sy,) with 9 (z¢) = 1, and define

F: K xk, Sy — End(V7)

by
F(k,z) = (x)r(k)Ar (k™).
This is well defined because, for k € K, k' € K,,,x € Sy, F(kk',x) = F(k,k'z), since
A € Endg, (V7) and ¢ is Ky, -invariant. Clearly, F' is continuous. Also note that F(kiks,z) =
T(kﬁl)F(kig,x)T(kil)_l. O

Proof of TheoremI0d. For F € LY(R") ® End(V;), define its Fourier transform FF = F €
Co(R™) ® End(V;) via the ordinary Fourier integral. Then

F: LER™) — (Co(R™) ®End(VT))K = (Co)-(R™) ,

with dense image. Moreover, Pﬁé = ﬁlﬁg. So, it is enough to show that (Cp),(R™) is commuta-
tive under pointwise product if and only if, for each x € R”, K, acts on V, without multiplicities.

Assume that, for each z, K, acts on V; without multiplicities. Then Endg, (V;) is commutative.
If F € (Cy)-(R"), F(k-x) =7(k)F(z)r(k™!) for all k € K, which implies that F(x) € Endg, (V).
Hence (Cp),(R™) is commutative.
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Conversely, suppose that (Cpy),(R™) is commutative. Given x € R™ and A, B € Endg, (V;),
by Lemma there exist F,G € (C.)-(R™) with F(z) = A, G(zr) = B. This implies that
AB = BA. ]

Let now H,, be the (2n + 1) dimensional Heisenberg group, identified with C" x R with product

1
(2, )2, t) = (z—i—z’,t—i—t'—i— §(z,z'>) ,

where (z, 2’) denotes the natural Hermitian product on C™. For k € U(n),
B (or) = (k2 1)

is an automorphism of H,, and, up to conjugation, U(n) is the unique maximal compact and
connected subgroup of Aut(H,,).

Given a compact subgroup K of U(n) and 7 € K , we have the following necessary and sufficient
condition for (K x H,, K,T) to be a commutative triple. By Py, (C") = Clz1,...,2,] we denote
the space of holomorphic polynomials on C" and by o be the representation of U(n) on Py (C™)
given by o(k)P = Po k™!,

Proposition 10.3. Given a compact subgroup K of U(n) and T € K, the triple (K X Hy, K, T) is
commutative if and only if o), ® T and O"/K ® T decompose without multiplicities.

Proof. In applying Theorem to our case, it suffices to restrict oneself to the infinite-dimensional
representations my € H associated to nontrivial characters e of the center of H,.

In the Fock-Bargmann model, the representation space consists of holomorphic functions on C”
which are square integrable with respect to the measure e*‘)‘”zpdzdé; and polynomials are dense
in it. Moreover, the stabilizer K, is the full group K and the representation ¢ described in the
proof of Theorem is linear and coincides with o, for A > 0 and with a|’K for A < 0.

The conclusion is then immediate. O

Corollary 10.4. The triples (SO(n) x R",SO(n),7), (U(n) x H,,U(n),7) are commutative for
every T € K.
For the triples (SU(n) x C*,SU(n),7), (SU(n) x Hy,SU(n),T) the following are equivalent:
(i) it is commutative,
(ii) the highest weight p of T € m) is singular, i.e. is annihilated by some root,
(iii) condition (63) on an integrable End(V;)-valued function F implies the identity F(ez) =
F(z2), resp. F(e"2,t) = F(z,t), i.c., the SU(n)-action on the bundle extends to U(n).

Proof. The first part is a restatement of the well-known fact that (SO(n) x R™, SO(n)), (U(n) x
H,, U(n)) are strong Gelfand pairs [27, Thm. 3]. On the other hand, the first case follows directly
from Theorem [I0.Tapplying the branching rules for restrictions of representations of classical groups
[13], and the second can be proved by modifying slightly the argument below.

To prove the part of the statement concerning H = H,, and K = SU(n), we disregard the trivial
case n = 1 and assume that n > 2. We have

o
(10.1) Olspm &T = Z Om @ T,
m=0

where 0, (k) denotes the restriction of oy, - (k) to the space P[” (C™) of holomorphic polynomial
homogeneous of degree m.
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Let A1,..., Ap—1 the simple positive roots in decreasing order. The highest weight p is identified
by the (n — 1)-tuple a = (a1,...,an—1) with a;j = A;(u) > 0. We then write u = p,. By Pieri’s
formula [13],

Om @ fla =Y Hb;
beEBm
where B,, is the set of (n — 1)-tuple b = (by,...,b,—1) with

n
bj =aj+cj—cjy1, ch:m, OSC]'_HSaijI‘j:l,...,n—l.
1

Assume that the same b is obtained from two choices ci,...,¢, with > ¢; =m, and ¢},..., ¢,
with 3~ ¢; = m'. This is equivalent to saying that the differences ¢; — ¢; do not depend on j.

If 7 is singular, at least one of the a; is 0 and this forces the equalities c;» = ¢; for every j,
m’ = m. Hence Olsum ©T splits without multiplicities. Moreover, 7’ is also singular and the same

O strimy @ 7).

On the other hand, if 7 is regular, then a; > 1 for every j, and the choices m = ¢; = 0 and
m' = n, c;» = 1 show that 7 is contained both in o9 ® 7 and in o, ® 7. This gives the equivalence
between (i) and (ii).

Assume now that (i) holds. By Proposition [[0.3] and formula (I0.0]), each irreducible component
of Olspim @ T is contained in 0, ® 7. On the other hand, condition (ii) implies that, if x is any
character of U (1) which extends 7 from the center of SU(n), for every F € LL(H,), m(F) commutes
with o(e?1) ® x for A > 0, and with ¢/(e?I) ® x for A < 0. Since o(¢?I) = ¢’ on P, (C"), we
have that, denoting by 7 the representation of U(n) given by

%(eiek:) = X(ew)T(k‘) , ke SU(n),

for every k € U(n), mx(F) commutes with ¢ ® 7 for A\ > 0 and with ¢/ ® 7 for A\ < 0. Hence
F € LL(H,) and, in particular,
F(e2,t) = 7(e91)F(z,t)7(e 1) = F(z,t).
This argument can be easily reversed to give the opposite implication.
Finally, if H = C" and K = SU(n), the stabilizer of any z # 0 is SU(n — 1).
Assume that the highest weight p of 7 is regular, so that a; = Aj(u) > 0 for every j. Let 7 be
the extension of 7 to U,, with highest weight

,uﬁ:(,ul,,ug,...,,un,l,()):(al—}—---—{—an,l,ag—{—---—{—an,l, ""anflao) :

i

U(n—1)

conclusion holds for of QT =
lsU(n)

Another application of Pieri’s formula, cf. [13, p. 80], shows that u contains both repre-

sentations with highest weights

(/’L17/’L27"'7,un—1)7 (/,Ll—l,/,LQ—l,...,,U,n_l—l),

which have equivalent restrictions to SU(n — 1). By Theorem [I0.1], the triple is not commutative
for such .

Conversely, assume that the highest weight of 7 is singular. Given two functions Fy, F, € LL(C"),
let Gj(z,t) = Fj(2)n(t), j = 1,2, with n € LY(R) with integral 1. Then G1,G2 € LL(H,), so that
G1 * G2 = G2 *Gl. But

/ Gi*Gj(z,t)dt = F; x Fj(z) ,
R

hence F; and F5 commute. g
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Notice that the implication (i)=-(iii) holds for every K C U(n), with U(n) replaced by K U(1).
11. THE CASE WHERE H = R"™ OR H,,. SPHERICAL FUNCTIONS

Let (R™, K, 7) be a commutative triple. For fixed £ € R", let V, = 1(5) 1Vj¢ be the multiplicity-
free decomposition of V; under the action of K¢. Let P;¢ denote the prOJectlon onto Vj¢ with
respect to this decomposition, and d; the dimension of Vj¢. If F € LL(R™) then F € (Co)-(R™),
and hence ﬁ(g) € Homg, (V7). Therefore ﬁ({) = @é(i)lﬁj(f)Pjg for some scalars ﬁj(f). Since
F«C=F @, it follows that, for each j, F' — 1?’](5) defines a multiplicative linear functional of
LL1(R™). But

Bi(&) = ZTe[PeF(e)]

- = Tr[ezfﬂﬁp (:c)}dm

- —//nTr[e (ko) p; e F (K - x)]d:cdk:

Since F(k - z) = 7(k)F ()T( ~1 and Tr(AB) = Tr(BA), we get
//nTr[6 EDr (e )Pj,sT(k)F(x)]da;dk

(11.1)
== | Tr[® ;(—2)F(z)de,
d R
where
(11.2) <1>§7j(x)zj—; /K e~ ®D (L= Py o7 (k) dE.

Since ®¢ ; € L°(R"™), ®¢ ; is a bounded 7-spherical function. We call it a Bessel function of type 7.

Theorem 11.1.
(@) {Pe;: £ €R™, j=1,2,---1(&)} is the set of all bounded T-spherical functions.
(b) Two spherical functions ¢, j,, Pe, j, coincide if and only if the following conditions hold:
(i) & and & lie on the same K -orbit;
(ii) if & = k&, then Vi, ¢, = T(k)(thgl) (this condition is independent of the choice of
Proof. Let ¥ be a bounded spherical function. By Theorem [@.4], ¥ is of positive type. Applying
Theorem and Proposition [@.3] there is an irreducible unitary representation © of G = K x R"
such that 7 C ), (say, with V; C H, uniquely determined by the multiplicity-free condition) and

(U(z)u,v)y = (r(e, z)u,v),

for all u,v € V.

The irreducible unitary representations of G are those induced from irreducible representations
of G¢ = K¢ x R¢ for some § € R™. By Frobenius reciprocity, for a given o € I/(\g and A € R,
T C Indgé (c® ei)") if and only if o C 7 K- Hence ¥ determines an element A € R™, unique up to

the action of K, and a unique invariant subspace Vj¢ of V.
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The rest of the proof follows from the properties of induced representations. O
Corollary 11.2. Let ®¢ ; be one of the spherical functions in (IL2) and D € (D(R")@End(VT))K,

D=Q@), Qe (S[R")eEnd(V;))" .
Then the eigenvalue Ap(®¢ ;) of ¢ j under the action of D is the eigenvalue of Q(—i&) on V.

Proof. Since Q(—i¢) commutes with Tlkes it is a scalar multiple of the identity, say AI, on Vj¢.
Hence Q(—i&)P;¢ = APj¢. Therefore,

D(e7®7Pj¢) = Q(—i€)e " Pj¢ = e “ TPy .
By the invariance of D, the same holds for e~ @) 7(k~1)P;(7(k) and all k € K. Hence,

J
by (I1.2),

Consider now a commutative triple (K x H,, K, 7) with K C U(n) and 7 € K. Let

Puol(C@ V=) Wi, PuC)eV=) W,
o B

be the decompositions into irreducible K-invariant subspaces under o}, ® 7 and O"/ L OT respectively.
Since, for X # 0, K, = K, the general formula (3.5]) for spherical functions gives

T —
oF (2,1) = d—ez "Trp,, ((mA(z,0) @ I)Py)
(11.3) d"‘
— T I\
D5 5(z,1) = %ez "Trp,,, ((mr(z,0) @ I)Pg) |
for A > 0 and A < 0 respectively. We call these the Laguerre-type T-spherical functions, because
the matrix entries of m(z,0) contain Laguerre functions in |z|?, cf. [12].
To the Laguerre 7-spherical functions one should add those corresponding to the 1-dimensional
representations of H,, (i.e., to A =0), which are Bessel functions of type 7.

Theorem 11.3. The bounded spherical functions for (K x H,, K,T) are the functions @ja and

D, 45 in 13 and the functions <I>gj(z,t) = ®¢ ;(2), where the $¢ ; are the Bessel functions of type
7 (IL2) for the commutative triple (K x C", K,T).

12. AN EXAMPLE

We give the explicit form of generating differential operators and of the spherical functions in
the case

H=R", K=80mn), V,=C"

where 7 is the defining n-dimensional representation of SO(n).
Let £ € R*\ {0}. It n = 2, K¢ = {I}. Therefore V; decomposes with multiplicity under the
action of K¢. Hence, if n =2, (R"”, K, 7) is not a commutative triple.
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On the other hand, for n > 3 and £ = pe; # 0, K¢ = SO(n — 1) and V; decomposes under the
action of K¢ as

(12 1) Vo — {Cel@C(€2+i€3)@C(€2 —ieg) = ‘/61,1@‘/61,2@‘/6173 if n =3,

N 661@6%:%171@%1,2 if n > 3,

in both cases without multiplicities. Hence for any n > 3, (R™, K, 7) is a commutative triple.

We describe a system D of generators of (ID)(R") ® End(VT))K. To this purpose, we investigate
the structure of the algebra of K-invariant elements in S(R"™) @ End (V7).

We denote by o the representation of K on the space P(R", M, ) = S(R") ® End(V;) of
matrix-valued polynomials, given by

(o(k)P)(x) = kP(k™'z)k .

For a o-invariant space W C P(R", M,, ), let W™ denote the space of all o(k)-fixed elements in
W. Note that a polynomial P : R" — M, ,, is o-invariant iff

P(k-z)=kP(x)k™! VkeK.
Let T = (C[|x|2] be the space of all K-invariant scalar-valued polynomials on R™, H(R™) the space

of all harmonic polynomials, H,,(R™) be the space of all homogeneous harmonic polynomials of
degree m. Then

(PR", M) =T (HR", Mypn))"

(12.2) I é (Hpn (R, M,.))"

m=0

Let 8, and m ~ 7®7’ denote the natural representations of K on H,,(R"™) and M,, ,, respectively:
Sm(E)h(z) = h(k™'2),  w(k)A =kAE™!,

so that the restriction of o to H,,(R", M, ;) is equivalent to d,, ® =.
Under 7, M,,,, decomposes into irreducibles as:

My =CI® MR @& MI™,

. . . sym,0 .
where Mflkgw is the space of n x n skew-symmetric matrices, and M;’,"" is the space of n X n
b
symmetric matrices with zero trace. Then, for every m,

(12.3) (Hn(R™, My, )" = (Hm(R™,C 1)) @D (MR M) €D (Hum (R MT0)) .
Let us introduce the following elements of (P(R") ® End(V))".

0 —XI3 )
13,1($) = xrs3 0 —I S (%1(R3,M§}§ew))7,
— X9 I 0

1
Ino(z) =2'r — E|x|21 € (Hg(Rn),Mf}",?’O)T) n > 3.
Theorem 12.1. Let P € (P(R", M,,))". Then

Plr) — po(|z]?) + p1(|#]?) J31(x) + p2(|z?) J32(z)  if n=3
p0(|x|2) +p2(|x|2)Jn72(az) ifn>3
for some pg, p1,p2 € L.
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Proof. Clearly,

(H(R™,CI))" = (HR"NI)®I=CI.
Let Uy = MY, Uy = M0 By Schur’s lemma it follows that (Hn(R™) @ U;)" contains a
non-zero element iff 9, ~ 7T|U ~ |, ; and in that case it is unique up to a scalar multiple.
j J

A simple check of dimensions shows that this equivalence can only hold for j =m =2 if n > 3,
and for j =m =1if n = 3. U

Theorem M2l implies that (Px(R™) ® End(V))" is generated as an Z-module by I,I31, I3 if
n =3, and by I, 1,2 if n > 3.

Corollary 12.2. {I,I3:} (resp. {I,I,2}) is a set of independent generators for the algebra

(P(R") @ End(V))" when n =3 (resp. n > 3).
For F:R" — C", let

DF — I31(0)F = curlF ifn=23
| (Zn2(02) + 2AIF = graddivF  if n > 3.

Then D = {AI, D} generates the algebra (D(R™) ® End(VT))K

Proof. We just need to mention that, for n = 3, I3 = |2|2T + I?%,l (equivalently, grad divF =
AF — curlcurlF). Moreover, I, I3 are algebraically independent when n = 3 (resp. I, I, 2 when
n > 3). O

According to Theorem [IT.I] the bounded spherical function are given by formula (I1.2]).

For £ = 0, we have a unique spherical function ®g1(x) = I. We can then take { = se; with
s > 0. By (6.3), it suffices to compute ®4, ; = P, ; for x = re; with » > 0, as we already know
that @SJ‘(O) =1.

Factoring the integral in (IT.2) modulo K¢ = { (1 0

0 h> :heSO(n— 1)}, we reduce ourselves

to an integral over the sphere S”71,

n

bojlre) = [ EOR o).

where 0,_1 is the normalized surface measure on S" !, y = k~le; and Py, = kfle,elk.

12.0.1. The case n > 3.
Referring to the decomposition (I2.1]), we have

Py, =kteilek=y", Poy=1,-P,=1,-y".

Hence, for each s > 0 we have two spherical functions,

‘1)571(7"61) :n/s B zsrye1yyd0.( )

n n 1

/ eisry-el (In _ yty) da(y) _ (/ eisry~el dO’(y)>In — —(13871(7“61) .
Sn—1 Sn-t n 1

n—1

@572(7“61) = n—1

Setting y = (cost, (sint)z), with z € §"~2,

s 2 : t
3t t t . e
g 1(rer) = nc, / / T eost ( oS’ (Ccf?’ QSm 2 Z> dop—o(z) sin™ 2tdt,
Sn— 2

(costsint)z  (sin“t)z'z
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with
-1
I'(*3)
I'(3)
Integration in z annihilates the off-diagonal terms z; and z;jz with j # k, while |, gn-2 zjz-dan,g(z) =

™ 1
Cp = / sin" 2 tdt =2
0

—L_ for symmetry reasons. Hence
n—1

T cos? t 0
Oy 1(rer) = nc,:l/ gl eost < sinZt > sin" 2t dt
0 0 Tl

1 [T isrcost 2 Lo
o — isrcost . n—
=nc, /0 e sin" “tdt (O 0)

[T . -1 0
+ne, ! 'S oSt gin™ ¢ dt 0 1 g .
0 n—1-n-1

/ et gink ¢ dt = Q%W%P(E>
0

From the identity

we obtain that

For general z = rke;, we have

k <1 0> El = (key) (ker) = || 22,

00
0 0 17 =2t
k (O In_1> k=1, — || "z,
so that
Js a(slal) | Ja(slal)
_ o o%-1p (M 21 t 2 2 t
@571(-%') = n22 F<§) <W$$+W(‘x’ In—nx 1‘))
Similarly,
W23 oy (Jaslal) o sl L

By Corollary IT.2] the map pp of Section M relative to the system D = (AI, grad div) is given by

P’D((I)&l) = (_327 _82) ; P’D((I)S,Q) = (_ 3270)-
12.0.2. The case n = 3.
For y € 52, we have
Py=ylY

1 . . .
Py = §k Liey +ies) (e — ie3)k = (Is —y'y+il31(y))

N =N =

1, _ . . .
Py, = §k‘ Ley —ies) H(eg + ie3)k = (Is —y'y —il31(y)).
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For each s > 0 we now have three spherical functions,
®,1(rer) =3 / TV ely Yy do(y)
S2

3 . )
Dy o(rer) = 5 /2 eyl (In —yly+ 11371(y)) do(y)
S

3 . .
Bualren) =5 [ (1= vy = i) do(o)

The only new computation that is needed concerns the integral

Z(u) = /52 ei“y'elfg,l(y) do(y).

In the polar coordinates y = (cost, sin t cos p, sin t sin ¢), this becomes

1 [7 oo 0 —sintsing sintcosy
Z(u) = e /0 /0 st [ oin tsin % 0 —cost | sintdpdt
iy

—sintcos ¢ cost 0

1

= 5(/ eiUCOStCOStSiDtdt)Ig,l(el)
0

J3(u)
= \/E 2 1 ZIg 1(61).
2 4z ’

Proceeding as for the case n > 3, we obtain

1 (slzl) Js (slz])
@5,1(96)23\/?( '+ 25— (\x!QIg—?)xtx))
2

s%|x| sz|z|2
3 [z (J1(s]z]) Js (s|zl)
s 2(7) = 5\/%(%(3@?[3 —2') - 25— (Jaf’Is — 3z 'z + 8|33|2I3,1(33))>
2 ’x‘z s2 ’x‘z
3 [z (JL(s]z]) Js (s]z|)
D o(x) = 5\/;<ﬁ(3|x|2.73 —z'r) - ﬁ(|x|2.f3 —3x'y — s|x|21371(3:))>.
RIE o’
Taking D = (AT, curl), we have
pD(¢S71) - (_8270) 9 p'D(¢872) - (_ 827 _S) 9 pD(¢573) = (_ 8278)'
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