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1. Introduction

In this paper we consider a class of non-local, non-convex functionals related to the
total variation. In order to introduce these functionals, let N > 1 be a positive integer,
let Q C RY be an open set and let v € R and ) € (0, +00) be two real parameters.

Let v, be the measure on RY x RY defined by

()= [ 1y~ o dody,
A

for every measurable subset A C RN x RV,
For every measurable function u : 2 — R let us set

Eya(u, Q) = {(2,y) € @ x Q: |u(y) — u(z)| > Aly — "7}
Now we can set
Fy o (0,92) o= Ay (B (1, 9)). (1.1)

In the case 2 = RN we simply write E) - (u) and F, »(u) instead of E) - (u,RY) and
F%)\ (u, RN)

The functionals (1.1) were introduced in [11,12] and generalize some other families
of functionals previously considered in the literature. In particular, in the case v = —1,
the family {F_; »} was first studied in [20,21] (see also the more recent developments in
[3-5,8]). The main results in this case are that

A—0+

lim F_y(u) = Cy / Vu(@)|dz = Cxl|Dullpe Vu € CLRY),
RN

where
Cy = / |x1|d7-lN_1(x), (1.2)
SN*I

and that, quite surprisingly,
[ — lim F_y,(u)=Cnlog2-|Dulp  Vue LYRY),
A—0t

where ||Dul|| s denotes the total variation of u, which is intended to be equal to 400 if
u e LY(RN)\ BV(RY).

On the other hand, in the case v = N we recover the quantities considered in [9,10,22],
since in this case vy is equal to the Lebesgue measure .2V and
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} = sup Fn x(u,Q),
L1250 () A>0 i

[IU(y) — u(z)]

|y_ $|1+N

where [-] 1,00 (q) denotes the weak L' quasi-norm.

In this paper, motivated by [7, Section 9], we limit ourselves to the case v > 0. In
this case, it is known (see [12, Theorem 1.4]) that there exist two constants ¢; (N, ~) and
¢2(N,~y) such that

e1(N.) [ Dullag < sup () < ea(N. ) | Dl (1.3)
>

for every u € L}, ,(RY). In particular, it follows that

loc

sup Fy a(u) < +00
A>0

if and only if w belongs to the space B'V(]RN ) of the functions in L,

L (RN) with globally
bounded variation.

Moreover, for every v > 0 it holds that (see [12, Theorem 1.1])

A—+oo

lim Fw(w:(’;—N / V()| dr, (1.4)
RN

for every u in the space W' (RY) of functions in L}, (RN) with Vu € L'(RY), where
C is the constant defined in (1.2).

The extension of (1.4) to the case in which u € BV(RY) is not straightforward.
Indeed, it was proved in [12, Lemma 3.6] that if w is the characteristic function of a
bounded convex domain with smooth boundary, then for every v > 0 it holds that

CN C'N
lim F = ——||D < —||D . 1.5
Jm o (u) o [ Dul| p S [ Dul|am (1.5)
This result suggests that the singular part of the derivative contributes to the limit
of F, x(u) in a different way with respect to the absolutely continuous part, but anyway
it seems that it does add a positive contribution in the limit.

This led to the following questions, which were raised in [7, Section 9] and in [12,
Section 7.2].

Question A. Let v > 0, and let u: RY — R be a measurable function such that

liminf F, x(u) = 0.

A—+oo

Can we conclude that u is constant (almost everywhere)?
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Question B. Let v > 0. Is there a positive constant ¢(N,v) > 0 such that

liminf £, (u) > ¢(N,7)||Du|m,

A——+oo

for every measurable function u : RN — R, with the usual understanding that || Dul| s =
400 ifu ¢ BV(RN)?

The main contribution of the present paper is a positive answer to these questions in
the case u € BV (RN).

Before stating the result, we recall that for a function u € BV (R™) we can decompose
its distributional derivative Du as the sum of three finite R"Y-valued measures, which
are supported on disjoint sets: the absolutely continuous part D®u, the jump part Diu,
and the Cantor part Du (see [2, Section 3.9]).

Our first main result is the following.

Theorem 1.1. For every v > 0 and every u € BV (RN) it turns out that

C C ; Cn(27 -1
liminf F, (u) > TNHDGUHM + =N |1Diu||p + N ) |1 Du|| a1 (1.6)

A— 400 1+~ Y(1 + )22+
Our second main result shows that the constants appearing in front of the absolutely

continuous part and the jump part are optimal, and unifies (1.4) and (1.5) in the case
in which v € SBV(R"), namely u € BV (RY) and Du = 0.

Theorem 1.2. For every v > 0 and every u € SBV(RN) it turns out that

lim F,\(u) = On

Cn .
— 1Dl pm + —— 1D uf m-
A—+o00 ¥ v

1+

Remark 1.3. For the sake of simplicity, in this paper we consider only the case in which
Q = RY. However, it should not be difficult to extend the main results to the case of
bounded regular domains. In particular, in the case of convex domains, this should be
almost straightforward, since all their one-dimensional sections are just open intervals.

Overview of the technique Let us summarize the main ideas in the proofs of our results,
which are different from those used in [12,22], since we do not exploit the BBM formula
[6,15].

For both theorems, we first establish the result in the one-dimensional case, and then
we extend it to the case of higher space dimensions by a sectioning argument. This is a
standard but quite effective tool in this kind of problems (see [4,17]).

The proof of the one-dimensional version of Theorem 1.1 relies on some measure-
theoretic arguments that allow us to find sufficiently many disjoint rectangles inside
E, » on which we can control the difference quotient of u.
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As for Theorem 1.2, in view of Theorem 1.1, it is enough to prove an estimate from
above for the limsup of F, (u). To this end we exploit an argument from [12, Section 3.4]
which basically shows that it is enough to prove such an estimate for a class of functions
u that is dense in SBV (RY) with respect to the strong BV topology. In dimension one
such a class is provided by functions with finitely many jump points that are smooth and
Lipschitz continuous in every interval that does not contain such points. For functions
in this class, the limit can be easily computed.

The case p > 1 The functionals considered in the paper [12] actually depend also on a
parameter p > 1, and can be written as

Fyya(u, Q) := Nv, (E, ), A (u, Q).

The same is true for the various special cases previously considered in [20,21,4,9,10,22].

This higher generality allows to obtain characterizations of the Sobolev spaces
WEP(RN) or W'P(RY), and also for more general types of spaces (see [13,14,23,24]),
together with estimates on their semi-norms.

In this paper we only consider the case p = 1, which is the most challenging, because
the gap between WH1(RY) and BV (RY) creates additional difficulties, and we refer to
[12] and to the references therein for the numerous interesting results in the case p > 1.

Recent developments After this work was completed, Lahti in [19] proved with different
techniques a sharper version of the estimate (1.6), namely

C C . C ,
lim inf F, (u) > 7N||D“uuM + ﬁnDﬂunM + ﬁnmnm (1.7)

A—+o0
for every u € BV(RVN) and v > 0.
He also found a Cantor-type function v € BV (0,1) for which Du = D and

Cy
lim inf F 0,1)) =
lim inf £y, 5 (u, (0,1)) T

10wl

thus establishing the optimality of the constant in front of the Cantor part in (1.7).

On the other hand, obtaining good estimates from above for functions with non-
vanishing Cantor part (in order to extend Theorem 1.2) is quite complicated, since there
is not a nice class of functions which is strongly dense in B'V(R). Indeed, it is not possible
to approximate functions with non-vanishing Cantor part in the strong BV topology with
functions without a Cantor part. It is also conceivable that for some functions the liminf
might differ from the limsup or that different functions might produce different constants
in the limit, since these phenomena occur in some similar contexts (see the pathologies
in [8]).

We also mention another very recent development obtained in [18], where it is proved
that
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log 2
I~ liminf Fy z(u) > Cy - o8

il F, et g lulla

for every u € L}OC(RN ) and v > 0, thus providing a positive answer to Question A and

Question B also for u € L}, (RY)\ BV (RY), in which case the right-hand side is infinite.
Structure of the paper The paper is organized as follows. In Section 2, after recalling
some basic properties of functions of bounded variation in one dimension, we prove the
main results in the one-dimensional case. Then, in Section 3 we show how the problem
can be reduced to the one-dimensional setting by a sectioning argument, and we complete
the proofs in the higher dimensional case.

2. The one-dimensional case

In this section we prove our main results in the one-dimensional case N = 1. We
observe that in this case in (1.2) we have C; = 2 and that we can rewrite the functional
in the following more convenient way

FVJ\(”? Q) = Cl)‘VW(E'/y,)\(uv Q)), (2'8)
where
P a(u,Q) = {(2,9) € A x Q: 2z <yand |u(y) —u(z)| > Ay — z["}

We also recall that functions of bounded variation in one dimension have some special
properties, that we list in the following lemma.

Lemma 2.1. Let u € B.V(R). Then we can choose a representative, that we still denote
with w, satisfying the following properties.

o w is differentiable in the classical sense at almost every x € R and D%u = ' - £,
where L' is the one-dimensional Lebesgue measure.

o u admits a left limit u(z_) and a right limit u(z4) at every x € R, and they coincide
for every x outside a set Jy, that is at most countable. With these notations, it holds
that

Diu="Y"(u(xy) - w(z_))d,.

x€Jy,

e The Cantor part of the derivative is supported on the set C' = Cy UC_, where

Cy ::{xGR\Juzlimw:iooand lim le}.
h—0 h )

h—0t |Du|([z, z + h]
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Proof. The first two properties are classical (see, for example, [2, Theorem 3.28]).

As for the third property, we first observe that, on the real line, Besicovitch differentia-
tion theorem [2, Theorem 2.22] holds also with one-sided closed intervals instead of closed
balls. Indeed, the proof is based on a covering argument that in the one-dimensional case
works also with one-sided intervals. As a consequence, if p L v are two Radon measures
supported on disjoint sets, it turns out that

v([z,z + h]) . v(z,z+h)) . v(x+h,z]) . v((x+h,z))

W o+ A) b plm a4 b)) b e+ haal) s al(a o+ hoa)

for p-almost every x € R.

Now let D§u and D¢ u denote respectively the positive and negative part in the Hahn
decomposition of D¢u. If we take the right continuous representative for u, then for every
x € R\ J, and h > 0 it holds that

u(r+h) —u(x)  Du(lz,z+h])

h LYz, + 1)
_ DS u([z,z + h)) N (D% + Diu — D¢ u)([x, x + h])
L[z, x + h]) DS u([z,x + h]) ’
and
| Deu([z, = + k)| _ [(DSu = D2u)([z,x + R])|

| _
|Deu|([z,x + h]) (DSu+ Dew)([z,x + h))
_ 1= D2u([z, 2 + hl)/ DS u((z, = + h))|
1+ Deu([z,z+ h])/DSu([z,z + h])

while for A < 0 it holds that

u(x + h) — u(x) _ Du((z + h,x])
h Z((x + hya)
_ DS u((x + h,x]) N (D% + Diu — D¢ u)((x + h,z])
L ((x + h, x]) DS u((z + h, x])

Therefore, Besicovitch differentiation Theorem implies that DS u is supported on C, .
With a similar argument we obtain also that D¢ u is supported on C_. O

In the proof of Theorem 1.2 we also need a density result for piecewise smooth func-
tions in SBV (R). The precise class of functions that we consider is the following.

Definition 2.2. We denote with X (R) the set of functions u € SBV(R) such that .J, is
finite, Du is compactly supported and u € C*°((a,b))NLip((a, b)) for every open interval
(a,b) such that (a,b) N J, = 0.
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The strong density of X (R) into SBV(]R) is provided by the following lemma, which
is elementary in the one-dimensional case (a similar statement in the higher dimensional
case is proved in [16]).

Lemma 2.3. Let u € SBV(R). Then there exists a sequence of functions {u,} C X (R)
such that || Duyn, — Dul||p — 0 as n — +00.

Proof. By [2, Corollary 3.33] we can write u = u® 4 u/, where u* € WH(R) and u/
is a pure jump function, namely Du’ = > i1 @ide,, where I is at most countable, 0.,
denotes a Dirac delta in the point z;, and {«;} is a summable sequence (or a finite set)
of real numbers. Therefore, we have that Du = (u®)'.Z! + Du/.

We can approximate separately the function (u®)’ € L!'(R) with a sequence {v,} C
C>°(R) and the measure Du’ with measures u, = > icr, @il that are finite sums of
Dirac masses, so that ||v, £ + p, — (u®)' £t — Du||pg — 0.

Now it is enough to choose a sequence of functions {u,} such that Du, = v,.£* +
My, O

2.1. Proof of Theorem 1.1 when N =1
Let J =J, and C' = C4 UC_ be as in Lemma 2.1 and let us set

A:={x € R : u is differentiable at x and '(z) # 0}.

Approximation of the jump part Let us fix a small positive real number £ > 0, and let
Je = {s1,..., Sk} be a finite subset of J such that

\Du|(J\ J.) < e. (2.9)

For every i € {1,...,k:} let us fix a positive radius r; > 0 in such a way that the
following properties hold.

o [Siy — Tiys Siy 70y | OV [Siy — Tigy Siy + 74y] = 0 for every 1 < iy < ig < k..
e For every i € {1,...,k.} it holds that

u(y) —u(@)| > (L —e)[Dul({si})  V(x,y) € (i — 73y 81) X (80,80 +74)-

o If we set

then it holds that

| Dul(U7) + |Du|(U2) <e.
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Now we observe that for every ¢ € {1,...,k.} we have that
[u(y) —u(@)] > (1 = ¢)[Dul({s:}) > Ay —|"*7

for every (z,y) € (s; — r4,8;) X (si,8; + ;) such that

ly—al < ((1 ‘5)'1;“'“51‘}))“ = Brs(s).

As a consequence, as soon as A > A := max{(1—¢)|Du|({s;})/r; 77 i € {1,...,k.}},
so that 6y ¢(s;) < r; for every ¢ € {1,...,k.}, we have that

]fa
Tne = J{(@,y) € (si = drc(si),8) X (51,50 +73) 1y < 7+ 0xc(s:)}
i=1
C E,,\(u)n (U x UD). (2.10)
Approzimation of the Cantor part Let us set C. := C \ UZ. We observe that

|D%u|(Ce) > |D%u|(C) — [Dul(UZ) > [|D ul| g — €. (2.11)

Since U? is a closed set, we can find a neighborhood U of C. such that U NUE = ()
and

LHUE) <, and | Deu|(US) < e. (2.12)
For every A > 0 and every z € C. N Cy let us set
Tae(2) = sup{r >0: w >27\ and wu(z —h) <wu(z) Vhe(0,r),
|Du([z,z +r])| > (1 —¢&)|D|([z,z+7]), [z—r2z+7T]C UEC},
and similarly for z € C. N C_ let us set
rae(z) = sup{r >0: W < 2"\ and wu(z—h) >u(z) Vhe(0,r),

|Du([z,z +7])| > (1 —&)|D|([z,z+7]), [z—rz+7]C UEC}

We claim that the number 7y -(z) that we have defined satisfies the following proper-
ties.

o 72c(2) € (0,e/2] for every x € C, and every A > 0.
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o The function A — 7 ¢(2) is nonincreasing on [0, +00) for every z € C. and

lim ry.(2)=0 Vz e C..

A——+oo

o If ryo(2) < 710,(2) for some z € C, and some A > 0, then it holds that
21"’7)\7")\’5(3)1"'7 > |Du([z, 2z + rac(2)])]- (2.13)

Indeed, we have that 7y .(z) > 0 because all the properties in the definition are verified
when r > 0 is sufficiently small, thanks to the definition of Cy and the fact that US is a
neighborhood of C., while r) .(z) < &/2 thanks to (2.12).

The monotonicity of ry -(z) with respect to A and the limit as A\ — +o00 are immediate
consequences of the first condition in the definition of 7 .(z), which is also the only one
involving A.

The third property follows from the supremum property of r .(z), and the fact that
|Du([z, 2472 (2)])| = [u((z4+7x £(2))+) —u(z)|. In fact all the properties in the definition
of re(z) but the first one hold up to 79 (z), because they are independent of A, so
if rye(2) < 70,(2) then it means that the first property fails for a sequence of radii
Tn \¢ Txe(%), and this implies (2.13).

Now let us set Cy. 1= {z € C: : rae(2) < 1r0.(2)}, so that (2.13) holds for every
A C)\,s.

From the second property of r o(z) we deduce that Cy, . C C), . for every 0 < A1 <
Ao and that

U e =c..

A>0

By [1, Lemma 2.1], for every A > 0 we can find a finite set {z1,..., zm, .} € Cxc such
that

[Ziy, Ziy +Tae (i) N [2igs Zig +700(23,)] =0 V1 <ip <ig <mye,

and

|Dcu|<U [zi,zi+r,\75(zi)]> > ﬁchu< U [z,z+r,\7€(z)]> > %\D%\(OA,E).

i=1 2€C
(2.14)
Now we observe that if z € C) ¢, then for every (z,y) € (z—rar(2),2) X (2, 2472 (2))
we have that

_ N\ Y
)~ )] 2 uty) — ()] 2 2470y = 247 = Ay -y (L)
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Therefore, for (x,y) € (z —rre(2), 2) X (2,2 + rae(2)), it holds that

2(y — 2)
Yy—x

y>2z—x = > 1= (z,y) € E. \(u).

This means that

mx. e

Cre = U {(z,y) € (zi = Tae(2i), 21) ¥ (20,20 +Tae(21)) 1y > 22 — x}
i=1

C B \(u) N (US x UY), (2.15)

for every A > 0.

Approzimation of the absolutely continuous part Let us set A, := A\ (U U US). We
observe that

|D%ul(As) > | D ullapg = [Dul(UZ) = [D*ul(UE) > || Dl — 2e. (2.16)
For every A > 0 let us set
_ — ) 5
Ay = {x€A5:W>(1s)|u'(x)| Yy € (m,er(M) )}

We observe that Ay, . € Ay, . for every 0 < A; < A2 and that

U Ar: = A-

A>0

Moreover, if € A ., then we have that

u(y) —u(@)] > (1= €)(y — 2)|u'(2)] > Ay — 2)'*7,

for every

ve (s ()Y,

As a consequence, it turns out that

1

Ay {m) €A xRiye <m+ (B )} € B \()\(UIUUS) R,

(2.17)
for every A > 0.
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Computation of the functional in the three parts From (2.8), (2.10), (2.15) and (2.17)
we deduce that

o) 2 C1A (1(Ine) + 14 (Cn) +15(Ar0)) (2.18)

for every A > M.
The three addenda in the right-hand side can be computed as follows.

& Si x40, (54)
v (Te) = do [ ety

S (1-&)[Dul({s:})
A1+7)

Recalling (2.9), we obtain that

1—c¢

m(HDjuﬂM —e). (2.19)

V"/(J)\,s) 2

Now we compute the contribution of the Cantor part.

My e Z; 2z;—x
Vy(Cre) = Z / dx / (y — x)"kl dy
=1 )
zi—rxe(zi) Zi
mx,e
. 27 —1
= Z (z; —x)Y dx
=1 v
zi—rxe(2i)
mx,e
i~ 27-1 1+
T, Zz) .
; (1 47)

Recalling (2.13), (2.9) and (2.12) we obtain that

mx. e
’ 27 —1  |Du([zi, zi + 72 (2:)])]
(C/\ a) = z; ’Y(]- _|_,7)21+’Y A
M, e

27 —1
> - -
Z 2 ST
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o Peullzi; zi + e (z0)])] — [(D7u + D*u)([2i, zi + 72 c(2:)])]

A
mx,e '
VL ezt ()| - RN~ 1DMu(T)
= [; 7(1+7)21+7}\|D u([zzyzz+r)\’€<zl>])|‘| )\
i 27 -1 c 28
> [; W|D u([zi, 2 +T,\7€(zi)])|] -5

From the definition of r) .(2) we deduce that
1D u([zi; zi + 2 (z0)D)] = (1= )[Dul([2i; 2 + 722 (20)]),

for every i € {1,...,mxc}.
As a consequence, from (2.14) we deduce that

000 (o) - 2

>
I/ﬂy(c)\,s) el ’Y(l T /7)21+7)\ o
@ -1(1-¢ . 2
- 7(1 + 7)21+’y(2 + 8))\ ‘D u‘(c)\,s) B\ . (2.20)

Finally, we compute the contribution of the absolutely continuous part

) = / N N

x

1—
== [ Wl
Ak,a

1
YA

S| D%|(Ay ). (2.21)

Plugging (2.19), (2.20) and (2.21) into (2.18) we obtain that

Fya(u) >
1—¢ , (27 =1)(1—¢)
Diuf|pg — Deul(Ch.) — 2
01 (15Dl — o)+ - 2D el (Cn) - 20
1—¢
F IS D).

and hence
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. §
Rl Fral) 2

1-¢ ;
C Dlul||p —e) +
(Dl =)+

@-1i-9 . e
Qsz@se P ) =2+ —=ID U(Ae)) :

Finally, recalling (2.11) and (2.16) we deduce that

liminf F, (u) >

A5 +oo
01 (1o Dl =)+ 2Tl 3¢
S D e - 29)).
Letting € — 07 we obtain (1.6) when N =1. 0O
2.2. Proof of Theorem 1.2 when N =1
First of all, we observe that it is enough to show that
fimsup P2 (1) < 21Dl -+ =2 1D el (2.22)

because the opposite inequality is provided by Theorem 1.1, that we have already proved
in the case N = 1.

We divide the proof of (2.22) into two steps. First we prove the result for functions
u € X(R), then we exploit Lemma 2.3 to extend the result to all v € SBV(R).

Step 1: u € X(R) Let sy < s3 < .-+ < 8, be the jump points of u, namely the
finitely many elements of J,, and let (a,b) be an interval such that Du is supported on
[a+1,b—1]. Let us set sp := a and S,41 := .

With these definitions, we also set €; := (s;, $;41) for every i € {0,...,n},

dp := min {|si+1 —s; 1 €A0,.. ,n}} , and L :=max {|[u||p~(q, i €{0,...,n}}.
Now we observe that |u(y) — u(z)| < ||[Dul|m for every (x,y) € R?, and therefore

'%A(u)g{(x,y)ERQ:0<y—x< <%>m} (2.23)

Let us set

[ Duflrm
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so that for every A > Ay we have that

1

T+
(%) < min{dp, 1}. (2.24)

As a consequence, setting

1 1
. D 1+~ D it
i (m (12Y ™ o (s (1)),

for every A > Ay we have that
aw e Jo?u R (2.25)
i=0 i=1

We point out that (2.23) and (2.24) imply that points outside [a, b]? cannot contribute
to E, x(u) when XA > Ao, because u is constant in (—oo,a + 1) and in (b — 1, 400).
Now let us fix € > 0 and let us set

: — T

y—x

We observe that Qf\hg - Qﬁ%s for every 0 < A1 < Ao, and that

Ui 2.

A>0

Moreover, if (z,y) € E/ y(u) N Q7 for some z € Qf _, then we claim that

/()| + 2\ 7
y<z+< h\ .

Indeed, if this is not the case, then from (2.23) and the definition of Qg\ﬁ we deduce
that

u(y) — u(@)] < (y = 2)(Ju'(2)] +2) < Ay —2)""7,
which contradicts the fact that (z,y) € E! ,(u).

On the other hand, since w is Lipschitz continuous with Lipschitz constant bounded
by L in each of the intervals Q;, for every (z,y) € E! ,(u) N Q? it holds that

<x+£%
Y h\ )
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otherwise we would have that |u(y) — u(z)| < (y — 2)L < Ay — 2)*+.
Hence we obtain the following estimate

1

o+ % 5
nEpn®) < [d [ ey
Qg\,g z

1
o+(%)7
+ / da / (y—a)tdy
Qi\Qg\,a z

1 ) ‘
:ﬁ /\u’(cc)|dx+s$1( 3\,5)+L$1(Qi\93\75) . (2.26)

2
Qk,a

Now we need to estimate the contribution of the rectangles R%. To this end, let A2 > 0
be a positive number large enough so that for every i € {1,...,n} and every A > M it
holds that

lu(y) —u(z)| < (1 +e)|[Dul({s:})  V(z,y) € RS
Then we have that
lu(y) — u(z)| < (1+2)|Du|({s:}) < Ay — =)'+,

for every (x,y) € R} such that

yzo+ (“ +€>Iliu|({si}))1+lv |

Therefore we deduce that

" a(w)NRy C {(x,y) cR?*:z ¢ (si — ((1 +6)|§u|({si})>m ,sl') )

,c <x+ <<1+a>|1;u|<{si}>>“~>}.

Hence we obtain the following estimate

1
(+a)lDulde)) ) THy
S sy B

vy (B () N RY) < / dz / (y— )~ dy

1 S;
(+4e)[Du|({s; )\ T N
Si—( € AU ) +
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_ (L+¢)[Dul({s:})
(1+y)A ’

(2.27)

Finally, combining (2.8), (2.25), (2.26) and (2.27), for every A > max{\g, M.} we
obtain that

<Z /|u ) da +e LN ) + LL (0 \ Q4 L)

A&

Z 1 +¢)|Du|({si})

(1+7)

)

and hence

C1(1 + &) || D7ul|n

limsup F, »(u) <
! (1+7)

A— 400

D% ulae + (b —a)] +

G
v

Letting e — 0", we obtain (2.22).

Step 2: u € SBV(R) We exploit the very same argument used in [12, Section 3.4] to
reduce the case u € Wl’l(]RN) to the case in which u is smooth and has compactly
supported gradient.

So, given u € SBV (R), let {u,} be a sequence provided by Lemma 2.3. By the triangle
inequality for every n € N and every ¢ € (0, 1) it holds that

o) C By (un /(1 =€) UE] \((u—un)/e).
Recalling (2.8), it follows that
Eya(u) < Fya(un/(1 =€) + FyA((u = un)/e),
and hence

limsup F, \(u) < limsup Fy x(un/(1 —€)) +sup Fy x((u — up)/€).
A>0

A—+oo A—+4o00

Since u, € X(R), by Step 1 and the second inequality in (1.3) we conclude that

+ CQ(Nv 7)

C1 ||D%uy, C I,
msup 7, y() < [l 1 ID

1D (u = un)llae
A—++o00 vy l-e 7+1 1-e¢ € '

Letting first n — +o00, and then ¢ — 07 we obtain (2.22). O
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3. The higher dimensional case

In this section we extend the results of Section 2 to the case N > 1, thus establishing
Theorem 1.1 and Theorem 1.2 in full generality.

The main tool that we exploit is a representation formula for F, (u), which allows
us to rewrite this functional in terms of its one-dimensional version computed on all
one-dimensional sections of the function w.

In order to state the formula, let us introduce some notation. For a function
u:RY — R, a unit vector 0 € S¥~! and a point z € ot let u,, : R — R be the
one-dimensional function coinciding with the restriction of u to the line parallel to o
passing through z, namely the function

Ug,x(t) = u(z + ot) vt € R.
The result is the following.

Lemma 3.1. Let u : RN — R be a measurable function and let us fix v > 0 and X > 0.
Then it turns out that

Fa /da/ wa(tsz)d

SNl

Proof. Let x : RN x RN — {0,1} be the characteristic function of the set £, x(u). Then

we have that
u) = /dz/ly—ZIW’Nx(x,y)dy
RN

RN

Setting first y = = + or, with 0 € S¥~! and r € (0, +0c0), and then z = z + ot, with
z € o+ and t € R, we obtain that

+oo

Fya(u /dw / da/r” Nx(@,x + or)rN"tar

SN-1 0

/ do’/dz/dt/r7 X(z+ot,z+a(t+7))dr

SN-1

/da/dz/dt/h“r’ (z+ot,z +o(t+71))dr.

SN 1
Finally, setting r = s — ¢ and recalling that C; = 2 we obtain that

/do/dz/dt/|s—t|71 (z+0t,z+08)ds

SN—
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C1 / da/ oa(to,2) O
SN-1

The second result that we need to perform the sectioning argument is the following
well-known lemma, that follows from the results in [2, Section 3.11].

Lemma 3.2. Let u € BV (RN). Then for every o € SN~ it holds that u, . € BV (R) for
almost every z € o and

/ da/ 1D 2|t dz = O || Dl

SN-1 ol

I1D7ugz || m dz = Cn || D7 pa

SN*I O'J‘
/ da/ | DU 2 || m dz = Cn || Dul| m.
SN—l O-J_

We can now extend the proofs of our main results to the case N > 1.

Proof of Theorem 1.1. It is enough to apply consecutively Lemma 3.1, Fatou lemma,
the one-dimensional result and Lemma 3.2, to obtain that

li fF,, =1i f—
iminf £ (u) = liminf 7 - do /
SN 1
/ d"/a&lg}iﬂfF g ) dz
SN 1
D%u, ’ 27 — 1)||Duy»
Z/do_/(n tollm | [1D7ug sl (27— 1)) Z,HM)dZ
v 147 (1 + )22t
SN—I O'J‘
_Cn Cn Cn(27 1)
D? —DJ + ——=||D¢ .
Dl DTl s 1D e

Proof of Theorem 1.2. From (1.3) and Lemma 3.2 we deduce that

/ da/supF,M Ug,z) dz < / da/02||Du02||MdZfCQCNHDU”M < 400.
A>0

SN 1
Therefore, from Lemma 3.1, the dominated convergence theorem, the one-dimensional
result and Lemma 3.2, we deduce that

lim F,(u) = lim /da/ yoal(te ) d

A——+oo A—)+oo
SN 1
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/da/ 1/\3141_100F Aug2)dz

SN-1

a J
/ da/ (”D UUZHM | D uU’ZHM>dz
147

SN-1

CN

a Cn
— 10" ||M+1—HD]U”M O
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