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Abstract

This paper deals with quantitative spectral stability for operators with compact resolvent
acting on L?(X, m), where (X, m) is a measure space. Under fairly general assumptions,
we provide a characterization of the dominant term of the asymptotic expansion of the
eigenvalue variation in this abstract setting. Many of the results about quantitative spectral
stability available in the literature can be recovered by our analysis. Furthermore, we illustrate
our result with several applications, e.g. quantitative spectral stability for a Neumann limit of
a Robin problem, conformal transformations of Riemannian metrics, Dirichlet forms under
the removal of sets of small capacity, and for families of Fourier-multipliers.

Mathematics Subject Classification 35P15 - 47A10 - 47A55

1 Introduction

Let us consider the Hilbert space L2(X, m), where (X, m) is a measure space endowed with
a positive measure m. Given {(Yg, m¢)}ec(o,1] @ family of measure spaces, where Y, € X and
mg are positive measures over Y, let {H}cc[0,1] be a family of non-negative, self-adjoint
operators

H; : D[He] C L*(Ye, m;) — L*(Ye, me),

so that m, is absolutely continuous with respect to m and (Yy, mo) = (X, m). Moreover, we
suppose that the spectrum o (H,) of H, is discrete for any ¢ € [0, 1] and we denote it by
0 (H;) = {M ¢ IneN, Where we are repeating each eigenvalues according to its multiplicity.

The present paper is aimed to the study of the asymptotic of the eigenvalue’s variation
Ane — Ano as & — 0T for simple eigenvalues, under suitable assumptions on the fam-
ily {H¢}eepo,1)- In particular we are interested in a quantitative result, that is, in how the
eigenvalues A, . converge to A, o as € — ot.
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There is a vast literature about quantitative spectral stability for compact operators, with
many examples in the field of elliptic PDEs on the Euclidean space or on Riemannian mani-
folds, in particular under smooth and nonsmooth deformation of the domain, see for example
the classical paper [35]. We also refer to [25] for an overview.

A very classic problem is quantitative spectral stability for elliptic operators under some
geometrical perturbation on the domain, for example, removing a small set and imposing
Dirichlet boundary condition on the removed set.

In the seminal paper [34], the variation of the eigenvalues of the Laplace operator acting
on an Euclidean domain D, and perturbed by removing small balls, is characterized explicitly
by the means of Green functions. For generic holes concentrating in a compact set K, the
eigenvalue’s variation is characterized in terms of weighted capacity of the removed sets in
[17]. In dimension 2, a precise first order asymptotic expansion of the eigenvalue’s variation
for similar problems is obtained in [1] and in [3]. In particular, in this latter work the authors
provided an expansion in series of the weighted capacity of a scaling hole ¢ K. In an arbitrary
dimension N, for scaling holes €K, it is possible to explicitly estimate the vanishing order,
see [17]. In the general setting of Riemannian manifolds we refer to [12] for a precise
description of the eigenvalue’s variation in terms of the capacity of the removed sets and for
a more detailed overview of the literature for the Dirichlet Laplacian on manifolds.

For the fractional Laplacian operator in abounded domain of RY, a similar characterization
of the eigenvalue’s variation in terms of a weighted fractional capacity was proved in [2].
Furthermore, in the same paper, the authors managed to compute the eigenvalue’s variation
in the case of a sequence of shrinking holes of the form K, where K is a compact subset.
Such computation is sharp in the case of set of positive N-dimension Lebesgue measure.

For the ground state of a generic Dirichlet form (£, F) in a measure space (X, m), under
the removal of sets of small capacity, the eigenvalue’s variation is expanded at the second
order in [32], under suitable assumption on the resolvent and semigroup associated to £.

For the polyharmonic operator (—A)™ acting on a bounded Euclidean domain, the eigen-
value’s variation is computed in [22] in terms of a suitable notion of weighted capacity. If
the removed sets are given by ¢ K for some compact set K, a more precise description of the
eigenvalue’s variation, with explicit estimates on its vanishing order, is also provided in the
aforementioned work.

The Neumann Laplacian operator in a bounded domain  c R", where Neumann con-
ditions are imposed on the boundary of the removed set, was studied for example in [16,
29]. In [29] removing a set of size ¢, the author expresses the eigenvalue of the perturbed
problem as an analytic function in two variables composed with the perturbing parameter
¢ and Syelog(e), where )y = 1 if N is odd and O if N is even. In [16] the eigenvalue’s
variation is characterized by the weighted torsion of the removed set. Furthermore, for holes
of the form x¢ + ¢K for some xp € 2 and compact K C €2, the eigenvalue’s variation can
be computed more explicitly. It is worth noticing that its vanishing order strongly depends
on the point xo. A completely explicit expression of the eigenvalue’s variation is obtained
for spherical holes. We also mention that the study of the convergence in Hausdorff distance
of the spectrum for generics holes in R? was studied in [5].

A different case of geometric perturbation was considered in [21], for the Euclidean
Dirichlet Laplacian. More precisely the authors attached a small cylindrical tube to the
unperturbed domain 2 and let the section of the cylinder shrinks. The vanishing order of the
eigenvalue’s variation is computed with monotonicity formula’s techniques.

The case where mixed Dirichlet and Neumann boundary condition are imposed on the
boundary of a bounded domain 2 C R for the Laplacian operator were considered in
[17, 18]. More precisely, if the Dirichlet region vanishes, then the eigenvalue’s variation can
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be quantified in terms of a weighted capacity of a disappearing set. With techniques based
on a combination min-max estimates and a monotonicity formula, the case of a vanishing
Neumann region was studied in [18].

Finally, we mention that, for Aharonov-Bohm operators with an arbitrary numbers of
moving poles, the eigenvalue’s variation was recently studied in [19] and [20]. In this case,
the quantity that characterizes the eigenvalue’s variation may be seen as an intermediate
notion between a weighted torsion and a weighted capacity. There is a vast literature about
quantitative spectral stability for Aharonov-Bohm operators, see [19] for a detailed overview.

In the present paper, we focus on simple eigenvalues providing an abstract viewpoint
that unifies some of the aforementioned results in a general setting. In particular we are
referring to [19, Theorem 5.2], [20, Theorem 5.3], [16, Theorem 2.3] and, see Subsection
4.3 for details, to [17, Theorem 2.5], [2, Theorem 1.5] and [22, Thoerem 1.2]. Furthermore
Theorem 3.1 generalizes [32, Theorem 3.6] to the case of simple eigenvalues and removes
several assumptions, see Subsection 4.3. The case of multiple eigenvalues is object of current
investigation, see [7].

Our main result, see Theorem 3.1, characterizes the eigenvalue’s variation as

. N A0 fyg &n,0Vne dme + O (” Va,e ”iz(ys’mE)) 0
— — — 0,
e T P am + OV [ oy

where ¢, ¢ is a normalized eigenfunction of the operator Hy associated to the simple eigen-
value A, o and V,, is the unique minimizer of an energy functional J; , which depends on
®n.0, see (2.8), and we also obtain the convergence of the associated eigenfunctions in a
suitable sense. We also presents several applications of Theorem 3.1.

Some different and more classical methods to study eigenvalues variations are available
in the literature, as perturbation theory of families of analytic forms in the sense of Kato,
see [28], and the min-max characterization of eigenvalues. Our approach, however, allows
us to deal with more singular type of perturbations than Kato’s theory and to characterize
the eigenvalues variation as a leading term with a reminder, while the min-max approach
often yields only estimates. Finally, we mention that the function ¢ := ¢o|y, — Ve can be
interpreted as a quasimod (see for example [11, Chapter 20]) for the eigenfunction ¢g, see
the proof of Theorem 3.1.

The paper is organized as follows. In Section 2 we provide some abstract preliminaries
results and present the assumptions needed to prove Theorem 3.1. In Section 3 we prove The-
orem 3.1 and discuss several results usefull to ensure the validity of its assumption, focusing
on qualitative spectral stability in Subsection 3.3. Finally, in Section 4, as applications of
Theorem 3.1, we study quantitative spectral stability for a Neumann limit of a Robin prob-
lem, conformal transformations of Riemannian metrics, Dirichlet forms under the removal
of sets of small capacity, and for families of Fourier-multipliers.

2 Preliminaries and assumptions

Throughout the paper, for any measure space (X, m) we will denote with (-, -)z2(x ) the
scalar product in L2(X, m). Furthermore we denote the resolvent and the spectrum of an
operator H respectively by p(H) and o (H), while we will use D[ H] for its domain. We also
recall that a symmetric, non-negative form (£, F) on L2(X, m) is closed if its domain F is
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complete with respect to the norm induced by the scalar product
E1=E+ G2 m- (2.1
To any non-negative, self-adjoint and densely defined operator
H: D[H] C L*(X,m) — L*(X,m),
it is possible to associate a unique symmetric bilinear form (€, F) given by
Eu,v) = (x/ﬁu,\/ﬁv)Lz(Xym) for any u, v € F, 2.2)

where F = D[«/ﬁ ]. Moreover, the form (€, F) is closed. On the other hand, any non-
negative densely defined, closed symmetric form admits a unique operator H such that (2.2)
holds; see for example [24, Theorem 1.3.1].

2.1 Preliminaries

In this subsection we present some abstract results that will be used throughout the paper.
For the sake of completeness we also provide a short proof of each result.

Proposition 2.1 Let (€, F) be a symmetric, non-negative, densely defined and closed form
on L*>(X,m) and let H be the associated densely defined, non-negative and self-adjoint
operator. Suppose ) := mino (H) > 0 is an eigenvalue of H and that

H': L2(X, m) — LZ(X, m) is a compact operator.
Then the embedding i = F — L*(X,m) is compact.

Proof Since Hlis compact, by [36, Theorem 12.30] and the Spectral Theorem for bounded,
self-adjoint operators, H ™ 2 is a compact operator. Let v,—v weakly in F as n — oco. Then

forany w € F

Jim (ﬁun,ﬁw) — lim EQn, w) = E(v, w) = (ﬁu,ﬁw)

n—00 L2(X,m) n—00 L2(X.m)

Hence / Hv,—+/ Hv weakly in LZ(X, m) as n — oo and so, by the compactness of H_%,
v, — v strongly in L*(X,m) asn — oo. O

In the following we will make use of the next (abstract) Poincare’s inequality.

Proposition 2.2 Let (€, F) be a symmetric, densely defined, non-negative and closed form
on L*>(X,m) and let H be the associated densely defined, non-negative and self-adjoint
operator. Suppose that ). = min o (H) > 0 and that H" is a compact operator. Then

lwlfa gy <+~ E@, w)  forany w € F. (2.3)

Proof Let us consider the minimization problem
E(w,
inf{|(2ww):we}'\{0}}. 2.4)

|w||L2(X,m)

Let us show that there exists a minimizer of (2.4). Let {u,},en be a minimizing sequence
and let

Un
V= —————.
llun ||L2(X,m)
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Then also {vy }nen is @ minimizing sequence and [lvy [l 12(x ) = 1. Since £ is closed (hence
(&1, F) is Hilbert) and {v,}, is bounded, up to a subsequence, we can assume that v,—v
weakly in the norm £ = € + (-, ) 12(x, ) @81 — 0O to some v € F.

In particular [|v|l;2(x ) = 1 thanks to Proposition 2.1. By the lower semicontinuity of
the norm £; we have

E1(v,v) < liminf & (vy, v,)
n—00
and so
E(v, v) < liminf E(vy,, vy,).
n—oo

We conclude that v minimizes (2.4). Hence, v is a solution of the equation

E(v,v)

S(U, w) =3 (U, w)LZ(X,m) for any w € F.
” U”LZ(X,m)
It follows that # is an eigenvalue of H and that v an associated eigenfunction.
L2(X,m)
Hence, A < ”v‘ﬁz(# Since H~! is compact it follows that there exists an eigenfunction

L2(X,m
associated to A, see for example [36, Theorem 12.29]. Evaluating the ratio in (2.4) with such

an eigenfunction we obtain the opposite inequality thus concluding that

E(w,
inf{(’f“’):wef\m}} — 2,
”w”LZ(qu)

which proves (2.3). O

We will use the following regularity result in Subsection 4.4. It is a rather simple and
standard fact in spectral theory, we provide a detailed proof for the sake of completeness.

Proposition 2.3 Let (£, F) be a non-negative, densely defined, symmetric and closed bilinear
form and H the corresponding densely defined, non-negative and self-adjoint operator. Let
f € L*(X, m) and suppose that u € F solves the equation

Ew,v) = (f,V)2x.m JoranyveF. (2.5)
Thenu € D[H] and Hu = f.

Proof Tt is not restrictive to suppose that inf o (H) > 0. Indeed info (H +1d) > 1, D[H] =
D[H + 1d] and if u is a solution to (2.5) and only if u solves

Eiw,v) = (f tu,v)2x,, foranyveF.

Since inf o (H) > 0, the operator H~ 1 is well-defined and bounded on L%(X, m). Let us set
U= H_lf. Clearly u € D[H], Hii = f and, by definition of the operator H, & solves
(2.5). It follows that

Ew—u,u—u)=0

and so, by Proposition 2.2, u = . In conclusion u € D[H] and Hu = f. O
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2.2 Assumptions

Let us consider the Hilbert space L%(X, m), where (X, m) is a measure space endowed with
a positive measure m. Let {(Y,, m¢)}ecio,1) be a family of measure spaces, where ¥y € X
and m, are positive measures over Y, so that m, is absolutely continuous with respect to m
and (Yo, mo) = (X, m). Let {(£°, F¢)}ec[o,17 be a family of non-negative, symmetric forms
defined on their domain F, C L2(Y,, my,).

For any ¢ € [0, 1] let Z, be a linear subspace of F that is closed with respect to the norm
& fe))%, where £ fe) is as in (2.1). We are going to consider the eigenvalues of the form £(*)
restricted to the subspace Z.. We need to consider such a restriction to encompass several
problems that have been studied in the literature. For example, this is crucial in [19] and
Subsection 4.3.

More precisly, let us define

£ = <€|(2ng.

It is clear that £() is a closed, non-negative defined and symmetric form with domain Z,. If
we define

zZ, = Z”'”Lz(hms)

that is, Z; is the closure of Z, with respect to the norm of L2(Y,, m;) and we endow it with
the norm induced by L2(Y., m), then clearly £ is densely defined in Z,. Let H; be the
associated non-negative, densely defined and self-adjoint operator, see [24, Theorem 1.3.1].
In what follows we suppose that for any ¢ € [0, 1]

the spectrum of H,is discrete and it consists of a non-decreasing (Al
diverging sequence of non-negative eigenvalues {A¢ , },en {0}

where each eigenvalue is repeated according to its multiplicity.
Under the ﬁsumption (A1), let {¢¢, 1 }nem\ {0} be an associated basis of Z, given by eigen-
functions of H. In particular,

EE (e, W) = Ane (qﬁn,g, w)LZ(Yg,mg) for any w € Z,. (2.6)
Since we are interested in the quantitative spectral stability, it is natural to suppose that

lin}) Aen = Aon, forany n € N\ {0} (A2)
e—

In addition, it is not restrictive to suppose that
deq >0 foranye € [0, 1], (A3)

as detailed in the following remark.

Remark2.4 1f .1 = O then we can perform our analysis for the family of operators
{H, +1d} el0,1]- Indeed, {H, +1d} se[0,1] 1s a family of densely defined, positive, self-adjoint
operators that possesses the same properties of { H, } ¢<[0,1]- The spectrum of H, +1Idis given
by {Aen + Lhnen\(0)-

More generally, we may perform our analysis for a family of forms {(£®), Z,)}ec[0.1]
that are uniformly lower semi-bounded by a constant ¢ < 0. Indeed, we can simply shift the
associated operators {E}ge[o, 11 by —cId.
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It is a standard fact that, under the above assumptions, the operator (H,)~! is continuous,
non-negative and self-adjoint. Moreover, in view of [36, Theorem 12.30], by (A1) the operator
(H,)~! also turns out to be compact.

Fix a simple eigenvalue 1o, and a corresponding eigenfunction ¢y , For the sake of
simplicity we write X¢ instead of 1o , and ¢ instead of ¢ . We assume that

ol 2(x.m =1 and lim/ ol dm = 1. (Ad)
e=>0Jy,

We suppose that the space Fy is included in any F; in the following sense
ueFy = uy, €Fe. (AS)

Such condition is well-posed since m; is absolutely continuous with respect to mq. Further-
more, for any ¢ € (0, 1]

Le(u) == £ (o, u) — ho(¢o. )12y, ., foranyu € F, 2.7)

defines a continuous linear functional on Z, in view of (A5). For the sake of simplicity, we
will still denote with £ the quadratic form

EOw) :=E@(w, w) foranye € [0, 1]and w € F.
Let us define for any ¢ € (0, 1] the functional
Jo(u) = %S(S)(u) — Le(u) foranyu € F,. (2.8)
Proposition 2.5 For any ¢ € [0, 1] there exists a unique Vy € F; solving the minimization
problem
inf{Je(u) : u € Ze + doyy, }- (2.9)
Furthermore, V. is the unique solution to the equation
EOWe,u) =Lo(u) foranyu € Z, (2.10)
such that Ve — oy, € Ze. If
L.#0inZ, or doy, ¢ Ze.
then Vg, # 0.

Proof Thanks to (2.3), denoting by || - || 7. the operator norm over F, it is enough to notice
that

\%

1 1
Je(u) = €9 w) - EF @2 ILell 5,y

v

1 1 1
SE0 W@ = (1422 DED@)? ILel iy

to see that J, is coercive on F,. Since J; is also convex and continuous on F, we obtain the
existence of a minimizer V, € F, of (2.9) which solves (2.10). Indeed, the affine subspace
Ze + doyy, is closed with respect to the norm || - || £, in view of Proposition 2.2.

Furthermore, if v; and vy solve (2.10) and v; — oy, € Z¢ fori = 1,2, then v := v; — vz
solves

EW(w,u) =0 foranyu € Z,.
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Since v € Z,, testing with v we conclude that v = 0 by (2.3).

Finally, if ¢ojy, ¢ Z. then clearly V. is not trivial. On the other hand, suppose that
®0|y, € Z¢. Then we are minimizing the functional J; on the linear space Z. Since L, # 0,
there exists a function w € Z, such that L;(w) > 0. Then, choosing ¢t > 0 small enough,
Jo(tw) = 2@ (w) — tLy(w) < 0. We conclude that J,(V,) < 0 and so V, # 0. o

Remark 2.6 We underline that while the potential V, strongly depends on the eventual shifting
we made for the form £, see Remark 2.4, this has no influence on the eigenvalues variation.

The last assumption of the present section is that
lim || Vell 72y, .y = 0. (A6)
e—0

In view of (2.7) and (2.10), this is a natural requirement, since we are interested in stability
results for the spectrum of Hy.

3 Quantitative spectral stability

In this section we prove our main theorem and some additional results to quantify the asymp-
totic of the eigenvalues variation more explicitly. Furthermore, we discuss the validity of its
assumption presenting a criterion for qualitative spectral stability.

3.1 Asymptotics of the eigenvalues variation

Let X¢ and ¢ be as in Section 2 and for the sake of simplicity let A, := A, . In view of
(A2), it is not restrictive to suppose that A, is simple for any € € [0, 1]. Let ¢, := ¢,  be an
eigenfunction corresponding to the eigenvalue A, such that

1661720y, ,y = 1-
Let us define the orthogonal projection

I, : LZ(Y89 me) —> Zg, Ie(w) = (W, @) 2y, m,) Pe-

Since (%, Z) is closed, in view of Proposition 2.2, it follows that Z, is a Hilbert space
with respect to the scalar product £(). Let

R, :=H)': 2z, > Z.. (3.1

By the very definition of £©), it holds

EO(Rou, v) = (u, V) 12y, m,) foranyu,v e Ze (3.2)

1
and so if we endow Z, with the norm £ % then R; is linear and continuous. In particular,
the restriction of R, to Z,, which we still denote with R, is linear and continuous as well.
By the Spectral Theorem for bounded, self-adjoint operators it follows that

E(Rew — QUw)

(dist(p, 0 (Re)))* < ———=
E©) (w)

forany u € p(R;) and w € Z. \ {0}, (3.3)

see for example [27, Proposition 8.20]. Clearly, the eigenvalues of R, satisfy i , := % for
any n € N\ {0}
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The proof of the following theorem is inspired by [1, Appendix A], [17, Theorem 2.5],
[2, Theorem 1.5] and [19, Theorem 5.2].

Theorem 3.1 Let {H;}cc0,1] be a family of non-negative, densely defined and self-adjoint
operators

He : D[H] € L'(Ye, mg) — L*(Ye, me)

with associated bilinear forms (E®, F). Fixa simple eigenvalue Ly := Ao, of Hy with
associated normalized eigenfunction ¢, let \g := A¢ . Suppose that all the assumptions (A1)
to (A6) hold.

Then,

30 Jy, $oVe dme + 0 (Ve )
AT

where V; is the function provided by Proposition 2.5. Furthermore,

e — Ao = ase — 0, 3.4

ED (o — Ve = Me(do = Vo) = O (IVelDayy, ,,)) @52 =0, (35)
and
llgo — e (@0 — Vel 22y, ey = O (1Vell 2y, my)) (3.6)
(o — e = Vo)) = €9 (Vo) + O (IVell 2y, my (€ (VD))
-0 (5<8>(V8)) , 3.7)
as & — 0.

Proof Suppose that V; = 0. Then L, = 0 and oy, € Ze. 1t follows that ¢y, is an
eigenfunction of &. Hence by (A2), for ¢ small enough, A, = Ag. In conclusion (3.4) holds
trivially. Therefore it is not restrictive to suppose that V, 7~ 0 for any ¢ € (0, 1].

Let ¥e := ¢ojy, — Ve. Then v, € Z. by Proposition 2.5 and

EO W, w) = Ao (G0, W2y, .y forallw € Z, (3.8)
in view of (2.7) and (2.10). From (3.8) we deduce that

EG (e, w) — o (Ve W r2(y, myy = 20 Ves W2y, myy forallw € Ze.  (3.9)
Since ¢, € Z., we may choose
w = Ie¥e = (e, @) 12y, ,m, ) Pe
in (3.9), thus obtaining
(he = 20) (Ve TeWe) 20y, m)
=20 (Ve, ®0) 2y, my) + 20 (Ve, e e — @0) 2y, m,) - (3.10)

by (2.6).

Now we study the asymptotic, as ¢ — 0, of each term in (3.10). For the sake of simplicity,
we divide the rest of the proof into several steps.
Step 1. We claim that

|)\.£ — }\.0' = O(||Vf”L2(Y€,m£))’ as e — 0. (311)
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Letting o := Aal and p, = A;l, since Ao is simple and A, — Ag by (A2), for & small
enough
[Ae — 2ol = Aerolpe — 1ol
< 22§ dist(10, 0 (Re))

@ 1/2
< 2)\% & (@e — pove) 7
EE(Ye)

thanks to (3.3). Since (ol 2(x m) = 1. by (3.8) and the Cauchy-Schwarz inequality we
have

(3.12)

E@ (Ye) = 1o (0. Ve) L2(v,.m,)

= Ao — Ao (1 - |¢0|2de> — 20 | ¢oVedm, (3.13)

Ye Ye

=X +o(l),
where in the last equality we have used (A4). By (3.2) and (3.8) tested with R. ¥ — os,
EO(R: e — 1oV
= — Ve, Re¥e — oVe) 12(v, . m,) T (@0, Re¥e — oVe) 12y, my)

— %(MOW(& Rere — poyre)
=—(Ve, ReYre — M()ws)Lz(Yg,mg) .

Hence, by the Cauchy-Schwarz inequality and Proposition 2.2,

EE(ReYe — poe) = — (Ve, Retre — MOl/fs)LZ(Ys,mE)
< WVelle2y, moy 11ReWe — HoVell 2y, my)
1
< WVellp2gmy (1eE@ (Revre — o))

Hence
(EORYe — pnove)”? = OUVell 2y, ) as e — 0. (3.14)
Claim (3.11) follows from (3.12), (3.13), and (3.14).
Step 2. We claim that
EOW, — ev) = 0 (IVelayy, ,.,)) a2 = 0. (3.15)
Let
Xe = Ve — e and & = Rexe — Mo Xe- (3.16)

By definition we have
Xe € Ne :={w € Z; : (W, &) 12y, m,) = 0}
and, from (2.6) and (3.2), it follows that R,w € N, for all w € N,. Hence the operator

ﬁg ‘= R¢|n, : Ne > N¢
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is well-defined. Furthermore, G(ﬁg) = 0(R) \ {e}. In particular, there exists a constant
K > 0, which does not depends on €, such that (dist(,ue, o (IF!E'S)))2 > K (for ¢ small enough).
Moreover, (3.3) holds for R,. Then

L, . ~ N2 T
ED(xe) = = (distlpie, o (R))” €D (xe)
1] — ~
=< E 5(8)(R8X8 — e Xe) (3.17)
1
= E 5(5)(5;'6)7

by (3.16). In view of (3.8) and (2.6) tested with &,
EO (Yew &) — Ao (Ko €) 1201, my)
=20 (Ve, &) 2(v, my) T (R0 — Ae) (Yes E) 2y, m,) - (3.18)
Then from (3.2) and (3.18) we deduce that
EOE) = EO(Rexe, &) — 1e€® (e, &)

= e[ (e, E6) — LeEO (Re xe, &e)]

) (Ao — A¢)
== (Ve &) 2vumy) — ———— e, & 12(vumy) -
A Ae

From the Cauchy-Schwarz inequality and Proposition 2.2 it follows that
Ty Ao e w1, ke — Aol — e
E@ (&) < T||Ve||L2(ye,m€)(5(5)(§s))2 + 573||1/,£||L2(Y5’m5)(g(8) (62))2
Ag A
and hence, by (A2),
ey 1
EOEN? < C (IVell 2y, ey + 2e = Aol 1¥el 27, ) (3.19)
for some constant C > 0 which does not depend on ¢. Furthermore, (A6) and (A4) yield
||Ws||%z(yg’me) —1=o0(l) ase — 0.

Then (3.15) follows from (3.11), (3.17), and (3.19). Since ¥, = ¢9 — V. we have proved
(3.5).
Step 3. We claim that

o — Meell L2y, sy = OUVell 2y,m,) a5 € — 0. (3.20)
Indeed from the definition of v, Proposition 2.2 and (3.15) it follows that

llpo — He‘/’s”[ﬂ(ys,mé.) < ll¢o — 1,0es||142(yg,m5) + lYe — HsWs”LZ(YS,mS)
(3.21)
= O(HVEHLZ(Yg,mS)) as & — O

In particular we have proved (3.6). Furthermore, since ¢pg = V; + ¢,
£ (g0 — Mevre) = O (Vo) + ¥ (Yo — Mepe) + 26 (Ve Yre — Mefe)

= EOWVo) + OUVell 2y, ) € (VoD D) = OEC V), ase >0,
thanks to the Cauchy-Schwarz inequality, Proposition 2.2 and (3.15). Hence we have proved
3.7).
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Step 4. We claim that

Ve TV 20y, = f lpol> dme + OIVell 2y, ) ase— 0. (3.22)
Ye

‘We have that
W L) 12, mey = (Ve = et TLevie) 12y, oy + 1T gy,
= ||Hgl//€||i2(yg,n’lg) '

e—0

Since [l¢oll 2y, ,m,) — 1, (3.21) and the Cauchy-Schwarz inequality imply that
Vel T2y, = 100 = TetielTo gy, 0y + 1900720y, )
—2(¢o — e, ¢0)L2(Y5,mg)

= [ Igol>dme + OVl 2y, m,)) ase — O.
Y,

Putting together (3.10), (3.20) and (3.22), we finally obtain

ho Jy, doVedme + 0 (IVel2syy, )
fyS ol dme + O(||Ve 22y, m.))

thus proving (3.4). O

e — Ao = ase — 0,

Remark 3.2 Tt is also possible to prove (3.4) and (3.6) following the approach exposed in [16,
Proof of Theorem 2.3]. It is based on a abstract lemma originally proved in [10] and then
revisited in [12] and [4]. See [16, Lemma 7.1] for a simplified version of this lemma suitable
for simple eigenvalues and for a short proof. However, following this approach we would
only obtain
1o = Ve = Me(vo = Volll 2y, myy = O (WVell 2y, my) - ase =0,

which is a slightly weaker version of (3.5). To recover (3.5) some additional work is required,
see [16, Proof of Theorem 2.3].

Remark 3.3 1t is worth noticing that, as ¢ — 0, the quotient in (3.4) can be written as

30 Jy, $oVe dme + 0 (el )
Jy, 160 dme + OVell 2, mey)

= (Ao ¢ Ve dm + O (||vg||iz(yp ” ))>
Ye e

1— [y lgol* dm,
1+€—2
fyg [po|= dm,

+ O(IIVslle(yg,mE)))

=ho | doVedme+o(IVell2v,m,)) -
Ye

. . . 0
by the Cauchy-Schwarz inequality. Hence, if the rate of convergence of ||@ol[ 12y, m,) 251
can be precisely quantified, a more accurate estimate on the asymptotic behavior of Ao — A,
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can be recovered. In particular, if
L= [ 1gol* dme = O (IIVell 2y, m,)) ase =0,
Ye

then by the Cauchy-Schwarz inequality
he — Ao = AO/ doVe dme + 0 (el ) ase =0,
Y, e

Under some additional assumptions, we are able to identify more explicitly a sequence
of eigenfunctions associated to the simple eigenvalues X, that converges in suitable sense to
¢o. More precisely let ¢, be the eigenfunction associated to A, such that

|pe|>dms =1 and dode dm, > 0. (3.23)
Ye Ye

Such a choice is possible, at least for small ¢, since in view of (3.6), fyp Pope dm # 0O for
any ¢ close enough to 0. '

Proposition 3.4 Suppose that

gol* dme =14 O (11Vell2v, m,y)  ase — 0. (3.24)
Ye
Then
£ (go — ) = O (8(5)(V6)> ase — O, (3.25)
Furthermore, if
IVelZagy, ey =0 (E9(V0)) (3.26)
then
ED (@~ 90) = £V (Vo) +0 (ED(V0)) ase — 07, (3.27)
160 = @lary, ) =0 (EV(V0)) ase — 0%, (3.28)

Proof Since A, is simple, thanks to (3.6) and (3.23)

_ Hs(¢0 - Ve)
T (b0 — VOl L2v,m,)

be

Hence
11— T (@0 — V)l 2y, I

£ (M (o — Vi)
ITTe (B0 = Vol32y, o) ‘ ‘

E (e — M (o — Vo)) =

and, by (3.6) and (3.24),
e (@0 = Vel oy, )
= ligo = Me(bo = Vol 7oy, s + 100720y, )

—2(¢0 — Me(do — V), 90) 121, m,)
=1+ O0UVel 2y, m,))-
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It follows that
EO(pe — Me(po — Vo)) = OUIVellTay, ) ase — 07
Hence by (3.7) we have proved (3.25). Furthermore, thanks to (3.26) and (3.7),
E9 (g0 — ¢e)
=EO Vo) + £ (¢ — T (do — Vo))
+ 26 (e — T (0 = Vo), Ta(do — Vo) — g0) +0 (£ (Vo) )

=0 +0(e9(W)) ase > 0%,

which proves (3.27). Finally, thanks to (3.6) and (3.26), we can prove (3.28) in a similar
manner. O

3.2 Some additional results to quantify 1. — .

To quantify more explicitly the rate of convergences of simple eigenvalues provided by
Theorem 3.1, in many situations results like [19, Proposition 4.5, Proposition 6.5] or [16,
Lemma 3.1, Lemma 3.5] may be useful. Indeed they can be used to compute the order of
infinitesimal of || Vel| L2y, ) Or € @) (V,) as & — 0. In this subsection we generalize to our
abstract setting the aforementioned results. The first one is a characterization of the minimal
value of the functional J. Its interest lays in the fact that if ||L¢ ||z, — 0t ase — 0T
in a controlled way then the study of the asymptotic behavior as of £ (V,) (thus also of
I Vell L2(v, m,)) can be reduced to the study of asymptotic behavior of Je (V;). Indeed, testing
(2.10) with V¢, by Proposition 2.2,

e Vel Fagy, < EF(Ve) = 200e(Ve) + Le (Vo))
1
< 20 (V)| + ILell (7. (€F(Ve))2).

The advantage of this approach is that competitors may be used to obtain information about
the infinitesimal order of J.(V,), see for example [19, Proposition 4.3].

Proposition 3.5 For any ¢ € [0, 1]

(E© (g0, w) — Lew))* 1

1
Je(Ve) = = sup + €@ (go) — Le(g0). (3.29)
e weZ\{0) E@ (w) 2 ‘
Moreover, if ¢o € Z, then
Lz?(w)2

1
Je(Ve) = —= .
V=73 weSZ]iIi{O} £ (w)

Proof In view of (2.9) it follows

Jo(Vo) = inf Jo(w + ¢o) = inf (inf J.(rw + ¢o) ) . (3.30)
weZ, weZ; \teR
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By the definition of J;, we get
1
Je(tw + ¢o) = ia“mw + ¢0) — Le(tw + o)

2
= %5‘8>(w> + %5“)@0) +1E€ (w, ¢o) — tLs(w) — Le(¢o)

implying that for any w € Z; \ {0}

2
. 1 ED W, p0) = Lew) | L |
inf Je (1w + go) =5 ( £O ) ) £Ew) + 59 g0)
@ w, ¢o) — Le(w) o)
- £© () E¥ (w, ¢o)
E@ (w, ¢o) — Le(w)
Fo () Le(w) — Le (o).

Hence, (3.29) follows from (3.30).
In the particular case ¢9 € Z, we have that

Je (V) = u}lg Je(w) = inf inf J.(tw)

weZe teR

1
— inf inf (58(5)(w)—tL5(U))>

weZg teR
and so
1 Le(w)?

Je(Vo) = —= .
«(Ve) 2weszl?<{0} @ (w)

m}

The next proposition provides a sufficient condition to sharpen the asymptotic expansion
in (3.4). Furthermore, in many applications it is easier to compute the infinitesimal order
of £(V,) instead of || V¢|| L2(Ye,me)> especially when blow-up arguments are involved, see
for example [16, 19]. Moreover, it provides sufficient conditions for (3.26) to hold. It is a
generalization of [23, Proposition 3] which dealt with the case of capacitary potentials.

Proposition 3.6 Assume that the following holds.

(i) For all x — 07 and {uy}ren with uy € Fers

— (ex)
ko | L2Yyy ey ) = 1 and £ (uy) <

C, for some constant C > 0 that does not depends on k, there exists u € Fo and a
subsequence {uy, }nen such that:
(i.1) E€)(uy,,v) — EOu, v) for any v € Fo,
(l2) ”u”LZ(X,m) = l
ii) For any u € Fy there exists {u,}nen C Fo such that:
y
(ii.1) up—u weakly in Fy asn — oo,
(ii.2) for any go € (0, 1] there exists ng € N such that u, € Z, for any n > ngy and any

e € (0, 0],
(ii.3) L¢(uy) = 0 foranyn > ng and any € € (0, go].
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Then

IVellfa gy, ) = 0P (Vo)) as e — 0.

Proof Suppose by contradiction that there exists a subsequence of {€;}xen such that

Vel 2t ey 2 CEE Ve

where C > 0 is a constant not depending on k. Define

Wy Ver

AP Ty )

By assumption, there exists W € Fo with [|W||.2(x ,,y = 1and such that, up to asubsequence,
EE (Wi, v) — EO(W,v) forany v € F.

Let v € Fp and let {v,} C Fp be as in (ii). Then for any kp € N there exists a ng € N such
that

EE) (Wi, vy) = Le(v,) =0 forany n > ng and any k > ko.
Hence, passing to the limit as k — oo, we obtain
E(O)(W, vy) =0 foranyn > ng.
Passing to the limit as n — oo, we conclude that
S(O)(W, v) =0 foranyv € Fy.
Testing the above equation with W, we get £@ (W) = 0, which is a contradiction in view of

Proposition 2.2. O

3.3 A sufficient condition for spectral stability

In this subsection we provide a general criterion to prove that assumption (A2) holds, that is,
that there is spectral stability. It is based on the following result, we refer to [14, Corollaries
X19.3, XI9.4] for a proof.

Theorem 3.7 Let Ry, Ry be linear bounded, non-negative, compact, self-adjoint operators
on a Hilbert space 'H. Let {{ip,i }nen\{0) := 0 (R;) \ {0} fori = 1, 2. Then

[n1 — n2l < 1Ry — Rollgmy  foranyn € N\ {0}.

The proof of the following theorem is inspired by [9, Proposition 6.1.7] and this approach
to spectral stability is inspired by [35, Lemma 1.1].

Theorem 3.8 Suppose that
me =m forany e € (0, 1]and m(X \ Ys) = 0" ase — 0.
Let R; be as in (3.1). Assume that for any € € [0, 1] there exists a bounded linear operator

P2y = Z,
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and a bounded linear operator
E.:Z, — 2

such that (E¢u))y, = u, PeE;u = u foranyu € Z and

li18+(P5w, V)2 m = (W, V) p2x my Jorany v, w € 2o, (3.3
£—> g
(Re P, w|YE)L2(y£’m) = (v, . RgPaw)Lz(yg,m) for any v, w € 2. (3.32)

Furthermore, let (£, F) be a non-negative, densely defined, closed bilinear form and H the
corresponding densely defined, non-negative, self-adjoint operator. Assume that H=" is a
well-defined, bounded and compact operator and that F C Zy. Finally let

R.: 20— 20, Re:= E:R.P.

and suppose R.: 2y — Fare well-defined and equibounded, that is there exists a constant
C, that does not depend on ¢, such that

E(ﬁeu) <C ||u||iz foranyu € Zyand ¢ € [0, 1]. (3.33)

(X,m)
We also assume that ifl?su—\w weakly in F then w € Zy and

lim €@ (R, Pou,v) = ED(w,v), foranyv e Zo. (3.34)

e—0F

Then for any n € N
lim+ Aen = A0n- (3.35)

e—0

Proof For the sake of simplicity, we divide the proof in three steps.
Step 1. We have that

o(R)=0(R,)U{0} or o(R.)=0c(R,). (3.36)
Indeed, if R.¢. = ue¢e, then
ﬁsEsd’s = E£R8P5E8¢£ = E6R5¢£ = /LsEsd’s-

SNince the kernel of E, is trivial, it follows that o (R,) < U(ﬁg). On the other hand, if
Repe = pepe, and e # 0, then Peg. # 0 and

E¢Re(Petpe) = e Ec(Pegpe).

Hence u. is a eigenvalue of R, since E; is injective. We conclude that (3.36) holds.
Step 2. For any u € Z we have that

lim | Reu = Roul 12y, = O- (3.37)

e—01

By (3.33) and Proposition 2.1, for any u € Zj there exists a sequence ﬁsnu—\w weakly in
F asn — oo, for some w € F. Then by (3.31), and (3.34) for any v € Z

(W, V)2 gy = 1 (Peytt, V) 2y, oy = Tim, EO (R Pou,v) = EO(w, v).

Hence ﬁgnu — Rou, strongly in L3(X,m) as n — oo, thanks to Proposition 2.1. By the
Urysohn Subsequence Principle we conclude that (3.37) holds.
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Step 3. We claim that
51_1>n([)1+ |R: — Ro “L(LZ(X,m)) =0. (3.38)

By the compactness of the operator ﬁE—Ro,foranye € [0, 1]thereexistsa f, € 12 (X, m)
with || fell ;2(x.m) = 1 such that

” ﬁﬁ — Ro ”E(LZ(X,m)) = ”ié&fs — Rofe ||L2(X,m) :

Hence, there exists a sequence f;, — f weakly for some f € L%(X, m). By compactness
of Ry it follows that Ro f;, — Ro f strongly in L*(X,m), as n — oo. By (3.33), up to a
subsequence, ﬁen fe, — g strongly in L*(X, m) for some g € F.

For any h € Zj, thanks to (3.32),

(ﬁsn fSn’ h)LZ(X,m) = (fsn’ Rsn Psﬂh)Lz(Yg,m) + (ﬁsn fsn’ h)Lz(X\YE,m)
= (f&‘n’ REnh)L2(X,m) - (fé‘n’ Ranh)LZ(x\yg’m) + (Ré‘nfé‘n’ h)LZ(X\YS,m) .

Thanks to the absolute continuity of the integral,

>3 + >3 +
(fan,Rgnh)Lz(X\Yg’m) — 07, (Rg,,fgn,h)LQ(X\Ye’m) — 0", asn— oo.

By (3.37)
(& Mr2(x,my = lim (Re, fe,- h)Lz(X,m) = (f, Rom2x,my = (Rof M) r2(x m) -

Hence g = Ry f. By Proposition 2.1, we conclude that the 1?5" fe, — Rof strongly in
L%(X, m). By Urysohn’s Subsequence Principle we conclude that (3.38) holds.
In conclusion (3.35) follows from Theorem 3.7 and (3.36). O

Remark 3.9 In the applications of Theorem 3.1 presented in Section 4, we will use either
Theorem 3.8 or min-max arguments to show that (A2) holds.

4 Applications

In the present section we discuss some applications of Theorem 3.1. The first two applications,
aNeumann limit of a Robin problem and a conformal transformation of a Riemannian metric,
could also be studied with more standard techniques, see Remark 4.3 and Remark 4.4 below.
However, they are relatively simple and hence a good way to illustrate our technique, which
is based instead on a minimization procedure.

In the last two applications, we study much more singular perturbations such as the removal
of set of small capacity from the domain of a Dirichlet form and a non-smooth variation of
the symbol of a Fourier multiplier.

4.1 A Neumann limit of a Robin problem

In what follows, let (M, g) be a complete Riemannian manifold of dimension dim(M) =
n > 2and Q C M a smooth bounded domain. We adopt the convention that A is the

2,
d > in R). Moreover, we denote by dv

negative definite Laplace-Beltrami operator (i.e. A = el
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the Riemannian volume density of M and by da the (n — 1)-dimensional area element. Fix
¢ € (0, 1] and consider the following Robin eigenvalue problem

4.1)

M — gy, ondg,

{—Au = \u, in <2,
v

where v is the outward pointing unit normal to d€2 and A, is a simple eigenvalue. Our aim
is to show that we are able to predict, at the first order, the rate of convergence of the simple
eigenvalues of (4.1) to that of the limit problem

{—Au = Au, in €, 42)

u _
ﬁ =0, on 92
using the asymptotic expansion provided by Theorem 3.1. The complementary case, that is,
the limit as ¢ — oo was studied in detail in the very recent paper [33].

Since the first eigenvalue of the boundary value problem (4.2) is 0, as stressed in Section
2 it is preferable to consider the following equivalent family of problems

{—Au—i—u:ku, in 2, 4.3)

u _
5y = —&u, on 9€2,

for e € [0, 1]. Let (£, F,) be the Dirichlet form associated to problem (4.3)

E®u, v) ::/ [g(Vu, Vv) + uv] dv—l—s/ uv da
Q Q2

with domain F, := H(Q). Following the notations of Section 2, we have for any ¢ € [0, 1]
Ye=Q, Z=F=H(Q), Z=L"Q.

Hence, letting Ao a simple eigenvalue of problem (4.3) with ¢ = 0 and ¢ a associated
normalized eigenfunction we have

£ (o, u) :)\0/ poudv+e | ¢ouda foranyu € H(Q).
Q Fle)

Denoting by L, : H'(£2) — R the linear and continuous operator
L.(u) = 8/ ¢ou da
Elo}
andby J. : H 1(€) — R the functional
1
Je@) i = Z€9 ) = Le(u)

:/ [IVul® +u?] dv—}-e/ uzda—e/ ¢ou da,
Q b1e) ble)

by Proposition 2.9 we obtain the existence of the (unique) minimum V, € H'(SQ) of the
minimization problem

inf{Je(u) : ue HY(Q)).

Now we show that V, io) 0in H' (). Indeed, by Proposition 2.9, V, satisfies

E@ WV, u) = Lo(u) foranyu € H(Q),
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ie.

/ [g(VVe, Vu) 4+ Veu] dv + 8/ Veu da = 8/ ¢ou da forany u € HI(SZ). 4.4
Q ) IR

Q
Testing (4.4) with V; itself, it follows that

/Q[WVSFJF V2] dv—l—e/

V2 da= 5/ $oVe da
Q2 02

implying
IVellyiay < [ aove av

= elldollrzao)lVellL2@30)-
As a consequence of the following classical inequality, we get

e—0
Vellur @) — 0.

Proposition 4.1 Let (M, g) be a complete Riemannian manifold and 2 C M a smooth
domain. Then, there exists a positive constant Co > 0 so that for every u € H'(2)

/ lu? da < CO/ [IVul* +u?] dv. (4.5)
IQ Q

If the dimension of M is at least 3, then the results is contained in [31, Proposition 1.1].
Otherwise, in any dimension, it can be deduced from classical trace results in smooth bounded
domain in R", see [30, Theorem 18.1], together with the choice of a finite cover of local
charts whose closures smoothly intersect the boundary 9€2.

Let A, ¢ be the n-th eigenvalue of problem (4.1) for any ¢ € [0, 1].

Ane = inf sup (/ [IVuI2 + uz] dv + s/ u? da) ,
ACH'(Q) ueA Q aQ
dim(A)=n HMHLZ(Q):I

where the infimum is taken over all the n-dimensional subspaces A of H'(Q).If A ¢ H'(Q)
is a fixed n-dimensional vector space, then by (4.5) one has

/[qu|2+u2] dvs/ [IVul® +u?] dv+5/ u? da
Q Q 9

Q
< (1+8C)/ [IVul* +u?] dv forany u € A,
Q
obtaining
sup / [|Vu|2+u2] dv < sup (/ [|Vu|2+u2] dv+s/ u? da)
ueA Q UeA Q Q2
IIuHL2<Q)=1 HuHL2(Q):1

<(1+eC) sup /[IVu|2+u2] dv.
ucA Q

lull 2, =1

Taking the infimum over all the n-dimensional subspaces A C H 1(€), it follows

Ao S e < a+ SC)AO,n
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that implies

hm Aen = A0n-
e—0

As a consequence, by Theorem 3.1, we get

hen = Aon = xo,n/ Vedo dv+ 0 (I1Vel 22 q)) ase = 0.
Q

We study the asymptotic behavior of V, in order to obtain a more explicit description of
the eigenvalue variation. To this aim, let us define

~ V,
Ve(x) = E(x).
Firstly, we observe that by (4.4)
/ [¢(VVe, Vi) + Veu] dv + e/ Vouda= | ¢ouda (4.6)
Q aQ aQ

for every u € H' (), implying, by testing the equation with u = V.,
/ (|97 + V2] av < / ¢o V. da.
Q a0

By Holder inequality and (4.5), we get
1Vell3 gy < 190l 2001 Vell 200
= Cligoll 2l Velln @)
ie.
Vel @) = Cligollr2p0),

thus the family {Vg}g is bounded in H'($2). Whence, there exists a sequence &, — 0% as
1

~ ~ H(Q) ~
n — oo and a function V € H! () such that Ve, 2 V weakly in HY(Q) asn — oo.
Passing to the limit in (4.6), it follows that

/ [g(VV,Vu) + Vu] dv :/ pou da @.7)
Q Q2

for every u € HY(Q).

Remark 4.2 We stress that (4.7) has at most one solutlon Indeed if V and W are two functions
satisfying the equation above, then the function U :=V — W satisfies

/ [¢(VU, Vu) + Uu] dv=0
Q
for every u € H'(2), implying U =0andhence V = W.

As a consequence of Remark 4.2, it follows that every subsequence {¢,}, so that {Van I
converges weakly must have V as limit function. In particular, by the Urysohn Subsequence
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~ HY(Q) ~
Principle it follows that V, 2@, V weakly in H'(2) and not only along the sequence

{en}n. By (4.6) we get

lim ||V,|[? = lim V.da—e V.| da
£~>0+|| 8||HI(Q) £~>O+|: {)Q¢0 & /(;Q| £| :|
= [ ¢oVda
02
= V131 q):

where the last equality follows by (4.7). We also observe that, by the very definition of V.,
this exactly means that

A = 0(?) ase — 0. 4.8)

2
| | H! (Q)
Moreover, since in any Hilbert space the weak convergence together with the convergence
of the norm implies the strong convergence, we get that
~ 0 ~ .
V.SV strongly in H' ().
Lastly, we stress that by (4.7)

lim AO/ e Voo dv:ko/ Vo dv
e—0 Q Q

= fg [g(VV, Vo) + Vo] dv

=f 6ol da
Q

which, together with (4.8), provides the following expression
Aen — Aon = 8/ |¢0|2 da+ 0(82) ase — 0.
Q2

Remark 4.3 We stress that the first order approximation obtained in the present subsection
is not new in literature, at least for the first eigenvalue in the Euclidean setting (see [27,
Chapter 4]). As mentioned at the beginning of this section, the same result can be recovered
using more standard techniques, involving for instance the Feynman-Hellmann formula for
families of analytic forms in the sense of Kato (see [28]). This example is hence aimed to
provide a simple but clear model of the way our approach can be applied to a wide variety
of different problems.

4.2 Conformal transformations

Let (M, g) be a complete Riemannian manifold and 2 € M a compact domain. Fixed a
smooth function

O:[0,1]xM—>R
(&, p) = @c(p)
so that [|@¢ || poo() — Oas e — 07, consider the following family of metrics on M

2%

8e * 8
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which are conformal to g = go.
To every ¢ € [0, 1] we can associate the following eigenvalue problems

(4.9)

—Agu = Au, in €2,
u=0, on 0€2,

where by A, we mean the Laplace-Beltrami operator associated to the metric g;.
For any fixed ¢ € [0, 1], the bilinear form associated to the problem (4.9) is (£ ©. 7,
where F, = H(; (2, dve) and

EO W, v) = / ge(Veu, Vev) dve  forany u, v € F.
Q

Since 2 is compact, it is a standard fact (see [26]) that HOl (€2, dv,) does not depend on the
metric g.. Hence, in the following we consider the bilinear forms £¢) as acting over the same
domain F := Fy. Similarly to Subsection 4.1, we have that for any ¢ € [0, 1]

Ye=Q, Z.=ZF., Z.=L%Q).

Clearly, assumptions (A1), (A3) and (AS5) are satisfied.
We recall the following useful identities

gg_1 = e 2Peg] Ve=e¢2%V and  dv, = "% dv.

)

As aconsequence, using the fact that ®, converges uniformly to 0 on 2, we have the following
control on the H} norms

e Null gt @, avey = Ml o, an < € Ml o, ave) (4.10)

for & small enough.
Fix 1o a simple eigenvalue (with associated normalized eigenfunction ¢g) to the limit
problem

—Aou = Aou, in 2,
u=>0 on 0£2.

In particular, for every ¢ € [0, 1]
E9 (o, u) = Ao / dou dv + / 8 (Vedpo, Veu) dve
Q Q
—/ ¢(Vepo, Vu) dv  forany u € Hg (),
Q

showing that condition (2.7) is satisfied, where L : HOl (2) — Riis given by the linear and
continuous operator

Le(u) := / 8:(Vego, Veu) dv, _/ g(Veo, Vu) dv.
Q Q
Denoting by J; : HO1 (©2) — R the functional
L@
Je(u) : = 55 (u) — Le(u)

1
= 5/ 8e(Veu, Veu) dve — / 8:(Vedpo, Veur) dve +/ g(Vgo, Vu) dv,
Q Q Q
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let V, € H& (£2) be the function provided by Proposition 2.5. We start by showing that
gli_f)I}) Vellr2ar,ave) = 0-
By Proposition 2.5, we have
8(8)(V5, u) = L¢(u) foranyu € HOI(M)
and hence
[ 2eeve a0 av, = [ 29t Vo ave = [ o900,V av

- / (e("—2>‘1>s - 1) ¢(Vo, V) dv @.11)
Q
forany u € HOl (£2). Testing the previous equality with u = V,, we get

/ 8e(Ve Ve, Ve V) dve
Q

</,

1
1 2
< max ’e<"*2>¢e - 1‘ ¥ (/ ¢(VV., VVL) dv)
Q Q

D1 [g(Veo, VVe)l dv

(1-2)0 L[ e g
_ n— . 2
_n%x’e . 1‘10 /S;e(niz)(bgg(VVg,VVg)dV

1

1 1
< max e—DPe _ ]‘)\é —— </ 8:(Ve Ve, Ve Vy) dVg)
Q ["2 mmﬁ(bg] Q
e
that implies
3 1 i
</ 8e(Ve Ve, Vo Ve) dvg> gmax‘em*z)‘l’f — 1‘ ] (4.12)
Q Q e["gz min§d>g]

and, by Proposition 2.2,

1

(A '20)?

Vellg2 < max e 2% — 1
L2(Q,dv,) 14
’ Q [”;2 ming CIDS]

e

< (emfz)n@gumcm) _ 1) 1

(A '20)?

e[”;z min§d>g]
_0 (e<n—z>||<l>gnpo(g) - 1) ase — 0
=0

(I®ellpo) ase =0,
since e |l ;oo (q) #2900, implying that condition (A6) is satisfied.
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To prove the stability of the spectrum, i.e. condition (A2), we start by observing that

e(n—2) ming @, fQ g(Vu, Vu) dv - fg 8¢ (Veu, Veu) dvg

e maxg e fQ u? dv - fQ u2 dv,
- (1 —2) maxg P fQ g(Vu, Vu) dv
- el ming ®, fQ u? dv

Hence with min-max argument,

e(n—Z) ming . e(n—2) maxg ®
o/t maxg g A0 = Ane = " ming @, A0
and so A, e — Ay0ase — Oforanyn € N.
If A is simple, by Theorem 3.1 we have that
)‘-0 fQ d)OVS dVé‘ + o (||VE||%‘2(QdV5))
e — Ao = 5 ase — 0.
Jo @6 dve + O (I1Vell2@.av,))
Noticing that
‘1 - / @3 dve| = ‘/ (1 —e"®)p3 dv
Q Q
< max|l — "% / qﬁg dv
Q Q
= max |1 — "]

Q
=0 (||q>s||L00(Q)) ase — 0,

as in Remark 3.3 it follows that
)\s - )LO = |:)LO/ ¢OV8 dVe + 0 (”(De”%‘w(g))} (1 + 0 (”d)e”Lw(Q)))
Q

= )»0/ 9oVe dve + 0 (I19cl3ng)  ase 0.
Q

Under additional assumption on &, we can obtain a more precise precise result. Let us
suppose that

el =0 (Ve) ase — 0, (4.13)
and

P(1=D0.(x) _ |
—— | < h(x) fora.e.x € 2, and any ¢ small, (4.14)

where i € L?(2). Furthermore, we require that for any x € €2 there exists the limit

=:W(x) (4.15)

and that ¥ € L°°(2). For instance, the above assumptions hold if % — W in L°(Q) as
e — 0.
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In view of (4.10), (4.12) and (4.15) we have that the family {%} o] is bounded in
- Jeegl0,

Ve n

Ho1 (€2). In particular, there exists a subsequence -
n

and V ¢ HO1 (2) such that %”—\ 1%
weakly in HOl (2) asn — oo.

Then by the Dominated Convergence Theorem, (4.14) and (4.15) we can pass to the limit
in (4.11). It follows that V' solves the equation

/ g(VV,Vu)dv=(n— 2)[ W g(Veo, Vi) dv.
Q Q

Since the solution to the equation above is unique, by the Urysonh subsequence principle,
we can see that %—\V weakly in HO1 (Q)ase — 0F.
Finally by the Dominated Convergence Theorem

v, ~
lim ,\0/ do— dv, :xof oV dv
Q & Q

e—0t

=/ g(VV, Vo) dv
Q

=(n-2) fQ ¥ ¢(Véo. Vebo) dv.
Hence
Ae — Ao =¢(n — 2)/ W ¢(Veo, Vo) dv +o0(e) ase — 0, (4.16)
Q

in view of (4.13).

Remark 4.4 At least formally, it would be possible to derive the (4.16) with more classical
methods, as the already cited Feynman-Hellmann formula, see [28]. For example, whenever
{ge}ecr0,1] is analytic with respect to & then the family of associated eigenvalues {A¢ , }¢c[0,1]
and eigenfunctions {¢¢ ,}ec[0,1] are smooth with respect to ¢ and a second order estimate
was obtained in [6]. See also [15].

4.3 Dirichlet forms

Let (X, d, m) be alocally compact and separable measure metric space, where m is a positive
Radon measure defined on the Borel o-algebra B of X. Consider (£, F) a Dirichlet form
associated to the linear, non-negative, self-adjoint and densely defined operator H. More-
over, suppose that H has a discrete spectrum {X, },en With associated orthonormal basis of
eigenfunctions {¢, }neny of L2(X, m). In view of Remark 3.3, it is not restrictive to suppose
that A1 > 0, and so R := H~! is a well defined, non-negative, self-adjoint, bounded and
compact operator. Let

Co(X):={u: X — R : uis continuous with compact support}.
We assume that
C.(X) N F is dense in F with respect to the norm &j. 4.17)

Letting (£, F) be a Dirichlet form, there is a classical notion of capacity of sets relative
to (€, F), see for example [24]. Given f € F, a natural generalization of capacity is the
definition of f-capacity of a set K C X relative to (£, F), that is,

Cap,(K) :=inf {Ew) : ueF, U= fqe inK}, (4.18)
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where by i we mean the quasi-continuous representative of the function u € F. Here and in
the following, by g.e. in K we mean that a certain condition holds out of a subset E of K of 0
capacity. Similarly, by quasi-continuous we mean that the preimage of any open set by u is
quasi-open, that is, it is open up to a set of 0 capacity. For the existence of a quasi-continuous
representative of any u € F we refer again to [24].

We recall that every element of F has a quasi-continuous representative with respect to
the classical notion of capacity associated to (£, F), see for example [24].

In the spirit of [1], we consider family {K;}¢<[0,1] of compact subsets of X such that:
(i) Cap(Ko) := Cap(Ko) =0
(i) the family {K,}+<(0,1] concentrates at Ky, that is, for every open neighbourhood U of K

there exists gg € (0, 1] so that K, C U for every € < &.

Heuristically, the simpler example of concentrating family of compact sets are shrinking
holes but the assumption that {K¢}.¢(0,1] concentrates at K¢ holds in many other cases. For
example if K, — K in the sense of Hausdorff as ¢ — 07, then it is easy to see that K,
concentrate at K. On the other hand concentration of sets is a more general notion, since
for example if { K }¢¢(0,1) concentrates at K then it also concentrate to any set Ifo such that

Ko € Ko while the limit in sense of Hausdorff is unique on compact sets.
Let

Ze ={ueF :u=0q.e. on K.}
It is easy to see that Z, the closure of Z, with respect to the norm of L%(X,m),is
{u e L2(X,m) :u=0ae. on K.}

(€, Z) is still a Dirichlet form, see [24], and we denote by H, its non-negative, densely
defined (in Z,), self-adjoint operator. We may suppose that R, := H. ' is a well defined
and bounded operator thanks to Remark 3.3. In particular, since R, takes values in F by
Proposition 2.1 it follows that

Re: 2, — 2

is compact. Hence its spectrum is discrete. Let {A; ,},en be the discrete spectrum of H.,.
With the same notations of Section 2, for any ¢ € [0, 1]

Y. = X, Fe=F and L,=0.

Fix a simple eigenvalue A := A, of (£, F) and let ¢ be a corresponding eigenfunction with
&l 2(x.my = 1. Clearly for any w € Z,

@, w) =1, Wr2(x,m) (4.19)

and so L, = 0. Let J; be as in (2.8) and consider the function V,; € F given by Proposition
2.5. V; coincides with the classical capacitary potential Vf associated to the ¢-capacity

Cap¢(K ¢). Indeed Vf solves the minimization problem (4.18) and so, since Vf =¢on K.,
it solves (2.9), which admits a unique solution. We remark that V; satisfies

EWVe,w)=0 foranyw € Z,. (4.20)

In order to prove the stability of the spectrum of H and the validity of (A6), we start with
the following technical lemma.

Lemma4.5 Let K be a compact subset of X and suppose that Cap(K) = 0. Then the set
Zx ={u € F: K Nsuppu = W} is dense in F endowed with its weak topology.
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Proof Fix u € C.(X) N F and consider a sequence {u, },en C F so that

E(uy) 22T 0 and u, = 1lae.in U,,

where U, is a neighbourhood of K. In particular we may suppose that u,, < 1 a.e. in X in
view of the Markovianity of £, see [24, Subsection 1.1]. Then (1 — u,)u € Zg and

Eu— 1 —upu) = Ewuu) <2 <||un II%OC(X’W) E(u) + ||u||%OO(X7m) S(un)) for any n € N.

Hence {uu,},cn is bounded in F in view of Proposition 2.2. In particular, up to a subsequence,
there exists w € F such that uu, —w weakly in F as n — oo. By Proposition 2.1 it follows
that uu, — w strongly in L2(X, m). Furthermore by Proposition 2.2

2 2 2 —1 2
/;( luuy |~ dm < ”u”LOO(X,m) ”u"”L2(X,m) =< )‘0 ”u”LOC(X,m) E(uy) — 0+7 asn — 00.

We conclude that w = 0 and so (1 — u,)u—u weakly in F. Then the claim follows from
“.17). O

In the spirit of [17, Proposition 3.8], we have the following lemma which, together with
Proposition 2.2, proves that (A6) holds. We recall that ng is the classical capacitary potential
associated to the capacity Cap ;(Ke).

Lemma 4.6 Under the assumptions above on K. and Ky, for any f € F

Cap;(K:) = 07, ase — 0", 421
st — Ostronglyin F, ase — 0T, 4.22)
m(Ke) — 07, ase — 0%, (4.23)

Proof For any ¢ € (0, 1] the potential Vef solves the equation
EWVS ,w)y=0 foranyw € Z. (4.24)
Testing the equation above with st — f we conclude that, by the Cauchy-Schwarz inequality,
EWVS)y<&(f) foranye e (0,1].

Hence there exist a sequence {VEJ:},,QN and V e F such that Vg{ —V weakly in F. Let

¥ € Zk, and U a neighbourhood of K such that suppy N U = . Let &g be such that
K, C U for any ¢ € [0, g¢]. Testing (4.24) with ¥ and passing to the limit as n — oo we
conclude that £(V, ¥) = 0 and so

EWV,w)=0 foranyw € Zg,.
Hence by Lemma 4.5 it follows that V = V,{O = 0. Moreover,
0=Caps(Ko) =&E(V) =&V, f)= lim E(V,,, /) = lim Cap;(K,).
n—oo n—oQ

By the Urysohn Subsequence Principle we conclude that (4.21) and (4.22) hold.
We recall that for any set K C X

Cap(K) = inf{Cap(U) : U € X open, K C U}.
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Fix § > 0 small enough and U € X open so that Ko C U and Cap(U) < §. For gg € (0, 1]
small enough, K, C U for every ¢ € (0, g9] and so, thanks to [24, Subsection 2.1] and
Proposition 2.2,

m(Ke) <m(U) < (14+27)Cap(U) < (14+27H8.
Passing to the limit as ¢ — 0" we conclude that

limsupm(Ke) < (142718,

e—0t
for any 6 > 0 and so (4.23) holds. ]
Proposition 4.7 Foranyn € N

lim Ag, = Ay. (4.25)

e—0F

Proof We are going to prove that the assumptions of Theorem 3.8 are satisfied. Let us define
the linear operator P; : L*(X,m) —> Z. as

u(x), ifxe X\ K,
Pe(u)(x) := . Ve

0, ifx € K;.
Then for any u € LQ(X , m), thanks to Proposition 2.2,

E(Re Peu) = (Peu, Re Pett) [2(x )
< lullp2x,m) I1Re Pertll 12 )
_1 1
<A\ 2 ||”||L2(X,m) E(R: Peu)2.
Furthermore if Ry, Pe, u—w weakly in F for some w € F as n — 00, then clearly
lim E(Rg, Pe,u,v) =E(w,v) Yve Zy.
n—oQ

We conclude that (4.25) holds in view of Theorem 3.8 O

We have proved that all the hypotheses of Theorem 3.1 are satisfied. Furthermore by
Lemma 4.5 and Proposition 3.6

Vel my = 0E(Ve)) = 0(Capy(K)), ase — 07,
and by (4.20) tested with V, — ¢ and (4.19) tested with V,

Capy (Ke) = E(Ve, Ve) = A(Ve, @).
In conclusion, by Theorem 3.1, we have shown that

Ae — A = Cap(p(Ke) + O(Cap¢(Ks)), ase — 0T,

where we are denoting with A, the simple eigenvalue A, , for any ¢ € (0, 1].
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4.4 Fourier-multipliers

Let @ C R" be a bounded Lipschitz domain. Consider a family { H, }, of Fourier-multipliers
with domains

L3(Q) :={ue L>RY): u=0inRY \ Q}
Dom(H;) := {u € L§(Q) : fei € L*(RV)},

where u is the Fourier transform of u and f; > 0 denotes the symbol of H,. We will also use
F to denote the Fourier transform. On the symbol f, we assume that

fe € LIZOC(RN) and f.(&§) = O(|€|™), for somem € Nas |§| — oo.

Let £© be the bilinear form associated to H,

000 = [ f@me)E o
with domain
Fei={ue L) : f1%0e L*RV)).
In the same notation of Section 2, for ¢ € [0, 1] we have
Ye=Q, Z.=F and Z. =L}Q).

In what follows we assume that for every € € [0, 1] the symbol f; of the operator H, satisfies
the following properties:

(1) fe > 1 almost everywhere in RN,
(2) there exists a positive constants Cy, Co > 0 such that

C1f1(€) < fe(§) < Cofo(§) almost everywhere in RV, (4.26)

Moreover, we require that

fe 29 fo almost everywhere in RV, 4.27)

The first assumption is not restrictive, as observed after assumption (A3), and will ensure
that the bottom of the spectrum is bigger or equal than 1. In particular the resolvent operator

R. = H!is well defined. We also assume that R is compact. A simple criterion to ensure

the validity of this assumption is given in the next proposition.

Proposition 4.8 Suppose that
1
/ eI 4 < 400 foranyt > 0. (4.28)
RN

Then the embedding F. — L%(Q) is compact. In particular, R, is a compact operator.

Proof Letu € F, and t > 0. We define
1
e WHey = g1 <e’fs2 @ﬁ(g)) :
We divide the proof in two steps.
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Step 1. We claim that for any t > O and u € F;

_ —tVH, ‘ < HED (w))?
e u ey S ( (u))2.

|
Indeed by the Plancherel identity

1
/RN u— e VHey 2 dy = / 11— e 12 2158) |2 de

RN

< /RN o ©) 1R d.

Step 2. Let {u, },en and u be such that u,—u weakly in F; as n — oo. We claim that
u, — u strongly L%(Q) as n — 00. To this end we notice that

z\/ﬁgu‘

e

lu —uyll ;2 §Hu—e_
e L@

e_tmE (u — uy)

LX)

+

LX)

and so by Step 1 and the fact that {u,} is bounded in F, it is enough to prove that

. —t/He(, -
Tim_ He O] (4.29)
We notice that for any v € F;
1
e VHey = (etfgz (5)) - (4.30)
and so by the Young inequality and (4.28)
1
B 2
He e ‘LOO(]RN) = vli2@v) |le e
L2(RN)

Furthermore, since u,, —u weakly in L%(Q) as n — 00, by (4.30), it follows that

e_“Hsun — e ™WHey  ae inRV.

Then by Dominated Convergence Theorem we conclude that (4.29) holds. Since R, :
L%(Q) — F, is continuous then is clear that R, : L%(Q) — L%(Q) is compact. ]

Remark 4.9 The assumption (4.28) is actually related to Sobolev type inequalities for the
operator +/ H. Indeed, by the Young inequality

1

2
tfe
S ||L||L (RN) f

)

L2(RN)

e

‘LOO(]RN)

for any v € L%(RN). Hence, by [13, Theorem 2.4.2], for any u > 2, the Sobolev-type
inequality

1
e, <an [ peners

LF=Z ®N)
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is equivalent to

1
e_tfs7

[N

< Cyt

L2(RN)

with Cy, C2 > 0.

As usual we denote with {A¢ , }en the spectrum of H, for ¢ € [0, 1]. Similarly we denote
with {¢o ,}nen an orthonormal basis of eigenfunctions of Hy of L(Z)(Q).

Proposition 4.10 Foranyn € N

Hm e = Ao,0: 4.31)

e—0

Proof Let us check that the assumptions of Theorem 3.8 hold. Following the notation of
Theorem 3.8, it is enough to trivially define P, = E, = Id, where Id is the identity functional.
Furthermore, if we consider the bilinear form (£, ), thanks to (4.26), for anyu € L%(Q)

ED(R.u) < is(”(R u) = i(u Reu) 2 < S Nl
& = C] & - C] s e 2(Q) = C] LZ(Q)

and, in view of Proposition 4.8, the associated self-adjoint operator H, has a compactresolvent

R, = Hg_l. Furthermore if R, u—w weakly in F; for some w € Fj as n — o0, then, up
to a subsequence,

— 1
~2 .. 2 2
/RN foll dsslgggffw o Rl d = - lul

by Fatou’s Lemma and Proposition 4.8. Hence w € Fyp = Zj. Since, up to a subsequence,
there exists a function g € L*(R") such that |Rs,u| < g ae.in RY, by the Dominated
Convergence Theorem

tim [ f Roudde = [ foodee,
RN RN

n—oo

that is, we have proved that £° (R, u, v) — 5(0)(11), u) for any u € Fy. By Theorem 3.8, we
conclude that (4.31) holds. m]

Fix a simple eigenvalue Ao := A, 0 and a corresponding eigenfunction ¢g := ¢, 0.

Proposition 4.11 For any u € F, we have that
€001 = o [ G de + Luw) (432)
where
Low = [ (= o .
Proof Letu € F,. Then clearly

en = [ fodde+ [ (= ford de
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and the previous equation makes sense in view of Proposition 2.3. Let {u, },en C C2°(R2)
be a sequence of functions such that u, — u strongly in L?(£2). Hence, by Proposition 2.3,

[, sodtce = tim [ ooy de = tim ho [ g dax <o [ oo e
RN n—>oo JpN n—oo RN RN
which proves (4.32). O
Let us define
1
Je@) = 50w — Le(w).
Then, in view of Proposition 2.5, there exists a function V, € F, that minimizes J; over F .
Proposition 4.12 We have that

lim £9(V,) = 0. (4.33)
e—0t

Proof Testing (2.10) with V, we obtain

(&) 21322 2 2 :
EX(Ve) < (/ | fe — Jfol|dol dE) (/ JelVel dé) ; (4.34)
RN RV
in view of the Holder inequality and the fact that f; > 1. By Proposition 2.3, the Dominated
Convergence Theorem, and (4.27) we conclude that (4.33) holds. O

In conclusion, we are in position to apply Theorem 3.1 thus obtaining
he — Ao = )»0/ PoVe dx + OVl 72 () ase — 07,
Q

in view of Remark 3.3.
If the rate of convergence of f; — fp can be quantified, we can compute the vanishing
order of A fQ ¢o Ve dx. More precisely, we assume that there exists g9 € (0, 1] such that

- [e(®) = fo®)
m 2887 J0s)

li = h(§), (4.35)
e—0t &
M’ <C(l+|h()]) forae. & € RY, for any ¢ € (0, o), (4.36)
and
|h(€)|* < Cfo(€)? fo(&) forae. & € RV, forany e € [0, &) 4.37)

for some measurable functions # : R¥ — R and constant C > 0. By the Lagrange Theorem,
M‘ < C(1 + |h(§)]) is verified, when, for example, & — f.(€) is

the assumption

derivable for any ¢ € (0, &9), and ‘%(5)‘ < C(1 + |h(§)|) for some constant C > O that
does not depend on ¢.

Proposition 4.13 There exists V € Fo such that %—\V weakly in F1 and V solves the
equation

/ foﬁdng hoott d&,  for any u € Dom[Hp.
RN RN
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Proof Thanks to (4.26), (4.35), Proposition 2.3, and (4.34) the family [ % ] o1] is bounded
eell,

in 1. In particular there exists a sequence &, — 0% and V € F} such that %—\V weakly
in F1 as n — oo and so, by Proposition 2.1, % — V strongly in L>(RV).
Equation (2.10) in this case is

/ Ve dE = / (f. — fo)pout € forany u € Fp. (4.38)
RN RN

Furthermore, up to pass to a further subsequence, by Fatou’s Lemma,

IV‘s,,I2

/ folV|? d& <11m1nff fe de <hmmf/RN |f8ng Jol |Vs,,||¢ | de

n—00

and hence, by the Cauchy-Schwarz inequality,

2 e 2
liminf/ fe,,lvs”l d& < lim ( Mf{;l|¢>o|2d$>2
RN

2
en—07F n— 00 &5

We conclude that V € Fy in view of (4.35), (4.36), (4.37) and Proposition 2.3. Multiplying
by &, ! and passing to the limit as 7 — oo in (4.38) we obtain

/ foVa dg =/ heot € for any u € Fo,

RN RN

thanks to (4.35), (4.36), (4.37) and the Dominated Convergence Theorem. Since the solution
of the above equation is unique, we conclude that ¥ =—V weakly in F; by the Urysohn

Subsequence Principle. O

In conclusion, by the Plancherel identity and Proposition 4.13,

A A = = R
—°/¢ovgdx=xof fole d&—”»o/ ¢>on5=/ fo¢on$=/ hidoP d.
& Q RN & RN RN RN

Hence

xg—xozg/ hlgo|* d + O(%) ase — OF.
RN

Example 4.14 Let ¢, o be the eigenfunction associated to the simple eigenvalue A, ¢ of the
Dirichlet Laplacian on a bounded domain 2. Choosing the symbol f.(§) := 1+ |€ |2—2¢ for
any ¢ € [0, 1], we have that h(§) = —210g(|§|)|$|2, where £ is as in (4.35). Furthermore

9 fe(§) _
’feT‘ = —2log(EDIEP2 < C(1+2/log(E | |€), forany & € RY
for some positive constant C > 0. We conclude that (4.35) holds.

Hence we have the following asymptotic for any simple eigenvalue A, . of the fractional
Laplacian (—A)!~¢ on a bounded domain with Dirichlet boundary conditions:

e —ino = =2 [ Tog(EDIEPBo@F df + 0D ase — 0%,

In conclusion, we have quantified the spectral stability result obtained in [8] in the special
case of the fractional Laplacian.
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