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Dataset link: lobsterdata.com Devising models of the limit order book that realistically reproduce the market response to ex-
ogenous trades is extremely challenging and fundamental in order to test trading strategies. We
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Limit order book propose a novel explainable model for small tick assets, the Non-Markovian Zero Intelligence,

Market microstructure which is a variant of the well-known Zero Intelligence model. The main modification is that the

Price impact probability of limit orders’ signs (buy/sell) is not constant but is a function of the exponentially

Market simulators weighted mid-price return, representing the past price dynamics, and can be interpreted as the

reaction of traders with reservation prices to the price trend. With numerical simulations and
analytical arguments, we show that the model predicts a concave price path during a metaorder
execution and to a price reversion after the execution ends, as empirically observed. We analyze
in-depth the mechanism at the root of the arising concavity, the components which constitute
the price impact in our model, and the dependence of the results on the two main parameters,
namely the time scale and the strength of the reaction of traders to the price trend.

1. Introduction

In electronic markets, trade intentions of market participants are handled by limit order books (LOBs). They are collections of buy
and sell orders, which are matched on a price-time priority basis, with a continuous-time double auction mechanism. The resulting
dynamics are complex, extremely fast, they lead to a self-organized price formation process and summarize the interactions between
a diversity of agents with different objectives and trading strategies. In order to reproduce these dynamics and their statistical
properties (so-called stylized facts), researchers have been engaged in this challenging modeling task since the early 2000s, resulting
in a vast amount of papers [1]. Obtaining a realistic simulator of the LOB dynamics is fundamental both for academic and practical
interests. It allows to gain theoretical insight about financial markets and their functioning. On the other hand, it allows to precisely
test trading strategies before they are used in real markets. These tests are usually performed by relying on the so-called backtesting,
which consists in simulating the performance of the trading strategies by relying on historical data, under several scenarios. However,
even though the backtesting approach is commonly adopted, it is inaccurate: contrary to employing LOB simulators, it does not allow
to consider the market response to each action of the strategy we aim to test. In the literature, several refined and realistic models
that allow to perform these tests have been introduced. In our work, we do not want to propose a new simulator instead, we aim
to show how starting from a simple LOB model based on Poisson processes, the introduction of a non-Markovian mechanism allows
to capture realistically the shape of the market response when exogenous orders are submitted. Our model is explainable and this
is fundamental to us since we aim to shed light on the mechanisms at the root of market impact dynamics.
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Fig. 1. Expected average shape of the market impact during and after the execution of a buy metaorder. Q is the metaorder size (in shares), T'
is its duration.

In this paper we are mostly interested in the execution of large orders, the so-called metaorders. As it is known since the seminal
Kyle paper [2], it is optimal to split the metaorder into small child market orders that are executed progressively. This allows to limit
the market impact, which is the positive correlation between the sign of an incoming order and the subsequent price change, and
which represents the main source of trading costs for medium and large size investors. In a LOB simulator, the desired behavior of
a metaorder execution’s responsiveness is its concavity, as it is empirically observed and studied in several papers [3]. Concerning
the behavior of the price at the end of the metaorder execution, several works empirically and theoretically studied this issue. It
emerged that, following the peak price reached at the end of the execution, a reversion occurs, with a decay and converging to a
plateau [4-7]. A graphical representation of the expected average shape of the market impact during and after the execution of a buy
metaorder is provided in Fig. 1. The Non-Markovian Zero Intelligence LOB model we propose in this paper, aims to reproduce the
empirically observed market impact shape. Our model is an extension of a well-established simulator, the so-called Zero Intelligence
model [8-10], which leads to a linear market impact when executing a metaorder.

1.1. Related literature

Since the first studies of the early 2000s, a vast amount of research articles [1] has been devoted to the challenging task of
modeling the dynamics of the Limit Order Book (LOB). Following [1], four broad categories of LOB simulators can be identified:
Point Processes, Agent-Based, Deep Learning Based and Stochastic Differential Equations Based models. Among the Point Processes
models, the Zero Intelligence simulators [9,11-13] consider orders arrival as independent Poisson processes. The Zero Intelligence
model [8-10] (aka Santa Fe model) which is extended in this paper, belongs to this class of models. Despite the simplicity of the
Zero Intelligence simulators, they allow to reproduce several stylized facts, such as the spread distribution. However, especially
given the unrealistic assumption of orders’ independence, when metaorders are executed by employing these simulators, the market
impact results to be linear in time and in addition, other important properties as the inter-arrival times and cross-excitation behavior,
cannot be replicated. In order to overcome this major limitation, Poisson models with variable order intensity, as [14-16], were
proposed. For instance, the Queue-Reactive model [15] considers intensities which depend on the current state of the order book.
An impressive achievement of this model, which makes it stand out among Point Process simulators, is its ability to reproduce the
concavity of the market impact against both time and volume. However, this model still lacks of endogenously excited order flow.
This issue motivated the development of another set of simulators: the Hawkes Process based, as [17-22]. They are fully explainable
and able to correctly reproduce relevant microstructural properties as the volatility clustering and the Epps effect. However, their
calibration is not straightforward and the choice of the kernel can be crucial for the model’s performance.

A different approach is employed by Agent Based simulators [23-26]. The LOB dynamics result from the interaction of several
categories of investors (e.g. informed, uninformed, high frequency, trend followers, mean reverters, noise and algorithmic traders)
and each of them is modeled differently. Some of these models, as [24-26], return a concave market impact. On the other hand,
two main drawbacks of this class of simulators can be outlined: the modeling of the different types of investors’ behavior is mostly
heuristic and the simulation of this plethora of market agents leads to high computational costs.

Given the high complexity and nonlinearity of the LOB’s dynamics, in the last years, machine learning has been increasingly
employed in order to devise LOB simulators. The architectures proposed in the literature are mostly based on Long Short-Term
Memory Networks, Recurrent Neural Networks, and Generative Adversarial Networks, e.g., [27-33]. These models produce satisfying
performances in the reproduction of the stylized facts. Nonetheless, if we consider the refined and recent contribution [31], the
extended study about a metaorder execution which is performed by the authors, highlights the inability of the model to capture the
well-known concavity. Moreover, the models based on machine learning lack of explainability, they sensitively depend on several
hyperparameters that need to be calibrated carefully and on an enormous amount of parameters.

Parsimony and explainability are instead the features of the Stochastic Differential Equations Based models as [34-38]. They
model the LOB evolution as a set of differential equations and allow to focus on the steady state of the dynamics. Despite their
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mathematical tractability, an explicit solution cannot be derived by most of these models. Moreover, they highly depend on the
prior assumptions they use and the resulting LOB simulators require high computational costs.

The majority of the models we revised above, manage to reproduce the dynamics of large-tick assets. These stocks have a spread
which is most of the times equal to the tick size and dense LOBs, i.e., all levels of the LOB are occupied. This is in contrast with
small-tick assets, which are such that the mean spread is much larger than the tick size and so, their LOB is sparse. Consequently,
small-tick assets dynamics are more complex and challenging to reproduce.

1.2. Contributions of the paper and outline

The aim of this article is to propose an extension of the Zero Intelligence (ZI) model [8], that is able to reproduce the concavity
of the market impact during the execution of a metaorder and the subsequent price reversion after its end. As we have seen in
Section 1.1, in the literature, models of the LOB which are more sophisticated than the ZI, have been proposed. Nonetheless, we
focus on this Point Process model since, even if the analytical treatment of the full model is extremely difficult, several relations can
still be derived by adopting some assumptions. Moreover, this model can simulate the dynamics of both small-tick and large-tick
assets. Our focus is on the former class, since their modeling is little explored in the literature. Additionally, the computational costs
of the ZI model are contained and, most importantly, its explainability allows to provide insights into the mechanism underlying
market impact, which is a major objective of this work.

Our model places itself as the small-tick assets counterpart of the Queue-Reactive (QR) model [15], which was devised for
large-tick assets. The QR model well reproduces the concavity of the market impact, it is Markovian and the probability of the
orders’ arrival at a given queue depends on the queue’s size. If, as in our case, the focus is on small-tick assets, considering orders’
arrivals which depend on the queues’ sizes is unreasonable: the LOBs for this class of assets usually have queues with small sizes,
often equal to the minimum size of a single order. Therefore, in order to devise a LOB model that can reproduce the concavity of
the market impact, we propose a non-Markovian variant of the ZI model. The idea is that given a limit order, its sign is sampled
with a probability that is a function of an indicator of the past price trend. Financially, this choice links our model to the Locally
Linear Order Book model [39] since it can be interpreted by considering that in real markets, long term investors have reservation
prices and their decisions to submit or not submit limit orders are driven by these values and the current price trend. In our model,
the reaction of these traders occurs with a time scale that corresponds to the memory we employ in the evaluation of the price
dynamics, and its strength is tuned by a parameter that enters the definition of the probability that a limit order is a sell/buy.
Throughout the paper, we study how our results and market impact dynamics depend on these two parameters.

The paper is organized as follows. Section 2 provides a brief overview of limit order books. In Section 3, the Zero Intelligence
model is revised. Section 4 presents our non-Markovian version of the model with theoretical insights and numerical results. Finally,
conclusions are drawn in Section 5. In the Supplementary material, details about the data employed for parameter estimation and
the approach adopted are provided; also, additional investigations about our model and some figures, which are explained in the
main text, are reported.

2. Limit order books

In LOBs several types of events can occur. A buy limit order of Y shares at price y (multiple of a given monetary value, called the
tick size, that is set by the regulators for each exchange) represents the intention of an agent to buy Y shares at a price that is lower
than or equal to y. On the other hand, a sell limit order of Z shares at price z represents the intention of an agent to sell Z shares
at a price that is greater than or equal to z. Buy and sell limit orders (LOs) constitute the bid and ask side of the LOB respectively
and they are separated by the bid—ask spread, that is the distance between the highest and lowest prices of the bid and ask sides
(best bid and best ask). Instead, the mean of these two prices is the so-called mid-price, which is usually employed as a proxy of the
asset price. Agents can also cancel their limit orders and submit market orders (MOs), which are instantaneously executed at the best
price. Therefore, a trade occurs when there are a buyer and a seller that agree on a price. We note that in the majority of LOBs, the
order book matching is done on a price/time priority basis (First In First Out): for a given price level, the first order to be executed
is the first in the queue, i.e. the first which has been posted. A graphical representation of the LOB for a given stock at a given time
is provided in Fig. Al in the Supplementary material.

3. The Zero Intelligence model and its limitations

The Zero Intelligence (ZI) model [8-10] was designed with the aim of being as analytically tractable as possible. It allows to
simulate the LOB by relying on an extremely simple description: LOs, cancellations and MOs are considered as three independent
Poisson processes, with rates that are independent of prices and sizes. Each order has unitary size and bid or ask sides are equally
probable, as well as the price levels. Therefore, only four parameters (the LO rate A, the MO rate u, the cancellation rate § and
the unitary volume ¢,) need to be estimated from empirical data and this can be performed straightforwardly via elementary
computations. We adopt the approach illustrated in [3], that we present in Subsection C.1 of the Supplementary material.

Despite its simplicity, the ZI model reproduces fairly well the mean and the distribution of the bid-ask spread (it slightly
underestimates the mean spread), and the increasing mean volume profile near to the best quotes. On the other hand, it does
not capture the decrease in mean volume in limit order book’s deeper levels; it overestimates volatility for small-tick assets and
underestimates it for large-tick assets. Most importantly, this LOB simulator leads to a flat response function (as we see in the
next subsection) and profitable market-making strategies. Contrary to real markets where the market orders’ signs are strongly and
positively autocorrelated, the order flow in the ZI model is uncorrelated. This makes the impact of a market order to be instantaneous
and permanent.
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Fig. 2. Comparison between the response function R(z) = ((m,,, — m,)€,), ;o (in ticks) computed on empirical data and on data simulated with
the ZI model.

3.1. A linear model of market impact

One important limitation of the ZI model is that it provides a linear model of market impact, both as a function of time and of
the metaorder size. Indeed, the response function, or lag-z impact, is constant. This function is defined as

R(7) = ((myy, — mx)€r>z,MO’

where m, is the mid-price before the market order at time ¢, ¢, is the sign of the market order at time ¢, and (-), 5,0 represents the
mean over all market orders. In real markets, the response function is concave, positive, increasing and saturates for large = while
in the ZI model, as reported in [3], it is well approximated by:

R(z) =~ %]P“(qu = )(x) =k e}

where g,,,, is the volume (in units of ¢,) at the best quote, x; is the first gap size, i.e., the difference between the best bid/ask and
the second price level, and (-) denotes its average. For small-tick assets the probability that g,,, is unitary is close to 1 and so, the
response function is about half the mean first gap size.

Consequently, since in the ZI model the impact of a single trade is time-independent and equal to k, if we consider a metaorder
that is executed in [0, 7] with trading speed v, and total volume Q, the mid-price impact is

T
myp —my = /O kv,dt = kQ )

where m, is the mid-price at time 7.

We confirm these predictions by performing several simulations of the ZI calibrated on real data. We use the LOBSTER dataset’
for the small-tick asset Tesla on January 5, 2015, which has a tick-size equal to 0.01$. After the pre-processing,> we end up with
170,416 events. The average mid-price and its standard deviation are: 209.62$ and 1.44%. The mean spread is 16.71 ticks. Limit
orders constitute the 49.90% of the market events, cancellations the 50.09% and market orders the 0.01%. The parameters of the
Z1 are estimated® as illustrated in Subsection C.1 of the Supplementary material obtaining: A = 0.0131, ¢ = 0.0441, § = 0.1174,
go = 101.%

After the estimation of the ZI model, we run several simulations (without any metaorder execution) to estimate the response
function R(r) and the parameter k characterizing the impact. Fig. 2 shows the response function obtained from the simulations of
the ZI model together with its empirical counterpart. As expected, the two curves are very different since the ZI model predicts a
constant response function, while real data shows a slow increase.

The estimated average value of the response function of the ZI model is equal to k = (4.917 + 0.002) ticks. The theoretical value
predicted by Eq. (1) is k™" = (5.107 + 0.02) ticks which is slightly larger than k but in overall agreement with it.

We now consider the price trajectory during a metaorder execution. We simulate a calibrated ZI model and superimpose the
execution of a buy metaorder with constant speed and one unit, i.e., g,, executed for each child MO. This last choice is motivated

1 lobsterdata.com

2 For details about the LOBSTER data and the pre-processing steps we performed, see Section B of the Supplementary material.

3 Code related to this calibration step and the models employed in the following is available at: github.com/adeleravagnani/non-markovian-zero-intelligence-
lob-model.

4 We consider only one trading day for parameter estimation since our interest is to obtain parameters that are representative of small-tick stocks. When we
estimate the model parameters for all days in January 2015, their variability is relatively small, hence the day we choose is somewhat representative of the
whole month.
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Fig. 3. ZI model. On the left, we plot the average path of the mid-price increment versus the number of the child MOs of the metaorder.
More precisely, the plotted quantity is: P(z) = ((m,_jy41) = Mo)€)y, With 7 = 1,...,0. The metaorder has total volume Q = 100, buy direction,
i.e. e = +1, and different values of trading interval 4 (in event time). The inset plot represents the participation rate as a function of the trading
interval. On the right, we plot the estimated slope of P(z). The black line is the coefficient of the single trade response function obtained on
simulated data without metaorder execution. The blue line is the coefficient obtained on simulated data without any metaorder execution and
by employing Eq. (1).
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Fig. 4. ZI model. Mid-price path for an execution with total volume Q = 100, buy direction, and different values of trading interval 4 (in event
time). Each black line corresponds to a simulation. The red line is the mean path. The vertical dashed blue lines are the beginning and the end
of the metaorder execution.

by the fact that in the ZI model, each order has unitary size. In order to investigate how the results depend on the trading speed
and the total volume, we carry out two experiments. (1) We set the total volume equal to Q = 100 (in units of ¢,) and we vary
the number of events between two child orders that we denote as trading interval A (in event time), which is the inverse of the
trading speed v; (2) we set the trading interval 4 = 50 and vary the total volume executed Q. All the results are averaged over 200
simulations.

Experiment 1. The left panel of Fig. 3 shows the estimated path of the mid-price increment m_;) 4,1, — My as a function of
7 =1,...,0 that is the number of child orders of the metaorder executed in [0,T] with T = (Q — 1)(4 + 1). Intuitively, if we define
the participation rate as 100 * Q/Nj;, where N7, is the number of MOs executed by all market in the period of the metaorder
execution, this variable increases as the trading interval decreases (see inset plot in the left panel of Fig. 3). The right panel shows
the fitted slopes as a function of the trading interval. This illustrates the equality between the permanent impact parameter and the
constant response function of the ZI model k, which is estimated by running the ZI model without any execution of a metaorder
(black line in the right plot of Fig. 3). Although the estimated coefficients are not perfectly constant, they fluctuate quite close to
the theoretical value k.

Fig. 4 shows the mid-price paths before, during, and after the executions. In this case the time on the abscissa is the market event
time. By focusing on the average path (red line), we observe that during the execution there is a linear increase in the mid-price
while before and after the execution, the mid-price remains approximately constant at the level reached by the last trade of the
metaorder.

Experiment 2. Results are reported in Fig. C2 in the Supplementary material. As expected, the larger the total volume, the
stronger the increase of the mid-price during the execution of the metaorder. By fitting the difference between the mid-price at the
end and at the beginning of the execution, i.e., my — m, as a function of O and referring to Eq. (2), we obtain a coefficient equal
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to (5.063 + 0.011) ticks. This is consistent with k estimated without any execution and the coefficients estimated with a metaorder
execution and different trading intervals.

In conclusion, the numerical investigation of the ZI model shows the main limitations in the behavior of the price dynamics
during and after the execution of a metaorder. As seen, during execution, the price increases linearly with time, and after the end
of the metaorder, the price remains constant. These properties are at odds with what observed empirically (displayed schematically
in Fig. 1). The next Section introduces a modified ZI model which provides more realistic price patterns.

4. The Non-Markovian Zero Intelligence model

In the ZI model, each event is simulated without considering any information about past events and, as we previously recalled,
this makes the order flow uncorrelated and the impact constant. Inspired by [40], we propose a non-Markovian model which is
analogous to the ZI, except for one aspect. Contrary to the ZI model where the LOs’ signs are picked randomly with equal probability,
we set

P(sell LO at time #|LO at time t) = ;_ 3)
1+ exp(—aR,)
where R, is the exponentially weighted mid-price return and a is an intensity parameter (« > 0). The former represents the past
price trend and it is defined as

'
R, = z e P=9p ()]
s=1

where g > 0 is an inverse characteristic time, r; = m; — m,_;, m, is the mid-price before event s and the initial time is s = 0 with
a given my.> It is important to stress that the specific functional forms of the probability in Eq. (3) and of the indicator of the past
price trend in Eq. (4) could be generalized to alternative forms.

Our choice can be justified by considering that in real markets, long term investors have reservation prices: they are not willing
to buy (sell) at prices that are higher (lower) than a given value. These values are usually motivated by considerations that rely on
fundamental analysis. Consequently, the decisions to submit or not submit LOs by these traders are driven by their observation of
the price path. For instance, let us consider a trader who wants to sell Z shares with a reservation price equal to 12.5$, the best
bid is 10$ and the best ask is 12$. Then, if the price shows an upward trend, the trader may decide to submit a LO at 12.5$ in
order to gain time priority and ensure she sells as soon as the price reaches her target. In the framework of our model, in order to
understand whether the price has an upward or downward trend, traders have a memory that is dictated by the parameter . On the
other hand, a corresponds to the intensity of trading reaction of these investors to the price trends. This interpretation connects our
model to the Latent Liquidity Theory introduced in [41] and in particular, to the Locally Linear Order Book (LLOB) model [39]. This
reaction-diffusion model is grounded on the idea that most of the liquidity in the book remains latent, i.e., it is not displayed in the
book, until the market price becomes close to the reservation price. In other words, this latent liquidity represents trading intentions
of long term investors who have reservation prices (to buy or to sell) that are updated in time because of price changes, incoming
news, etc. However, contrary to our model, the LLOB is Markovian and the adjustment of the reservation price is independent from
the market dynamics, except for the mechanism that triggers the liquidity to become visible.

An alternative interpretation of our model is related with contrarian investment strategies [42,43]: investors buy past losers and
sell past winners. This trading behavior is opposed to momentum trading and it is widely explored in the literature. Several works,
as [44-511], provide empirical evidences that the contrarian behavior is commonly adopted, especially among individual investors.
It is driven by the mean-reversion paradigm and partially rooted in the disposition effect, i.e., the investors’ tendency to hold on to
losers stocks and sell the winners.

We notice that if « = 0, we recover the standard ZI model, i.e., independently of the exponentially weighted mid-price return,
sell and buy LOs are equally probable.

Finally, the dynamics of the LOB, following the Non-Markovian Zero Intelligence (NMZI) model,® can be simulated according
to Algorithm 1, displayed in Subsection C.1 of the Supplementary material. We stress that the non-Markovianity of our model is
due to the introduction of the time-varying probability that a LO is a sell: given a state of the LOB, each time we sample a LO, the
evolution of the LOB and so, its next state depends on previous states and in particular, on past mid-prices.

In the following, the Section is organized as follows. In Section 4.1, we provide an overview of the dynamics of the mid-price
that we obtain and the intuition of the mechanism which is at the root of the market impact concavity in our simulator. During the
execution, the mid-price path is first concave and then, it reaches a stationary regime where it converges to a straight line. After the
execution, it exponentially decays. We analyze in depth each component of this behavior. In order to do so, in Section 4.2 we start
to focus on the behavior of R,, we state two different ways to compute it and derive a condition that links these two descriptions.
In Section 4.3, we focus on the stationary regime of the mid-price path. We derive a relation between the stationary values of
R, and the slope of the mid-price trajectory. Then, in Section 4.4 we derive two master equations describing the evolution of the

5 We note that Eq. (4) could be interpreted as an operative definition in our model. On the other hand, we can state a more formal definition that ensures
stationarity: R, = Y!_ e P~9r .

6 The presence of memory and adaptation to past history would suggest calling our model a minimal intelligence model, but we choose NMZI since we aim to
emphasize its derivation from the ZI model.
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Fig. 5. NMZI model. Mid-price path for an execution with total volume Q = 2,000 (left) and Q = 100 (right), buy direction, and 4 = 20. Each
black line corresponds to a simulation. The red line is the mean path. The vertical dashed blue lines are the beginning and the end of the
metaorder execution.
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volume Q = 2,000, buy direction, and 4 = 20 is executed. In the left panel, all the evolution (during the execution of the metaorder and after its
ending) is plotted while on the right, a zoom on the evolution until the 9th child MO is provided.

mid-price and the spread in the time windows between two child MOs. In Section 4.5, we analyze the interplay between the impact
components that leads to the concavity in our model. Finally, in Section 4.6, we focus on the mid-price path after the execution of
the metaorder ends and we show that the decay of the mid-price is exponential.

4.1. A glimpse of market impact dynamics in our model

In order to grasp the outcome of our model, let us start to consider the parameters f = 1073 /(4 + 1), « = 1073 and 4 = 20. We
simulate the LOB dynamics’ with the execution of a buy metaorder of O = 2,000 (in units of ¢,) and in the left panel of Fig. 5,
the mid-price paths before, during and after the execution of the metaorder are plotted. Before the execution starts, the mid-price
is approximately constant. During the execution, two regimes can be distinguished: first, the price path is concave (denoted in the
following concave regime and it is more evident in the right panel of Fig. 5 where we represent the mid-price evolution when a
metaorder of size O = 100 is executed) and then, it increases linearly in the so-called stationary regime. Finally, after the execution
ends, the reversion to a lower price value occurs. This behavior is mirrored by the exponentially weighted mid-price return whose
dynamics during and after the execution of a metaorder with volume Q = 2,000 is represented in the left panel of Fig. 6. By
construction, R, is a measure of the past price trend.

We start to provide the intuition that explains this behavior in our model. In the next subsections, we will deepen it and analyze
in detail each component of the mid-price trajectory. Let us consider a metaorder which is composed of Q child MOs, each of them

7 The parameters 4, u,5,q, of the NMZI model are the same of the ZI model we estimate in Section 3.1. Similarly to what we do for the ZI model, in all
simulations of the NMZI model we perform, we execute a buy metaorder with constant speed and 1 unit executed for each child MO. All results are averaged
over 200 simulations. We note that without any execution of metaorders, the response function we obtain is flat and equal to (4.867 + 0.05) ticks while, the
corresponding value according to Eq. (1) turns out to be equal to (5.114 +0.002) ticks.



A. Ravagnani and F. Lillo Physica A: Statistical Mechanics and its Applications 681 (2026) 131056

of unitary size, submitted every 4 steps and with the same sign, e.g. buy. When the first child order of the metaorder is executed,
its immediate price impact is about equal to half the first gap size in the ask side. This is equivalent to Eq. (1) with P(gy,,, = 1) ~ 1
that holds for small-tick assets (this is the class of assets under our interest). For the standard ZI model, in the time interval until
the next child MO, the mid-price remains stable. This is not the case for our model which leads to a price reversion. In Fig. D3 in
the Supplementary material, we provide a stylized representation of the mid-price path between two child MOs in the ZI and in the
NMZI models. In our model, the immediate impact component is such that R, increases and so does the probability of sell LOs over
buy LOs. This triggers more sell LOs and consequently, more sell LOs in the spread, which make the mid-price decrease on average:
this is the reversion component of the impact in the interval between two child MOs. As we see in the following and it is represented
in the right panel of Fig. 6, R, increases after each child MO and it is approximately constant within each interval between two child
MOs. In this way, the entity of the reversion increases as more child MOs are executed and the imbalance between sell and buy LOs
increases, making the first gap size in the ask side likely to decrease. This would cause a reduction of the immediate price impact
component. However, in the following we see that the variation of the immediate impact component is marginal. To sum up, in the
concave regime, we have two components in the price impact of every child MO: an immediate contribution which mildly varies
in time and a reversion which increases in time. The difference between these two components is the so-called overall impact of the
single child MO and, as we see in the following, it decreases as new child MOs are executed, making the concavity in the mid-price
trajectory appear.

At a certain point a transition to the stationary regime occurs since R, becomes constant and so does the probability that a LO is
a sell. Finally, the decay after the execution ends is a consequence of the reversion mechanism we have in the mid-price trajectory
after a child MO.

4.2. The behavior of R, and two equivalent descriptions for its computation

In the preceding subsection we qualitatively explained the mechanisms of our model. Now, we go deeper and, as a first step,
we focus on the behavior of R, in the concave regime: we aim to justify the stepwise characteristic shown in the right panel of Fig.
6. In order to do so, we introduce a different way to compute R,, namely by using only child MOs’ times and in this setting, by
construction, R, increases after each child MO of a buy metaorder and it is constant within each interval between two child MOs.
Therefore, by showing the conditions which lead to the equality between the two different ways to compute R,, it follows that even
if we compute R, by using all market events’ times, it is approximately a step function as represented in the right panel of Fig. 6.
This highlights that R, reflects the price dynamics due to the metaorder execution and this is included in the sampling of the signs
of the LOs.

Let us denote as (i) the description for which R, is computed by using all market events’ times and as (ii) the description for
which R, is computed by using only child MOs’ times. They are approximately equivalent for a suited rescaling and a condition on
the exponent g, which enters the definition of R, in Eq. (4). If # denotes the market events’ times and the child MOs are executed
att; =Aj+j—1 with j = 1,...,Q, the starting time is 0 and to =T, we have the following relations:

t
description (i): R, = Z e P m —my_y)

s=1

_ ! _A_ t—s
description (ii): R = Z I [% S NO] e PE g —my_y ) &)
s=1
where 1+ = maxs<,{s : % € NO}.

The outputs of these relations are approximately equivalent if g, = (4 + 1)8,, f; < 1/4 and the mid-price differences within the
trading interval 4 are negligible with respect to the ones due to the child MOs. We observe that f, represents the characteristic
time of the description (ii) therefore, requiring f, < (4 + 1)/4 amounts at including in the computation of R, the price dynamics
which cover a large number of past child MOs, exploiting the memory of the model. We provide further details and evidence of this
finding in Subsection D.2 of the Supplementary material.

We notice that the economically relevant description is (i): the price trend indicator R, should be computed by relying on all
market events’ times since a priori the child MOs’ times are not known.

4.3. The stationary regime

We showed the behavior of R, in the concave regime however, at some point this quantity stabilizes to a stationary value, as
represented in the left panel of Fig. 6. In the framework of description (ii), Eq. (5) can be rewritten in the following recursive way:

P _ -8 p(2)
Rtj+1 e te ﬁerj—A (6)

where Fi =My —My_y s the mid-price change due to child MO j. Given what we showed in the preceding subsection, the price
trend indicator is non-decreasing during the execution of a buy metaorder and we can identify the stationary regime as the set of



A. Ravagnani and F. Lillo Physica A: Statistical Mechanics and its Applications 681 (2026) 131056

6
3000 A
5
2500
4 .
2000
8, 8,34
< 1500 4 =
1000 - 27
500 - 1 )
0+ 0+
0 500 1000 1500 2000 2500 3000 0 1 2 3 4 5 6
R A

Fig. 7. NMZI model. Comparison between the stationary values of R, (left) and r, (right) obtained with the two different descriptions. The
superscript (1) refers to the description for which the exponential weighted mid-price return R, is computed by using all market events’ times;
the superscript (2) refers to the description for which R, is computed by using only child MOs’ times and #, = f,(4 + 1). The dark line is the
bisector of the first quadrant.

times {t € [*,T] : R, =~ R,_; =~ R* > 0}. From Eq. (6), it follows that in this regime also r, — r* and the exponentially weighted
mid-price return and the mid-price return are approximately proportional:

7

l—ef’

Let us note that the mid-price return can also be seen as the slope of the mid-price trajectory. Therefore, after a regime in which
the mid-price trajectory is concave, it stabilizes to a straight line with slope r*.

We point out that Eq. (6) expresses an implicit link between the price trend indicator and the intensity parameter a. R;z) isa
step function: after each child MO, it is dampened by ¢~z and increases of My 1 = My g This quantity is the mid-price difference
between two child MOs and it is linked to « through the time-varying probability that a LO is a sell. Indeed, as we see in Section 4.5,
« affects the magnitude of the impact between two child MOs.

R* (7)

4.3.1. Numerical results

We verify numerically the findings we illustrated so far. We compare descriptions (i) and (ii). Several combinations of the
parameters f,,a, 4 are considered: f, = [1073,1072,107!], @ = [107#,1073,1072,107!], 4 = [20,50, 100]. Let us recall that g, is the
parameter which enters the definition of the exponentially weighted mid-price return R, under description (ii). Therefore, in order
to compare the two descriptions, given f,, the corresponding parameter of the description (i), i.e. f,, is set equal to §,/(4 + 1).

We determine the values R*, r* and t* in the following way. We consider R, during the metaorder’s execution and fit it with
an exponential function. More precisely, in order to obtain more trustworthy estimations, we fit the set of points {R, } where
ti, j=1,...,0 are the child MOs’ times. In this way, we only consider the values of R, at the times of each child MO, we eliminate
the step behavior and make the fit easier. The functional form of the fit is of the type: f(j) = a — be™/ and the stationary value
R* corresponds to the parameter a. Similarly, the beginning of the stationary regime in terms of the number of the child MOs is
identified as * = —log(c,/b)/c where o, is the error of the estimated parameter g, i.e., v* is the time such that be=*/ = o,. Given
that =A+Dj-1j=1..,0, the value 7* is equal to (4 + 1)r* — 1. Finally, a linear fit is run on the mid-price path which
corresponds to child MOs that occur at times after z*. The slope of this liner fit is the stationary value of the mid-price difference
r*.

In Fig. 7, we compare the stationary values R* and r*, obtained with the two descriptions. They lie around the bisector,
highlighting the equivalence between the two descriptions given f;, = f,/(4 + 1).

This analogy does not only concern the stationary values but it also holds for the whole evolution, as shown in Fig. D4 in
the Supplementary material which displays the evolution in time of the exponentially weighted mid-price return R, for a = 1073,
two different choices of trading interval 4, i.e., 4 = 20, 100, and of the parameter f,, i.e., f, = 1072, 10-3. We observe that, as
expected, R, stabilizes to an equilibrium value after a concave regime. Similarly, Fig. D5 in the Supplementary material represents
the mid-price paths as a function of the number of the child MOs. They exhibit a concave increase followed by a linear behavior,
which mirror the increasing and constant behavior of R, respectively.

Now, we aim to investigate the role that the parameters §, and « play in the findings related to the stationary regime. We
consider the results obtained by relying on the economically relevant description (i), i.e., R, is computed by using all market events.
In Figures D6-D7-D8 in the Supplementary material, we show heat maps representing the stationary values R*, r* and z* for several
parameters’ combinations (f, = [1073,1072,107!], @ = [1074,1073, 1072, 1071], 4 = [20, 50, 100]).

Role of B,. For fixed values of 4 and a, as 1/f, increases so do R* and z*. This means that considering a longer memory in
the evaluation of the price trend leads to a longer concave regime and so, to a better reproduction of the behavior of the market
impact we observe in real markets. This strengthens the intuition we build our model on: including the price dynamics in the orders’
sampling process of a LOB model is crucial to reproduce the market impact concavity.
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Fig. 8. NMZI model. Check of the proportionality relation between the stationary values of r, and R,. The dark line is the bisector of the first
quadrant.

Concerning r*, if 1/8, increases, the stationary value of the mid-price differences decreases. Since R* is larger for larger 1/8,,
also the value of the probability that a LO is a sell in the stationary regime is larger and equivalently, the strength of posting sell
LOs in response to an upward price trend. As we see in Section 4.5, this implies that the reversion in the interval between two child
MOs is stronger and the overall impact of each child MO in the stationary regime, that is r*, is smaller.

Role of a. For fixed values of 4 and f,, as « decreases, R* and 7* increase. This can be explained by considering that the greater
the reaction intensity of traders to price trends, the faster is the convergence of P(sell LO at ¢|LO at ¢) to the constant value 1. A
measure of the transition speed of this probability, is given by its first derivative with respect to R,, that is equal to a/4 for R, = 0.
The limited concave regime we observe for larger values of a, is coherent with our idea that time varying sampling probabilities
or similarly, decisions to submit LOs that vary in time and are driven by the price trend, lead to the emergence of the concavity in
the mid-price path.

On the other hand, as « increases, r* decreases. As we highlight before, larger values of « are accompanied with faster transition
speeds to the stationary regime and to the value 1 for the probability that a LO is a sell. Therefore, as we see in Section 4.5, if « is
larger, the reversion in the interval between two child MOs is stronger and the overall impact of each child MOs in the stationary
regime is smaller.

Finally, we verify the proportionality relation between the exponentially weighted mid-price return and the response function,
that we derived in Eq. (7). We consider the results obtained by relying on description (i). The stationary values r* obtained for this
description are compared to R*(1 — e~2) and the results are reported in Fig. 8 for the same parameters’ combinations considered in
Fig. 7. A good agreement between R*(1 — e~%2) and r* is obtained.

From now on, the description under interest is (i), being the economically relevant one, as previously pointed out. Therefore,
we intend g, for § and g,(4 + 1) for p,.

4.4. The mid-price path between two child MOs

To understand the origin of the concavity of the price in the NMZI model, we present a model of the mid-price evolution in
the intervals between two child MOs. Previously, we showed that R, can be approximated by a constant function in the intervals
between two child MOs. Therefore, given the recursive relation which links R, and r,, if R, is constant so does r,. Since r, expresses
the mid-price difference, we expect that a linear function is likely to describe the price reversion in the intervals between two child
MOs. In the following, we focus on the stationary regime where the probability that a LO is a sell is constant and we set it to
p=1/1+ ¢~*R"). By means of master equations, we study the evolution of the mid-price in the time windows between two child
MOs.

We need to consider that, given a state of the order book at time ¢ with mid-price m = m(¢),® it can switch from the value m to one
of the values m’ = m+ % m+1,...,m+ %, where s = s(¢) is the spread value at time ¢, because of a buy LO inside the spread at time
t+ 1. On the other hand, if at time 7+ 1 we have a sell LO inside the spread, the mid-price decreases to m’ = m— % m—1,...,m— %
Sell (buy) MOs and buy (sell) cancellations make the mid-price decrease (increase) by half the first bid (ask) gap size. In the setting
of Algorithm 1 (displayed in Subsection C.1 of the Supplementary material), the first gap size can assume values between 1 and
K —2 where K is the number of tick levels in the grid which represents the LOB. Therefore, since when LOs inside the spread occur,
the value that the mid-price can assume depends on the spread, first we need to derive the master equation which describes the
evolution of this quantity. Then, we will be able to derive the master equation related to the mid-price.

8 In this subsection we adopt this notation for the mid-price at time 7. However, m(r) is analogous to m,.

10
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4.4.1. Spread evolution

We derive the master equation which describes the evolution of the spread in the intervals between two child MOs, and we show
that it does not depend on the probability that a LO is a sell; therefore, it is also valid for the ZI model. This is due to the fact that
the imbalance between sell and buy LOs does not impact the evolution of the spread indeed, the contribution of these two types of
orders cancel out in the master equation. This is in contrast to the mid-price: in this case, the imbalance between sell and buy LOs
is crucial in determining the reversion in the intervals between two child MOs.

In order to write the master equation describing the evolution of the spread between two child MOs, we need to consider that
the spread can change in two ways. Given the spread s(¢) at time ¢, it can decrease to the values 1,2, ..., s(#) — 1 if at time 7+ 1 there
is the placement of a LO inside the spread. On the other hand, the spread can increase to the values s(t) + 1, s(t) + 2, ..., spr4x if at
time 7 + 1 a MO or a cancellation occurs and the first gap size is x;(r) = s(r + 1) — s(?). In the setting of Algorithm 1, the maximum
value that the spread can assume is sy, 4,y = K — 1. Starting from these observations, we derive the transition rates entering the
master equation for the spread evolution which is:

P(s, 1+ 1) — P(s,1) = Z[ o P ) — M,P(s,z)] =

s'#s
Hu+o a b
= mIP>(s - x{(, t) + mﬁ”(x = x/(), t> (8)
2Ms = D) +2u+26
y 22 m) Z B(s', 1) — P(s, t)[—l“(t) ]
s/=s+1

where P(s, 1) is the probability of having spread s at time ¢, I'(t) = AK + 24 + 61y, gors (1), Nypgers(?) is the total number of orders in the
book at time 7, x{(r) and x’l’(t) are the first gaps in the ask and bid side at time 7. Therefore, we have that

K-1
(s()) = 2 sS'P(s, 1).
s'=1
For further details concerning the derivation, see Subsection D.3 of the Supplementary material. We observe that the master Eq. (8)
depends on three quantities which are functions of time: I'(¢), x{(1) and x’l’(t). However, as simulations will show, the number of
orders in the book n,,,,,.(t) as well as the first gap sizes xll’/ “(f) have a modest range of variability in the stationary regime, and if
they are considered as constant, it negligibly impacts our results. Moreover, it is evident that the spread evolution does not depend
on the probability of sell limit orders making this equation also valid for the standard ZI model.

For 1 —» +o0, we expect that the spread reverts to the equilibrium value, which can be roughly determined as § such that:

AK $-1) _ 2u+9) _HFS
To K2 - 1w S SETpth ®

This corresponds to the value for which the contributions of LOs inside the spread and cancellations and MOs which are aggressive,
i.e., that lead to mid-price changes, are balanced out. It is the mean spread we expect to obtain by simulating both the ZI and the
NMZI models, without any execution of metaorders.

4.4.2. Mid-price evolution
Similarly to what we did for the spread and by considering the observations made at the beginning of the subsection, we obtain
the master equation describing the evolution of the mid-price in the intervals between two child MOs:

P(m, 1+ 1) = B(m, 1) = 2 Z):[ (m+—l>+(1—p1)IP‘(m—%t)]+

”;5[P(m+ﬁt>+ﬁb(m—x7mt)]+ (10)
— P(m.1 )[ZA s(t) —;(I;— 2u+ 25]

and

My AX
(mn)y =Y m'Pe',1)

m'=1
where P(m, 1) is the probability of having a mid-price equal to m at time ¢ and m; 4y is the maximum mid-price we can have in the
grid which represents the LOB, i.e., (K —2) + (K — 1))/2.
Contrary to the master equation for the spread, the evolution of the mid-price depends on the probability p, that a LO is a sell.
Therefore, Eq. (10) holds for the standard ZI model only if p; = 0.5.

11
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Fig. 9. NMZI model, stationary regime. Spread (in ticks) as a function of the time step after child MOs. Mid-price difference m,,,,, — m_,, (in
ticks) as a function of & where 4 is the time step after child MOs at time 7.

4.4.3. Numerical results

We verify whether the outcomes predicted by the master equations we derived — are consistent with simulations’ results. In order
to avoid edge effects due to the vicinity to the concave regime, we focus on the deep stationary regime that we define as the set of
times greater than ¢*+1/f and in such a way that 500 child MOs are considered. We compute: the spread, the probability of a sell LO
(given a LO) and the number of orders in the book as functions of the time step after child MOs; the mid-price difference m_,;,—m
as a function of 4 where 4 is the time step after child MOs at times z; the frequency of the different types of events in each time
window between child MOs. They are shown in Figs. 9 and D9-D10 in the Supplementary material for § = 1073 /(4 + 1), a = 1073
and two choices of A. In particular, in Fig. 9, we compare the evolution of the spread and the mid-price differences that we obtain
from simulations, to the corresponding evolution resulting from the master Egs. (8) and (10). When we determine the evolution of
the spread, we set the initial condition P(s,7 = 0) = 6(s = s,) where s is the integer part of the mean spread after the child MOs
in the stationary regime according to simulations. Concerning the mid-price, Eq. (10) depends on the spread and we employ the
values obtained with the corresponding master equation. We observe that the probability of a sell LO (given a LO), the number of
orders and the first gap in the bid/ask side (displayed in Figures D9-D10) have a modest range of variability and we verified that
considering them constant in the master equations negligibly impacts our results.

Focusing on the spread as a function of the time step after child MOs, we see that it reaches a maximum at step 1 and then, it
decreases. The maximum represents the spread after a child MO occurs and when 4 = 20, it turns out to be 28.42 ticks while when
A =100, it is equal to 21.82 ticks. As expected, they are both larger than the mean spread in the stationary regime which is 21.29
and 14.08 ticks respectively. We observe that the master equation well describes the evolution of the spread between two child
MOs. Moreover, if we focus on the larger trading interval 4 = 100, the spread reverts to the equilibrium value according to Eq. (9),
i.e., § ~ 13.33 (dashed black line in Fig. 9). This is also confirmed by computing the spread evolution with the master equation for
times much larger than A.

Similarly to the spread, the master equation of the mid-price is able to reproduce its behavior. It also emerges that employing a
linear function in order to describe the mid-price evolution between two child MOs is a well-grounded choice. This is actually the
behavior we expect, as introduced in the beginning of Section 4.4.

4.5. The impact components

In the intervals between two child MOs, we observe a reversion of the mid-price. This is in contrast to the ZI, where there is not
any reversion: the only component of the impact is the immediate price impact following each child MO and equal to half the first

12
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Fig. 10. NMZI model. Evolution of the exponentially weighted moving averages (EWMAs) of the immediate component I’ of the price impact.
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Fig. 11. NMZI model. Evolution of the exponentially weighted moving averages (EWMAs) of the reversion component IR of the price impact.

gap size (for small-tick assets). In the NMZI model, the interplay between the immediate impact and the reversion is at the root
of the concavity in the mid-price path and for this reason we now analyze in depth this issue. We see that in the concave regime
the main contribution which makes the overall impact decrease, is due to the reversion component, that increases in time. In the
stationary regime, the overall child MOs’ impact stabilizes to a stationary value.

Let us define the times at which the child MOs are executed as t; = 4j + j — 1 with j = 1,...,Q and the starting time of the
simulation equal to 0. We can describe the evolution of the mid-price during the execution as

t

m=G; t—t; —1), j= L‘—HJ 1€ (t.19] an

where each G;(x) with x € [0,4] and j = 1,...,0 — 1 is a non-increasing function describing the mid-price path in the time interval
between the child MOs j and j + 1. Therefore, we have that:

» the immediate price impact of the child MO j is: I /I =G;0)-G;_ (4)

» the reversion of the mid-price following the child MO j is: I ;‘ = G;(0) - G;(4);

« the overall price impact of the child MO ; is: IJ.’ -1 jR.
Concerning the functional form of the functions G;(-), we employ linear kernels given the findings of the preceding subsection.
However, by studying the evolution after the execution ends with the same approach, in Section 4.6 we see that the linear kernel

is actually an approximation of the exponential case for trading intervals which are not too large.
By referring to Eq. (11), we set:

Gj(t_tj—l)zﬂj(l—/)j(t—tj—l)),
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Fig. 12. NMZI model. Evolution of the exponentially weighted moving averages (EWMAs) of the overall impact I’ — IR,

for
relt;+ 1,41 j=1,...,.0-1L

The parameter #; represents the value of the mid-price after the child MO j while p; is the slope of the straight line which describes
the reversion in the interval between the child MOs j and j + 1. By performing linear fits on the mid-price paths, we estimate the
parameters of these kernels and the corresponding impact components,” which are:

IR

1 R I .
I =np =g+ 1m0 4, IS =054, I, =17, j=2,...,0- 1.

In Figs. 10-11-12, we plot their exponentially weighted moving averages (EWMAs) for 4 = 20, and several choices of f, and «
(the results related to additional cases are plotted in Fig. D11-D12-D13 in the Supplementary material). We consider the EWMAs
since the impacts’ evolutions are noisy. As expected, two regimes are identified. In the stationary regime, the impact stabilizes to a
constant value.’® When R, is constant, the probability of sell LOs is constant and so is the reversion of the mid-price in the intervals
between two child MOs. In parallel, in the stationary regime, the first gap size is approximately constant and so is the immediate
impact component due to the execution of child MOs. Indeed, in Fig. D9 in the Supplementary material we plot the evolution of the
first gap size in the intervals between two child MOs in the stationary regime and we observe that the standard errors are negligible
with respect to the values of the first gap size (averaged over 500 child MOs). It follows that in the stationary regime the overall
child MO impact is approximately constant. On the other hand, in the concave regime of the mid-price trajectory, we observe several
facts which draw attention to the mechanism at the root of the concavity’s emergence in our model.

4.5.1. Immediate impact component in the concave regime

First, concerning the immediate component (see Fig. 10), it initially increases for the first child MOs. Then, we can have two
different behaviors. In the first case, e.g., f, = 107 and « = 1073 (green curve in the left panel of Fig. 10), following the initial
increase, the immediate impact mildly decreases in time and then, stabilizes to its stationary value. The other possible behavior is
that after the initial increase, the immediate impact stabilizes to its stationary value, e.g., f, = 107! and a = 1073 (blue curve in the
left panel of Fig. 10). Both behaviors are explained by the evolution of the imbalance between the orders in the bid and ask side
in the LOB, which is shown in Fig. D14 in the Supplementary material for 4 = 20, « = 1073 and g, = 1073, 1072, 10~!. In all three
cases, for the first approximately 10 market events after the beginning of the execution, the imbalance is negative, i.e., the number
of orders in the bid side is greater than the number of orders in the ask side. For §, = 1073, 1072, this is highlighted in the inset
plots. Therefore, at the beginning of the execution, the immediate impact increases since the executions of the child MOs deplete
the ask side and the time-varying probability that a LO is a sell is still close to 1/2.

If §, = 107!, after this increase the imbalance stabilizes to a negative stationary value. In this case, as we see in Section 4.3, the
stationary value of R* is small compared to the other cases investigated (e.g. f, = 1073) and it is such that the stationary value of
the probability that a LO is a sell is close to 1/2. This implies that, as we observe from the blue curve in the left panel of Fig. 11,

9 Instead of performing linear fits in the intervals between child MOs, we also estimated the impact components directly from the mid-price path: the
immediate impact of child MO j as m sy —my and the reversion impact of child MO j as m, ., — m The results we obtain are analogous to the outputs of the
linear fits, thus further corroborating the choice of linear kernels to describe the mid-price path between two child MOs. Because of that, plots are not displayed
in the paper but they are available upon request.

10 In some cases, e.g., f, = 10 and @ = 10~* (red curve in the right panel of Fig. 12), the stationary regime is not reached in the plots since the transition
to the stationary regime is slow and an higher number of child MOs would be needed. However, in order to better compare the results for different choices of
parameters, in the plots we consider a metaorder of volume Q = 2,000.
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the reversion is small compared to the other cases and the depletion of the LOB due to the metaorder execution is not compensated
by the submission of sell LOs which replenish the ask side.

On the other hand, if §, = 1073 or 1072, before the stabilization of the immediate impact to a constant value, there is a decrease
which corresponds to an increase of the imbalance. If §, = 1073, the transition to the stationary regime is slower compared to
f, = 1072 and the stationary value of the imbalance is higher. This is mirrored by the path of the immediate impact, which has
a more accentuated decrease before the stationary regime. Indeed, a longer memory (smaller f,) corresponds to a longer concave
regime. Anyway, for both §, = 10~ and g, = 102, the decrease of the immediate impact before the stationary regime is mild.

4.5.2. Reversion impact component in the concave regime
The reversion (see Fig. 11) increases and this is attributed to the evolution of our indicator of the past price dynamics R, and
its role in the time varying probability that a LO is a sell.

4.5.3. Overall impact in the concave regime

The overall impact (see Fig. 12) decreases, making the price path concave, and the major contribution in the decrease is ascribable
to the behavior of the reversion component. Therefore, introducing a model that mimics the behavior of traders who have reservation
prices and post LOs in response to the price trend, proves to be pivotal in reproducing the well-known concavity of the price impact
during the execution of metaorders.

4.5.4. Effect of p, and a on the impact components

So far, we focused on the behavior of the impact components which determine the concavity in our model. However,
understanding the role of the parameters , and « in our results, is crucial since it allows to shed light on the financial interpretation
of our model. We observe that lower values of f, i.e. R, with longer memory, lead to a more pronounced reversion (see left panel
of Fig. 11) and indeed, as previously shown in Section 4.3, they correspond to longer concave regimes in the mid-price paths. In
the framework of the interpretation of our model in terms of traders with reservation prices, this means that, if traders use longer
values of the memory in the evaluation of the price trend, then the reversion mechanism and their response to the upward price
trend is stronger.

Concerning «a, lower values of this parameter make the transition to the stationary regime slower (see right panel of Fig. 11).
As we explain in Section 4.3, the derivative of the probability that a LO is a sell with respect to R, can be seen as a measure of
its transition speed to 1. We also observe that low values of a as « = 10~ lead to lower variability of the overall impact (see right
panel of Fig. 12 and Fig. D13 in the Supplementary material). This is due to the fact that if « is small such that even though R,
varies, [P(sell LO|LO) does not deviate consistently from 1/2, then this probability, that is at the core of our model, is not enough
informative about the price dynamics we aim to consider in the sampling. The reaction of traders to the price trend is extremely
mild and so, our model does not consistently differ from the ZI.

Additionally, for « = 10~ and g, = 1073, the overall impact is about 0 in the stationary regime (see the blue curve in the right
panel of Fig. 12), leading to a flat trajectory of the mid-price. This is due to the fact that, as we say in Section 4.3, with high values of
a, the probability that a LO is a sell tends fast to 1. Therefore, the reaction of traders to the upward price trend totally compensates
the immediate impact due to the child MOs. We also observe that if « = 10~! and §, = 1072 or §, = 107!, the overall impact is not
null in the stationary regime (see Fig. D13 in the Supplementary material). In these cases, the values of R* are even smaller than
what we have for g, = 10~3 and the effect of the high value of the reaction intensity in the time-varying probability of the LOs’ sign
is weakened.

To sum up these observations related to «, if traders react strongly, the upward trend of the price becomes rapidly compensated
by the submission of sell LOs, making the mid-price become approximately constant. If instead, traders mildly react to arising price
trends, the reversion entity is moderate and slowly converges to a constant value.

4.6. Price decay after the execution

Empirically, it is well known that a buy metaorder pushes the price up during its execution, with a concave path. When the
execution ends, so does the buying pressure and this leads to a price reversion (see [4-7]). This behavior is represented in Fig. 1.

As we have seen in Section 3, the ZI model is a linear model of price impact. During the execution of a buy metaorder, the price
increases linearly, with a slope equal to the response function obtained for the model without any execution. During the intervals
between two child MOs, the price remains approximately constant and so does after the execution ends. The NMZI model we propose
is able to overcome these limitations and as shown in previous subsections, during the execution of a metaorder, the concavity of
the price path emerges. In the following, we focus on the behavior of the mid-price after the end of the execution and we show that
our model is able to mimic the well-known price reversion.

Similarly to Eq. (11), we can describe the price evolution after the execution of the metaorder ends as

M= Gapet =19 — 1), 1>1g (12)

where G, Frer(X) with x € [0, +o0) is the corresponding function. In order to infer the functional form of this kernel, we argue the
following. The functional form which describes the reversion of R, after the execution ends, is linked to the functional form that
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Fig. 13. NMZI model. Evolution in time of R, and the mid-price after the execution of the metaorder ends. a = (675.95 + 0.27) ticks,
b =0.000199+0.00001, @ = (—=0.1141+0.001) ticks, b = 0.000219+0.00001, ¢ = (22512.12+0.04) ticks, a(1 —ye?) = —0.1004 ticks, my i +a/b, = 22523.30
ticks.

describes the mid-price path after the execution. Given the simulations’ results, our hypothesis is that R, decays exponentially
i.e. Ry = ae™" where ' = (t —ty — 1),1 > 1, and, since by definition R, = R,_; +r,, 1 > 1, we have that:

b’ —b(t’

— /
ae™™ —yae bt

D= ry & rp =ae"
where
a=a(l —ye), y = e F = F2/A+D),

Since r, represent mid-price differences, we end up with

1 -

mg =,y +/ ds ae~t7107l = ¢ — %e_b(’_’Q_l)
fQ+l

a (13)

b

1€ [tg +2,+00)

c=myat

with a < 0, b > 0, i.e., we expect that the mid-price path decays exponentially with parameters that are linked to the ones which
enter the fit of R,. We notice that at the end of the decay of R,, the model reverts to the standard ZI since the probability that a LO
is a sell becomes approximately equal to 1/2. However, a permanent component of the impact can still persist and it corresponds
to the difference between the parameter ¢ = lim,_, ,,, m, and the mid-price just before the beginning of the execution.

In Fig. 13, we focus on the case f, = « = 0.001 and two choices of trading intervals, i.e., 4 = 20, 100. The evolution in time of
R, and the mid-price after the execution of the metaorder ends, are shown together with the exponential fits

R L =ae™ 0 D and m, = ¢ - %e_b(’_'Q_l), t>15+1.

Y—IQ—
We observe that the exponential fits are suitable to describe the reversion of R, and of the mid-price. Moreover, by considering the
estimated parameters that are reported in the figure’s caption, we note that the agreement with the theoretical findings related to
the equality between the parameters of the fits of the two quantities, qualitatively holds, i.e., b ~ b, @ ~ a(1—ye’) and ¢ ~ m, o+l +a/b.

The decay after the execution of the metaorder is analogous to the reversion we observe between two child MOs, with the
difference that the next child MO is posted with an infinite trading interval and the exponential mid-price reversion cannot be
anymore approximated by a straight line. Therefore, the role played by the parameters §, and « in determining the post-execution
decay is equivalent to what happens for the reversion between two child MOs. In the following, we investigate how the permanent
impact, the peak impact and the magnitude and the speed of the reversion, vary as functions of g, and a.

As we observe in Section 4.5, when traders use a longer memory in the evaluation of the price trend, i.e., smaller f,, the entity
of the reversion increases and the concavity in the mid-price trajectory is more pronounced. Similarly, after the end of the execution
of the metaorder, the mid-price slowly reverts to its initial value if the price trend indicator R, is computed with a memory that is
extremely large. This can be seen by comparing Fig. 5 and Fig. D16 in the Supplementary material. Both represent the mid-price
trajectory for the execution of a metaorder with trading interval 4 = 20, volume Q = 2,000 (left) and Q = 100 (right) however, in the
former figure it is f, = 1073, while in the latter it is §, = 107°. As expected, when the memory of R, increases, the limiting value of
the price ¢ approaches the mid-price before the execution starts and therefore, the permanent impact tends to 0. Analogously, given
that the reversion is stronger and the overall impact of each child MO is weaker when g, is smaller, the peak impact is smaller if
the memory of the price trend indicator R, is larger. This is further highlighted in the left panel of Fig. D17 in the Supplementary
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Table 1

NMZI model. Summary of the role played by g, and a. The meaning of the symbols 1, | and = is increases, decreases and is approximately constant.
The double vertical lines separate three blocks: the first refers to the stationary regime, the second to the impact components and the third to
the reversion after the execution ends.

R* r T* I IR I —IR Peak Speed of Permanent
impact reversion impact
hl T 1 1 ~ 1 1 1 1 1
al T T i ~ 1 T 1 1 T

material, where we plot the evolution of the mid-price before, during and after the execution of a metaorder of volume Q = 100,
with 4 =20, « = 10~ and several values of f,.

Also the behavior of the permanent impact and the peak impact as a function of a can be explained by the behavior of the
reversion. When the intensity of reaction of the traders to the price trends, i.e. a, is weaker, so does the reversion mechanism. This
implies that both the permanent impact and the maximum impact increase, as represented in the right panel of Fig. D17 in the
Supplementary material where we plot the evolution of the mid-price before, after and during the execution of a meta-order of
volume Q = 100, with 4 = 20, §, = 1073, and several values of a.

Moreover Fig. D18 in the Supplementary material sheds light on the role played by both §, and « in the decay after the ending
of the execution. This figure presents heat-maps representing —a/bh and log(2)/b as functions of f, and « for 4 = 20,100. The ratio
a/b is the amount of the price reversion, whereas log(2)/b is a measure of the decay speed of the mid-price. As expected, when g,
decreases with « fixed, —a/b increases, i.e. the magnitude of the reversion after the execution ends, is larger when the memory of
R, is longer. Moreover, when f, (a) decreases with « (f,) fixed, log(2)/b increases: the time to revert to a constant value is larger for
« and f, smaller. This is consistent with what we have previously noted concerning the role of the two parameters in the reversion
between two child MOs: as a or f, decreases, the transition to the stationary regime is slower.

Additionally, we consider the role of the metaorder size Q in determining the speed of impact decay. By fitting the mid-price
trajectories after the execution in Figs. 5 and D16, we observe that the speed of decay b(~ b) is approximately independent of Q
and of whether the stationary regime is reached during the metaorder execution:

* f, = 1073 (Fig. 5): if Q = 100, b = 0.000228 + 0.000001 and if Q = 2,000, b = 0.000219 + 0.00001;
* B, = 107 (Fig. D16): if Q = 100, b = 0.000157 = 0.000001 and if Q = 2,000, b = 0.000168 + 0.000001.

We also note that the entity of the reversion after the execution, with respect to the peak impact, decreases as Q increases
for given p, and «. Indeed, if we consider f, = « = 1073, 4 = 20 (as in Fig. 5), and several values of the metaorder size
i.e. O = [10,100,10%, 10*], the reversion amounts at 79.13%, 73.56%, 40.24%, 7.28% of the peak impact, where both the peak
impact and the price level at the end of the reversion (c in the exponential fit of the mid-price decay) are normalized with respect
to the price before the beginning of the execution. Therefore, if the memory that is considered in the evaluation of the past price
trend, manages to cover only part of the dynamics during the execution i.e. Q > 1/p,, the reaction mechanism to the price trend is
weaker. This is coherent with our previous finding that, for a given number of total shares, considering a longer memory leads to
a stronger reversion.

To summarize our findings, Table 1 shows the considerations we made throughout the paper about the role played by the
parameters f, and « in our model. The analogy between the behavior of the reversion between two child MOs and of the decay
after the end of the execution is highlighted.

5. Conclusion

In this work we aim to model and reproduce the behavior of the price impact when a metaorder is executed, by introducing a
novel statistical model of the limit order book, the Non-Markovian Zero Intelligence. As its name suggests, it is the non-Markovian
counterpart of the pre-existing Zero Intelligence model [8-10]. In the original model, limit orders, market orders and cancellations
in the LOB are modeled as three independent Poisson processes. Despite its simplicity, this model reproduces well several stylized
facts, but it misses to capture the well-known concavity of the market impact, which is a desirable feature for a simulator, since
it allows to test trading strategies in a realistic framework. In order to overcome this limitation, we propose our non-Markovian
variant: contrary to the ZI model which considers equally probable sell and buy LOs, we define the probability that a LO is a sell,
as price path dependent. Financially, this can be interpreted as traders who have reservation prices and submit LOs in response
to the price trend. This apparently small modification leads to substantial accomplishments in terms of the price impact. During
the execution of a metaorder, the concavity of the market impact emerges. Indeed, two regimes can be distinguished: initially, the
price path is concave then, after a large number of child MOs, it stabilizes to a stationary regime which is characterized by a linear
impact. In the first regime, the concavity originates because of the interplay between two mechanisms. For a given child MO of the
metaorder e.g. buy, there is an immediate impact which makes the mid-price increase and more sell LOs are triggered. Consequently,
more sell LOs in the spread occur and so, the mid-price decreases. This causes the price reversion in the intervals between two child
MOs and this reversion results to be increasing with time. In parallel, also the immediate impact component varies in time since
so does the imbalance between sell and buy LOs, making the first gap size in the ask side change. However, we observe that this
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variation plays a marginal role: the pivotal contribution is due to the reversion mechanism and overall, the impact proves to be
decreasing in time, causing the concavity. Finally, after the execution of the metaorder, the price path exponentially decreases.

In addition to analyze in depth the mechanisms at the root of the price impact in our model, we investigate how the results
depend on the two main parameters. The former represents the inverse of the memory to evaluate the price trend which enters the
probability that a LO is a sell. If this parameter is infinite, our model collapses to the ZI. We observe that if the memory is longer,
the concave regime is longer, the convergence to the stationary regime is slower, the reversion mechanism is stronger and the
permanent impact is smaller. The second parameter also enters the definition of the probability that a LO is a sell but it represents
the intensity of the reaction to the price trend. The case with this parameter equal to 0 corresponds to the ZI model. Our results
point out that if the reaction intensity is stronger, then the concave regime is shorter, the convergence to the stationary regime is
faster, the reversion mechanism is stronger, and the permanent impact is smaller. To sum up, the shape of the market impact during
and after the execution of a metaorder is well-captured when the decisions to submit LOs vary in time as a response to the price
trend that is evaluated with a long memory.

The ability of our model to capture the market impact’s concavity and the price reversion after the execution of a metaorder
ends, is accompanied by three other bright sides, which make it an innovative and relevant contribution. This model works for
small-tick assets: the modeling of their dynamics is under explored in the literature, given its challenging nature. Also, this model is
completely explainable and even though it is not fully analytical, several relations can still be derived. We derive master equations
which describe the evolution of the spread and the mid-price in the intervals between two child MOs, and they provide a deeper
explanation of the mechanism underlying our model.

The NMZI model inherits several limitations from the standard ZI, e.g., the unrealistic modeling based on Poisson processes
and the autocorrelation of MO signs. Also, as the ZI model, the NMZI captures the linear scaling of the aggregate-volume impact
that is observed empirically for small imbalances, but it fails to reproduce the saturation for large imbalances and the sigmoidal
shape. On the other hand, compared to the ZI, the innovation of our model introduces mean-reversion and this mechanism prolongs
the convergence towards diffusive dynamics of the mid-price when small memory parameter values are considered. Nevertheless,
diffusive behavior is eventually reached for the long-term dynamics. Concerning the well-known square-root law of market impact,
our model fails to capture the independence of the impact from the trading speed, nor the square root scaling as a function of
volume. However, similarly to [6], we observe a crossover between an initial steep market impact regime followed by a concave
regime.

Several extensions could be interesting to study in future works. In this paper, we focused on the market impact associated
with the executions of metaorders with constant speed but undoubtedly, more complex trading strategies could be investigated.
Moreover, another version of our model with two types of agents that have different submission and cancellation rates (fast and
slow traders) could be investigated, referring to [52]. Also, we consider a specific choice of our indicator of the past price trend
R,, that is the exponentially weighted mid-price return. However, instead of the exponential damping factor, different kernels, as a
power-law function, could be employed. Similarly, we define the time-varying probability that a LO is a sell as a sigmoid function
of R, but, of course, other functional forms could be considered. Finally, similarly to what we do for LOs, also the sampling of
cancellation signs could be performed via a time-varying probability that depends on the past price trend.
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