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Abstract

Any realistic physical object ought to be regarded as open to influences from an external
uncontrollable environment. Consequently, one of the main topics in the theory of open
quantum systems is to derive expressive dynamical laws—master equations—from a mi-
croscopic description of the system-environment compound. While plenty has been said in
the Markovian regime, where there is a unilateral flow of information from the system to
the environment, much less is known beyond it. In this thesis we discuss new techniques
to address situations framed in the non-Markovian phenomenology. First, we propose
two state-of-art methods to regularize master equations affected by the issue of positivity
breaking: such phenomenon is known to occur after weak-coupling expansions, with the
celebrated Redfield equation being the primary example of defective occurrence. Then, in
order to make progress in the opposite strong-coupling scenario, we discuss methods that
are applicable under certain Gaussianity assumptions. Adopting a fruitful marriage between
the language of master equations and the Schwinger-Keldysh contour idea from many-body
physics, we are able to construct exact stochastic and deterministic master equations with an
unprecedented degree of generality and relative simplicity and intuitiveness.

1ii






Contents

[List of Publications|

(I__Introduction|

2 Open Quantum Systems|
2.1 Quantumstates| . . . . . . . . . e
[2.1.1 Density operators|. . . . .. ... ... ... ... L o o
12 CPlmaps ... ... ... ... ... .
R2 Timeevolution|. . . . .. .......... ... ...
22.1 Time evolutioninclosed systems|. . . . . . ................
2.22  Time evolutioninopensystems| . .....................
223 Markoviandynamics|. . . . ... ...
224  Measures of non-Markovianity] . . . .. ..... ... ... . ...
2.3 Standard microscopicapproach| . . . ... ... ... L
.31 Nakajima-Zwanzigequation| . .. .....................
.32 Weak coupling and Redfield equation] . . . ... ........... ..
.33 Markov approximation|. . . . ... ... ... ... ...
.34 Non-positivity of the Redfield equation] . . . ... ............

235 Secularapproximation| . . . . . .. ... ...

B Regularization Techniques|
B.1 Beyond-secular masterequations| . . . . . ... ... ...
B.I.1 Partial secular master equation| . . . ... ......... .. ... ...
B.12  Geometric-arithmetic master equation| . . . . ... ... .........
B.2 Dynamical regularization| . . ... ........... ... ...........
B.21 Dynamical projectionideal. . . . .. .......... ... ..... ..
B.22  Explicit formula for single interaction channel] . . . .. ... ... ...
B23 Example| . .. ... ... ...
B.3  Choi-proximity regularization]. . . . . . . ... ... ... ... ...,
B.3.1 Projection onto the physical Choispace| . . . ... ............
B.32 Application to dynamicalmaps|. . . . ... ........... .. ...
B33 Examples| . . ... ... ... ...

4 __Contour Formulation|
4.1 Quantum dynamicsonthecontour|. . . . . ... ... ... ... ... ..

411 Closedsystem|. . .. .............................
4T2 Opensystem| . .. ... ... ...,

ix

O \O O U1 U1 Ut



Contents

4.1.3 Including initial correlations| . . .. ... .. ... ... .. .. .. ...

414 Acompactnotation|. . . .. ... ... . ... oo

4.2.1 Quadratic Hamiltonians and Gaussian states| . . . . ... ... ... ..

[5>  Non-Markovian Stochastic Dynamics|

.1 An exact stochastic master equation| . . . .. .. ... .. ... ... ...,

.1.1  Stochastic decoupling with contournoise| . . . . .. ... ... ... ..

5.1.2  Transporttheorem| . . . .. .. ... ... ... .. ... .. .. ... ..

p.1.3 Closing the difterential equation| . . . . . . ... ... . ... . ... ..

.2 Recovering known approaches| . . . ... .. ... .. ... ... .. 0.,

.2.1  Stochastic von Neumann equation| . . . . .. ... ... ... ......

2.2 n-Mar ian

iffusion| . . . . ...

[p.3 Reduction to single positivenoise|. . . . . .. ... ... .o o000

p.4  Measurement interpretation| . . . . . ... ... o o0 Lo

B.41 Effectof aninitial measurementl . . .. ... ... ... ... ... ...

4.2 miclassical conditions| . . . . . .. . ...

[6  The Gaussian Master Equation|

[6.1 Open Gaussian systems|

[6.1.1 Heisenberg-Langevinequation| . . . . .. ... ... ...........
[6.1.2  Influence functional technique| . . . . ... ... ... ... .. .. ...
[6.1.3  Analternative directapproach| . . . ... ... ... ... ...
[6.2 Derivationofthe GME| . . . . . ... ... ... ..
[6.2.1 Taking the time derivative|. . . . . . ... .. ... ... ... . ...
[6.2.2  Intermezzo: contour Redfield equation| . . . . ... ... ... .. ...
623 Thereductionlemmal. . . ... ... ... .. ... ... .. .....
[6.2.4  Closing the differential equation| . . . . . . ... .............
[6.3 Unraveling thecontour| . . . . .. .. ... ... .. ..... .. ... ...,
[6.3.1 From contour to physical time| . . . . ... ... ... ... .. .....
[6.3.2 Components of the Dysonequation| . . . . ... ... ..........
6.3.3 Asimpleexample|. . . . .. ... ... Lo oL oo
[6.4 Lyapunov equation for the covariance matrix| . . . . . . ... ... ... ....
[7Z__Conclusions|

A" Review on Gaussian Systems|
[A.1 Quadratic Hamiltonians|
[A.2 Gaussian states| . . . . .
[A.3 Open Gaussian systems|

Vi

73
74
74
75
77
78
78
80
82
84
84
85

89
90
90
91
92
93
93
95
97
100
103
103
104
106
108

111



Contents

[B_ Gaussian Environment Propagator| 121
B.I Recovering the influence functionall. . . ... ....... ... ... .. .... 121
[B.2 Relaxing the stability condition] . . . ... ..................... 123
[B.3  Stochastic decoupling without stability condition|. . . . . .. ... ....... 124

[C  Contour for Quantum Thermodynamics| 127
C.1 Two-point measurementscheme| . ... ... ................... 127

2 ntour for the characteristic function| . . . . . ... ... ... ... ... ... 128
C.3 Heat statisticsof anopensystem| . . . .. ... ... ... ............ 129
C.4 Master equations for the heat statistics| . . . . . ... ........ .. ... ... 131

[DMeasurements and Wigner Function| 133
[D.1 Weyl symboland Wigner function] . . . . ..................... 133
[D.2_ Wigner function after heterodyne measurement| . . .. ... .......... 134

miclassical conditions| . . . ... ... .. L Lo oo oo 135

Bibliography| 139

vii






List of Publications

Publications discussed in the thesis

¢ A.D’Abbruzzo, V. Cavina, and V. Giovannetti, A time-dependent regularization of the Redfield
equation, SciPost Phys. 15, 117 (2023).

e A.D’Abbruzzo, D. Farina, and V. Giovannetti, Recovering complete positivity of non-Markovian
quantum dynamics with Choi-proximity regularization, Phys. Rev. X 14, 031010 (2024).

e V. Cavina, A. D’Abbruzzo, and V. Giovannetti, Unifying quantum stochastic methods using
Wick’s theorem on the Keldysh contour, Phys. Rev. Research 7, 043262 (2025).

e A.D’Abbruzzo, V. Giovannetti, and V. Cavina, Exact non-Markovian master equations: A
generalized derivation for Gaussian systems, Phys. Rev. Lett. 135, 240401 (2025).

Publications excluded from the thesis

e A.D’Abbruzzo, V. Alba, and D. Rossini, Logarithmic entanglement scaling in dissipative free-
fermion systems, Phys. Rev. B 106, 235149 (2022).

e A. D’Abbruzzo, D. Rossini, V. Giovannetti, and V. Alba, Steady-state entanglement scaling in
open quantum systems: A comparison between several master equations, arXiv:2409.06326
[quant-ph] (2024).

Publications produced before the Ph.D. course

* A. D’Abbruzzo and D. Rossini, Self-consistent microscopic derivation of Markovian master equa-
tions for open quadratic quantum systems, Phys. Rev. A 103, 052209 (2021).

e A. D’Abbruzzo and D. Rossini, Topological signatures in a weakly dissipative Kitaev chain of
finite length, Phys. Rev. B 104, 115139 (2021).

ix


https://doi.org/10.21468/SciPostPhys.15.3.117
https://doi.org/10.1103/PhysRevX.14.031010
https://doi.org/10.1103/cnvm-w8cy
https://doi.org/10.1103/cb7c-5f66
https://doi.org/10.1103/PhysRevB.106.235149
https://arxiv.org/abs/2409.06326
https://arxiv.org/abs/2409.06326
https://doi.org/10.1103/PhysRevA.103.052209
https://doi.org/10.1103/PhysRevB.104.115139




Chapter 1

Introduction

Quantum mechanics is the most fundamental physical theory we currently possess to describe
the behavior of matter and energy at the atomic and subatomic scales. Many astonishing
effects we are capable of observing in nature, such as interference, tunneling, and entangle-
ment, simply cannot be accounted for by the framework of classical mechanics [1]].

The standard presentation of non-relativistic quantum mechanics treats physical objects
as perfectly isolated systems and puts its law of motion—the Schrodinger equation—in
the same role as Newton’s laws of classical physics. However, like in classical physics
itself, this is an idealization: any realistic system is subjected to the non-trivial influence
of an external uncontrollable environment. The study of this influence is fundamental for
describing effects like dissipation, decoherence, and relaxation—topics which are extremely
important throughout many fields of physics, such as quantum computing [2]], quantum
thermodynamics [3], many-body physics [4], or quantum biology [5].

In the vast majority of cases, studying the entire system-environment setup is not only
unfeasible in practice but also beyond our needs, since we are typically not interested in the
overwhelming amount of information provided by the environment’s internal dynamics.
It is the theory of open quantum systems [6-8] which provides the tools to apply quantum
mechanics in those settings where the presence of the environment cannot be ignored, while
still providing reasonably effective dynamical laws for the system alone. Such laws, typically
known as master equations, necessarily constitute the bulk of the theory and writing them
down with a sufficient degree of accuracy is one of the most important tasks one has to
address when modeling an open quantum system. Unfortunately, this is far from simple
and many unresolved questions still remain.

From the mathematical point of view, much has been said in the Markovian regime, where
excitations injected by the system into the environment are not allowed to be absorbed back
by the system, thus creating a unilateral flow of information from the system to the environ-
ment [9}[10]. This hypothesis usually effectively describes large, memory-less environments
that are weakly coupled to the system. In such framework, the celebrated Lindblad-Gorini-
Kossakowski-Sudarshan (LGKS) theorem provides the most general shape the master equation
must have in order to represent a physically realizable dynamics [11}[12]. Alas, much less is
known beyond this regime and the study of non-Markovian master equations is a very active
contemporary research field [13-16].

From the practical point of view, there are basically two fundamental ways to approach
the modeling problem. A first possibility stems from knowing the elementary processes
expected to characterize the dynamics, which leads to a phenomenological master equation.
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Chapter 1. Introduction

This top-down approach is suitable in those situations where the environment’s effect is
experimentally well characterized and the objective is to find predictions. Popular examples
include LGKS equations constructed with ad hoc local Lindblad operators [17,18]. A second
possibility, instead, is the microscopic derivation: starting from a detailed microscopic descrip-
tion of the constituents of the system-environment compound, one can explicitly eliminate
the environment’s degrees of freedom to arrive at an effective description solely for the
system’s variables. This bottom-up approach seeks to make dissipation and similar effects
emerge from the microscopic structure and is better suited for the exploration of potentially
new phenomena.

Unfortunately, approaching a microscopic derivation in complete generality without
further assumptions is a hopelessly complex task. A possible way forward lies on the
path of the Markovian hypothesis. Specifically—as is common in physics—one can attack
the problem perturbatively using a weak-coupling expansion. At the lowest non-trivial order
this leads to the so-called Redfield equation, a well-established tool that brought over the
decades several remarkable results, especially in thermodynamics and chemistry [19} 20].
Nonetheless, the weak-coupling expansion exposes a mathematical flaw that sometimes
hinders the application of the resulting master equations: the breaking of positivity. This means
that the dynamical law no longer ensures positive measurement probabilities, a requirement
that must be taken seriously if we expect to make valid physical predictions [21].

In particular, the issue of positivity breaking displayed by the Redfield equation has been
the subject of an intense debate in the literature. While some argue that the effects of such
violations lie beyond the approximations used to derive the equation itself [22, 23], others
take this fact as a signal that the weak-coupling expansion should be approached with more
sophisticated techniques to provide well-founded approximation theories [24-26]. On this
line of thinking, several ideas to regularize the Redfield equation appeared, each with its
pros and cons [27-39]. As we will discuss later on, the first part of this thesis presents new
state-of-art techniques that can be applied to regularize any “defective” master equation.

But what if the coupling is inherently strong and the Redfield equation is no longer
suitable, along with the whole weak-coupling expansion idea? If we cannot perform ap-
proximations, we can surely add simplifying assumptions instead. For example, one can
start from the hypothesis that parts of the setup can be modeled using analytically tractable
Gaussian systems. It is probably superfluous to highlight here the importance of Gaussian
systems throughout all of physics and the great array of experimental platforms that are
well-modeled as such. In quantum physics, bosonic Gaussian states are fundamentally
important for quantum optics and continuous-variable quantum information [40], while
fermionic Gaussian states are crucial in condensed matter theory and quantum transport to
describe, e.g., spin chains, superconductivity, and topological phases [41]. When assuming
Gaussian system and/or Gaussian environment, several scattered results can be found in
the literature regarding strong-coupling non-Markovian dynamics, as we will explore in the
following pages.

At this point it is worth pointing out that the standard theory of open quantum systems,
which focuses on finding master equations, is not the only existent approach to the study of
non-equilibrium quantum systems. Condensed matter theory and many-body physics are
filled with instances of non-equilibrium setups that are usually attacked with the language
of Green'’s functions. Powerful tools emerged over the decades on this parallel line of research,
and a prominent role is occupied by the so-called Schwinger-Keldysh contour [42,43], a tech-
nique whose main power can be summarized as “simplification through rewriting”, as we

2



will better discuss later on. In many-body theory it led to the development of Keldysh field the-
ory, a structured framework to perturbatively analyze complex non-equilibrium interacting
systems and transport setups [44-46].

It is natural to ask how the Green'’s functions language interfaces with the theory of open
quantum systems. While several works attempted the construction of a solid link between
master equations and Keldysh field theory [47-52], we believe there are much more unex-
plored possibilities to incorporate the powerful tools of many-body physics into the problem
of microscopically deriving master equations. The second part of this thesis is dedicated
to the formulation of a contour formalism which allows us to make important statements
about the dynamics of open Gaussian systems, surpassing in generality existing results and
unifying statements coming from papers commonly read by distinct communities.

Having established the context, motivations, and basic research questions underlying
this work, we will now sketch the structure of the thesis by providing a brief description of
the content of the following chapters.

e Chapter[2} Open Quantum Systems
In this preliminary chapter we present the fundamental concepts of the theory of
open quantum systems, which constitute the backbone of the entire discussion. We
focus especially on the structure of time-local master equations, the difference between
Markovian and non-Markovian dynamics, the weak-coupling approach to a micro-
scopic derivation, and the Redfield equation.

e Chapter 3} Regularization Techniques

Based on the following publications:

[38] A.D’Abbruzzo, V. Cavina, and V. Giovannetti, A time-dependent regularization of
the Redfield equation, SciPost Phys. 15, 117 (2023).

[39] A. D’Abbruzzo, D. Farina, and V. Giovannetti, Recovering complete positivity of non-
Markovian quantum dynamics with Choi-proximity regularization, Phys. Rev. X 14,
031010 (2024).

Following the presentation of the Redfield equation, here we discuss various techniques
to regularize master equations that violate positivity. After discussing a few famous
approaches to regularize the (time-independent) Redfield equation, we illustrate two
novel techniques that can be employed to successfully regularize any master equation:
the dynamical regularization and the Choi-proximity regularization. The former enforces
Markovianity but keeps the time dependence of the master equation coefficients into
account, thus boosting the performance with respect to other methods. The latter,
instead, goes beyond the Markovian regime at the cost of increasing the complexity to
a tomography-like scheme.

* Chapter[# Contour Formulation

Here we introduce a contour formulation of quantum dynamics which takes inspiration
from Keldysh theory butis simplified and adapted to the evolution of density operators,
as this is what one is usually interested in for open quantum systems. We also introduce
the Gaussian assumption and we explain how the celebrated Wick’s theorem can be
applied on contour variables. The result is a compact expression for the propagator
that can easily be generalized to incorporate several non-trivial extensions, like initial
system-environment correlations and counting statistics.
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e Chapter[5t Non-Markovian Stochastic Dynamics

Based on the following publication:

[53] V.Cavina, A. D’Abbruzzo, and V. Giovannetti, Unifying quantum stochastic methods
using Wick'’s theorem on the Keldysh contour, Phys. Rev. Research 7, 043262 (2025).

In this chapter we apply the contour formalism developed in Chap. [ to elaborate a
non-Markovian stochastic description of open quantum dynamics in the presence of
a Gaussian environment. This approach unifies several results found in the literature
under the banner of a single contour noise. We are also able to use this insight to dress
the master equation with an interesting semiclassical measurement interpretation.

e Chapter[6f The Gaussian Master Equation

Based on the following publication:

[54] A.D’Abbruzzo, V. Giovannetti, and V. Cavina, Exact non-Markovian master equa-
tions: A generalized derivation for Gaussian systems, Phys. Rev. Lett. 135, 240401
(2025).

This chapter present a central achievement of the thesis. Specifically, we obtain the exact
master equation for a generic Gaussian system linearly coupled to a Gaussian environ-
ment, which we dub the Gaussian master equation (GME). In doing so, we generalize
existing scattered results and provide an intuitive and approachable equation with
a clear link to the weak-coupling expansion and the Redfield equation. The chapter
contains a detailed derivation of the GME, its reformulation in physical-time variables,
and a small example to showcase its relative simplicity.

e Chapter [/ Conclusions
Finally, here we draw our conclusions and outline the prospects of possible future
research efforts this work could spark.
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Chapter 2

Open Quantum Systems

This preliminary chapter introduces selected topics in the theory of open quantum systems,
with the aim of describing the context from which the rest of the thesis is developed.

In Sec. we recall the basic concepts of density operator and CPT map. Then, in
Sec.[2.2) we explore how time evolution is mathematically accounted for in both closed and
open quantum systems. We also discuss the canonical form of time-local master equations
and the difference between Markovian and non-Markovian dynamics. Finally, in Sec.
we present the standard microscopic derivation based on the weak-coupling expansion,
culminating in the famous Redfield equation.

2.1 Quantum states

21.1 Density operators

Let us consider a quantum system which, for simplicity, is represented by a finite-dimensional
Hilbert space H. Let us also indicate with L(H) the space of linear operators X : H — H.
According to the axioms of quantum theory [55-57], a state of the system is represented by a
density operator, i.e., a Hermitian operator p € L(H) that is positive semidefinit p=0,and
normalized to have Tr p = 1. Such properties are directly related to the fact that measurement
probabilities should be non-negative and should sum up to one. The set of quantum states,

S(H)={peL(H):p=0, Trp=1} (2.1)

is a closed convex subset of L(H). In case p = |[¢X¢| for a certain |¢) € H, we say that
the state is pure; otherwise, it is mixed. Any density operator can be written as a convex
combination of pure states: p = >\ px [Pk X¥k|, with px > 0 and i px = 1. Moreover, given
a state p and an observable X € L(H), the expectation value associated with the distribution
of measurement outcomes of X is given by the Born rule (X), = Tr [X p]. We assume the
reader is already familiar with the concept of density operator and we refer to standard
treatments for additional clarifications [55-57].

Since the universe is not exhausted by a single quantum system, we should consider what
happens when we combine multiple systems. By the axioms of quantum theory, the Hilbert

1Recall that P € L(H) is a positive semidefinite operator, and we write P > 0, when its eigenvalues are all
non-negative, so that (v|P|v) > 0 for any |v) € H.



Chapter 2. Open Quantum Systems

space of two distinguishabld?| systems A and B with Hilbert spaces H4 and Hp is given by
the tensor product Hap = Ha ® Hp. A general state of the whole AB compound must then
have the form
PAB = Z @ijPA,i ® PB,j, (2.2)
i

where pa,; € S(Ha), pp,j € S(Hp), and {a;j} C C (with appropriate constraints to ensure
that pap is a valid density operator). In case the sum has a single term, pap = pa ® pp, we say
that the state is factorized—the two systems live in complete respective isolation; otherwise we
say that the state is correlated. If a is diagonal, then psp describes an ensemble of factorized
states: we say that it is classically correlated, or separable. Finally, if a is not diagonal we say
that pag is quantumly correlated, or entangled.

Given a certain p4p, suppose now we want to perform a measurement on system A only.
We are naturally brought to the following question: can we find p4 € S(Ha) such that

Tr[(X ® 1)pas| = Tr[Xpa] (2.3)
for every X € L(Hx)? The answer is yes, and the only possible choice is

pa = Trp[pasl, (2.4)

where Trp : L(Hag) — L(H4) is called partial trace over B, defined as Trz[X ® Y] = (Tr Y)X on
factorized inputs and then linearly extended to the whole L(Hg). The proof can be found
in standard treatments, such as Ref. [55].

Note that once we have composite systems, the formulation of quantum theory with
(mixed) density operators becomes necessary. In fact, even if we always start from a pure
state |V) € Hap of the compound, we need to take a partial trace Trg |WXW| to describe
the state of system A. This is not a pure state, unless |¥) is factorizedﬂ Therefore, the
density matrix formulation is necessary to account for systems that may be correlated with
something else: this is precisely the setting we are interested in when talking about open
quantum systems.

2.1.2 CPT maps

Physical objects are not static. Something eventually happens to them, and they react by
changing their state. In our context, since states are represented using operators, it is natural
to describe such transformations using maps of the form @ : L(H) — L(#H), often referred
to as superoperators (since they act on operators).

Of course, not every such @ is suitable as a transformation of states: a necessary condition
for having a physically reasonable @ is that the space of states S(H) should be left invariant
by ®: this imposes few constraints.

%In case the systems are composed of indistinguishable particles, more care is needed. Specifically, the
presence of fermionic particles requires a re-examination of the concepts of tensor product and partial trace [58].
Nevertheless, it is possible to re-obtain standard tensor products with an appropriate modification of the involved
operators. In the context of the thesis, we will not encounter explicit problems in this regard, but we encourage
the reader to keep in mind such issue.

31f W) = |¢)® | p), clearly Trg [WXW| = |X 1|, whichis pure. Assume instead |W) = 2i,j @ij [Pi)®|¢j) with
{I¢)} and {|¢;)} orthonormal bases of Hy and Hp, and rank(a) > 1. Then, Trg |WXV| = Zi,j(aaf)ij [P Xl
This is mixed because aa’ has more than one nonzero eigenvalue, since rank(aa’) = rank(a).

6



2.1. Quantum states

First, we ask to preserve the convexity of S(H). A natural way to fulfill this requirement
is by making a linearity assumption

Z a; X
i

Second, we should require preservation of positive semidefiniteness:

O

= Z aid(X;), Y{a;} cC, V{X;} c L(H). (2.5)

X>0 = ®&X)z=0. (2.6)

If this is the case, we say that @ is positive. Note that if O is positive, then it is also Hermitian-
preserving, meaning that if X = X' then ®(X) = [®(X)]". In fact, for any Hermitian X we
can write X = X, — X_ with X, > 0 (just take the “positive” and “negative” parts of the
spectral decomposition), so that ®(X)" = [®(X,) - D(X_)]" = (X)) - D(X_) = D(X). Finally,
if Tr X = 1 we should have Tr ®(X) = 1. It is convenient to require then

Trd(X)=TrX, VX € L(H). (2.7)

If this is the case, we say that @ is trace-preserving.

A linear positive trace-preserving superoperator leaves the set of states invariant. How-
ever, this is not the whole story: we should check what happens when our system A is
considered in combination with another one B. More specifically, if ® leaves S(H,) invari-
ant, can we be sure that @ ® 1p, with 15 being the identity on B, leaves S(Hap) invariant?
If @ is a reasonable physical transformation, we expect the answer to be yes. If the whole
setup is prepared in a separable state,

(Do 1]B)(Z: aipa,i ® PB,i) = Z a;i®(pa,i) ® pa,i, (2.8)

which is still a valid separable state of the compound when @ is positive and trace-preserving.
However, we cannot say the same if the input to ® ® 15 is an entangled state [55-57].

As an example, consider the case in which A and B are two-dimensional systems, with
Hilbert spaces spanned by orthonormal bases indicated with {|0) ,|1)}. Take then as @ the
transpose map ®(X) = XT. Of course, this is a linear positive trace-preserving operation,
since transposition does not alter the eigenvalues. However, consider what happens if we
prepare the whole setup in the entangled state |W) = (]00) + |11))/V2. Then,

(@ ® 1) |WXVY| = %(|00><00| +10X01| +[10X01]| + [11X11] ). (2.9)

A simple computation reveals that the operator on the right-hand side possesses a negative
eigenvalue: thus, it cannot be a valid state of the compound.

In order to keep into consideration that our system can be entangled with another one,
positivity is not enough: we must require complete positivity, which is to say that ®® 1z must
be positive for every choice of “ancillary” system B. Of course, a completely positive map is
also a positive map, but the converse is not true, as we just showed.

4 Animmediate consequence of linearity is that equivalent ensembles stay equivalent after the application of ®.
Interestingly, rejecting this statement—and therefore, rejecting linearity—leads to the possibility of instantaneous
signaling, which is certainly undesirable [59].



Chapter 2. Open Quantum Systems

We can now finally make the following statement: a physically reasonable transformation of
quantum states must be represented by a linear, completely positive, and trace-preserving superoperator
®. These requirements are often abbreviated by saying that ® is a CPT map, a quantum channel,
or a quantum operation.

A natural question follows: can we characterize the form of CPT maps out of all possible
maps? In order to answer, we first establish a seemingly unrelated notational device. Fix an
orthonormal basis {|n)} € H of the system and consider the maximally entangled state

1
|E) = — [ny@|n)ye H®H, (2.10)
Vi 2.
where d := dim H. Then, for a given map @, we define its Choi operator as

J(@) = (P 1)|EXE| = %Z@(ln)(ml)@ [nXm| € L(H ® H). (2.11)

By inspection, it is easy to see that, for any X = }; ; x;j |iXj| € L(H),
O(X) = > xy®(|iXjl) =d )" xi(1@ (iDJ@)(1 & |f))
ij ij
=d Y xi; To[J(@)(14® |jXi)] = d Tea[J(@)(1 ® XT)],
i

(2.12)

where Tr; stands for the partial trace over the second copy of the system. This means that
there is a one-to-one correspondence between linear superoperators ® and Choi operators
J(®): such a correspondence is often referred to as Choi-Jamiotkowski isomorphism.

The importance of the Choi operator is established by the following fundamental result,
whose proof can be found in any quantum information textbook [55-57].

Theorem 2.1. Let ® be a linear superoperator on L(H). Then:
(i) @ is completely positive if and only if ](®) > 0. Equivalently, ®(X) = Y, Ko XK}, for some
{Kqa} € L(H).
(ii) @ is trace-preserving if and only if Try J(®) = 1/d, where Try is the partial trace over the
original system. Equivalently, ®(X) = 3, Ko XQ for some {Ky}, {Qa} € L(H) satisfying
Za QaKa =1
(iii) ® is CPT if and only if ](®) = 0 and Try J(®) = 1/d. Equivalently, ®(X) = ¥, Ko XK}, for
some {K,} C L(H) satisfying ., KL K, = 1.

The expression in (i) is usually called Kraus representation of ®, and the operators K, are
consequently called Kraus operators. From this representation, it is immediate to see that
products of CPT maps are CPT maps too.

There are two remarkable facts about this theorem. First, even though the definition of
complete positivity involves an arbitrary ancillary system, we actually only need to consider
one with the same Hilbert space as the original system. Second, we do not need to check that
(®® 1)P is positive for every possible choice of P > 0 when investigating complete positivity:
it is sufficient to just take P = |EX&E|. This is why the Choi operator is so important in the
characterization of completely positive maps.

Theorem [2.1|thus establishes a one-to-one correspondence between the set of CPT maps
and the closed convex set of physical Choi operators

J(H) = {PeL(H®H):P>0,TryP=1/dimH}. (2.13)
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2.2. Time evolution

Note that J(H) ¢ S(H®H), which means that physical Choi operators are actual admissible
states of the combined system-ancilla setup.

We conclude this section by discussing a concept which will be useful later. Given two
states p1, p2 € S(H), it is a known fact of quantum information theory that the maximal
probability of correctly distinguish p; from p, with a one-shot measurement is directly linked
to the trace distance [55-57]

(2.14)

1
D(p1, p2) = E”Pl - p2|,,

where || X||; = Tr|X| = Tr VX*X is the trace norm. The question we want to ask is the
following: how does the action of a CPT map affects the distinguishability of two states, as
measured by their trace distance? The answer is the following known result [56| 60].

Theorem 2.2. Let @ be a positive and trace-preserving linear map on L(H). Then,

D(®(p1), D(p2)) < D(p1, p2),  ¥p1,p2 € S(H). (2.15)

In other words, a physical transformation of states must necessarily bring states closer
to each other, making them less distinguishable. This is a structural fact that will play an
important role when discussing non-Markovianity in Sec. Note that complete positivity
is not required for this argument and that plain positivity is enough.

2.2 Time evolution

In the previous section we saw that the state of a quantum system can be described using
density operators, and that a physically reasonable transformation of such states must be
represented by a CPT map. A particularly important instance of state transformation is
naturally given by time evolution. However, since time is a continuous parameter in standard
quantum theory, it is more appropriate to study parameterized families {®;} of CPT maps,
with t being time.

221 Time evolution in closed systems

For exposition purposes, we start the discussion by reviewing how time evolution works in
the easier setting of closed systems, i.e., systems which are assumed to evolve independently
of any other system that may be present in the universe. This is of course an idealized
scenario, but it forms the fundamental basis for all the subsequent discussion.

According to the axioms of quantum theory, the state of a closed system [¢;) € H at time
t obeys the Schridinger equation [1]:

d .

a [Ye) = —iH(t) [Pr), (2.16)
for a suitable system-dependent Hermitian Hamiltonian operator H(t) € L(H). Note that
if |¢;) satisfies (2.16) then % (Y¢|Y¢) = 0, hence normalization is correctly preserved.
Since (2.16) is a first-order linear differential equation, its solution satisfies

|lpt> = utls |l/)s> 7 Vt 2 S, (2.17)

9



Chapter 2. Open Quantum Systems

where U;; € L(H) is called evolution operator or propagator. Clearly, Us s = 1 and, since
(Yelyy) = (¢S|U;5Utrs|gbs), the propagator must be unitary, u;sut,s = ut,su;s = 1. More-
over,

lsy =Uf ), Vs, (2.18)

hence U;r, , can be seen as an “inverse” propagator. Occasionally, we may write U;r, s = Usyt
We can also infer the composition law

Ut,s = llt,,yutfls, Vs < t <t (219)
Of course, the Schrodinger equation can equivalently be written as a differential equation
for the propagator as follows:

d
SpUes = —iHOUps, Uss = 1. (2.20)

An important result is that the unique solution to Eq. (2.20) is

& t T1 Tyn-1
Ups =1+ Z(—i)”/ d’q/ dr, .. / dt, H(t1)H(72) ... H(1y), (2.21)
o s s s

which can be proved by directly taking the time derivative.

Note that the string of operators H(71)H(t2)...H(7,) is laid out such that 71 > 7o >
... > T,. As a consequence, it is typical to rewrite the above equation using the following
convenient notational device. Given n parameterized operators X;i(t1),..., Xu(t,), there
exists a permutation ¢ : {1,...,n} — {1,...,n} such that t,q) > tye) > ... > tym). We
define the time-ordering operation T by

T{X1(t1)... X, (tn)} = X(p(l)(t(p(l)) - X(p(n)(t(p(n))- (2.22)

In other words, T takes as input a product of operators and has the effect of reordering them
such that the time parameter increases from right to left. Sometimes it will be convenient to

consider also an anti-time-ordering operation T which orders time in the opposite direction:

T{X1(t1) - - - Xn(t)} = Xopn) (b)) - - - Xty (Ep(a)- (2.23)

Note that all operators can be thought of as commuting with each other when put inside T,
since T will eventually order them in the same way. More explicitly,

T{Xo(1)(ts) - - - Xo(m) (o)} = T{X1(t1) ... Xn(tn)} (2.24)

for any permutation ¢ of {1,...,n}.
Now, let S, be the set of permutations of {1, ..., n}. We can write

t T1 Tn-1
/ d”[l/ de.../ dt, H(t1)H(12) ... H(7y)
S S S

Ty
s

:/tdfcl/n drz‘../ 1dTnT{H(Tl)H(Tz)...H(Tn)}
=) / a4 / Y. / " e, T{H(t0)H (o) - H(ogn)

T 0eG,

t t t
:%/S d’l?1/s d'cz.../s dt, T{H(t1)H(72)...H(t8)},

(2.25)

10



2.2. Time evolution

where in the first equality we used the fact that H(71)...H(t,) is already ordered, in the
second equality we applied the symmetry property (2.24), and in the third equality we
used the known expression for the integral over the n-dimensional hypercube [s,t]". As a
consequence,

Uy s = Z:;) % / d"t T{H(t1) ... H(ty)}, (2.26)

whered”r = dry ...d7y,, and itis understood that the term with n = 0is equal to the identity.
This expression is known as Dyson series. It can also be written as a more compact ordered
exponential [1]

t
Uy s :Texp[—i/ H(T)dT], (2.27)

where it is understood that the time ordering T is applied to the integrands after the expo-
nential is expanded. Of course, in case the Hamiltonian does not change with time, H(t) = H,
then time ordering is unnecessary and U; s = e #1(=5),

In the following it will be useful to note that the ordered exponential can be written as
the product of an infinite number of infinitesimal exponentialsﬂ

ut,s = lim [e—iH(tn)Ate—iH(tn,])Af o e—iH(to)At] , (228)
n—oo

where At = (t —s)/n and t; = s + jAt for j € {0,...,n}. The proof is simple:

lim [ (I e—iH(tg)At] - lim T { (I e—iH(tg)At}

n—0oo n—o0o
n : (2.29)
= lim Texp —iZH(tj)At :Texp[—i/ H(T)d’[],
n—oo
j=0 s

where in the first equality we used the fact that the exponentials are already ordered, in the
second equality we thought of the exponentials as commuting operators inside T—and thus
we compacted them into a single exponential—and in the third equality we recognized a
Riemann sum which turns into an integral upon taking the limit.

Summarizing, we showed that the Schrédinger equation for the evolution of pure
states is solved by Eq. with the propagator (2.27). But what about mixed states? Since
density operators can be written as convex combinations of pure states, it is immediate to
realize that

p(t) = Ursp(s)Uf = Uy s[p(s)]. (2.30)

Since U, s is unitary, this is a valid Kraus decomposition, so that U; s is a CPT map for every
t > s. By taking the derivative with respect to ¢, we see that this is the unique solution to the
differential equation

Do) = ~ilH), plo), @a1)

where [X, Y] := XY - YX is the commutator between the operators X and Y. Eq. (2.31) is
known as the von Neumann equation and it is the generalization of the Schrédinger equation
to density operators [61].

5In mathematical terms, this is known as a left product integral.
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Chapter 2. Open Quantum Systems

2.2.2 Time evolution in open systems

The moment we let our system of interest interact with other systems, we can no longer
expect its evolution to be dictated by a von Neumann equation. We will now discuss how to
formally describe the time evolution in this more complex scenario, involving open quantum
systems [6-8].

Let S be our system of interest, and let E be its surrounding environment, i.e., all the other
systems in the universe of discourse which are not S. By definition, the compound SE is a
closed system, and its density operator psg(t) € S(Hsg) evolves unitarily, as in Eq. (2.31).
Let us fix an initial time point tg at which we agree that the state of the universe is psg(to).
Then, the state of S at time t > tg, p(t) = Trg[pse(t)], is given by

p(t) = Tre[Uy 1, pse(to)]. (2.32)

Since S is what we care about, we would like a dynamical map ®; such that p(t) = ®;[p(to)],
with p(ty) = Tre[pse(to)]. Unfortunately, it is impossible to do so if we make no assumption
about pse(to) [62, 63]. Consider in fact the following example. Suppose both system and
environment are two-dimensional systems spanned by orthonormal bases indicated with
{10),11)}, and suppose the whole dynamics is described by the one-shot CNOT gate

Uiy = Ts ® [0X0| + 0, ® |1X1], (2.33)

where o is the Pauli operator with actions o, |0) = |1) and o, |1) = |0). Consider now the
following two different initial states:

pl(t9) = 5[ 10X01 ® 0X0l +[1X1] ® 111 ], 2.342)
pap(to) = %[Ilel ®0X0] +|0X0| ® [1X1] |. (2.34b)

The reduced state of the system is the same in the two cases, p(tg) = Trg p(slbiz)(tg) = Tg/2.
However, if we first apply the dynamics,

1 1
Uy p(to) = 10X01 ® =, Ussopl(to) = [1X1] ® =, (2.35)

and then we take the partial trace over the environment, the system ends up in two different
states. We conclude that p(t) is not uniquely defined as a function of p(tp) alone.

The easiest way out of this problem is to assume that system and environment are initially
not correlated:

pse(to) = p(to) ® Qo, (2.36)

where Qy € S(Hr) is a fixed state of the environment. In this case, we indeed have
p(t) = D¢[p(to)], O (X) = Tre[U 1 (X ® Qo)]. (2.37)

It is easy to show that this is a CPT map for every t > ty, and therefore it describes an
admissible physical evolution for Slﬂ

6 Actually, the expression in (Z.37) is another way to characterize CPT maps, and it is known as the Stinespring
representation of @y, or as a Stinespring dilation [55-57].
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2.2. Time evolution

The assumption of initial factorized state can be slightly relaxed if we adopt a more oper-
ational viewpoint [63]. Since a dynamical map ®; should be able to describe the evolution of
an arbitrary initial state of the system S, we can imagine to employ the following procedureﬂ
starting from a naturally occurring universe state psg(to), discard the system S and prepare
it anew in a desired state p(fp). The “input” to the unitary evolution is still a factorized state
p(to) ® Q, but this time )y is not an arbitrary state of the environment: it is obtained by
tracing out the system from the initial universe state, Qo = Trs[pse(to)].

Writing ®; in Eq. is not the end of the story. The environment E is typically an
incredibly large object, and the map U; ¢, cannot be practically handled in the vast majority
of scenarios. These difficulties can be softened if we manage to write a differential equation
for p(t) using only the information about the environment that is relevant for the evolution
of p(t). Since S is usually much more manageable and under our control, solving such
equation of motion is much easier than calculating the whole U, ;,. Note also that if we are
only interested in the evolution of S, the object U; +, contains a huge amount of unwanted
information concerning the evolution of E.

There are many ways to approach the problem of writing an equation of motion of which
@, is the solution. Here we describe a path that makes use of an additional assumption about
®;. We say that the dynamical map ®; is regular if, for any t > to, there exists a map @;!
such that q)tth_l = q)t_l®t = Is. When viewed as a linear operator, th_l is just the inverse of
@;; however, ®;! will not be a CPT map in genera and it does not represent any physical
transformation. What we are practically requiring is that different initial states never cross
each other during the evolution, i.e., p1 # p2 = DP:(p1) # Pi(p2). Regularity thus indeed
restricts the set of evolutions we can cover, but it is usually accepted as a mild condition [64].

Suppose we are allowed to take the time derivative d®;/dt of a regular dynamical map
®;—otherwise there is little hope of writing an equation of motion. Then, we define the

generator of ®; as

_ Ao
Ly= o (2.38)

From the generator, we obviously have the following first-order linear differential equation:

do
d—tf =L,®;, Dy =1Ts. (2.39)

Equivalently, if we write p(t) = ®;(po) with pg € S(Hs) being an arbitrary initial state,

dp®)

o =Lile®],  plto) = po. (2.40)

This is called a master equation for p(t), or a time-local master equation to emphasize that the
generator £; depends on time t only. We can formally write the solution using an ordered
exponential:

t
p(t) = Texp['/t dt LT]po. (2.41)

7This is the prescription proposed in Ref. [63], where it is shown that this is the natural choice if one wants to
interpret the dynamical map as a “law of motion”.

80ne can show that CIJt_1 is a CPT map if and only if ®;(X) = UXU" for some U unitary [7]. Therefore, for
a truly open system, CDt_l is never CPT: this is why irreversibility is such an important concept in open system
dynamics.
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Chapter 2. Open Quantum Systems

The fact that ®; is a CPT map imposes some constraints on £;: we cannot expect an
arbitrary superoperator to be a valid generator for a master equation. Unfortunately, at
the time of writing, there is no known general characterization of generators giving rise to
CPT dynamical maps (or even just positive trace-preserving ones) [16, 65]. This is arguably
the most important unsolved problem in the mathematical theory of open quantum sys-
tems. However, an important characterization can be given if we just use preservation of
Hermiticity and trace, as shown in the following theorem [64].

Theorem 2.3. Let ®; be a dynamical map on L(Hs) satisfying the master equation @2.40). Then ®;
is Hermitian- and trace-preserving if and only if, for every t > to, there exists a Hermitian operator
h(t) € L(Hs), a Hermitian coefficient matrix x(t), and a set {L;} C L(Hs) of operators such that the
generator of ®; is

L£4(X) = ~ilh(t), X] + ) ;(ij(t)[LiXL;.“ - %{L}Li,x}], (242)
i

where [X,Y] = XY — YX is the commutator and {X,Y} := XY + YX is the anticommutator.

Proof. First, suppose ®; is Hermitian- and trace-preserving. Its generator, being a linear map
on L(Hs), can be written as £(X) = 3, Ko ()X Q[ (t) for some operators {K,(t)} and {Qa(t)}
in L(Hs). Let {G;} be an orthonormal basis of L(Hs) and expand K,(t) = >; k,,i(f)G; and
Qa(t) = Zj 9a,i(t)Gi, so that
LX) = ) t(NGiXG], (243)
ij

where 6;j(t) = X, ka,i(t)q], ].(t). Since @; is Hermitian-preserving, we have @;(X)" = @;(X)
whenever X = X*. Therefore, from the master equation,

d
ar

@,(X) = S0i(X) = LID(X)] (2.44)

Li[0(X)]" =
This implies that the coefficient matrix ¢(t) is Hermitian, Z;i(t) = (j(t). Moreover, we can
always choose the orthonormal set {G;} in such a way that one element is proportional to
the identity and the other elements are traceless: specifically, we call Go = 15/ Vd (where d
is the dimension of Hs), so that

Loo(t 1 1
Li(X) = 0‘;( )x+ L Z io(H)GiX + — Z fo; ()X G + Z 6;()GiXG!
Vd i#0 Vd i#0 i,j#0
' (2.45)
= F(H)X + XF(t)' + Z £;(t)G;iX G,
i,j#0
where F(t) = loo(t)/2d + 2,40 Lio(t)Gi/ Vd. Moreover, since ®; is trace-preserving,
d d
Tr Li[@1(X)] = — Trd(X) = — Tr X = 0. (2.46)
dt dt
Therefore, we must have
F(t)+ F(t)" = - Z 6;(HGG:. (2.47)

i,j#0
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2.2. Time evolution

Using the relation F(t)X + XF(t)" = %[F(t) —-F(Ht, X+ %{F(t) +F(t)t, X}, we finally conclude

Li(X) = 5 [F() - F®O, X] + > t(1)

i,j#0

GiXG! - %{jSx}] (2.48)

NI+~

which has the form in Eq. once we define h(t) = —L[F(t) - F(t)'], Xxij(t) = &;(t) for
i,j #0,and L; := G; for i # 0. Note that h(t) is a Hermitian operator by construction, and
that the Hermiticity of x(f) follows from the Hermiticity of £(t).

For the converse direction of the theorem, suppose the generator £; of ®; is given by

Eq. (2.42). By inspection, we see that
LX) = L£y(x"), TrLi(X)=0, (2.49)

for any X € L(Hs). But we also have

t ad t T1 Tn-1
Dy(X) :']Fexp[/ d’C.[:T]X = X+Z/ dn/ d’Cz.../ dt, Loy Loy ... Lo X,
to n=1 to to to

(2.50)
In case X = X, we can easily prove by induction on n that [L, ... L, X] is Hermitian,
allowing us to conclude that ®;(X) is Hermitian too. Finally, the property Tr ®;(X) = Tr X
immediately follows from Tr £;(X) = 0. O

Eq. is called canonical form of the generator. Since h(t) is Hermitian, the first term
resembles the right-hand side of the von Neumann equation, and is thus called unitary term.
The remaining part is instead called dissipative term. The coefficient matrix y(t) is sometimes
known as Kossakowski matrix, while the operators {L;} are called Lindblad operators. Note that
since the Kossakowski matrix is Hermitian, it can be unitarily diagonalized:

Xij(E) = ) uik A1), (251)

k

where Ax(f) € R and u(t) is unitary. Then, if we define Vi (t) := >; uir(t)L;,
£ =-ilh(0, X1+ Y a0 [oxvio - Hyomo. x|, es
k

which is a diagonal canonical form for the generator. The operators Vi(t) are also sometimes
called Lindblad operators, even though in this case they are in general time-dependent.

2.2.3 Markovian dynamics

It is crucial to understand the following fact: we are allowed to talk about a master equation
because of the existence of an initial time point fo at which system and environment are
taken to be uncorrelated. This is what yields a dynamical map @; in the first place. However,
taken time points typ < s < t, we cannot define in the same way a CPT dynamical map ®; s
such that p(t) = @; s[p(s)], because system and environment are typically not factorized at
time s. We cannot write a composition law of the form ®; = ®; ;®;, in stark contrast with
the closed-system scenario.
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Chapter 2. Open Quantum Systems

In case of regular dynamics, we can formally define a “propagator”
Aps =007, ty<s<t, (2.53)
in such a way that the dynamical map is divisible as [66]
D = Ay sDs. (2.54)

A composition law holds for A; s, meaning that A;s = A¢ Ay s for any t’ € [s, t], and if Oy
obeys the master equation (2.40) then A; s obeys the same master equation in ¢ for any fixed
s<t

d

aAt,s = LtAt,SI As,s = ﬂ/ (255)

so that t
Apg = Texp[/ dt .ET], (2.56)

which is the analogue of the unitary propagator in the closed-system case. The problem is
that a map defined through Eq. is not CPT in general. In case it happens that A; s is
actually CPT for any ¢t > s, then it can be interpreted as a propagator and it can be used to
describe the evolution: we say that the dynamics is CP—divisiblfﬂ Of course, a CP-divisible
dynamical map is necessarily CPT, since we can always write ®; = Ay 4.

Studying CP-divisible evolutions is considerably simpler than studying general evolu-
tions: in the divisibility relation , s can be arbitrarily close to t, and if A is an actual
propagator this means that the state of the system at time ¢ directly depends only on the
state at a time s infinitesimally earlier than f. In classical physics, this is what one would
call Markovian dynamics, with the composition law being the analogue of the Chapman-
Kolmogorov relation for probability distributions [67]. For this reason, it is common to
identify Markovianity with CP-divisibility in the quantum settinglﬂ

Remarkably, the simplification introduced by the CP-divisibility assumption is sufficient
to complement Theorem [2.3) with a complete characterization of when ®; is guaranteed to
be CPT, as explained in the following theorem.

Theorem 2.4 (LGKS). Let ®; be a dynamical map on L(Hs) satisfying the master equation (2.40).
Then ®; is CP-divisible if and only if its generator has the canonical form (2.42) with x(t) = 0 for all
t > to.

Proof. Assume first that ®; is CP-divisible and let A; s be the associated propagator. From
the master equation, it follows that

d Dpre(X) = P1(X) _

A -1
.Et[q)t(X)] = d—th(X) = lim im Ziret ™ 7S
t e—0

S
. lim Dy (X). (2.57)

Therefore, for the purpose of writing the master equation, we can think of £; as

Atrer — 1s

L = lim (2.58)
e—0

9The prefix CP stands for “completely positive” and it is used to distinguish this concept of divisibility from
situations in which A s has less properties. For example, the study of P-divisible maps, where At s is just positive,
is rich in results [16].
101t is worth pointing out that the description using dynamical maps ignores the possibility of performing
multi-time measurement processes. The process tensor formalism [68] includes such processes into the picture,
and in that scenario different notions of Markovianity emerge that are not equivalent to CP-divisibility [69,70].
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2.2. Time evolution

Since A s is assumed to be CPT, we can write it in Kraus representation:

Ars(X) = Z Ka(t, s)XKE(t, s). (2.59)

Let {G;} be an orthonormal basis of L(Hs) with Go = 15/Vd and d = dim Hs. Then we can
expand K,(t,s) = 3, kq,i(t,s)G; and

As(X) = Y A, $)GIXGE,  Agjlt,s) = ) Kailt, )k, (). (2.60)
i,j a

Note that A(t, s) is a positive semidefinite matrix by construction. Moreover,

o] t - t
£,(X) = lim ~ Z]: Aij(t + €, HGiXGF - X| = Z]: 6;(HGiX G, (2.61)
where At H
- it +¢€,
fo(t) = lim A0 FEDZd gy gy S EED (2.62)
e—0 € e—0 €

Thanks to the positive semidefiniteness of A(t, s), we see that ¢() is also a positive semidef-
inite matrix. But, according to the proof of Theorem {(t) is exactly the Kossakowski
matrix x(#) once we restrict its indices to i, j # 0.

For the converse part of the theorem, suppose £; has the canonical form with x(t) > 0,
and consider the map A defined through Eq. (2.56). Using an argument similar to the
one employed in the proof of Theorem we immediately conclude that A; is trace-
preserving, since Tr £L;(X) = 0: we only need to prove that A;, is completely positive.
According to Eq. (2.28), we can write

At s = lim [eLanteL'n—lAt...eLfOAt], (2.63)

n—00

where At = (t —s)/n and t; = s + jAt for j € {0,...,n}. Since products of CPT maps are
CPT maps, it is sufficient to prove that exp[7.L;] is completely positive for any 7 and t. Let
us write £L; in diagonal canonical form . Since we assumed x(t) > 0, we know that
Ak(t) > 0. Hence,
L£:(X) = F(H)X + XFH(t) + Z V()X VI(B), (2.64)
k
where F(t) = —ih(t) — Xx Ak(t)VkJr(t)Vk(t)/Z and Vi(t) == VAe(t)Vi(t). In other words,

Li=29+ ZL?‘), £Ox) = Fix + XF' (1), £LPX) = VXV (265
k

One easily checks by differentiation that
L (X) = e TOX T, (2.66)

which proves that exp [’L’LEO)] is completely positive. Moreover,

00 = ) Sver X, (267)
n=0

17



Chapter 2. Open Quantum Systems

which is also completely positive. But, using a Trotter expansion,

n

L0 l—[ RIS
k

e™t = lim

n—00

(2.68)

which is completely positive because it is a limit of products of completely positive maps. O

Theorem is the generalization of a famous result developed by Gorini, Kossakowski,
and Sudarshan in Ref. [12], independently extended to the bounded infinite-dimensional
case by Lindblad in [11]. Therefore, we will refer to it as the LGKS theorem. The original
theorem focused on the special case in which the generator does not depend on time, £; = L,
so that the expression for the propagator simplifies as

Aps =e9L, (2.69)

In this case Ats = A¢_s is homogeneous in time, meaning that it only depends on the time
difference 7 = t — s instead of t and s separately. {A;} is known as a dynamical semigroup [10]],
in order to remind ourselves of the composition law, which in the Markovian case translates
into compositions of actual physical transformations.

According to the LGKS theorem, the eigenvalues Ai(t) of the Kossakowski matrix for
CP-divisible evolution are all non-negative. An interesting physical interpretation for this is
that they can be seen as transition rates. More specifically, let us assume for simplicity that h(t)
and Vi(t) are time-independent, and let us also assume that we can write i = )}, E, |V X4l
and Vi = Vg = [PaXp| (for @ # B), with {|1)4)} being a spectral basis for h. If we write
the system state as p(t) = >, pa(t) |[PaXPal, one can check by direct computation that the
master equation turns into the following differential equation for p,(t):

e
Poll) S [AupOpp(6) ~ ApaltIpa(t)]. @70

p*a

This is nothing more than a standard rate equation for a classical Markovian process [67]. The
coefficients A,p(t) represent probability rates of jumping from state |{g) to state [1,).

Of course, if Ax(t) < 0 for some t, this interpretation falls apart and, in fact, we must have
non-Markovian dynamics. It is important to stress out that we do not have a characterization
theorem for CPT dynamical maps in case Ax(t) < 0. An arbitrary generator in canonical
form with Ai(f) < 0 at some time f may or may not represent a valid evolution. We only
know for sure that if it represents a valid evolution, then the corresponding dynamical map
must be non-Markovian. The problem of detecting when a generator gives rise to CPT
non-Markovian dynamics is very relevant [13-16].

2.2.4 Measures of non-Markovianity

In certain situations one could be interested in measuring how much a non-Markovian
dynamics under consideration deviates from a Markovian one. There are several non-
equivalent ways to approach this question, each with its pros and cons. Here we will
consider two of them, since they will turn out to be useful in the following chapter.
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2.2. Time evolution

In case a time-local master equation is given in canonical form, a natural choice to
measure the degree of non-Markovianity is to determine how much the eigenvalues Ak (t) of
the Kossakowski matrix are far from being all non-negative. More specifically, we can use

m(t) = Z max {—A(t), 0}, (2.71)
k

or its integrated version over a time interval if we are interested in a more global measure.
This is called Rivas-Huelga-Plenio (RHP) measure [71]. Assuming the master equation under
consideration is guaranteed to generate CPT evolution, we can be sure that m(t) = 0 if and
only if the dynamics is Markovian and the more m(t) increases the farther we are from
Markovianity. Interestingly, one can show that m(t) can also be written in terms of the Choi
operator of the propagator [71]:

(e o tim sl =1

e—0 €

, (2.72)

which clearly shows that m(t) measures how far the propagator is from being a CPT map—
which is precisely the definition of Markovianity as CP-divisibility.

Unfortunately, in many situations one does not have access to a master equation in
canonical form, and calculating m(t) may be cumbersome. Suppose instead that only ®; is
available, perhaps as the result of a numerical simulation: can we define some quantity that
is able to detect whether the evolution is non-Markovian or not? Consider two initial states
p1, p2 of the system at initial time fp and denote pi(t) = P;(p1) and pa(t) = D(p2) for any
t > tp. Given two time points t > s, the distinguishability between p; and p», as defined by

Eq. (2.14), obeys

DIpr(6), pa(0)] = 3]l (6) = (6], = 3 l01(p1) = Bi(pa)], = Sl @etpr - po,

= 2Acs®.or = p2l, = 5 l1Aeslprts) — pas], 273)

= D[A¢spi1(s), At,sp2(s)].

In case of Markovian dynamics, the propagator A s is a CPT map, and Theorem 2.2)implies

DI[At,sp1(s), At sp2(s)] < D[pi(s), p2(s)]. (2.74)

In other words, the distinguishability D[p1(t), p2(t)] is a monotonically non-increasing func-
tion of time:

o(p1, p2it) i= SDIpi(h), palt)] < 0. @75

If, for a certain choice of p1, p2, we observe ¢ > 0 at a certain time, we can be sure that the
evolution under consideration is non-Markovian: this is called the Breuer-Laine-Piilo (BLP)
condition [72]. The interpretation is that when ¢ < 0 at all times, the states of the system
are destined to become more and more indistinguishable, since information is completely
lost to the environment. Instead, when ¢ > 0 in a certain time interval, there is an infor-
mation backflow from the environment to the system: this regain is what allows states to
acquire previously lost distinguishability, and constitutes a purely non-Markovian mech-
anism. However, note that the BLP condition says nothing in case we observe o < 0 all

the way through: we could still have a non-Markovian evolution that happens to not show
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Chapter 2. Open Quantum Systems

information backflow for the considered choice of p1, p2 (or for any other reason). The BLP
condition is then just a non-Markovianity witness, and not a measure. If an evolution is wit-
nessed to be non-Markovian by the BLP condition then it must have non-zero RHP measure,
m(t) # 0, but the converse is not necessarily true [73].

2.3 Standard microscopic approach

The discussion about time evolution in open quantum systems was purely structural and
formal. An important question remains to be answered: how do we write the generator
of a master equation in practical situations? Is there a way to construct the quantities /(t),
x(t), {L;} appearing in the canonical form starting from a given microscopic description
of the system and its environment [74, 75]? In the closed-system case, the “microscopic
description” is exhaustively provided by the Hamiltonian operator, but in the open case it is
not yet clear what we need. In this section, we will discuss the standard way to derive master
equations under a number of suitable assumptions and approximations, especially towards
a Markovian setting. In the rest of the thesis we will explore various methods to generalize
this construction by progressively relaxing such approximations.

2.3.1 Nakajima-Zwanzig equation

Since the system-environment compound is closed by definition, let us start by specifying
its Hamiltonian, assumed for simplicity time-independent:

H=Hy+AV, Hy=Hs® 1+ 15® Hf. (2.76)

Here, Hj is a “free” term, containing the Hamiltonians of system and environment Hs and
HE as if they were independent of each other. Instead, V is the term that accounts for the
interaction. We introduced a parameter A, having the dimension of energy, in order to keep
track of the order with which V appears in the following expressions. We can imagine A
to be a constant representing the “strength” of the interaction. Furthermore, we can always
write V in the form

V= Z Aa® By, (2.77)
o

where {A,} € L(Hs) and {B,} € L(Hg). Even though one could always take A, and B,
as Hermitian operators with appropriate rearrangements [6, 7], here we will not make this
assumption. Of course, V must be a Hermitian operator: as a consequence, the sets {A,}
and {B,} need to satisfy a consistency requirement. Specifically, for each interaction index a,
there must exist a unique index @ such that
Al =A;, B! =B; (2.78)

This ensures that if A, and B, appear in the sum (2.77), then A}, and B}, appear too and V is
guaranteed to be Hermitian.

The density operator pgsg(t) of the universe evolves according to the von Neumann
equation

%pSE(t) = —i[H, pse(t)]. (2.79)
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2.3. Standard microscopic approach

Since the interaction V' is what makes the problem non-trivial, it is convenient as a first step
to “hide” the free evolution by changing the reference frame. If we define

0se(t) = et pgp(t)e 't (2.80)

one can easily check that
%ng(t) = —iA[V(t),05e(t)],  V(t) = eTotVe ot (2.81)

This is a common procedure in quantum mechanics, called moving to the interaction picture [1}
61]]. Remembering Eq. (2.77), we can also write

V(t) = ZAa(t) ® Ba(t),  An(t) =Bt Age st B (t) = eI B e HEL (2.82)
o
If we define the superoperator V(t) through V()X := —i[V(t), X], we equivalently have

d

EQSE(t) = AV(t)ose(t). (2.83)
For what concerns the initial condition, we will assume there is an initial time ty at which
system and environment can be taken to be uncorrelated:

ose(fo) = o(to) ® Qo, (2.84)

where ¢(to) is an arbitrary initial state of the system and Q) is a fixed environment state.

From here, we are interested in tracing out the environment to obtain a differential
equation involving solely the system’s state. Note that the partial trace operation is preserved
by the passage to the interaction picture, since if p(t) = Trg psg(t) then

TI'E QSE(t) — TrE[eiHotpSE(t)e—iHot] — eiHst TrE[eiHEtpSE(t)e—iHEt]e—iHst

. . 4 . 2.85
— eletTrE[pSE(t)]e—let — eZHstp(t)e—ZHsf — Q(t). ( )

In order to extract o(t), let us define a projection superoperator  on L(Hsg), and its comple-
mentary Q, through
PX] = Tre[X]®Qp, Q= Tsg—P. (2.86)

We call P projector because P? = P, thanks to the fact that TrQy = 1. If we apply # and Q
to Eq. (2.83), we obtain the following pair of equations:

%[PQSE(t)] = APV (t)ose(t) = APV (H)[Pose(t)] + APV (H)[Qose(t)], (2.87a)
%[QQSE(t)] = AQV(t)ose(t) = AQV(1)[Pose(t)] + AQV(t)[Qose(t)], (2.87b)

with initial conditions P ose(to) = 0se(to) and Qose(to) = 0.
Before moving on, we make a simplifying assumption. For any X € L(HsEg),

PVHPX =PV(t)Tre X ® Qo) = —iP[V(t), Tre X @ Qo] = =i Tre[V(t), Tre X @ Qp] @ Qo

=i Z Tr[Ba(H)Qo][An(t), Trr X] ® Q. 058)

21



Chapter 2. Open Quantum Systems

We will assume the so-called stability condition:
Tr[Ba(t)Q] =0, Va, (2.89)

so that PV (t)P = 0. Such condition can always be ensured when () is a stationary state of
the environment, i.e., when [Qg, Hg] = 0. In fact, in case Tr[B,(2] = 0 for all @, one simply
has Tr[Ba()Q0] = Tr[e™e! Bye et Q| = Tr[BoQo] = 0. Instead, if gy = Tr[BoQo] # O for
some «, define

By = Ba — o lg (2.90)

and

Vi=V-) taAe®Tp= ) As®Ba,  Hy=Ho+ ) paAs® 1p. (2.91)
a a (04

If we make the substitutions Hy +— ﬁo and V 17, the total Hamiltonian H stays the same,
Hj still does not contain interactions, and V is defined in terms of environment operators
satisfying Tr [B.Q] = 0 for all a.

Since PV (t)P = 0, we can write Eq. as

S [Pose(0)] = APV()[Qose(0)]. 29

We can close this equation if we formally solve Eq. (2.87b) for Qosg(t). But this can be easily
done using the operator version of the variation of parameters formula, well known from
the theory of ordinary differential equations:

t

Qose(t) = )\/ ds G(t,s)QV(s)Posk(s), (2.93)
fo

where we used that Qpse(tp) = 0 and where G(t, s) is the propagator associated with the
homogeneous version of Eq. (2.87b),

t
G(t,s)=Texp [/\/ dt Q(V(T)]. (2.94)
Substituting in Eq. (2.92),
d t
SPesc] = 22 [ dsPYOIG,9QVEIPos(5) 2.9

This is known as Nakajima-Zwanzig equation, and provides an exact master equation for the
system state, albeit with a highly nontrivial dependence on microscopic parameters [6, 7].
This complexity makes the equation almost useless for practical purposes, at least if we do
not make further assumptions about the setup.

Note that the Nakajima-Zwanzig equation is not a time-local equation as the ones we
discussed in Sec. because the right-hand side of Eq. depends on Ppsk(s) for all
values of s € [to, t]. Nevertheless, for regular dynamics, it is always possible to express it as
a time-local equation, as discussed in Ref. [6].
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2.3. Standard microscopic approach

2.3.2 Weak coupling and Redfield equation

Suppose system and environment are just weakly coupled to each other, so that we are entitled
to imagine A as a small expansion parameter. In case we stop at the lowest order, the
Nakajima-Zwanzig equation considerably simplifies, as we will now show.

Since the universe evolves unitarily, we can write psg(s) in terms of psg(t) using the
inverse total propagator:

ose(s) = U ose(t), (2.96)
where t
U s = Texp [A/ dr (V(T)]. (2.97)
Therefore,
d t
EUDQSE(”] = /\zft ds P(V(t)g(t,s)Q(V(s)P(L{tTSQSE(t). (2.98)

Suppose now we expand the exponentials that define G(t,s) and U,'.. Assuming V to be a
bounded operator, a simple norm estimate shows that the nth term of such expansion is of
order O(A"t"). As a consequence, at lowest order,

t
%[Ppsg(t)] = AZ/t ds PV(HQV (s)[Posk(t)] + O (A%). (2.99)
0

We should keep in mind that At is the relevant expansion parameter here: for a finite value of
the coupling A, we cannot expect the truncated master equation to be accurate at arbitrarily
large time ¢.

Assume now A < t7! and let us ignore the O (A3t2) term: we are left with a time-local
master equation that is free of ordered exponentials. Let us write it more explicitly. First,

since @ = Tgg — P and PV(s)P =0,
d t
SPesc0] =22 [ dsPYOVOPass] 2:100)
to
Moreover, for any X € L(Hsg),

PVHV(SPX = PV(H)V(s)(Tre X © Qo) = ~iPV(HV(s), Tre X ® Q]
= —P[V(t),[V(s), Tre X ® Q)]

= —Tre[V(t),[V(s), Tre X @ Qp]] ® Qo (2.101)
= —Tre[V(t), V(s)(Tre X ® Qp)] ® Qo + H.c.,
therefore
d t
ag(t) = —)\2/ ds Tre[V(t), V(s)(o(t) ® Qp)] + H.c. (2.102)
to

At this point it is convenient to define the so-called environment correlation functiorE]

cap(t,s) = Tr[Ba(t)Bg(s)Qo]. (2.103)

1156ome authors define this function using BZ(t) instead of B4(f), but for our purposes it will be more useful
to keep this notation. The two definitions can of course be linked to each other.
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Chapter 2. Open Quantum Systems

Thanks to Eq. (2.78), it has the symmetry
c;ﬂ(t,s) = CEE(S, t). (2.104)
Moreover, in case () is stationary, this function is homogeneous in time, meaning that

Caﬁ(t/ S) — Tr[@iHEtBae_iHEteiHEsBﬁe_iHESQO] — TI'[EiHEtBae_iHE(t_s)B‘BQQE_iHES]

. , (2.105)
= Tr[eMe=9)B e 7HE=) B3| = Tr[Ba(t — s)BgQo| =t cap(t — s).

Carrying out the partial trace in Eq. (2.102) and using the definition of environment
correlation function, we obtain

t
%Q(t) =-A2 Z/t ds cap(t —s)[Aa(t), Ap(s)o(t)] + H.c. (2.106)
a,p vto

This is known as the Redfield equation [19, 20], and it will be a central object of study in the
thesis. It is also typically rewritten using the change of variables 7 := t —s:

d t—tg
el = -2 dtc, An(t), Ag(t — . .
ar?) Zﬁ] /0 T cap(D[Aalt), Aplt = T)o(D)] + H (2.107)

Before moving on, it is convenient to put this master equation in canonical form. Even
though there are infinite ways to achieve this, a natural starting point is provided by the
spectral decomposition of the free system Hamiltonian:

Hs = > wrlpiXil . (2.108)
k

Each interaction operator A, can be expanded in such energy eigenbasis,

A= AagErg,  Aagg = (UrlAdpy),  Erg = 10Xyl (2.109)
kg

Since e'Hs! Ey e st = e‘i“’kfitEkq, with wg, = ws — wk, we can also write

Au(t) = Z et Ay 1oEgg = Z et AL E (2.110)
k,q k,q

where in the second equality we exchanged k <> g. Therefore,

[Aa(t), Ag(t = T)o(t)] = Z e"“”‘qte‘i“’”"'“‘”Af;,kqAﬁ,nm[Eiq,Enm@(t)], (2.111)
k,q.n,m
which leads to
dLO(t) 2 (i, —@ % +
— =2 Z Z Tag(@nm; )’ A% A [E}, Enno(t)] + Hee.
ap kignm | (2.112)
=A% > Kigum(D)e = [E} ()] + He,
k,qmn,m
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2.3. Standard microscopic approach

where we defined the quantities

t—tg )
raﬁ(Q); t) == A dt Caﬁ(’[)eler qu,nm(t) = Z raﬁ(wnm; t)A;,kqAﬁ,nm- (2113)
ap

Now we want to expand the commutator and the H.c. term, with the aim of grouping
the various terms according to the structure of the canonical form. For future convenience,
we wrap this calculation in a general lemma.

Lemma 2.5. Consider a collection of operators {X,}, a Hermitian operator p, and a set of complex
coefficients { fap}. Then,

o Jab = fy . 1
= D Sl X}, Xopl + Hee = =i 3 ==X Xy, pl + ) (fan + fba>[xbpxz - 5 {xix, p}]-
a,b a,b

ab
(2.114)
Proof. We can write
= 3 fulXE Xepl + Heo == 3 fu(X3Xop = XupX]) = 3 fi (X0 X0 = XapX])
b ab ab (2.115)
= Do + Fr)XepX] = ) (faXIXop + frupXiX0),
a,b a,b

where we made the substitution a < b in the second sum. The conclusion follows once we
realize that

* 1 * 1 *
fan X Xpp + f1 pXIXp = E(fub + i UX3 X, p} + E(fab — i X Xs, pl. (2.116)
O

According to Lemma if we define the coefficients
qu,nm(t) = qu,nm(t) + K;m,kq(t)' (2.117a)

1 *
Mg um (8) = = [Kig,um(t) = K, 1, ()], (2.117b)

we end up with the canonical master equation

do(t) ., = o 1
_gt = —iA%[Hps(t), o(t)] + A? Z Xk (E)e @)t Enmg(t)E;q—E{EZqEnm,@(t)} ,
k,q,n,m
(2.118)
where B '
Hig(t) = Z nkq,nm(t)el<wkrwnm>tE;qEnm. (2.119)
k,qn,m

It is sometimes convenient to group the sums over energy indices according to the value
of wy,. Specifically, consider the set of Bohr frequencies of the system,

B = o}y s (2.120)
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and for each operator A, and w € B, define

Aa(a)) = Z 6w,wkqAa,qukq/ (2.121)
k.q

which is basically a jump operator between eigenstates of the system separated by an energy
gap w, with each possible jump weighted by the corresponding matrix element of A,. Then,
it is easy to see that

d (t) . ~ ’ i(w—w’
S = =i His(0), 0402 ) Y Kaplw, el
a,p w,w'eB (2122)
’ 1 7
X | Ap(@)o(H) AL (@) - E{Al(w)Aﬁ(w ), 0()},
where
His() =" Y faplw, @’ Al (w)Ag(a), (2.123)
a,f w,w'eB
and
Xap(w, @';t) = Tap(w’;t) + Ty (w;t), (2.124a)
’ 1 ’ *
Nap(w, w’;t) = Z[Faﬁ(w ;0 =T a(a);t)]. (2.124b)

All these equations can also be easily transformed back into master equations for the
original density operator p(t) by reverting the interaction-picture transformation. Since
P(t) — e—letQ(t)elet,

dp(t)

. do(t) .
O ——i[HS,p(t)]+e_ZH5f%61H5t. (2.125)

But we also know that e /HstE kqeiHst = el®ktE kq, Which is enough to conclude that

d
Z—(tt) = —i[Hs +A*Hys(t), p(t)] +A? k ;m xkq,nm(t)[Enm p(t)E} - %{E; JEnm.s p(t)}] (2.126)
or
dg—gt) = —i[Hs + AZHLS(t),p(t)]+/\2 Z Z Xap(w, @’; 1)
o ewes (2.127)
| As(epat @) - (At @Ax@), p0} |
with

His() = > fkgum®OEf Eun =Y D Naplw, @3 )AN(@)Ap(@). (2.128)

k,qn,m a,f w,w'eB
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2.3. Standard microscopic approach

2.3.3 Markov approximation

The Redfield equation is a master equation with time-dependent generator, hence, in princi-
ple, it is able to describe non-Markovian effects. In this subsection, we will show that if the
environment is sufficiently big and if we neglect some short-time dynamics arising at the be-
ginning of the evolution, we can approximate the master equation using a time-independent
generator: for this reason, the procedure is dubbed Markov approximation [6,|7].

Suppose for the moment that the environment is a finite-dimensional quantum system, so
that we can write the spectral decomposition of its free Hamiltonian as Hg = i &k [P X Pkl
Similarly to what we did on the system’s side, we can write By = Xt ; Ba kg [QkX$ql, with
Bakg = (Pr|Baldg). By direct computation, we find

cap(t) = > e BY | By oy ($ul Qolepyg) - (2.129)
k,qn

Since Caﬁ(’[) is a correlation function defined in terms of the interaction operators B,, we
expect it to contain information about how the environment handles excitations arising
because of the interaction with the system. Note that the right-hand side of Eq. is
a quasi-periodic function of 7: by the Poincaré recurrence theorem, it will eventually bounce
back to its initial value [7]. For a finite environment, this is an expected non-Markovian effect
in which information recoils back into the system. However, if the environment is instead
constituted by a large number of particles or modes, the recurrence time becomes extremely
large or, in practice, infinite. In this scenario, we expect cz3(7) to decay to zero after a typical
decay time g, roughly describing how much time the environment needs in order to recover
after having received an “interaction pulse” from the system.

Now, suppose we are interested in times t such that ¢ — f( is sufficiently larger than 7,
meaning that we do not intend to resolve the environment’s relaxation dynamics. Since we
assumed At < 1 when we performed the weak-coupling expansion, we are now additionally
requiring that the interaction strength should be weak with respect to the environment’s
relaxation timescale:

Atg < 1. (2.130)

In standard literature, this is usually also referred to as weak coupling; however, one should
keep in mind that this condition alone is not sufficient to derive the Redfield equation using
the procedure we adopted above.

Assuming t — to > 1 brings the following advantage: since cz3(7) is practically zero for
T > Tg, we can extend the integration region in Eq. from [0, t — tg] to [0, +c0) without
making much of a difference:

Cap(w;t) = tlim LCap(w;t) = / dt caﬁ(r)eim = Tap(w). (2.131)
—00 0

For this to be admissible, we must of course require the environment correlation function
to have a sufficiently strong decay at infinity: rigorous sufficient conditions can be found
in the literature [7, 9. The effect is that the quantities xkg,nm(t), Nkgum(t), Xap(@w, @’;t), and
Nap(w, w’; t) all become time-independent.

Note that the same result can be derived by performing the extension of the integration

domain directly in Eq. (2.107),

d (o]
—o(t) = -A? dt cap(1)[Aal(t), Ap(t - c. :
=Y, | drcastan, A = o) + He (2132

27



Chapter 2. Open Quantum Systems

In the rest of the thesis, we will distinguish Eq. (2.132) and Eq. (2.107) by calling the former
time-independent Redfield equation and by calling the latter time-dependent Redfield equation—
and similarly for the corresponding canonical forms.

2.3.4 Non-positivity of the Redfield equation

While the Redfield equation seems to be a convenient time-local master equation, it was
obtained under a number of approximations: it is then natural to ask whether the associated
dynamical map is CPT or not. In general, this is a non-trivial question. Since the trace of a
commutator is always zero, it is immediate to verify that Tr[dp(t)/dt | = 0 for Eq. (2:107),
hence the trace of p(t) is correctly preserved. Unfortunately, the same cannot be said for
positivity, as the following example shows [21]].

Consider a two-dimensional system, with Hilbert space spanned by {|0),|1)} and free
Hamiltonian Hs = ¢|1X1|. Asthe environment, we take a set of bosonic harmonic oscillators,
so that Hg = Zp €p c;;cp, with ¢, c; being creation and annihilation operators obeying the
canonical commutation relations [c;, C;,] = 0ppr and [cp, cpr] = 0. The system-environment
interaction is taken to be

V = (0X1] +[1X0) @ > gy(cy +ch), (2.133)
P

where g, is a real coupling constant.
The Kossakowski matrix in energy basis for the time-independent Redfield equation is

Xkqnm = [r(a)nm) + r*(a)kq)] (6k06q1 + 6k16q0)(5n06m1 + 6n16m0)/ (2~134)

which means that it has non-zero entries only in the diagonal block = corresponding to the
indices (k, q) € {(0,1),(1,0)}, with

(11

:[ 2Rel(¢)  T(—¢)+T*(e) (2.135)

I'(e)+T*(—e) 2Rel(-¢) |-

Clearly, x > Oifand only if E > 0. A straightforward computation shows that the eigenvalues
of E are

l. =Re[[(e) +T(—¢)] = \/Rez[r(s) —T(=¢&)]+|T(e) + T*(—¢)|?, (2.136)
and that ¢, > {_. One finds that the lowest eigenvalue {_ obeys the implication
L>0 & T(e)=TI(-¢). (2.137)

But the condition on the right is false, in general, which implies that x is not positive
semidefinite and that the associated master equation does not generate CPT evolution.
It is interesting to observe how the diagonal entries of & are non-negative. In fact, with a
direct calculation one finds
O(e —ey) O(e+¢y)
2Rel(¢) =2 2 : g
el'(¢) T(Zp:gp[l—e‘ﬁgﬂ go 1|2

(2.138)

Unfortunately, this is not enough to infer positive semidefiniteness of = because of the
presence of non-diagonal terms. Positivity of diagonal terms will play a role when discussing
the secular approximation in the next subsection.
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Note that it is not possible to straightforwardly extend the above argument to the case
of the time-dependent Redfield equation because it could still be possible for the evolution
to be CPT (and non-Markovian) when the Kossakowski matrix is not positive semidefinite.
Nevertheless, there are examples in which such equation displays non-positive behavior,
even though it typically does so in a less dramatic way with respect to its time-independent
variant [22, 23]].

To date, there is still a lot of debate going on among experts for what concerns the
problem of positivity breaking that affects the Redfield equation. Some argue that such
violations only appear when pushing the equation beyond its limits by considering not-so-
weak coupling values [23]. One should also appreciate how well it works when violations
are not detected: for example, it is probably the only known weak-coupling master equation
that correctly reproduces the relaxation phenomenon to the mean-force Gibbs state [76,
77]. However, others argue that this mathematical flaw has the potential of ruining other
physical requirements even without explicit positivity violations [24-26]. For example,
it has been shown that the Redfield equation violates the generalized quantum detailed
balance condition [78]], and that in certain cases can yield long-lived local generation of
entanglement [79].

2.3.5 Secular approximation

We will now illustrate the traditional way of curing the non-positivity problem of the Redfield
equation, at the price of introducing an additional assumption about the system. This
procedure exclusively applies to the time-independent Redfield equation.

In the example discussed in the previous subsection, we saw how the breaking of pos-
itivity was caused by the presence of non-diagonal terms with @ # «’ in the frequency
representation of the Kossakowski matrix x.g(w, @’). If we could neglect such non-diagonal
terms, positivity would be guaranteed: it turns out that this idea can be applied in general.
Consider the time independent-version of Eq. (2.122): in case the typical value of |w — '[!
is much shorter than the typical evolution timescale, the exponential e/(“~%"* is rapidly oscil-
lating and thus roughly averages to zero, provided w # @’. More specifically, if we assume
the Bohr frequencies of the system to be well-separated with respect to the environment
correlation time,

A<zl < min |w -], (2.139)
E wtw'eB

then we can effectively substitute pll@-wNt 0w, in Eq. (2.122)). This is called secular
approximation, and it yields the so-called secular master equation:

di—(:) = —i[A*Hys, o(t)] + A? QZF; a; xaﬁ(w)[Aﬁ(w)g(t)A;(w) - %{A;(w)Aﬁ(w),@(t)} ,
’ (2.140)
where
His = A2 ) 3 Nap(@)Al(@)Ag(w), (2.141)
a,p weB

and we abbreviated for simplicity x.s(w, @) = Xap(@) and Nap(@, @) = Nap().
Before proceeding, let us discuss some properties of the coefficients x,p(w) and nap(w).
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Chapter 2. Open Quantum Systems

Thanks to the symmetry property (2.104) of the environment correlation function,

(o]

o0 0
Fga(cu):‘/o ch%a(T)e_l“T:[ dt czg(T)e’”, (2.142)

from which we see that x,g(w) is just a full Fourier transform:

(o]

)(aﬁ(a)):[ dTCaIg(T)ein. (2.143)

Instead, n,p(w) can be computed from the Kossakowski matrix using a Kramers-Krénig rela-
tion. In fact,

1 (o] [oe] ., .
Fap(w) = E/O dT/ do’ xap(w’)e™ @ e ", (2.144)

The integration over 7 can be performed using the following well-known formula,

/ dr el @ = 7§(w - ') + i]P%, (2.145)
0 W — W
where PP stands for the Cauchy’s principal value sign. We obtain
1 .
ap(@) = 5 Xap(@) + iflap(@) (2146)
with (@)
_ 1 « , Xap @’
Nap(w) = ZH]P/_OO dw - (2.147)

One clearly sees that the 1,4(w) appearing here is the same 1,4(w) appearing in the secular
master equation. Additionally, one can easily show that H;s commutes with Hg, meaning
that its only effect is to shift the “bare” system’s energy levels. For this reason, one usually
refers to Hy s as the Lamb shift Hamiltonian, in analogy to a similar phenomenon appearing in
atomic physicﬁ Note that this does not happen in general for the Redfield equation.

We are now ready to prove that the secular master equation, contrary to the Redfield
equation, generates a proper CPT Markovian evolution. Thanks to the LGKS theorem[2.4} it is
sufficient to show that the Kossakowski matrix is positive semidefinite. Define the collective
index i = (@, w). The entry (i, j) = ((a, w), (B, @’)) of the Kossakowski matrix is then given
by xij = Xap(w, @’). In the secular case, x;; = 0 for v # «’, hence x can be arranged in
block-diagonal form, where each block x can be associated with a specific frequency w and

)

has entries X?j = ch)ﬁ = Xap(w). Itis then sufficient to prove that x > 0 for any w € 8. Given

an arbitrary vector v = (v,), we need to show that the following quantity is non-negative:
(v, xv) = Z v;)(gjﬁvﬁ = / dt f(T)ei“”, f(r) = Z UpCap(T)vp. (2.148)
a,pB - a,pB

To do that, we invoke a standard result in the theory of Fourier transforms, which is Bochner’s
theorem: it says that the Fourier transform of f(7) is nonnegative when the matrix { f (7, —7n)},

121t is worth pointing out that the usual Lamb shift in atomic physics is caused by vacuum fluctuations
exclusively. In our case, any environment effect can be responsible for the shift, including thermal fluctuations.
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2.3. Standard microscopic approach

obtained by varying the time points 7, and 7, is positive semidefinite. In our case, first we
write

f(tw =) = > 0% Te[BL(12)Bg(t)Q0 |05 = Tr [N} (1,)N (1) ], (2.149)
ap

with N(7) = )}, v4Ba(7). Then, for an arbitrary vector (wy),
Z Wy f(Tn = T W = Z wy, Tr [N+(Tn)N(Tm)QO] Wi
n,m ’

v (2.150)
= Tr[w;\/Q_oN+(Tn)N(Tm)\/Q—owm] = Tr[M*M] > 0,

with M = Y, w,N(1,,)VQp.

We conclude with an interesting remark. Since we derived the secular master equation
from the Redfield equation, it seems reasonable to expect that the condition At < 1 which
allowed us to perform the weak-coupling expansion should be kept here too. Surprisingly,
under suitable assumptions on cz3(7), it is possible to show that the secular master equation
can accurately be applied all the way to t — oo even for a finite value of A, provided of course

that A < 731 < mingzeres |0 — @’| [80].
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Chapter 3

Regularization Techniques

This chapter describes the results originally published in the following papers:

[38] A.D’Abbruzzo, V. Cavina, and V. Giovannetti, A time-dependent regularization of the Redfield
equation, SciPost Phys. 15, 117 (2023).

[39] A.D’Abbruzzo, D. Farina, and V. Giovannetti, Recovering complete positivity of non-Markovian
quantum dynamics with Choi-proximity regularization, Phys. Rev. X 14, 031010 (2024).

In the previous chapter we discussed how one of the fundamental problems in the theory
of open quantum systems is to derive accurate master equations starting from a microscopic
description of the system-environment compound. Using a weak-coupling expansion, we
obtained the Redfield equation (2.106), which was showed to exhibit positivity breaking.
However, we were able to recover CPT evolution after an additional secular approximation,
which required us to assume a system with well-separated transition energies. As a conse-
quence, the resulting master equation displays independent evolution of the system'’s
modes associated with specific Bohr frequencies.

The secular approximation was originally devised in the context of quantum optics, where
it can be applied with the same spirit as the well-known rotating-wave approximatio [84].
However, the hypothesis of well-separated energy levels is not necessarily an appropriate
assumption when considering many-body systems or modern solid-state devices, where
energy levels tend to be dense. This is the main reason why recent research efforts have been
devoted to the study of beyond-secular master equations [22, 27-37].

Since weak coupling is a more reasonable assumption that does not put limits to the
energy structure of the system, a natural reference point is given by the Redfield equatiorﬂ
However, as we argued in Sec. the lack of a CPT guarantee can potentially “taint” results
towards non-physical predictions. It is still under scrutiny among researchers whether such
possibility should be regarded as a serious practical problem or not. Here we take a pragmatic
approach: when using the Redfield equation, the CPT condition should be strictly monitored
and when violations are observed one should try to correct them. Of course, we assume that
no other master equation is available for a more accurate description of the dynamics.

1The difference is that the rotating-wave approximation is applied at the level of the interaction Hamiltonian
V before tracing out the environment, while the secular approximation is applied at the level of the system’s
master equation. Therefore, even though they share a similar spirit, they are different approximations: see
Refs. [81H483] for a more in-depth comparison.

2Few approaches to beyond-secular physics have been proposed in the literature without taking the Redfield
equation as a starting point: see, e.g., the so-called refined weak-coupling limit described in Ref. [24].
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Chapter 3. Regularization Techniques

We call reqularization the act of modifying a master equation to make it satisfy the CPT
requirement, possibly without spoiling accuracy and other nice properties the original master
equation could have. Since this is a vague task, it comes without surprises that a great
number of approaches exist to achieve this purpose, each with its set of pros and cons. The
mathematical origin of this vagueness lies in the lack of a general characterization theorem
for the generator of a CPT dynamical map. However, we do have a tool in case we are willing
to turn the equation into a Markovian one—which may be appropriate or not according to
the situation: the LGKS theorem. If we manage to write the master equation at hand in
canonical form and if we turn the Kossakowski matrix into a positive semidefinite matrix,
then regularization has been achieved. The secular approximation is just one way of doing
this, by making the following substitution in Eq. (2.122):

Xap(w, @';t) = 64 0 Xap(@). (3.1)

The purpose of this chapter is to present a set of regularization techniques beyond the
secular one. Specifically, in Sec. we begin by reviewing few famous beyond-secular master
equations from this point of view. Then, in Secs.|3.2|and 3.3|we present two new proposals
to perform the regularization of general master equations, highlighting their pros and cons
with respect to preexisting techniques.

3.1 Beyond-secular master equations

As we discussed above, we are interested in providing regularizations beyond the reach of
the secular approximation. As a preliminary step, in this section we will briefly discuss a
restricted selection of beyond-secular master equations—taken from Refs. [29| 32, 33, 37]—
from the point of view of the regularization language.

3.1.1 Partial secular master equation

Let us consider the interaction-picture version of the time-independent Redfield equation,
expressed in terms of the system’s Bohr frequencies. We rewrite it here for convenience:

di—it) = —ZZ Z naﬁ(w’ a)')ei(w_w,)t[Az;(a))Aﬁ(a)’), Q(t)]
a,p w,w'eB 1 (32)
+ Zﬁ ZB Xaﬁ(a), a)’)ei(a)—w')t A‘g(a)’)g(t)AZ(a)) — E{AZ(a))Aﬁ(C‘),), Q(f)} .

A quite physically-grounded approach consists in making a coarse-graining transformation [27),
29]: suppose we do not have access to o(t) at an arbitrary resolution in time, so that we are
bound to measure time with a finite error A. More specifically, we alter the master equation
by averaging both sides over the time span [t — A/2,t + A/2], which means to apply the
operation

t+A/2
GA[X(D)] = % /t_m ds X(s). (3.3)

Suppose A is much smaller than the typical evolution timescale of g(t), so that we can still
hope to resolve the relevant part of the dynamics. Then, approximately speaking, on the
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3.1. Beyond-secular master equations

left-hand side nothing changes:

dt A T dt (34)

CgA[dQ(t)] _o(t+A/2) —o(t = A/2) _ dolt)
For the same reason, on the right-hand side the density operator can be brought out of the
integral (since it changes very little over the integration region):

) , t t+A/2 ) , ) ,
%A[el(w—w )tQ(t)] ~ % o ds el(a)—a) )s — el((u—(u )tsinc[
t_

%]a(ﬂ, (3.5)

where sinc(x) := sin(x)/x stands for the cardinal sine. The effect of the coarse graining is
thus the substitution

’ A ’ nelA
Xaﬁ(w/a) ) = XEX‘B)(CL)/ w ) = Xaﬁ(a)/ w )S((u—)w”

(3.6)
Napl(@, @) > N (@, @) = Napl@, )SL .,
where
A
sW .- sinc(%) (3.7)

isa sampling factor. Note thatin the limit A — oo, wehave S P 0w,0 and we recover the effect
of the secular approximation reported in Eq. For this reason, the transformation (3.6)
with finite A is called partial secular approximation. The importance of this procedure lies in
the following result, whose proof can be found in Ref. [29].

Theorem 3.1. There exists Ag > 0 such that )(%)(a), w’) is positive semidefinite for any A > Ag.
Specifically,
AO — 4(|B| - 1)Vmax

Aminvmin

, (3.8)

where |B| is the number of Bohr frequencies, Ymax = maXe ||I(w)|| o with ||-|| . being the uniform
norm [56|], Amin = ming, AMw) with Mw) being the minimum eigenvalue of x(w), and finally
Vmin ‘= MiNgz,y |@ — @’|. All maximizations and minimizations are here intended for w € B.

If the coarse graining parameter A is carefully chosen, the partial secular master equation
generates CPT evolution and is thus a valid regularization of the Redfield equation. It is
interesting to observe how Ag in Eq. is structured. First, Ay increases when the minimum
eigenvalue of y(w) approaches zero: in particular, this means that the full secular choice
A — oo is the only possibility for a singular y—at least according to the bound in Eq. (3.8),
which is however not tight [29]. Interestingly, A increases also when the spacing between
Bohr frequencies decreases, signaling that the denser the levels the greater the timescales we
need to ignore by coarse graining.

3Sending A — oo is a formal violation of the hypothesis of having A smaller than the evolution timescale of
0(t), hence this is not a proper derivation of the secular master equation.
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3.1.2 Geometric-arithmetic master equation

While the partial secular approach improves upon the full secular one, it does not solve the
problem in case of extremely dense system levels, since Ag — oo when vmin — 0 in Eq. (3.8).
Our desire is to perform a regularization that is independent of the system properties as
much as possible. A different approach can be devised if we remember that

x(w, ) =T(0") +I(w) (3.9)

is defined as a sum of two contributions: it would be easier to ensure y > 0 if it were
expressed as a product instead.

Suppose first that a single interaction channel is involved, so that x(w, w’) is a scalar-
valued function. Using the fact that I'(w) = %)((a)) + in(w), where x(w) = x(w, w) and

N(w) = n(w, w),

x(w, @) = 3[x(@) + @) + i[n@) = nfw)

= Vx(w)x(w’) + %[\/x(w) —+ X(w')]z +i[n(@) - n(w)] (3.10)
= Vx(w)x(@’) + D(w, @),

where D is a “detuning” function, since D(w, w) = 0. In Refs. [33,37]], Davidovi¢ empirically
showed that the contribution of the detuning to the dynamics can be practically ignored,
provided that the coupling is smaller than the system’s frequency spread. Note that this
is a much weaker requirement with respect to the secular approximation, since no mention
is made of the gaps between Bohr frequencies. The above argument has been heuristically
extended to the case of multiple interaction channels with the use of a matrix square root:

X(w, @) = Vx(w)Vx(). (3.11)

Recall that y(w) = 0, so that the above substitution is effectively a valid regularization of
the Redfield equation. The resulting equation has been dubbed geometric-arithmetic master
equation (GAME) [37], as it is obtained by approximating the arithmetic mean in Eq.
with the geometric mean in Eq. (3.11).

An interesting direct derivation of this Kossakowski matrix was independently obtained
in Ref. [32], where the resulting master equation was called universal Lindblad equation (ULE).
We will now briefly show how such derivation can be compactly carried out.

Let us start with the following expression for the time-independent Redfield equation:

%Q(t) = -2 Z/ dt cap(T)[Aal(t), Ap(t — T)o(t)] + H.c.
a,p 0
o0 (3.12)
=-A? Z / ds’ O(t —s")cgp(t — S’)[AL(t),Aﬁ(S,)Q(t)] + H.c.
a,p ¥ ™

Remember that cz4(7) is the inverse Fourier transform of x,g(w). We introduce the so-called

jump correlator [32] as the inverse Fourier transform of +/x(w):

g(1) = %[ dow Vx(w)e T, (3.13)
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By the convolution theorem for Fourier transforms, we get the relation
Z/ ds gau(t —s)gup(s —s") = czp(t —57), (3.14)
H —00
which leads us to
4o = -2 md wd’@t’ t NAL(t), Ag(s)o(t)]+H.c. (3.15
G20 =27 ), | ds | ds"0(t=5)gault =5)guss =5 ALD), Ag(s o ()] +He. (315)

a,fu® ™

Under the weak-coupling assumption, czg(7) quickly decays to zero and by the same rea-
soning the jump correlator gq4(7) should also quickly decay to zero. We can then substitute
t < s inside the integral without making much of an impact:

%Q(t):—)\2 Z/ ds/ ds’9(5—s’)gw(s—t)g},ﬁ(t—s’)[A‘;(s),A/;(s’)Q(t)]+H.c. (3.16)
apu? " -

Rigorous error bounds for this substitution can be found in Ref. [32]. Introducing again the
Bohr representation for the interaction operators,

%Q(t):—Azz Z /:ds[:ds'e(s—s’)

a,p,uw,w'eB (317)
X Gau(s — £)e" S gup(t — s")e Y [Al (w), Ag(w)o(t)] + Hee.
At this point we make the decomposition

O(s—s') = %[1 +sgn(s — s’)], (3.18)

which yields two contributions. In the first one, we recognize the known Fourier transforms
of the jump correlators:

2 7 ’
_A_ Z Z pllw-wt ,X(w)ay /X(a)/)yﬁ[Al(w),Aﬁ(a)l)Q]+H.C.

2
a,puw,w'eB 1 (319)
=2y 3 el (o) ; [Aﬁw)@(tm;(w) - S{AL @A), o} ,
a,f w,w'eB

where we used Lemma to arrange the result in canonical form. This is precisely the
interaction-picture dissipator of the geometric-arithmetic master equation.

The second term originating from the decomposition is what differentiates the ULE
from the GAME. Specifically, such term is

—mzz Z e~y (@, )AL (0), Ag(w')o(t)] + Hee. (3.20)

a,pf w,w'eB

with

Nap(w, @) = —% Z/ ds/ ds’sgn(s —s")gau(s — t)ei“’(s_t)gyﬁ(t — ")l =) (3.21)
[Ll —00 —00
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It is immediate to check that r];a(a)’ , ) = —Nap(w, @’), hence this effectively turns out to be
a Lamb shift contribution by Lemma
—in2 YL e (o, )AL@)As(@), o)) (3:22)
a,p w,weB

Following Ref. [32], we can also show that n(w, @’) can be written in a more compact
form in terms of /. First, we use the definition of jump correlator to write

Nap(@, ") = “30n )22/ ds/ ds’ sgn(s—S)/ dE/ dE’ (323)

X(E) zE(s t) iw(s—t) X(E) e—zE (t=s") lw’(t s’)

This can be arranged as

/ dE/ dE’ [\/ﬁx/ﬁ] Rw-EE '),  (324)

Ua/s(a)z w,) = 2(2 )2

where

R(w, w’) —/ dT/ dt’ sgn(t — /)e!@THT, (3.25)

This quantity can be explicitly computed as follows:
(&) T
ﬂ(a), a)r) — / dT/ dr’ [eia)’[+iw’7’ _ eim”(’+i(u’”(]

/ dT/ dzT [elmTH(u (t-7) _ la)('[ T)+iw’ ’[]

(3.26)
— / dt el(w+w )T/ dT [ —iw'T _ E_le]
—00 0
, N oL o 1 : oo 1
=2nd(w + ') | () — iIP— — n6(w) + iIP—| = 4nid(w + w’)P—,
w W W
Substituting above, we finally obtain
, 1 “ dE
w,w) =3P [ Fxw = EWxl@ - B) (327)

Note how this expression reduces to the secular case, where 1 is given by the Kramers-Kronig
relation (2.147), if we restrict to w = @’.

3.2 Dynamical regularization

In the previous section we discussed how some common procedures employed to regular-
ize the time-independent Redfield equation essentially amount to substituting the original
Kossakowski matrix with a certain positive semidefinite matrix, thus making the dynamics
CPT—and Markovian—by the LGKS theorem. Such approaches were tailored to the partic-
ular structure of the Kossakowski matrix and can hardly be generalized to other scenarios,
such as for the time-dependent Redfield equation.
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3.2. Dynamical regularization

In this section we will describe a simple proposal we put forward in Ref. [38] to regularize
any time-local master equation, such as the time-dependent Redfield equation, once it is
written in canonical form. The idea is the following: what if, at every time instant ¢, we
“project” the Kossakowski matrix x(f) onto the set of positive semidefinite matrices? In this
way, we are making an optimal minimal-disturbance choice for a positive y, while being
capable of keeping into account its time dependence. Using an exactly solvable example, we
will show how this idea yields a master equation that is more accurate with respect to the
previous approaches, especially at small times.

Of course, Markovian dynamics is enforced by this procedure: in Sec.[3.3lwe will see how
a similar projection technique can be employed to regularize any time-local master equation
while keeping its eventual non-Markovian features.

3.2.1 Dynamical projection idea

In the system’s energy basis, any time-local master equation in canonical form (2.42)) can be
written in the form

5 = ilHs+ A2Hps(t), p(t)] + A2 Z )(ij(t)[Ejp(t)E:-r - %{EjEj, p(1}], (3.28)

i,j

where Hys(t) = 3; j nij(t)E:‘E j and we defined for convenience d? collective indices i = (k, q)
and j = (n,m) [cf. Eq. for the case of the Redfield equation]. With this notation it is
obvious that the Kossakowski matrix x(t) can be seen as a Hermitian d? X d* complex matrix.

Suppose we fix a norm ||-|| on the space of d? X d? complex matrices, such as the Frobenius

norm || X|| := VIr X*X. Then, we consider the problem

x*(t) = arg min || x(t)-P|. (3.29)
P=pPt>0

Standard convex analysis ensures that this is a well-defined expression [85,[86]]. Specifically,
this is a projection onto the closed convex cone of positive semidefinite matrices. In other
words, x*(t) is the (unique) positive semidefinite matrix which is “closest” to x(t) according
to the norm ||-||. If we focus on the Frobenius norm, an explicit formula for y*(¢) can be
written. While this is a well-known result in statistics and optimization theory, we reproduce
a proof here, given its importance for the present discussion [87].

Theorem 3.2. Let ||-|| be the Frobenius norm and let x be a Hermitian matrix, with unitary spectral
decomposition x = Udiag(f;)U". Then,

X +1xl

x* = Udiag(max{¢;,0})U" = 3

(3.30)

where | x| = \/x? is the matrix absolute value. In other words, x™ is obtained by putting to zero the
negative eigenvalues of x while keeping the eigenvectors unchanged.

Proof. Let P be an arbitrary Hermitian positive semidefinite matrix of the same dimension
as x. Since the Frobenius norm is unitarily invariant, we can write

lx - P||? = |[udiag(e:)ut - P|* = ||diag(e:) - UTPU|". (3.31)
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The matrix Y := UTPU is still positive semidefinite. Therefore, since || X ||2 = Zi,j |Xij|2,

lx=PIP = D 1P+ DG =Yl = Y M6 =Yal? = " l6-Yal’= )" &, (332)
i

i#] i i:6;<0 i:6;<0

where in the last inequality we used the fact that Y;; > 0. This bound is tight and is uniquely
saturated by the choice Y = diag(max{¢;,0}), for which P = UYU" = Udiag(max{¢;, 0})U".
]

Our dynamical regularization proposal amounts then to the substitution [38]
x(t) = x*(t),  Vt=to. (3.33)

By the LGKS theorem, this is enough to guarantee CPT Markovian evolution, therefore it
is a proper regularization that is capable of keeping into account the time dependence of
X(t), unlike the techniques described in Sec. Moreover, this procedure is well-defined
not only for the Redfield equation but for any time-local master equation that is written in
canonical form.

It is worth mentioning that a somewhat similar (but less general) optimization has been
proposed in Ref. [35]: there, the authors parametrically splitted the Redfield equation into a
“positive” and a “negative” contribution, minimizing the latter with an appropriate choice
of parameters. Such approach was tailored to the case of single interaction channel, and can
be extended to multiple uncorrelated channels by optimizing each channel separately. As
we will show in a moment, this is basically equivalent to our proposal in the case of single
interaction channel. However, with the dynamical regularization we are not limited to such
scenario and we are able to handle arbitrary interaction structures using a more “global”
optimization.

3.2.2 Explicit formula for single interaction channel

In the most general case, the dynamical regularization (3.33) can be efficiently carried out
by numerical diagonalization. The projection can, however, be performed analytically in the
case of a single interaction channel: this calculation will allow us to gain some insight into
when we expect the regularized dynamics to be sufficiently close to the original one.

For single interaction channel the Kossakowski matrix has the form

xii(t) = [Tj(t) + Ti(1) | ATA; = AIG;(t) + Gi(1)A;, (3.34)

where I';(t) = I'(w;; t) and we defined G;(t) := I';(t)A;. From now on, we will drop the time
index t for ease of notation. Excluding trivial scenarios, we must now distinguish between
two situations.

If T; = T is constant, then x;; = (2Rel)A’A; becomes a rank-one matrix with unique
non-zero eigenvalue ¢ = (2Re Iﬂ)||A||2 and associated eigenvector A*/||Al|, where A is the
vector with components A; and we denoted ||A|| = X;|A;|%. If £ > 0, then yx is already
positive semidefinite and no regularization is needed. Otherwise, if { < 0, the projection
would lead to the zero matrix y* = 0. Therefore, this case is of little interest.

Provided the I'; are not all equal, then A and G are linearly independent vectors and x
is a rank-two matrix. Only two non-zero eigenvalues are allowed, and the corresponding
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eigenvectors must be of the form V = aA* + bG*. Imposing xV = {V and equating the
coefficients, we find

ta=a(A,GY+b||G||>,  ¢b=a|Al*+b(G,A), (3.35)
where (A, G) = }; A7G;. From the first equation we get

b_(—(AG)

(3.36)
a IGII?

which substituted into the second yields a second-order equation for ¢, with solutions

L. = Re(A, G) £ | AIPIIGI1> - [Im(A, G) . (3.37)

By the Cauchy-Schwarz inequality, we immediately see that £, > 0 and ¢~ < 0, which
confirms that y is not positive semidefinite, in general.

It is instructive to rewrite £, explicitly in terms of physical quantities. To do that, let us
introduce the following notation:

_ Zz‘xl-“|Ai|2

(x*) = W, (3.38)

meaning that we treat | A;|?/|| A||2 as a probability distribution. Then, if we split I'; in its real
and imaginary parts as I'; = J; +i5;,

(A,G) = ) AGi = ) Tl AL = |AIP[D) + (S)], (3.39)
IGI* = D 1G> = D INPlA? = Y (2 + SHIAL = [AIP[() +($H)].  (3.39b)

We conclude that

L=AIP[) £ V], V= ()2 + Var(J) + Var(S), (3.40)

where Var(x) := (x?) — (x)2. Similar results were also reported in Refs. [22} 35, 37]. The big-
ger the variances associated with I';, the bigger the magnitude of the negative eigenvalue {_,
hence the regularization is expected to cause minimum disturbance when the environment
correlation function is quite flat over the set of Bohr frequencies of the system. This is consis-
tent with a Markovian dynamics requirement. In fact, remember that the magnitude of the
negative eigenvalues of the Kossakowski matrix can be used to measure non-Markovianity
according to the RHP measure (see Sec.[2.2.4).

The regularized Kossakowski matrix can now be written as )(;r]. = €+ViV].*, where V is the

normalized eigenvector associated with ¢,. We can write

\%Y

V= Wi’ W =||G||*A" + (£, — (A, G))G", (3.41)

from which
o LATA;
WP

[IIGII* +IGII* (& = (A, G))T; +[|G|I*(£x — (A, G))T; + & — (A, G)|*T'T;].
(3.42)
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After some manipulation, this acquires the form
+ b AGA; 2 21/12 2 ; 1 LT
X = WHAH IGI*[(J?) + (S + (V — i(SHTj + (V + i(S)I; + ITT;]. (3.43)

Moreover, a straightforward calculation shows that
IWI* = 20| AIFIGI*V, (3.44)

from which we obtain the following final result for the regularized Kossakowski matrix:
+ A:A] 2 2 . . * *
Xij = 54 [(%) +(S?) + (V = i(S)Tj + (V + i(SY)T; + 'T}]. (3.45)

3.2.3 Example

It is worth comparing the dynamical regularization with the approaches discussed in
Sec. in order to assess if there is indeed an advantage in terms of better approximating
the exact underlying dynamics. For this reason we now look for a simple example where the
system’s evolution can be obtained exactly, and the various regularizations will be put to the
test against such evolution.

Probably the simplest exactly-solvable open quantum system is a qubit coupled to the
field vacuum through an excitation-preserving interaction [6]. Specifically, the system is
spanned by two states |0),|1) and has Hamiltonian Hs = ¢|1X1|, the environment is a
collection of harmonic oscillators Hg = ), p spc; ¢y, and the interaction is

V=3 [s X0l @c,+g;l0x1l@ cf|. (3.46)
P

Unfortunately, the Kossakowski matrix of the Redfield equation associated with this model
turns out to be rank-one: as we argued above, this is not suitable for the application of the
dynamical regularization. This fact can be seen as follows. First, we identify the interaction
operators,

Ar=[1X0, Ay=10X1l, Bi=Y g, Ba= gich. (347)
p p

Since the environment is assumed to be in its vacuum state at the beginning of the evolution,
the only non-zero component of the correlation function is c5,(7), hence

qu,nm(t) = [FZZ(CUnm} t) + r;z(a}kq; t)]A;,kqAZ,nm = 2Re[I'2(¢; t)]6k05q15n05m1/ (3.48)

which has only one non-zero entry, namely xo1,01(#).

We can avoid this problem by moving to higher-dimensional systems. In Ref. [88]
one can find the exact solution of a three-dimensional open system, spanned by the states
|0) ,11),]2): this is better suited for the purpose of our discussion and we choose it for
illustrating the performance of the dynamical regularization [38]. The environment is still
described by a collection of harmonic oscillators in the vacuum state, but system Hamiltonian
and interaction are now given by

Hs = w1 [1X1] + w2 |2X2|, V= Z (81,0 [0X1] + 2,0 [0X2]] ® ¢} + Hec, (3.49)
p
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2)
wa
w1
0)

Figure 3.1: Energy levels of an open three-level V-system. The arrows indicate transitions
induced by an external bosonic environment in its vacuum state.

Such interaction causes transitions solely between the levels |0) and |1), and between the
levels |0) and |2): itis customary to say that the system is putin a V configuration (see Fig.[3.1).

Similarly to the qubit case, not all interaction operators appear in the Redfield equation
if the environment starts out in its vacuum state. Specifically, only the operators

Av=10Xal,  Ba=) gapch,  ae{1,2} (3.50)
p

matter, and correspondingly we only have to consider the components cz5(7), a,f € {1,2}
of the correlation function. Here we follow Ref. [88] and we assume

cap(r) = ettt (3.51)

where p, wp > 0 and yap = +fYayp With y12 > 0. In the simplifying case y1 = y2 = y, we
can consider y as a measure of the system-environment coupling, and hence of the inverse
typical evolution time of the system (in interaction picture). Instead, p can be thought
of as the inverse decay time of environment’s correlations. In this context, the Markov
approximation translates in the requirement y < u.

We proceed by showing a comparison between the exact solution and what we obtain
by numerically solving the Redfield equation and various regularizations of it. Such master
equations can straightforwardly be approached numerically with a vectorization of the gen-
erator followed by the application of a standard Runge-Kutta integrator [89, 90] (see Refs. [38,
39] for additional details). In Fig. 3.2l we report the results for the density matrix elements
when the system starts out from the pure initial state (|1) +|2))/V2, choosing as parameters
w1 =1, w2 =2, wp =15, y1 =y, = 0.3, and u = 2 (as usual, we work in units such that
I = kg = 1). At this level all equations behave more or less similarly. Except for the fact that
the secular-approximated one globally provides the worst results, it is hard to tell which of
the others performs better. The situation is similar for other choices of parameters.

If we want to assess more carefully the quality of a regularization we should compare the
predictions with the exact dynamics in a way that is independent from the initial state. Here
we adopt a simple technique to compare two evolution in a pointwise fashiorﬁ using the
Choi-Jamiotkowski isomorphism (see Sec. . Specifically, let q)gl) and @Ez) be two linear
superoperators that map the initial state to the state at time f according to two different
procedures (such as the exact dynamics or a certain master equation). Then, it is meaningful

4More global comparisons should be possible and are left to future work.
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—=—- Regularized Redfield
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Figure 3.2: Time evolution of the three-level density matrix elements starting from the pure
state (|1) +|2))/V2. The label “Regularized Redfield” refers to the dynamical regularization.
The partial secular case is obtained by finding the smallest coarse-graining time Ay that
guarantees positivity of the Kossakowski matrix. The label “ULE” refers to the universal
Lindblad equation. The parameters of the model are w1 =1, w2 =2, wg =1.5, y1 = 2 = 0.3,
and p = 2.

to consider the distance between the corresponding Choi operators as measured by some
arbitrarily defined norm:

5(t) = [1@") = @) . (3.52)

This provides a measure of the difference between two dynamics that does not depend on
the initial statel

In Fig. 3.3/ we report examples for §(t) between the exact solution and the various master
equations, calculated with the Frobenius norm. Parameters are here fixed at w1 =1, wp = 2,
wo = 1.5, y1 = y2 = 0.05, and we present results for several values of u. We find that
the performance of the dynamical regularization depends on the ratio between u and the
frequency spread of the system wg := max{w, w2}.

For values of p that are sufficiently larger that wgr, the procedure has little effect on
the already good accuracy of the Redfield equation, as expected from the fact that the
Kossakowski matrix is essentially positive semidefinite in a deep Markovian regime. For
smaller values of u—while still being greater than wg—we can instead observe how the
dynamical regularization well approximates the exact dynamics in a more consistent way
with respect to the other master equations, especially at short times. This was not clear with
a direct comparison at the level of the density matrix, and it is a consequence of the ability
to retain time dependence in the Kossakowski matrix.

However, a change in the trend can be observed when lowering the value of y below

50f course, other choices are possible. From a quantum information perspective, it would make sense to
consider, e.g., the diamond norm [56]. The choice we make here is primarily dictated by simplicity and convenience.
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——- Redfield
—=- Regularized Redfield
—— Secular
—— Partial secular
ULE

0 50 100 150 200 0 50 100 150 200
t t

Figure 3.3: Distance from the exact dynamics for the three-level system as represented by
the quantity 0(t), defined in Eq. (3.52) using the Frobenius norm, for several values of ; while
fixing w1 =1, wy =2, wp = 1.5, y1 = y2 = 0.05. The various master equations are chosen as

in Fig. @

wgr, where the regularization provides results worse than Redfield itself. In this essentially
non-Markovian regime, the truncation of the negative part of the Kossakowski matrix has
a drastic effect on the dynamics. This situation is of course out of reach for the approaches
presented up to now, since they all enforce CP-divisible dynamics.

3.3 Choi-proximity regularization

The regularization procedures approached so far are meant to provide well-defined Marko-
vian evolutions, in the spirit of improving upon the secular approximation. The dynamical
regularization of Sec. is applicable beyond the realm of the Redfield equation, even
though CP-divisibility is inevitably imposed by the projection of the Kossakowski matrix.
In principle, time-local master equation can display non-Markovian features, which are all
missed by such manipulation.

In this section we discuss the technique we proposed in Ref. [39] to treat CPT violations
in a general dynamical map without imposing CP-divisibility. The idea is to apply the
projection technique at the level of the Choi operator instead of the Kossakowski matrix:
this is inspired by recent work in quantum process tomography, where such projections are
employed to recover proper quantum channels from a set of imprecise or partial measure-
ments [91-94]. In the course of the section, we will show that this Choi-proximity regularization
produces well-defined evolutions, retains non-Markovianity, and necessarily improves accu-
racy with respect to the unknown exact dynamics, a feature not shared with the dynamical
regularization.
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3.3.1 Projection onto the physical Choi space

Let @ be a Hermitian-preserving linear superoperator. Its Choi operator J(P), defined back
in Eq. (2.11), is obviously a Hermitian operator. We also know by Theorem2.1|that @ is CPT
if and only if J(®) belongs to the set

J:={P>0:Try P =1/d}. (3.53)

We will refer to J as the space of physical Choi operators. Since J is the intersection of a closed
convex cone with an affine subspace, it is itself a closed convex set. It is then meaningful to
consider the projection of J(®) onto J:

J = argmin||J(®) - P||. (3.54)
PeJ
For mathematical convenience, we assume ||-|| to be the Frobenius norm, as we did in

Sec. i Thanks to the Choi-Jamiotkowski isomorphism, we can always find a map ® such
that J(®) = J. Itis in fact sufficient to take [cf. Eq. (2.12)]

D(X) == d Tro[J(1 ® XT)]. (3.55)

We argue that ® can work as a minimally-invasive CPT substitute for @ [39].

In general, it is difficult to solve the optimization problem (3.54) in closed form, and one
has to attack it from a numerical standpoint. Because of the requirement on the partial trace,
this is quite a different problem with respect to the one we encountered in the dynamical
regularization (3.29). As often happens in quantum information, Eq. can be formulated
as a semidefinite program [56| 86]. However, more tailored approaches can be devised if
one exploits the specific structure of J. In the mathematical literature, this is referred to as a
semidefinite least-squares problem, a well-studied subclass of non-linear convex programming
with applications in numerical linear algebra and statistics [85]. As an example of state-of-
the-art approach for solving we cite the following duality theorem [95, 96].

Theorem 3.3. The solution to Eq. (3.54) can be written as
7= n[](cp) +1® Y], (3.56)

where I1is the projection onto the cone of positive semidefinite matrices, which by Theorem B.2)can be
expressed as I1[ X] = (X + | X|)/2, and Y is the solution of the following unconstrained optimization
problem:
Y = arg min 6(Y), (3.57)
Y=yt

where 1
o(Y) = E||n[](c1>) +10Y]|P-TrY (3.58)

is a convex differentiable objective function with Lipschitz-continuous gradient

VoY) =Tri(II[J(P)+ T Y]) - % (3.59)

®Tt is interesting to point out that physical significance can be given to the choice of the Frobenius norm in
terms of maximizing the likelihood function in measurement experiments [91]].
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3.3. Choi-proximity regularization

The interesting fact about this theorem is that the problem of finding Y is much easier
than (3.54), since it is unconstrained and can be approached using standard non-linear
convex optimizers, such as (accelerated) gradient descent or quasi-Newton techniques [97,
98]. Moreover, we only need d? real parameters to describe a Hermitian matrix Y, instead of
d* to describe P in Eq. (3:54).

Suppose now that @ is the result of some approximation of an underlying unknown
channel ®*. Since J(®) € J, one can prove that @ is necessarily closer to @** than ®. This
is a consequence of the convexity of the problem and can be deduced by standard arguments
in convex analysis [85]. Given its relevance for our discussion, we reproduce a proof here.

Theorem 3.4. [|J(®) — J(@)|| > [[](®) - J(@)]] .

Proof. By convexity, we know that aJ(9) + (1 — a)] (D) € 3 for any a € [0, 1]. By definition
of projection, such operator must be more distant to J(®) than J(P), hence

ST@) ~ J@I < Z11(@) - (@) ~ (- ) @) * = (@)~ @)+ a] @) - af@)
= 1@ = J@) + 11@) - 1@+ a (@) - 1@, 1@~ (@), (3.60)

where (X, Y) := Tr[X'Y]. This inequality can be rearranged as
J(@) = J(@), J@) = J@9) + SN @) - J@™)] = 0, (3.61)

which leads to (J(®) -] (E)), i (&5) — J(©)) > 0 after taking the limit « — 0. With this, we can
write

(@) = J(@)| % = /(D) = [(@) + J(D) - J(@)]|
= 1J(@) = J@)]| > +[[J(@) — J(@)]| > + 2] (D) = [(D), (@) — J(@)) (3.62)
> [[](@) - J(@)] %,

which is what we wanted to prove. m]

3.3.2 Application to dynamical maps

Suppose now we have a set {®;}>¢, of Hermitian-preserving maps, which are meant to
approximate some exact evolution {®{*};>1,. Applying the projection described above to
every ®;, we can construct a set {Ef’t}tzto of CPT maps defining the regularized dynamics
(see Fig.[3.4). Such projection needs to be performed only once for every ¢ > to: the evolution
of any initial state can then be obtained from Eq. (3.55). Moreover, thanks to Theorem[3.4} the

regularized dynamics @, is necessarily more accurate than @; with respect to the unknown
exact evolution @}

To better see how ®; and &Dt differ, let us consider the difference between the correspond-
ing Choi operators:

A(t) = J(Dy) — J(Dy). (3.63)

The norm [|A(t)|| can be seen as a measure of CPT violation of ®; and quantifies the impact
of the Choi-proximity regularization on the original dynamics. Clearly, for any p,

Di(p) = D(p) + d Try [A(H)(1 ® pT)]. (3.64)
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Figure 3.4: Choi-proximity regularization of a dynamical map ®; obtained from approxi-
mating an exact evolution ®*. In those time regions where the Choi operator J(®;) exits the
space of physical Choi operators (depicted as a colored oval), we project it back, resulting in
a CPT map ®;. Thanks to the convexity of the physical Choi space, the result is closer to the
exact dynamics @f*, as stated in Theorem

Suppose now that ®; obeys some time-local master equation d;®; = L;®;. Assuming A(t)
to be differentiabl we can put forward a time-local master equation for ®;:

01Dy = LDy — d Ly Trp [A)(1® ph)] +d Trp [2: A1) (T © pT)]. (3.65)

The same can be done in case @; obeys an integral equation of the Nakajima-Zwanzig type
t
aiEq)t = _/(; ds %—quSz

t t
01Dy = /0 ds K;—s®s — d /0 ds Ki—s Tra [AG)(1 ® pT)] +d Trp [: A1) (T © pT)]. (3.66)

The most important fact we can get from these equations is that they contain a dependence
on theinitial state p, which was absent in the original evolution. This hints at the fact thatnon-
Markovianity can be displayed by the regularized dynamics. Of course, no guarantee is given
for the “amount” of non-Markovianity with respect to the original evolution. Nevertheless,
as we will show in the next subsection, the possibility of non-Markovianity is concrete and
offers a net advantage with respect to other regularizations.

3.3.3 Examples

Let us consider again the problem of a two-level system coupled to a vacuum environment
with excitation-preserving interaction, whose Hamiltonian was defined back in Sec.[3.2.3|
This setup constitutes one of the few exactly solvable models in the theory of open quantum
systems, and has been thoroughly studied. Such exact solution, which can be found, e.g., in
Ref. [6], can be written as

poo(t) = poo(to)A(t) +1-A(t), p11(t) = p11(to)A(t), poi(t) = por(to)B(t)e'!, (3.67)

"The differentiability of A(f) could be assessed using the implicit function theorem on the Karush-Kuhn-
Tucker conditions [85] 86| associated with the optimization problem, as done in Ref. [99]. In any case, the
Choi-proximity regularization can be performed without explicit mention to a master equation.
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where
A)=1G(a,0)?,  B(t)=Gla,t) (3.68)
with a = \/u? — 2y and
Gla,t) = ekt [cosh(a—t) g sinh(“—t)]. (3.69)
2 a 2

In Ref. [6] it is also discussed how the time-dependent Redfield equation for this model
can be explicitly solved to give again Eq. (3.67) but with

—ut _
A)=e RO, B(t) = e RO R(t)=y(t+“2 H 1). (3.70)

For the subsequent discussion, it is also instructive to consider the so-called Born equation:
this is obtained from the Nakajima-Zwanzig expression by expanding at second order
in the coupling without inverting the evolution from o(s) to o(t). The result is the same as
the Redfield equation, but with o(s) instead of o(t). It is expected for such an equation to be
more accurate than the Redfield one, even though it is not a time-local master equation. In
this specific case, the Born equation can however be explicitly solved to give, again, Eq.
but with

A(t) = G(a', 1), B(t) = G(a,t), (3.71)

where o’ = y/u? — 4y, as discussed in Ref. [6].
Let us first ask about the Markovianity displayed by these solutions. Given two arbitrary

states p, o it is easy to see that, under the evolution dictated by Eq. (3.67), the distinguisha-
bility, as defined by Eq. (2.14), writes

Di(p, 0) = lp — on12A2(1) + | por ~ 01 PB(2). (3.72)

In case B2(t) = A(t) for all t > ty, which happens for the exact solution and the Redfield
equation, Eq. describes a qubit amplitude damping channel: it is known that in this
case the BLP condition (cf. Sec. provides a necessary and sufficient condition for CP-
divisibility [16]. In this case,

Di(p,0) = |p11 — ou| A(t) (3.73)

and CP-divisibility is equivalent to have non-increasing A(t) for all t > t,. Note that

%e‘R(t) = —ye RO — et > 0, (3.74)
hence the Redfield solution is always Markovian in this case. Instead, for the exact solution
we compute

ilG(a £)? = (1 - “—Z)ae-#f/z sinh(a—t)G(a t) (3.75)

dt ’ a? 2 e '
When p > 2y, it turns out that @ is a non-negative real number satisfying y?/a? > 1 and
G(a,t) > 0. This implies that |G(e, t)|? is non-increasing as a function of ¢ and the dynamics
is Markovian. On the other hand, if u < 2y then a is an imaginary number: the above
derivative oscillates and can take positive values. This means that for sufficiently small u the
qubit’s evolution can display non-Markovianity.
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In case B2(t) # A(t), which happens for the Born equation, the BLP condition is only
necessary for CP-divisibility. Nevertheless, for initial states p, o with equal coherences the
distinguishability still acquires the form in Eq. and we can again focus our attention
solely on A(t). Now,

d 1 w2y _ a’t
—G(a, )= =|1= L |eut/2 -
T G(a',t) 2(1 a,z)e smh( > ) (3.76)
If 4 < 4y this derivative oscillates and can acquire positive values: this indicates that for
sufficiently small y the Born equation can display non-Markovianity.
Let us now ask about the CPT requirement for these evolutions. A straightforward
computation shows that the Choi operator associated with the evolution (3.67) is given by

1 0 0 B(te'
1 0 1-A®) 0 0
=32l o 0 0 0 (3.77)
B(t)e et 0 0 At

This always satisfies Try ] = 1/2, in accordance with the fact that all the involved dynamical
maps are trace-preserving. On the other hand, the eigenvalues of | are

1-A(t) 1+A®) = +[1-A)]? +482(t)

0,
2 4

(3.78)

Since A(t) < 1, these eigenvalues are always non-negative, except at most the rightmost one
with the minus sign, which is easily seen to be non-negative if and only if B%(t) < A(t). Such
condition is always satisfied by the exact solution and the Redfield equation, but not by the
Born equation, which can then violate the positivity requirement.

We can summarize the previous discussions as follows. The Redfield equation is CPT but
it does not capture the non-Markovian features of the exact solution at moderate couplings.
On the other hand, the Born equation exhibits non-Markovian effects but in general it is not
CPT. It is then reasonable to apply the Choi-proximity regularization procedure to the Born
equation.

In Fig.[3.5|(top row) we compare the accuracy of the Born equation, the Redfield equation,
and the regularized version of the Born equation against the exact solution, as measured
by the Choi distance ||](<Dt) - ]((Dfx)” we already used for the dynamical regularization in
Sec. Here we fix y = 1 and we study what happens for several values of . Obviously,
greater values of u lead to better accuracy for all master equations, while things get worse
when we approach the non-Markovian regime for smaller values of u. However, note that in
all cases the regularized Born equation outperforms the other two: for the Born equation this
is expected by Theorem [3.4] but it was not obvious for the Redfield equation. Note also that,
for small enough p, the Born equation develops regions in which it is CPT: unfortunately,
our regularization cannot do anything there.

In Fig. (bottom row) we also show the dynamics of the distinguishability measure
Di(p,0) when p = |0X0] and ¢ = |1X1|. As before, y = 1 and several values of u are
investigated. In the Markovian regime (greater values of u) we see how the prediction of the
regularized Born equation is practically exact, while at this level some deviations can be seen
for the other two master equations. When entering the non-Markovian regime for smaller
values of i, several things can be noticed. The prediction of the Redfield equation is always
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Figure3.5: Plots obtained for the qubit system withy = 1and u € {5,2, 1}. Top row: dynam-
ics of the Choi distance between a certain evolution and the exact one [cf. Eq. (3.52)]. Middle
row: dynamics of the distinguishability measure D;(p, o) with p = |0X0| and o = [1X1]. In
this case the y-axis is plotted in logarithmic scale for better readability. Bottom row: CPT
violation parameter ||A(t)||, with A(t) defined in Eq. (3.63). Note how the Choi-proximity
regularization of the Born equation—"Choi-Born” in the legend—outperforms the other two
methods and, when activated, reproduces the Markovian and non-Markovian behaviors of
the exact dynamics.

51



Chapter 3. Regularization Techniques

monotonic, as expected. The Born equation, instead, is capable of showing non-monotonic
behavior but it is quite different from the exact one. The regularized Born equation not only
shows non-monotonic behavior as well, but also remarkably follows the exact solution in
those time regions where the Born equation is not CPT. Again, the regularization has no
power in those regions where the Born equation is already CPT. Finally, notice that there
is an intermediate situation in which the Born equation predicts non-Markovianity when
the exact solution does not: when activated, our regularization is capable of correcting this
behavior.

As a second example we study the more complex spin-boson model, which occupies
a prominent role in the theory of open quantum systems and constitutes a paradigmatic
playground to study many dissipative and decoherence mechanisms [6, 8]. The system
consists of a spin-1/2 particle with Hamiltonian

€ 0
Hs = -0, + 0y, 3.79
S 7Yz T 50 ( )
where 0,0y, 0, are the usual Pauli matrices, ¢ is the energy gap between ground state |0)
and excited state |1), and 0 is a tunneling strength between such states. The spin is coupled
to an environment of bosonic oscillators Hg = )| p epc; ¢y and the interaction is

V=0,® Z Sp (cp + c;;). (3.80)
P

In order to keep things simple, we assume again that the environment is characterized by
the exponential correlation function (3.51).

There is no explicit exact solution for this model, even though the system is small
enough to allow for an easy numerical approach through hierarchical equations of mo-
tion (HEOM) [100]. In particular, we rely on the corresponding functions provided by the
Python library QuTip [101]: in the following, the result obtained with this procedure will be
referred to as “exact solution”. The Redfield equation associated with this problem—and its
regularizations—can also easily be solved numerically.

It is generally believed that CPT violations of the Redfield equation tend to appear at short
times and with at least moderate coupling constant [23]. In this regime the accuracy with
respect to the exact solution is not expected to be satisfying. Applying the Choi-proximity
regularization can slightly improve performances, but our aim in this example is another
one: we want to show how our procedure can give a well-defined dynamics that retains the
non-Markovian features of the Redfield equation, contrary to other common regularization
schemes.

Let us first focus on the time-dependent Redfield equation. In Fig. we show the
dynamics of the distinguishability measure D;(p, o) when p = |0X0| and ¢ = |1X1| in a
moderate coupling regime with y = 1.5 and y = 0.1, together with the CPT violation
parameter || A(t)||. In the distinguishability plot we see that the regularization does not make
much of a difference with respect to the original time-dependent Redfield evolution, but the
dynamics is now guaranteed to be physically well defined. Notice how the time-dependent
Redfield equation violates positivity at short times with ||A(t)|| ~ 1073. The moderate
impact of the Choi-proximity regularization allows the regularized equation to keep the
nice features of the Redfield equation, such as accounting for the non-Markovianity of the
model: note how the oscillations in the distinguishability measure are roughly positioned as

52



3.3. Choi-proximity regularization

e e N pos Exact R N Exact
-~ Redfield 107 < -~ Redfield
081 —-= Koss-Redfield 0.8 1 —-= Koss-Redfield
— —— Choi-Redfield — N —— Choi-Redfield
o 0.6 o .
S g 087 AN
Q 0.4 a8 :
e R 0.4+ .
""""""" DN
0.2 0.2 1 e
.\_\'\ Se—. -
0.0 — L e ———
: - /\ 5] /\_/\
2 /\ =1
0.000 - . . . . . . 0.0+ . . . . . .
25 50 75 100 125 150 00 25 50 75 100 125 150
t t
Figure 3.6: (Left) Dynamics of the distinguishability measure D;(p, o) for the spin-boson

model with p = |0X0| and ¢ = [1X1]|. At the bottom, the CPT violation parameter || A(t)||. The
parameters of the model are ¢ =1, 6 = 0.7 for the system and y = 1.5, u = 0.1, wo = 1 for the
interaction. (Right) Same as on the left but using the time-independent Redfield equation.

in the exact solution. In contrast, we also plot the prediction of the time-dependent Redfield
equation regularized by acting on its Kossakowski matrix with the dynamical regularization
of Sec. in this case a monotonic decrease is observed, in accordance with the fact that we
are imposing a CP-divisibility requirement.

In Fig. [3.6/ we also show the same plot but starting from the time-independent version
of the Redfield equation. This time the positivity violation is clearly visible also in the
distinguishability plot, where D;(p, o) unphysically grows beyond the value of one at short
times. Correspondingly, we find ||A(#)|| ~ 107! in this time region. The Choi-proximity
regularization corrects this behavior and reproduces non-Markovian oscillations, contrary
to the dynamical regularization.
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Chapter 4

Contour Formulation

This chapter describes a slightly generalized version of the contour technique that was originally
formulated, discussed, and used in:

[53] V. Cavina, A. D’Abbruzzo, and V. Giovannetti, Unifying quantum stochastic methods using
Wick’s theorem on the Keldysh contour, Phys. Rev. Research 7, 043262 (2025).

In Chap. [3| we discussed the problem of deriving weak-coupling master equations and
the related issue of complete-positivity breaking, which led us to various regularization
techniques. In the rest of the thesis we will shift our focus towards exact descriptions of
quantum dynamics, without resorting to assumptions about coupling or other scales at
play. In this intrinsically non-Markovian setting, the LGKS theorem is not available and
the mathematical structure of the dynamics is much less clear [16]. To cope with this, a
heterogeneous variety of approaches has been proposed during the years to still find useful
predictions in practice, like hierarchical equations of motion [100], reaction-coordinate [102,
103] and pseudomode mappings [104], collision models [105, 106], and tensor-network
techniques [107].

At the same time, nonequilibrium quantum field theory has been able to provide impor-
tant results, e.g., in cosmology, high-energy physics, and condensed matter physics [44-46].
The Schwinger-Keldysh contour formalism [42, 43|, in particular, has been proved to be a highly
efficient analytical tool. Even though some works already approached the construction of
a link between these two worlds [47-52, (108, |109], we believe the contour formalism still
holds substantial untapped potential for advancing research in the field of open quantum
systems. In this chapter we formulate a Keldysh-like contour formalism that is able to exactly
describe the time evolution of density operators of open quantum systems. In contrast to
usual approaches, we do not make use of field objects, path integrals [110,111], or involved
superoperators [112-114], thus achieving a remarkable degree of clarity in final results.

We begin with a description of the contour in Sec. in the simpler context of closed
quantum systems. Then, in Sec. [4.1.2lwe move to the contour formulation for open quantum
systems which are initially uncorrelated from their environment, an assumption we usually
took for granted in Chaps. 2] and 8| However, in Sec. we show that initial system-
environment correlations, which are fundamental for the description of strongly-coupled
systems, can effortlessly be taken into account using a “complexification” of the contour—a
technique borrowed from thermal field theory [115]. In Sec. [4.2]we will introduce a Gaussian
environment assumption: after generalizing the well-known Wick’s theorem [40, 41] to
contour operators, we will arrive at a result that is formally equivalent to (a generalization
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of) the Feynman-Vernon influence functional [110]. This will form the backbone of the
discussion for the following chapters. Finally, in Sec.4.3|we will conclude by summarizing
the results obtained so far and by discussing the generalization power of the proposed
contour formalism, suggesting a number of possible extensions.

4.1 Quantum dynamics on the contour

4.1.1 Closed system

Let us consider a closed quantum system whose state at time ¢ is described by the density
operator p(t). If H(t) is the Hamiltonian that characterizes the evolution of such system, we
know that the state at time ¢ is obtained from the state at time fo < t as [cf. Eq. (2.30)]

t
p(t) = U(t, to)p(to)U* (1, o), U(f,to)=TeXp[—i / dsH(s)}, (4.1)
to

where T is the time-ordering operation. After expanding the exponentials,

)k+q

kll
k,q=0

o(t) = / dFs / 15 T{H(s1). . Hs)bplto) T{H(S) . H(s)},  (42)

= . L . . t .
where T is the anti-time-ordering operation and ﬁo d¥s is intended as a shorthand for the

n-dimensional integral ft; dsi... /t; dsy.

The basic idea behind the contour construction originates from the desire of writing
Eq. in a simpler form. To do that, let us trace the effect of the ordering on the operator
string inside the integrals. If we read the time arguments when “moving” from right to
left, we quickly realize that time travels from t to ¢y and then back to t. Let us then denote
with y~(t) the domain of the variables sq, ..., sk: this is just the interval [fo, t]. Let us also
denote with y*(t) the domain of the variables s7, ..., s %: this is again just the interval [f, ¢]
but we distinguish it from y~(t) for ordering purposes. While y~(t) is “positively oriented”
when going from tg to t, the path y*(t) is “positively oriented” when going from ¢ to t.
We introduce the notation z = s*, which stands for the point that lies at value s on y*(f).
Following the structure of Eq. (4.2), it is meaningful to consider the path

y(t) = yr(t) =y (1), (4.3)

which is the concatenation of y*(t) and y~(¢), in that order. For obvious reasons, we call
¥~ (t) the forward branch and y*(t) the backward branch, while y(t) is simply called contour: see
Fig.4.1|for a pictorial representation.

After defining the contour Hamiltonian H(z) = H(s*) := H(s), Eq. becomes

Z)k+q
k!q!

pl) = [ [, @ THG  HEptHED. HE) 0

k,q=0

Here T is intended as a contour-ordering operation, which puts operators with “later” argu-
ments on the left according to the ordering imposed by y(t). It is clear that it acts as the
standard time ordering when restricted on the forward branch, while it acts as the anti-time
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4.1. Quantum dynamics on the contour

Figure 4.1: Schematic representation of the contour defined in Eq. (4.3). Starting from time
t, a backward branch y*(t) goes straight to the initial time ¢y, and then a forward branch
¥~ (t) returns back to ¢.

ordering when restricted on the backward branch, but mixed situations are possible. As in
the usual scenario, operators commute inside the T sign, hence

_ l)k+q k q
P = k,g=0 k'q! ./ (t)d ./+(t)d 2 T{H(z1). .. Hzo)H(z) ... H(zg)p(to)}
(4.5)
_ Z)n k n—k_rs ’ ’
;}g ki(n — k)! A_(t)d Z£+(t)d 2’ T{H(z1) ... H(zx)H(z}) ... H(z],_)p(to)},

where in the second equality we rewrote the sums in terms of n = k + . Thanks to the well-
known binomial property—which applies because the integrand is completely symmetric
upon exchanges of integration variables—this is simply

_ N (=1)" n
p(t)—;) — /y(t)dzT{H(z1)...H(zn)p(t0)}. (4.6)

We can also write this in the suggestive exponential form

p(t) = T{exp[—i /(t) dz H(z)}p(to)}, 4.7)
y

where, as usual, it is understood that T is applied to operator strings after the exponential is
expanded in its Taylor series.

The expression [{.7) is completely equivalent to (4.2), even though its compactness with
respect to should be appreciated. In introducing the contour y(t) we simplified the
operator structure at the cost of changing the integration domain. Such a rearrangement has
already been proved extremely useful in nonequilibrium Green’s function theory [45, 46|
and, as we will show in the rest of the thesis, it is able to provide interesting results for open
quantum systems too.

It is worth noticing the difference between our contour y(t) and the usual Schwinger-
Keldysh contour that is commonly employed in field theory, many-body physics, and related
fields [42, 43]. In those treatments, the focus is on the evolution of field operators in
Heisenberg picture rather than density operators in Schrodinger picture. One can verify
that the change of picture translates in an “inversion” of the contour, which is obtained by
following y~(t) firstand y*(t) second. Since here we are interested in the evolution of density
operators, we will stick with the definition of the contour we gave above.
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Chapter 4. Contour Formulation

The contour Hamiltonian H(z) was defined to be equal to the physical Hamiltonian
on both branches of the contour. What if we allow it to be different? Suppose, e.g., that
H(s™) = h(s) and H(s") = h’(s), with h # I’. In this case,

t t
p(t) = Texp[—i/ ds h(s)] p(to) Texp[i/ ds h’(s)]. 4.8)
to fo
As one can verify by differentiation, this is the unique solution to
dp(t) . ,
= ==ilnem - et o], @9)

which reduces to the von Neumann equation when h = h’. Equations such as emerge,
e.g., in non-Hermitian quantum physics [116] where h’ = h' and & is a non-Hermitian Hamil-
tonian. Even though Eq. does not conserve probability, it has meaning as an effective
description of non-unitary open dynamics that has been post-selected to avoid quantum
jumps'| The “unbalance” h # h' is neatly captured by the contour formulation, making
Eq. entirely analogous to the standard von Neumann equation: it is sufficient to focus
on Eq. with generic contour Hamiltonian H(z).

4.1.2 Open system

Let us now assume our quantum system of interest to be coupled to some external en-
vironment. Specifically, as we did back in Sec. we assume the Hamiltonian of the
system-environment compound to be of the form

H=Hy+V, Hy=Hs+Hp, V=) Ay®B, (4.10)
(04

where Hy is the free term, containing a system Hamiltonian Hs and an environment Hamil-
tonian Hg, while V is the coupling contribution, written in terms of system operators A, and
environment operators B,. All these objects can be, in principle, dependent on time ¢.

It is convenient to move to the interaction picture. Specifically, given the free propagator

t
Up(t, to) = Texp[—i/ ds Ho(s)], (4.11)
to
we replace the universe state psg(t) with

ose(t) = U(t, to)pse(t)Uo(t, to). (4.12)

Then, we know that the von Neumann equation for gsg(t) writes

dose(t) _ .

T =iV, 0sst)], V) = UL )V (OUo(t, o) (®13)

Using the contour y(t), it is immediate to realize that the above equation is solved by

ose(t) = T{exp[—i/(t) dz (V(Z)]QSE(tO)}/ (4.14)
%

IConsider for example the canonical form of a LGKS generator (2.42). If we drop the term 2i,j XijLi pL}r, what
remains is Eq. with i/ = htand h =H - é 2i )(ijL;fLi, which is non-Hermitian.
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4.1. Quantum dynamics on the contour

where V(z) = V(s*) := V(s) is defined to be the same on both branches.

We are however interested in writing the reduced density operator o(t) = Trg psg(t), and
to do that we need to take the partial trace over the environment. For the moment, let us
assume that the initial universe state is factorized:

ose(to) = o(to) ® ok, (4.15)

where ¢(tp) is the initial state of the system and g is the initial state of the environment.
This is the same assumption we made when discussing dynamical maps in Sec. and the
Nakajima-Zwanzig equation in Sec. By definition,

V(t) = Z Au(t) ® Balt), (4.16a)

Aa(t) = ULt to))Aa(H)Uo(t, to),  Balt) = U (t, to)Ba(H)Uo(t, to). (4.16b)

Therefore, after we expand the exponential in Eq. (4.14), the partial trace over the environment
immediately yields

= (_i)n n
o(t) = Z i / d’z Z Tr[?l"{Ba(1 (z1)...8Ba, (zn)pg}]T{ﬂal(zﬂ Ay, (zn)g(to)},
n=0 ’ y(t) at,...,an
(4.17)
where again we promoted A, (s*) = Ay(s) and B, (sF) := B,(s). Of course, in writing the
above expression we implicitly assumed that, in the context of a contour ordering, o should
be placed as if it had tp as argument.

4.1.3 Including initial correlations

The hypothesis of factorized initial state is essential in order to be able to take the partial
trace of Eq. (4.14). However, since we are ultimately interested in the dynamics of strongly-
coupled non-Markovian systems, there is a significant desire to include initially-correlated
system-environment compoundsﬂ Remarkably, this can be achieved in an elegant manner
using the contour idea. Similar techniques have already been employed, e.g., in many-body
theory to prepare systems in thermal states before applying time evolution [44} 115, 117].

The starting point consists in writing the initial density operator of the universe in the
following familiar fornﬂ

_lgHM

Zy

e

pse(to) = >0, Zo= Tr[e-ﬁHM]. (4.18)
Following conventions adopted in nonequilibrium Green’s function theory, we will refer
to HM as the Matsubara Hamiltonian. The constant  has been introduced primarily for
convenience, since it allows us to neatly recover thermal states as a special case: itis sufficient
to take as f the inverse temperature and H" = H — uN, with p being the chemical potential
and N being the total number operator.

2 As we discussed in Sec. a correlated initial state prohibits the emergence of a dynamical map for the
system. Nevertheless, we can still expect to find a propagator for g(t) which depends on such initial preparation.

3The form is technically strictly available only for full-rank density operators, since a matrix exponential
is always non-singular. However, one can recover singular density operators by taking an appropriate limiting
procedure on the eigenvalues of H M at the end of the calculation [45].
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Figure 4.2: Schematic representation of the contour defined in Eq. (4.20). Starting from
t +iB/2, first we have a backward branch y*(g, t) running towards ¢y + i/2, then there is a
vertical Matsubara branch yM(8) arriving at t — i/2, and finally we move to t — i/2 with a
forward branch y~ (B, t).

Let us now consider the time evolution of such state:

pse(t) = U(t, to)pse(to)U (£, to)
t
= ZioTexp[—i/tO ds H(s)

t—iB/2
—i/ dz H(z)
to—iﬁ/Z

to
e—ﬁHMTexp[—i/ ds H(s)] (4.19)
t

to—iB/2 to+iB/2
—i/ dz HM —i/ dz H(z)]|,
I t+iB/2

o+ip/2
where we defined H(s + i$/2) := H(s) and it is intended that the time-ordering applies to
the s variable. This expression can be compactly written as a single propagator on a complex
contour as follows (see Fig. . First, we have a backward horizontal branch y*(8, t) which
runs from t + if/2 to ty + if/2. Then we move on a vertical Matsubara branch y™(B) from
to + /2 to to — if/2. Finally, we go from tg — if/2 to t — if/2 with a forward horizontal
branch y~(B, t). Our new contour is

Y(B, 1) =y (B, 1)+ yM(B)+ (B, 1) (4.20)

We also introduce the obvious notation s* := s + if/2 € y*(B,t). We obtain

1 ~
= Z—T exp Texp

0

exp

1 , _JH(s) z=s*€y*(B,1),
pse(t) = Z—O’]I‘exp[—z /y(ﬁ,t) dz H(z)], H(z) = {HM —— (4.21)

It is now convenient to introduce the following contour propagator:

Texp|—i 22dzH(z) z1 =< 2o,
Wi ) = | Lo |

o (4.22)
Texp i/zz dzH(z)] Z1 > Zo.

Here, < is the ordering relation induced by our definition of y (B, t) while /Z f2 dz is a line
integral on y(B, t) starting at z; and ending at z,. Unlike the standard physical-time prop-
agator U(t, to), in general W(zy, z1) is not a unitary operator. However, one can easily show
that the following familiar properties still hold [45]:

W(z,z) =1, Wi(z3,z1) = W(z3, z2)W(z2, z1). (4.23)
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4.1. Quantum dynamics on the contour

Moreover,
dW(za,z1) _ | -iH(22)W(z2,21) 21 = 22, (4.24)
dz iW(Zz,Zl)H(Z1) Z1 > Zo. ’
In terms of this object, Eq. (4.21) is simply written as
W, tt
0

Our objective now is to move to the interaction picture. To do that, we must first introduce
a “free” contour propagator that generalizes Uy(t, t9). Since the Matsubara Hamiltonian is a
universe operator, we can always split it as

HM=H) + VM, HM=HM 4+ HY,  vM =) AMeBY, (4.26)
a

where Hé\/I pertains to system and environment in isolation and VM is the interaction term.
This is the same decomposition we assumed for the physical Hamiltonian, and is completely
general. We can also assume that V and VM are written using the same number of interaction
indices a: this can always be ensured by padding with zero operators the decomposition
with a lower number of indices. We can then clearly define

Ho(s) z=s*€y*(B,1), V(z) = {V(S) A (4.27)

Ho(z) = {Hé” v e VM(ﬁ); T lvM 5 VM(,B)-

Moreover, let Wy(z2, z1) be defined through Eq. (4.22) but with Hy(z) instead of H(z). Then,

QﬂwdwwmwMﬂm=%%%IWWfWWW& (4.28)

where we used the obvious fact that Uo(t2, t1) = Wo(t5, t7).

The following lemma is needed to proceed [53], which generalizes a well-known relation
concerning the transformation to interaction picture in standard physical-time quantum
mechanics [1].

Lemma 4.1. Consider three contour points z1, z, z such that z1 < zp and z < z,. Then,
W(z2, z1) = Wo(z2,2)Wi(z2, 21, 2)Wo(z, z1), (4.29)
where Wi(z2, z1; Z) is defined as in Eq. (4.22) but with H(z) replaced by Wy(z, z)V (z2)Wo(z, 2).

Proof. 1t is sufficient to show that the two sides of Eq. (4.29) satisfy the same differential
equation with the same initial condition. When z; = z,, both sides are obviously equal to
the identity. Also,

diZZ[WO(ZZIE)WI(ZZIZUE)WO(E/Zl)] = —i[Ho(z2)Wo(z2, 2)IWi(z2, 21, 2)Wo(zZ, z1)

— iWo(z2, DIWo(E, 22)V (22)Wo(z2, Wi (22, 21, D)IWo(Z, 21) (430
= —iH(z2)Wo(z2, 2)Wi(z2, 21, 2)Wo(Z, 21),
which is what we wanted to prove. m]
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Thanks to Eq. (4.29), we can write

Wolty , t )W, to) = Wi(t™, to; £y )Wolty , to), (4.31a)
W(to, t)Wo(t™, ty) = Wolto, tg)Wilto, t7; t5), (4.31b)

and therefore
1 _ _
QSE(t) = Z_OWO(tO It )W(t ’ tO)W(tOI t+)W0(t+/ ta—)
1 _ _ _
= Z—OWI(f sty )Wolty , to)Wolto, tg)Wilto, t7; £7) (4.32)
—ﬁHM

1
= Z—OWI(f_,l‘o; to Wolty, tg)Wilto, t¥5t5) = Wi(t™, to; ty ) —— Wl(fo,l‘+ ty)-

By the same arguments we used in Sec. we immediately conclude that

ose(t) = T{exp[—i‘/(ﬁ ) dz V(z)
(B,

V(z) = {Wo(t+,z)V(z)W0(Z,tg) 2> ty,

—ﬂHM

e 0
7 } (4.33)

where

v v (4.34)
Wo(ty, 2)V(z2)Wo(z, t;) z < to.

Eq. (4.33) should be compared with Eq. (4.14). While taking the partial trace over the

environment in Eq. (4.14) is not achievable due to correlations in psg(to), this operation

can easily be carried out in Eq. (4.33), since the factorized operator e~FHY'! appears instead
of gse(to). The price to pay is the complexification of the contour and the “splitting” of
the interaction operator V(z) on such contour, which now assumes different expressions
according to the branch. Nevertheless, we can still make the decomposition

V(2) = ) Au(z) ® Bul2), (4.35)
where

An(s*) = U(s, t)Aa(s)Uo(s, t),  Bals*) = U(s, to)Ba(s)Uo(s, to), (4.36a)
Aq(to £it) = exp[ (E - ’L’)HM]AM exp[ (E - ’C)HM:| (4.36b)
Bu(to £ iT) —exp[ (é —T)HM]BM exp[ (g —T)Hé/l]. (4.36¢)

Moreover,

) i -

d = 00 QOF, 0o = ) . (4.37)

— = ——.
Zy ZO/Tr[e—ﬁHé” ] Tr[e_ﬁHfEM ]

Note that we distributed normalization constants so that g turns out to be a valid state of the
. . . . _gHM .
environment, for reasons that will become clear later in Sec. Instead, since e PH0 /7 is
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4.1. Quantum dynamics on the contour

not normalized, gg is not a normalized system state. Of course, neither gg or g are the true
initial reduced states of system and environment.
With these definitions, taking the partial trace in Eq. (4.33) finally yields

1 ()" .
o) = ) / d"z Y Te[T{Bu,(21).. . Bu, (20)oe}| T{Au, (21) ... Au, (2000},
n=0 ' v(B.t) a1,...,0p
(4.38)
which is entirely analogous to Eq. once we use the correct definitions for the quantities
at play along the appropriate contour.

An interesting point concerning the above equation when compared to its counterpart for
factorized initial conditions is that g is not recovered by setting ¢ = t,, since y(8, to) = yM(B)
is still a non-trivial contour. This is of course expected, since g is not the initial state of the
system and the Matsubara track is needed to “prepare” o(to) from go. As in standard thermal
field theory, it is possible to formulate such preparation as an imaginary-time evolution. Let
yM(ﬁ, 7) be the vertical path running from ty + it to tg — it for 7 € [0, /2], and define

n!

(1) ::;(‘i)n /V M(ﬁﬂ)d”z Z Tr[T{Ba,(21) . . - Buy (20)0E } | T{Au, (21) . . . A, (20)00}-

(4.39)
Clearly, 6(0) = go and ¢(B/2) = o(to), so that the evolution of ¢(7) can be used to represent
the initial preparation of the system.

414 A compact notation

The result of this section can be summarized by saying that we are interested in further
studying an expression of the form

oty =) (_nl,) -
n=0 ’

where we abbreviated A; = A,,(z;) and B; = B,,(z;). The integral symbol with a super-
imposed summation sign is a shorthand notation indicating that we must integrate over
continuous variables and sum over discrete ones:

d'z = / d"z. (4.41)
'%V(t) Z y(t)

Alyeeey an

}‘[( )d”zTr[T{B1 ... Buoe}IT{A1 ... ALoo}, (4.40)
y(t

In Eq. (4.40), what we mean by the various quantities at play depends on the setting.

* For a closed system, substitute A; — H(z;) and B; — 1, and take as y(t) the contour in
Fig. Then ¢(t) is simply the density operator with initial condition g(tp) = go.

¢ For an open system that is initially uncorrelated from the environment, substitute
Ai = Ay, (zi) and B; — B,,(zi), and use again the contour y(f) in Fig. Then o(t)
is the interaction-picture system density operator with initial condition o(to) = o, and
ok is the initial environment state.
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Chapter 4. Contour Formulation

* For an open system initially correlated with the environment, substitute A; — Ay,(z;)
and B; — B,,(zi), the operators defined in Eqgs. (£.36), while gy and g are given
in Eqs. (4.37). For the contour, we take y(t) — y(B,t) the one in Fig. 4.2 including
the Matsubara track: this choice yields as o(t) the interaction-picture system density
operator. Instead, if we take y(t) — y™ (B, T) we obtain the operator ¢(7) in Eq.
describing the initial preparation of the system.

The ability to treat all these situations using the single compact expression (4.40) is a remark-
able property of the proposed contour formulation. At the end of the chapter, in Sec.
we will further sustain this encompassing character of the formalism by briefly discussing a
number of completely different scenarios which nevertheless lead again to Eq. (4.40). How-
ever, in the rest of the thesis we will solely focus on the settings already described above.

4.2 Gaussian environment

Eq. is the formal solution to the most general problem of an open quantum system,
and only makes use of the von Neumann equation. In particular, all the n-point correlation
functions of the environment, Tr[T{B; ... B,or}], appear in this expression, which make it
hard to manipulate in practice without further knowledge about the structure of these cor-
relations. In this section we will introduce the hypothesis of Gaussian environment, according
to which the n-point correlation functions are uniquely and solely determined by the 1- and
2-point functions, as dictated by the celebrated Wick’s theorem [40, 41, (118} 119].

The mathematical tractability of quadratic Hamiltonians and Gaussian states are well
known in physics, and their ability to capture a wide variety of contexts in quantum op-
tics [84], quantum information [58], and statistical mechanics [120] can hardly be overesti-
mated. In the context of open quantum systems, the hypothesis of Gaussian environment is
typically very mild and is routinely used to describe electromagnetic environments, phonon
baths, metallic or superconducting leads, and more [6].

We generally assume the reader is already familiar with main concepts concerning Gaus-
sian states. However, for the sake of clarity, we will first precisely define what we mean
by Gaussian system; the reader can find in Appendix [Ala more detailed account of such
concepts. Then we discuss a contour version of Wick’s theorem, which is what we will use
to simplify the correlation functions in Eq. (4.40).

4.2.1 Quadratic Hamiltonians and Gaussian states

Using the well-known language of second quantization [44], quantum Hamiltonians are often

written in terms of ladder operators {a;, a:.r}?:l, characterized by the (anti)commutation rules
[ﬂz‘,a}]c = 0ij, lai, ajlc = [ﬂ:-r,a;]c =0, (4.42)

where
[X, Y] = XY -CYX (4.43)

and C € {1,-1} characterizes the statistical type of the system: C = 1 stands for a bosonic
system, where (4.43) becomes a commutator, while C = -1 stands for a fermionic system,
where (4.43) becomes an anticommutator.
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4.2. Gaussian environment

A quadratic Hamiltonian is defined as a Hamiltonian which is a quadratic form in ladder
operators. More precisely, in terms of the Nambu vector al = (a{, ai, a;r, ar,..., a,ﬁ, a,), a
quadratic Hamiltonian is of the form

2n
1, 1 ;
H=za'Ha= 3 1-21 Hijalay, (4.44)
Jj=

with H being a Hermitian matrix of coefficients.
It is also convenient to introduce the following 2n Hermitian operators

i (o

Xj = %(ﬂ; + aj), pj = 6(% - aj) (4.45)

and gather them in a vector rl o= (xq, P1,X2,P2,---,%n, Pn). In the bosonic case, these are
usually called position and momentum operators, canonical operators, or quadrature operators [40].
In the mathematical literature, r is also known as Darboux basis [[121]. Instead, in the fermionic
case, these are commonly called Majorana operators [41]. Since we aim at a description that is
valid for both statistical types, we call r the Darboux-Majorana vector. The relations are
compactly written as

[r,r"]c = Q, (4.46)
where . .
o l@? [_01 (1)] , o= @ [(1) (1’] 1. (4.47)
Clearly, QT = —CQ and Q7! = Q. A quadratic Hamiltonian can also be written in this basis:
1 L
H = ErThr =5 Z hijrir (4.48)
i,j=1

for an appropriate coefficient matrix h. Arguably, Eq. is often more convenient to
work with if compared to Eq. (4.44), since the Darboux-Majorana basis effectively hides the
difference between creation and annihilation operators.

A fundamental property of quadratic Hamiltonians is that they linearly evolve the ladder
operators when viewing them as Heisenberg observables. This fact will be repeatedly used
in the following pages of the thesis. More specifically, if H = %rThr, then a straightforward
computation that makes use of Eq. reveals that

% =i[H,r] = —iQhr = 1(t) = e M'r(0) e ™ = e M y), (4.49)
where matrix-vector multiplication is intended throughout.
A Gaussian state is defined through a density operator whose Matsubara Hamiltonian is
quadratic, i.e., [40, 41]
1
p=- exp[—nghr]. (4.50)
If (X), = TrXp stands for the expectation value of the operator X with respect to the
state p, one can find (see Appendix |A) the following neat expressions for the one- and
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two-point correlation functions of Darboux-Majorana operators with respect to the Gaussian

state (4.50):
(Mp =0, ("), =[1-Ce P Q (4.51)

The nice property of Gaussian states is that every correlation of the form (r;, ...r;), can
be calculated from the knowledge of Eq. (4.51). This is the content of the celebrated Wick’s
theorem: we discuss it in the next section alongside a mild generalization of it that will be
useful to us in the context of the contour formalism.

4.2.2 Contour Wick’s theorem

In order to state Wick’s theorem, we need an ordering operation that is somewhat different
from the T operation we used in the previous pages. Given n operators X; = X;(z;) with
arguments on a generic contour y and given C € {-1, 1}, we define

T{X1... Xn} = VO X0y ... Xpw), (4.52)

where ¢ is a permutation of {1,...,n} such that ¢(1) > ¢(2) > ... > @(n) on the contour
y, and N(¢) is the number of inversionsﬁ of ¢. When C = 1, there is no difference between
T and T;. However, when C = -1, T¢{...} = sgn(¢)T{...}, where sgn(¢) = (-DN@) js
the sign of the permutation ¢. This means that, in the process of ordering the operators, a
C factor must be introduced for every transposition. Of course, in contrast to T, operators
cannot be thought of as commuting inside T¢: specifically,

Ted Xoq) -« Xo} = VOTAXq ... X}, (4.53)

In particular, T¢{ X1 X} = CT¢{X2X1}. We can now state Wick’s theorem [118], whose proof
can be found in Appendix

Theorem 4.2 (Wick). Let p be a Gaussian state (4.50). Moreover, let {B; = Bi(z;)} be a set of
operators with arquments z; on a generic path y which are linear in ladder operators, meaning that
Bi = %; ¢ijrj for some ¢ij € C. If (Bi)p = 0 for every i, then

<Tc{B1 cee B2m+1}>p =0, (4.54a)
1 m

(Te{Br.o-Bund)p = —= > OV | (Te{Boi-1Boi . (4.54b)
: o€y j=1

where Sy, is the set of permutations of {1, ..., 2m}. The right-hand side of Eq. (4.54b) is also known
as the Hafnian-Pfaffian [122,123] of the matrix (T {BiBj}>p.

Wick’s theorem as formulated in Theorem |4.2}is not yet in a form that is directly useful
to us, since in Eq. we have to deal with Tr[T¢{Bj ...B,pg}], which is different from
(T¢{Bs1...Bu}),. However, as the following theorem shows, the cyclicity of the trace can be
exploited to link these two expressions.

4 An inversion is a pair (i, j) such that i < j and ¢(i) > ¢(j).
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4.2. Gaussian environment

Figure 4.3: Construction of the “splitted” contour y° used in the proof of Theorem

Theorem 4.3 (Contour Wick). Consider the same setting of Theorem In addition, suppose the
contour y is characterized by a special point zg at which p should be placed for ordering purposes.
Then,

Tr[Tc{B1...Bomsip}] =0, (4.55a)
1 m

Te[Te{Br... Banp}] = — >0 OO [ [ Te[Te{Bogi-nBocyp} . (4.55b)
0€Com =1

Proof. By definition of contour ordering, we can find a permutation ¢ of {1,...,n} and an
index k € {0, ..., n} such that ¢(1) > ... > ¢(n) and

Te[Tc{Br ... Bup}] = VO Tr[Boqr) - BoopBos) - B

. (4.56)
= CN((P)CH k Tr[B(p(k+1) R B(p(n)B(p(l) R B(p(k)p] .
Consider now the permutation ¢ of {1, ..., n} such that
B(P(k+1) . B(p(n)B(p(l) ce B‘P(k) = Bg(l) ce Bg(n). (4.57)

It is easy to see that o can be obtained from ¢ with k(n — k) transpositions, hence we can
write (N(@) = (N0 gk(n=k) Using the fact that k(k + 1) is always even,

Tt[Tc{B1...Bup}] = NV Tr[B,) ... Boyp].- (4.58)

Now we define a “splitted” version y° of the contour y as follows (see Fig. . Starting
from zg, we follow the contour up to its final point; then we suddenly fall back to its initial
point and we follow again the contour up to zg. It is clear that by construction B(q) . .. Bo(n)
is ordered along ys , hence

Tr[Tc{B1. .. Bup}] = C"®*(TE{B1 ... Bu})p, (4.59)

where Tg is the analogue of T¢ but following the ordering imposed by y°. At this point we
simply apply Theoremusing y® instead of y. The fact that (Té {BiB j}>p =Tr [Tc {BiB j p}]
is clearly a consequence of Eq. (4.59). ]

4.2.3 Open dynamics with Gaussian environment

Let us now go back to the context of open quantum systems. We say that the setting under
consideration has a Gaussian environment when the following two conditions are met:

¢ The environment state g appearing in Eq. (4.40) is a Gaussian state. For factorized
initial conditions, this simply means that the initial environment state is Gaussian; for
correlated initial conditions, this means that H }ISVI is quadratic.
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¢ The operators B; appearing in Eq. are linear. For factorized initial conditions, it
is sufficient that the environment’s interaction operators B, are linear and that Hf is
quadratic, so that linearity is maintained when moving to the interaction picture. For
correlated initial conditions, we should additionally require the operators B} and HY!
to be respectively linear and quadratic as well.

With this set of assumptions, the contour Wick’s theorem 4.3 can be applied to simplify
Eq. (4.40). First of all, it is important to realize that the permutation that orders B . .. B, 0f is
the same that orders A; ... A, 00, hence no additional sign is introduced by writing instead

o)=Y, S £ AR TTBL - Buoe) ITe(Ar . Ao, (4.60)
=0 y(t)

where C € {-1,1} is determined by the statistical type of the environment, as described
in Sec. In order to apply Wick’s theorem as formulated by Theorem .3} let us now
suppose that

Tr[Biog] =0, Vie{l,..., n}. (4.61)

This is the same stability condition we already employed in the microscopic derivation of the
Redfield equation back in Sec. The following calculations can be generalized to situations
where the stability condition does not hold: the interested reader can find such calculations
in Appendix B, Now, according to Theorem all odd correlations vanish and we are left
with

( Z) 2 1 N(o) =
o(t) = Z amt Fo, mzm ZC l_[Can—l),a(zj)TC{Al---AZmQO}/ (4.62)

€Sy, j=1

where we introduced the two-point contour correlation function
Ci]‘ =Tr [TC{BiBjQE}] =Tr [TC{Bai(Zi)Baj(Zj)QE}] = C’aiaj(zi, Z]'). (4.63)
With an appropriate change of variables,

N D" 1 N 2 =
)= Z;) (2m)! m!12m C ) y(t)d " l—ICZj—l,ZjTC{Ag—l(l)--.Ao—l(zm)go}. (4.64)
m=

€Sy, j=1

However, .
Tc{Ag101) - - - Ag1amo0} = TN ITH{Ar ... Azoo}. (4.65)

The factor (N cancels out the factor {N(©), since taking the inverse of a permutation flips
its sign. In the remaining expression, nothing depends on ¢ anymore and the sum over ¢
translates in a multiplication by (2m)!, yielding

Q(t) = Z (m'Z)’” ‘%( : dzmz CLQ .. -CZm—1,2mTC{A1 .. -AZmQO}- (4.66)
m=0 t

This is the final expression representing the general dynamics of an open quantum systems

interacting with a Gaussian environment. With the usual conventions, it can also be written
in a suggestive and compact exponential form:

1
Q(t) = TC {exp |:—§ f(t) d2Z C1,2A1A2] Qo} . (4.67)
‘)/
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4.2. Gaussian environment

Reintroducing the full notation, we explicitly have

1
o) =Teyep| 3 > [ #2au@Cutz A oo (468)
a,ﬁ )/(t

It is worth mentioning that an expression for the dynamics of an open system interact-
ing with a Gaussian environment was already obtained by Feynman and Vernon in their
seminal paper [110] using a path-integral technique. Their result is nowadays known as the
Feynman-Vernon influence functional. Albeit initially limited to factorized initial conditions
and bosonic environments, their approach was later extended to correlated initial states [117]
and fermionic environments [111], and other equivalent techniques employing superoper-
ators appeared in much recent years [112, 113]. By contrast, our approach gives a purely
operatorial route which unifies all the various expressions that appear in the literature. In
Appendix [B| we show that Eq. correctly reproduces the influence functional if we
unravel the contour in its physical-time components.

4.2.4 The contour correlation function

We conclude this section by discussing several properties of the contour correlation function
C introduced in Eq. (4.63), which appears in the fundamental result (4.67). We begin with
some fundamental symmetry properties

Theorem 4.4. The function Cup(z, w) = Tr [Tc {Ba(z)Bﬁ(w)QE}] satisfies
(i) Exchange symmetry: Cap(z, w) = CCpa(w, 2).

(ii) C} ﬁ(z, w) = Cﬁa(w*, z*), where z* indicates the point corresponding to z on the opposite branch.
For the contour in Fig. 4.2\ with the Matsubara track, this is just complex conjugation; for the
contour in Fig.[#.1|with horizontal tracks only, it is a branch flip: z = s* = z* = s7.

(iii) Cycle symmetry: Cop(s™, w) = Cap(s™, w) when s™ <w < s~.

Proof. The exchange symmetry is an immediate consequence of the definition, since T¢
brings out a C factor when two of its arguments are exchanged.
To prove (ii), we first note that, by Egs. (4.36),

[Ba(2)]" = Bx(z"). (4.69)
Therefore,
Cip(z,w) = (T {Ba(2)Bg(w)});, = (THB(w")Bz(z")})g = Caz(w, 2°), (4.70)

where in the first and third equality we used the representation of C that makes use of the
splitted contour 7/5 [cf. Eq. (4.59)], while in the second equality we used the fact thatif z < w
according to y° then z* > w*.

Finally, the cycle symmetry follows from the cyclicity of trace since, if s* < w < s7, then
B,(s™) should be placed at the beginning while B, (s~) should be placed at the end:

Cap(s™, w) = Tr|Tc{Bs(w)or } Ba(s)| = Tr[Ba(s)Tc{Bs(w)oe}]| = Cap(s™, w), (4.71)

where we used the fact that B,(s*) = B,(s) once it is outside the ordering. O
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Chapter 4. Contour Formulation

When combining (ii) and (i), we obtain the important property
C=c, 4.72)

where we introduced the symbol ” to indicate the following operation, valid for any two-point
contour function Fug(z, w):

?aﬁ(z,w) = CF;E(Z*,ZU*). (4.73)

We call F the conjugate of F, and when F = F we say that F satisfies conjugation symmetry. The
contour correlation function C is our prime example of function with conjugation symmetry.

It is also important to establish a link between C and the two-point correlation functions
having physical times as arguments. This is often an essential final step in calculations
involving the contour formalism: once the contour has served its purpose in simplifying
analytical work, one should be able to revert the abstraction to discuss physical results.
In general, we will refer to this procedure as unraveling the contour. In nonequilibrium
Green’s function theory one says that the Keldysh components are extracted from the contour
functions [45, |46].

Let F(z, w) be a generic matrix-valued two-point contour function. We will establish some
notation to indicate the various physical-time components of F. Let us start by restricting its
arguments to the horizontal branches. We define

F(s1,s2) == F(s{,s;),  F<(s1,s2) == F(s{,s;), (4.74a)
FT(s1,s2) = F(s],s5), Ff(sl, s2) = F(s],s5). (4.74b)

In Keldysh theory, F~ and F~ are respectively called greater and lesser components, while

FT and FT are respectively called time-ordered and anti-time-ordered components. In case
F satisfies conjugation symmetry F = F, these components are not all independent. For
example,

Fos(s1,82) = Fap(sy, s5) = Fap(st,s5) = CF;E(S{,S;) = ﬁgﬁ(sl,sz), (4.75)

where, for physical-time functions f(s1, s2), the conjugation symbol is obviously intended to
act as fvaﬁ(sl, Sp) = Cfa*ﬁ(sl, S). Therefore, in case F = I we have

v

F<=F>, FT'=FT (4.76)

Analogous components can be defined when restricting the arguments to the Matsubara
branch:

FM>(T1, Tp) = F(tg + i1y, to — iT2), PM<(T1, Tp) := F(tg — i1y, to + iT2), (4.77a)
FMT(Tl, Tz) = F(to —it1,tp — iTz), FMf(Tl, ’L'z) = F(to +ity, tg + iTz). (4.77b)
Differently from standard Keldysh theory, more than one Matsubara component is needed in
our formulation to account for the two possible signs in tg + it. Again, if F = F we have the

relations N
FM< = pM> - pMT = FMT, (4.78)
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4.2. Gaussian environment

Finally, we should consider the components obtained by taking an argument on the
horizontal branches and the other on the Matsubara branch. We define

F1%(s, 1) := F(s*, to + i), Fl*(z,s) := F(tg £ it,s%), (4.79a)

Fl¥(t,s) == F(to xit,s7),  F*(s,1) = F(s™,to % i1). (4.79b)
We used the symbols | and | to differentiate between the two cases in which, respectively,
the first argument is on the backward branch and the second one is on the vertical one, or
the other way around. Differently from standard Keldysh theory, where these are called
right and left components, we need again to distinguish with an added + sign whether the
vertical argument is to be taken as tg + i7. Symmetrically, we introduced the symbols | and

| for when the horizontal argument lies on the forward branch instead. As before, in case
F = F we easily identify the symmetries

Fl* =FlF,  pl= = FlF, (4.80)

Let us conclude by specifying the components of the contour correlation function C. On
the horizontal branches,

Cap(51,52) = (Ba(s1)Bg(s2))os, (4.81)
Crp(s1,52) = CL(Bp(s2)Ba(51))oe,

C,f,g(slf s2) = O(s1 — 52)(Ba(51)Bg(52))or + CO(s2 — 51){(Bp(52)Ba(51))ge,

CIi(51,52) = CO(s1 — 52)(Bs(52)Ba(51))g; + 0(52 — 51)(Bal51)By(2)) .-

Note that these are all determined by the real-time correlation function (B, (s1)Bg(s2)),; - This
is just what we called c,p(s1, 52) when discussing the Redfield equation back in Chap.[2| For
the Matsubara components,

CD%>(T1, 12) = (Ba(to + iT1)Bg(to — i12))gp, (4.82)
Cag“(t1,72) = U(Bg(to + i2)Ba(to — iT1))g,
Cag (11, 72) = O(t1 = ©2)(Balto — i1)Bp(to — i2))g, + CO(r2 = T1)(Bg(to = i72)Balto = iT1))gy,
C%T(le 72) = 0(12 — T1){Ba(to + i71)Bg(to + i72))gp + CO(T1 — T2)(Bp(to + iT2)Ba(to + iT1))gg-

These are all determined by the imaginary-time function (B, (fo + i71)Bg(to + i12)),. Finally,
for the mixed components,

Chi(s,T) = Cai(s, ) = U(Bg(to + iT)Ba(s))g., (4.83)
Cag(5,7) = Clgls,7) = (Ba(s)By(to = 1)y,
Cly(t,5) = CLi(t,5) = (Balto +iT)By(s))oe,
CDE;(T, 5) = cg[;(T, s) = C(Bg(s)Bal(to — i1))y,

which are all determined by the function (B.(s)Bg(to + i7)),.. The additional symmetry
we observe in C by flipping | and [, or by flipping | and ], is a consequence of the cycle
symmetry, which is independent from the conjugation symmetry.
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4.3 Extensions of the formalism

The contour formalism developed in this chapter led us to a formula, Eq. (#.67), with re-
markable expressive power. It exactly describes the dynamics of an open quantum system
initially either correlated or uncorrelated with a Gaussian environment, and can also be
used to represent the fictitious imaginary-time preparation of the initial state. However, its
encompassing character does not end there: the contour formulation can be extended to
situations that are not directly related to the time evolution of the density operator.

For example, consider the problem of “experimentally” tracking the fluctuations of a
quantum observable A(t). In the context of quantum thermodynamics [3], where one wants
to track the fluctuations of work or heat, one chooses as A(t) respectively the total Hamil-
tonian H or the free Hamiltonian of the environment Hg. Probably the most common way
of doing that is the two-point measurement scheme [124]: first, at time t = 0, we perform a
projective measurement of A(0); then we let the system evolve up to time ¢, and at that time
we perform another projective measurement of A(t). Let A(t) = Y, €, IT,, be the spectral
decomposition of A(t), where {€,} is the set of eigenvalues and IT}, is the projector onto the
eigenspace associated with €/,. Then, the joint probability of obtaining €9 at time 0 and €,
at time f is

Ple!,, €5] = Tr[IT, U(t, O)TT) poITSU (0, )T, |, (4.84)

where p is the initial state of the system under investigation and U is the unitary time
propagator. Correspondingly, the probability distribution of the difference €, — €9 is

n

pi(e) = ) Ple,, 516[e - (e}, — )], (4.85)

One can easily show that the characteristic function x(A) = /_ O:o de pi(€)e*€ of such distri-
bution is ' ‘
X)) =Tep(, 1), p(A,t) = Ut 0)e MO BU(0, 1)e ™D, (4.86)

where pp == 3, IT) poIT) is the diagonal part of pg in the eigenbasis of A(0). Since p(A, t) is
defined as a left-right asymmetric propagation of py, itis not difficult to realize that p(A, f) can
actually be expressed using a single exponential along an appropriate contour. In case the
system under study is open, one can develop a contour formulation to describe the evolution
of x¢(A) in a manner completely analogous to what we did in this chapter. The reader can
find an outline of such theory in Appendix|C} where the discussion is quickly specialized to
the relevant topic of quantum thermodynamics and complements recent studies involving
path-integral approaches [125].

Note that here we are focusing on calculating single-time quantities like o(t), for which
it is sufficient to have a single “special point” ty on the contour. However, other kinds of
situations can be ascribed to a contour formulation: it should in fact be possible to account
for multi-time objects by specifying more than one special point. Such a generalization
would enable the study, e.g., of multi-time correlation functions [126], process tensors [68],
or entropic quantities through the replica method [127]. We leave this remarkable possibility
to future work.
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Chapter 5

Non-Markovian Stochastic Dynamics

This chapter describes the results originally published in:

[53] V. Cavina, A. D’Abbruzzo, and V. Giovannetti, Unifying quantum stochastic methods using
Wick’s theorem on the Keldysh contour, Phys. Rev. Research 7, 043262 (2025).

However, the transport theorem in Sec. is taken from:

[54] A.D’Abbruzzo, V. Giovannetti, and V. Cavina, Exact non-Markovian master equations: A gener-
alized derivation for Gaussian systems, Phys. Rev. Lett. 135, 240401 (2025).

Even though Eq. exactly describes the dynamics of an open system in contact with
a Gaussian environment, it is not directly useful in practical situations since the explicit
evaluation of an ordered exponential is generally a formidable task. This is a key reason why
one typically aims at finding a master equation obeyed by ¢(t), which can then be tackled
either analytically or numerically. A different approach, known as stochastic decoupling [[128-
130]], involves introducing a stochastic operator R(f): its evolution depends on some noise,
such that p(t) is recovered after averaging over the noise realizations, ¢(t) = E[R(t)]. This
method often allows for the derivation of a simple master equation obeyed by R(t), which is
typically easier to solve because the complex environment effect is encapsulated into a noise
term that can be simulated numerically.

There are several ways to perform stochastic decoupling. In the Markovian regime, a
long-standing approach involves constructing stochastic master equations by continuously
measuring the environment [131]: the effect is the introduction of a noise that drives the sys-
tem’s evolution along stochastic trajectories. The extension of this idea to the non-Markovian
setting is more subtle and has been the subject of intense debate in recent decades: some
argue that no genuine non-Markovian trajectory can exist without altering the original sys-
tem’s dynamics [132-134], while others contend that it is possible by including delay in
the measurement apparatus [135]. Furthermore, recent claims suggest that a full-fledged
non-Markovian trajectory can be delineated in specific Gaussian models [136].

Here we follow a different line of approach that regards stochastic decoupling as a
formal tool to derive a simplified master equation, with possibly no explicit link to any
measurement procedure. In Sec. 5.1 we focus on the case of bosonic Gaussian environment
and present an approach that harmonizes well with the contour formalism. This is achieved
by representing the environment in terms of a single noise defined on the contour. We
will show in Sec. that known stochastic master equations, such as the stochastic von
Neumann equation (SVNE) [137], the quantum state diffusion equation [138, 139], and the
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two-state unraveling equation [140], are all encompassed by the formalism. Crucially, the
contour formulation also allows us to obtain their respective extensions to initially correlated
system-environment compounds and to other settings embraced by the contour idea.

This unification power will enable us to make further observations concerning the nature
of the noise terms appearing in the SVNE. Specifically, using a “partial” Wick’s theorem,
we will show in Sec. that the solution of the standard SVNE can be written in terms
of a single real noise with positive semidefinite correlation function. Moreover, in Sec.
we demonstrate how the SVNE is influenced by an initial measurement performed on the
environment. We find that if the environment satisfies appropriate semiclassical conditions,
then the SVNE noise can be interpreted in terms of the outcomes of a single heterodyne
initial measurement. This provides additional insights into the open problem of determining
whether non-Markovian stochastic equations generally admit a measurement interpretation.

5.1 An exact stochastic master equation

5.1.1 Stochastic decoupling with contour noise

Consider an open quantum system in contact with a bosonic Gaussian environment. Thanks
to Eq. (4.67), the environment'’s effect on the system is completely encoded by the contour
correlation function C. We will now introduce a set of zero-mean Gaussian noises {&,(2)},
where « is the interaction index, z is the contour variable, and

E[€a(z1)Ep(22)] = Cap(z1, 22), (6.1)

where [E[-] indicates the expectation value over the noise realizations. Note that the corre-
spondence (5.1) is possible thanks to the following two basic observations.

* For a bosonic environment, C is symmetric, i.e., Cap(z, w) = Cga(w, z), as stated in
Theorem This is essential in order to interpret C as the product of two numbers.
An extension to fermionic environments would require anticommutative Grassmann
noises, and is left to future work.

* The value of C(z1, z2) changes according to the branch on which z; and z; lie, as ex-
emplified by the components listed in Sec. A single physical-time noise would
never be able to capture this kind of dependence, whereas a contour noise can. Al-
ternatively, and in a way that is arguably more artificial, one would have to introduce
multiple coexistent physical-time noises. This is the approach adopted by path-integral
methods.

The statement “{&,(z)} is a set of zero-mean Gaussian noises” translates in the following
Wick property, which we take as the defining property of Gaussian noises (cf. Theorem :

E[&1. .. &ame1] =0, (5.2a)
1 m

E[&1 ... &m] = —— Z H]E[ia(zj—l)cfa(zj)], (5.2b)
’ o€y, j=1

where we used again the abbreviation &; = Ea (zj). If we consider (&1, ..., &om) as a zero-
mean multivariate normal random vector, Eqs. (5.2) are also known as Isserlis” theorem,
especially in the mathematical literature [141].
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5.1. An exact stochastic master equation

For our purposes, the interesting fact is that by substituting Eq. (5.1)) into Eq. (4.67), we
can reverse all the steps detailed in Sec. until we arrive at the analogous expression to

Eq. (4.40):
ot) =) (_nl,)
n=0 )

Now, let R(t) be the stochastic operator defined by

%( )d”z E[El Ce £n]’]I‘{A1 N AnQO}- (53)
y(t

n!

R(t) = Zg (=) }ém d"z & .. ET{A; ... Anoo}. (5.4)

Clearly, E[R(t)] = o(t). Furthermore, we recognize the definition of ordered exponential:

—i; /y L 8L

Thanks to stochastic decoupling, we managed to write an equation pertaining only to the
system, which, however, has the same form of the density operator of the whole universe
[cf. Eq. (4.7)]. We can thus expect to be able to write a simple differential equation for R(t),
similar to the von Neumann equation. It is not exactly a von Neumann equation because the
operator &,(z)A,(z) differs depending on the branch on which z lives.

A possible way forward is to fix the contour, decompose it into its branches, and find
a differential equation obeyed by R(t) by inspecting the result. This is, in fact, the route
that was originally taken in our paper [53]. Here, however, we choose to follow a different
path: namely, after fixing the contour, we directly take the time derivative of Eq. (5.5). The
derivation turns out to be slightly cleaner and requires us to develop a tool that will also be
essential in the next chapter.

R(t) = T{exp QO}- (5.5)

5.1.2 Transport theorem

In order to directly take the time derivative of R(t) in Eq. (5.5), we need to be able to calculate
the derivative of multidimensional integrals on y(t). Essentially, we need a “fundamental
theorem of calculus”, but formulated on y(t). This kind of problem is a subject of the calculus
of moving surfaces, and the Reynolds transport theorem, extensively used in fluid dynamics,
provides a general answer [142]. However, here we do not need the full power of the
Reynolds theorem, and we will construct a tailored special case by hand.

Let y(t) be the contour in Fig. which was introduced to describe the dynamics of an
open quantum system initially correlated with its environment. The dependence on g is not
explicitly indicated for notational simplicity, since it will turn out to be irrelevant. Obviously,
the case with factorized initial conditions can be recovered by taking f — 0 to obtain the
contour in Fig. We have the following.

Theorem 5.1 (Transport). Let f(z) = f(z1,...,2n) be a contour function that is smooth on each
branch of y(t). Moreover, given a vector z = (z1,...,z,) and given i,j € {1,...,n} withi < j,
define the notation zﬁ = (zi,...,zj). Then,

d n
— [ dz f(z):z / d"w [fwE e, Wi = fwEL e, wiEh ] (5.6)
dt Jy = Do
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Chapter 5. Non-Markovian Stochastic Dynamics

Proof. We proceed by induction on n. Forn =1,

d d [ _ _

S a5 [ aslien- ] =00 - ) 57)
where we used the fact that the vertical track, if present, does not depend on t and can be
omitted. Suppose now the statement to be true for n — 1 and use the Leibniz integral rule to
write

d d
— d"z f(z) = —/ dz / d" 1w f(w, z,)
dt Jy dt Sy !

d (5.8)
=/ d”-lw[f(w,t-)—f(w,t+)]+/ dzn—/ d"w f(w, z,).
0 vy At Sy
By the induction hypothesis,
d n-1 S n-2 k-1 n-2 k-1 ;+ n-2
en d"'w f(w,z,) = d y[f(y1 AT Y Sz = flyr Aty ,zn)]. (5.9)
y(®) =y

Hence, using the change of variables (y, z,,) — w,

n-1
/ dz, di d”‘lwf(w,zn) = Z / d"w [f(w’f_l, t_,wZ_l) - f(wll‘_l, t+,w’]:_1)].
y(®) t = )

y(®)
(5.10)
The conclusion follows by substituting Eq. (5.10) into Eq. (5.8). o

The right-hand side of Eq. can be reduced to a single term in case f satisfies some
symmetry property. Such simplification will arise frequently in the following pages, hence
we state it here once and for all.

Corollary 5.2. In case

/ d"w f(wh e, Wil = / d"lw f(t*, w) (5.11)
y(t) y(t)
holds for every k € {1, ..., n}, then
4 d"z f(z) = n/ d"tw [f(t7,w) - f(tT, w)]. (5.12)
dt Jy y(t)

As we discussed back in Sec. the preparation of the system’s initial state is an impor-
tant part of the problem when discussing the case of initially correlated system-environment
settings. To describe this preparation, one must use a contour (1) that extends vertically
with an imaginary-time track that runs from o + it to fy — it. A transport theorem can be
formulated in this case too.

Theorem 5.3 (Imaginary transport). Let f(z) be a smooth contour function on y™ (). Then,
d n
— d'zf(z)=i / d" w [F(wWE Tt — i, W) = F(WET b + i, W)
dt Jyme) / ;‘ YM(a) [ftwi oS Ol
(5.13)
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5.1. An exact stochastic master equation

In case f satisfies the symmetry

/ d”_lwf(w'{_l, to + i’c,wz_l) / d"w f(tg + it, w) (5.14)
yM(1) yM(7)

forevery k € {1,...,n} then

% /me def)=in /)/M(T) d"w [ flbo ~ iz, w) = flto + i, w)]. (5.15)

Proof. Itis sufficient to closely follow the proof of Theorem[5.1} The only relevant modification
concerns the base step of the induction, which modifies as

-7
4 dz f(z) = i / dA f(to +id) = i[f(to —it) — f(to +i7)], (5.16)
dt yM(7) T
where in the first equality we used the change of variable z = £y + iA. m|

5.1.3 Closing the differential equation

We will now discuss how the transport theorem 5.1/ enables us to obtain a relatively simple
stochastic master equations for R(t). Let us start by writing Eq. (5.5) as

n:

R(t):Z(_i')nMn(t), My(t) = j{(t)d”zél...énT{Al...AnQO}, (5.17)
n=0 Y

and let us focus on the time derivative of M, (t). The function f of Theorem 5.1]is here

f(z) = Z &1 & T{Ar... Anoo). (5.18)

Assuming sufficient regularity of the contour noise, this function satisfies the smoothness
hypothesis of the transport theorem. Moreover, since operators commute inside T, f is
completely symmetric in all of its arguments, so that the condition (5.11) is trivially satisfied.
Corollary 5.2 then yields

dMn(t) n—-1 _ _
= d o L Ea A T{AL(E)A . A,
T, nza:}i(t) z[Ea(t)Er . Enat T{AL() A 100} (5.19)

— &atT)E1 . & T{Aa(t) AL ... Ayr00}]-
But since ¢~ is at the end of the contour and ¢* is at the beginning (cf. Fig. ,

T{Aa(t_)Al . An—lQO} = Aa(t)T{Al ‘e An—l@O}/ (520&)
T{Aa(t")A1... Ap_100} = T{A1... Ap_100}Au(t), (5.20b)

where we used the fact that A,(t*) = A,(t) once we are outside the ordering operation. It is
then convenient to define the left-right superoperators AL and AR through the action

AL(OHX = Au()X,  AR(H)X = XAL1), (5.21)
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Chapter 5. Non-Markovian Stochastic Dynamics

so that

d]fl—’;(t) =n Z ];[ Y d" 1z [E.(t)AL() - Ea(tHARM)] &1 .. Ena T{AL ... Ayc100}

X ) ) (5.22)
= n ) [EatDALD) = EtDAFDO]Muaa(t) = nSHMuaa (1),

This can be used in Eq. (5.17) to obtain

n—1
dR(t) Z( P 8(M, - 1(t)—2 (Z,E 1)) S(HMya(t) = —iS(HOR(E).  (5.23)
n=1

We finally arrive at the following master equation for R(t):

dR(t)

3 = 1 2, (&AL - £t)HATB]R()

(5.24)
= —i Y Ealt)ABRE) +1 ) EaltIR(DAL(D).

What about the initial condition to which such a differential equation should be subjected?
In case of factorized initial system-environment compound, there is no Matsubara track and
y(to) = {to} reduces to a point: as a consequence, the definition of R(¢) in Eq. tells us
that R(tg) = po, which is the physical initial state of the system. An issue arises in case of
correlated initial system-environment compound, since y(tp) equals the Matsubara track and
R(tp) is obtained from po with an imaginary-time preparation. Remarkably, we can derive a
simple stochastic master equation for such preparation too. We should focus on the quantity

—i; /y o &2 D)

where yM(7) is the vertical path running from to + it to fop — it, so that S(0) = go and
S(B/2) = R(tp). The derivative of S(t) with respect to 7 can be taken using the imaginary
transport theorem An additional i factor must be introduced, and we should keep in
mind that A, (to — it) # Aa(to + i), as can be seen from Eqs. (4.36). The result is

dS(T)

S(1) = T{exp Qo}, (5.25)

Z Ealto — iT)Au(to — i1)S(1) — Z Ealto + iT)S(T)Aalto + iT), (5.26)

with initial condition S(0) = g

Summarizing, one starts from gop = S(0), which is uniquely determined by the initial
universe state by Eq. (4.37), and uses Eq. to stochastically evolve S(7) up to imaginary
time /2, where we know that S(8/2) = R(tp). This will give us the initial condition to
Eq. (5.24), which can then be used to evolve R up to the desired physical time ¢.

5.2 Recovering known approaches

5.2.1 Stochastic von Neumann equation

Other useful non-Markovian stochastic master equations can be obtained from Egs. (5.24)
and (5.26) through further manipulation. For example, in case of factorized initial condi-
tions, where we can just focus on Eq. (5.24), if R(tg) = 0o = |PoXo| is a pure state, then
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5.2. Recovering known approaches

R(t) = [ (£)X¢p+(t)], where

G 1900 = 2, 8t 0, (5.27a)
i W= D) @0 Aat) (5.270)
and [+(to)) = [¢o). The master equation decouples into a pair of independent pure-

state stochastic equations, a fact already known in the literature as two-state unraveling tech-
nique [139,|140]. In case of correlated initial conditions, we can generalize the technique to
the initial preparation S(t) by noticing that if oo = [(oX 10| then S(7) = |p_(7)XP+(7)|, with

% |p-(1)) = Za: Ealto —iT)Au(to — iT) |Pp—(T)), (5.28a)
% (+(7)] = - ; Ealto +i7) (P4 (1) Aulto + iT), (5.28b)

with |¢+(0)) = |¢o). Once the imaginary time /2 is reached, we can apply again Egs. (5.27)
to find R(t) but with initial conditions |+ (to)) = |$+(B/2)).
In the more general case of mixed gy, it is more instructive to rewrite Eq. (5.24) in terms

of
Va(t) = M, Na(t) = M, (5.29)
that is,
dz;gt) =i Za: Va(B)[Aa(t), R(H)] — i Z Na(H{Aa(t), R()}. (5.30)

Eq. is known in the literature as stochastic von Neumann equation (SVNE) [137, [143-146],
because it resembles a standard von Neumann equation, but with an additional anticommu-
tator term.

Even though the SVNE was already obtained by other means, specifically through path-
integral techniques [143], several observations can be made in consequence of how the
noises V,(t) and 1,(t) are brought about by the contour formalism. First, they both derive
from a single contour noise &,(z). The structure of Eq. resembles the so-called Keldysh
rotation, a well-known technique in nonequilibrium many-body theory that is used to achieve
remarkable simplifications in the Green’s functions structure [46]. This connection can be
explored further if we realize that v,(t) and 1,(f) are zero-mean Gaussian noises with
correlation functions that can be calculated from Egs. and (5.1), and the components
of C discussed in Sec. We find

Blva(vp(s)] = 5[ C3(6,9) + Cipt,9)] = 3(Ba(0) Bys)Dye,  (5310)
Blva(On(s)] = 200 ~5)[Coy(0,5) = C5(t,9)] = 500 = sK[Balt), By(s)lhye,  (5:310)
E[n4(t)ns(s)] = 0. (5.31¢)

The right-hand sides of Egs. (5.31a) and (5.31b) are respectively known as Keldysh compo-
nent and retarded component of the Green’s function. In case B,(t) is Hermitian, one also
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Chapter 5. Non-Markovian Stochastic Dynamics

easily verifies that E[v,(t)vg(s)] = Re cap(t, s) and E[va(t)np(s)] = iO(t — s) Im cap(t, 5), with
cap(t,s) = (Ba(t)Bg(s)),;. The advantage of the Keldysh rotation emerges from Eq. (5.31d),
which tells us that 1,(t) has zero auto-correlation. We will explore the consequences further
in Sec.5.3

Eq. is also sometimes called noise kernel, whereas Eq. is called dissipation
kernel. The noise kernel is positive semidefinite, meaning that, for any function f,(s),

t t
[ s s Elvatmlfin = 3 D [ s FusUBalen) Bylsz) s S
a,p ap 0
t
= 3 [ S KBl By e fea) = (P 2 0, (632)
a,p to

with F = ), ftot ds fa(s)Ba(s). Furthermore, the dissipation kernel, encoded in the cross-
correlation between v,(t) and 75(s), does not depend on the environment’s state gg, since
[Ba(t), Bg(s)] is a c-number due to the Gaussian environment assumption.

Finally, it is worth noticing that our version of the SVNE is also valid for initially correlated
system-environment settings. The only thing to keep in mind is that the SVNE noises are
also coupled to the Matsubara components of the contour noise &,(z) appearing in the
preparation equation (5.26). Specifically, using the components of C we find

4 _plx _ <Bﬁ(t0 + iT)Ba(t»ggl
Elva(t)Ep(to % i0)] = CLE(t, 1) = { (B OBy 10 (5332)
Elna()5(to + i7)] = 0. (5.33b)

Remarkably, the noise 1,(t) is also decoupled from the initial preparation.

We point out that an extension of the stochastic von Neumann equation to initially
correlated settings was already proposed in Refs. [145, 146] through a path-integration
technique, albeit the result is limited to specific Hamiltonians and to thermal initial states.
Our streamlined derivation based on the contour formalism is instead valid for any Gaussian
environment and for any initial state that can be written in exponential Gaussian form.

5.2.2 Non-Markovian state diffusion

There is also another interesting way with which we can manipulate our stochastic master
equation. Following an idea that was proposed in Ref. [130], let us write

EaltT) = Za() + x5(),  Ealt?) = Zi(H) + xa(t), (5.34)

where Z,(t) and x;(t) are zero-mean Gaussian noises satisfying

ElZa(t)Z(5)] = BIZa(0)x5 ()] = ELG (x5 (5)] = 0, (535)
ElZa(6)Z)(5)] = C5y(t, ), (5.35)
ELG 06 =Clts), Bl ()] =Clt,9). (5:350)

With Eq. (5.35a) we are assuming that these noises are all uncorrelated between each other,
while Egs. (5.35b) and (5.35¢) are consequently necessary in order to guarantee the validity

80



5.2. Recovering known approaches

of Eq. (5.1). Additionally, in case of initial system-environment correlations, we require

E[x5(H)&p(to £ iT)] = Elx5(H)Ep(to £ iT)] = 0, (5.36a)
ElZa(H)&p(to + i1)] = Co5(t, ), (5.36b)

so that the memory of the initial preparation is solely kept by Z,(t). Now, the idea is to
average the master equation (5.24) only with respect to the x noises, so that we are left with
the single complex-valued colored noise Z,(t).

After taking the expectation value, Eq. writes

]E[dR(t)]

@ | =1 LA BIZAORM) + LG ORO))

(5.37)
+ZZ{1E [Z:(OR(E)] + E[xE(ORE)]} Aa(b).

Since x5 (t) is only correlated with itself (possibly with a different interaction index), we can
apply the Furutsu-Novikov theorem [147] to write

OR(t)
0x5(s) |’

t
ELGORO]= D) [ ds L@ eE (539
ﬁ 0

with 6/6f(s) being the functional derivative with respect to a function f(s). Since R(t)
depends on the noises only through the combinations &, () and &,(t7), it is easy to realize
that

SR(t) _ OR(t) SR(t) _ OR(t)
5G6) 0Z55)  SxpE) | DZy) 539
and therefore
e[ E0] - DA EIZORO) ) [ @] 0]
(5.40)
. : f s gl 2RO
i 3 {BZORO IR et )

At this point, we define the stochastic operator r(t) := E [R(t)] obtained from R(t) by taking
the expectation value only with respect to the noises x;(t). Using Eq. and recalling
the expressions in Egs. for the time-ordered and anti-time-ordered components of the
contour correlation function,

df’(t) ZAa(t) Za(t)r(t) + Z/ dSC> 6(‘;’;;(2)

(5.41)
vid iz, (t)r(t)+2/ dsC(t,s ;ZC(E)) Au(b).

a
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Chapter 5. Non-Markovian Stochastic Dynamics

We arrived at a generalized form of the so-called non-Markovian quantum state diffusion
equation [138]]. Differently from the SVNE, the dynamics is described by a single complex-
valued Gaussian noise, at the price of introducing a possibly complicated functional deriva-
tive. Note that the version proposed here does not rely on the usual assumption of factorized
initial preparation: in case of initial correlations it is sufficient to generate the noise Z,(t)
while keeping its coupling to the Matsubara component of the contour noise in Eq. (5.36b).

5.3 Reduction to single positive noise

The passage from Eq. to Eq. showed that there is more than one way to stochas-
tically represent the environment’s effect on the system. In this section, we show, using
the insight offered by the contour formulation, that the solution of the SVNE can actually
be represented in terms of v,(t) alon while the influence of 71,(t) only appears through
its correlation function with v,(t). As we will discuss, this is a consequence of the fact
that E[n,(t)ns(s)] = 0, which is the striking simplification introduced by the Keldysh rota-
tion (5.29). This reduction is remarkable because v,(t) has a positive semidefinite covariance,
contrary to the arguably more complicated complex colored noise Z,(t) of Eq. (5.41). How-
ever, this will come at a cost, since after the elimination of 1,(t) it will not be immediately
obvious how to express the result as the solution of a time-local differential equation.
The formal solution to the SVNE can be written as

R(t) = Texp

t
_iZa:/tO ds [Va(S)A;(S) +r}a(s)AA;(s)] 00, (5.42)

where Aj(s) = Ag(s) + Ag(s). We need now to expand this two-term exponential.

Consider two generic collections of indexed operators {X;} and {Y;}, and let us ask
about the ordered product of sums T{(X; + Y7)...(X, + Y,)}: how can we write it as a sum
of ordered products? Since operators commute inside the T sign, we will have a sum of
terms of the form T{XG(D o X Yo (kat) - - - Yg(n)}, with k € {0,...,n} and ¢ € &, being
a permutation of {1, ...,n}. However, for fixed k, we should not distinguish terms where
Xs(1) - - - Xg(k) are simply arranged in different order, and similarly for Y1) ... Y5,). We
conclude that

n
1
T{(X1+Y1)...(Xy + Yy)} = ; m g;g T{Xa(l) oo Xo(k) Yo(k1) - - - Yo(n)}' (5.43)
In our case, X; — va(s)A;(s) and Y; — na(s)A;(s), hence
R(t) = i =) Z N L g T{A;...AZA?, .. A%} (5.44)
_nzo o 2 k ; SV1... ViNk+1---1n 1o D pyqee n 100, .

where we exploited the fact that operators commute inside T and thus all permutations
contribute equally under the integration sign. As usual, we also introduced the abbreviations
Vi = va;(8i), i = 1a,(si), and AT = A7 (s)).

IRemember that, in case of initial system-environment correlations, the noise v (t) is still statistically coupled
to the noises &4 (tp + iT) coming from the initial preparation.
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5.3. Reduction to single positive noise

Now we remember that R(f) can be arbitrarily modified, as long as we preserve the
property E[R(t)] = o(t). Let us then take the expectation value of the above equation, which
only affects the string of noises. Since [E[n;7;] = 0, Isserlis” theorem yields the following
expression:

O(k —m)

Elvi...vifke1 ... om] = — E[voaynksl . . - E[Vo@m-r)N2m]
(k — m)12k gez;‘k (5.45)

X B[vo@m-ki1)Vo@m-k+2)] - - - E[Vok—1)Vo(i) |-

This structure is enforced by the fact that we must limit to those permutations that pair each
ni with a v;. Note that this is possible only when k > m, which justifies the appearance
of 6(k — m). When substituted in Eq. (5.44), it is immediate to see that each permutation
contributes equally, hence, for the purpose of calculating IE[R(t)], we can make the effective
substitution

O(k — m)k!
WE[VlﬂkH] - Elvam—in2m] (5.46)

X E[vam—k+1Vam—k+2] - - - E[vi-1vk].

E[vi...viks1 .- Vo]

Isserlis” theorem can now be used again in the reversed direction to regroup the expectation
values involving only v noises. Specifically, using again that permutations contribute equally
to the integrals in R(f),

E[vom-k+1Vom—k+2] - - - E[vicive] = Z E[vr@m-k+1)Vr@mn-k+2)] - - - E[Varc-1)Vr(o)]

=k
neuZm—k#—l

_ (k—m)n2k-m

- WE[M_M el (5.47)

where GZ is the set of permutations of {a, ..., b}, for a < b. We conclude that

Ok —m)k!

(2k — 2m)! E[vinks] .. E[vam-imom [E[vam-k+1 - .- vi],  (5.48)

]E[V1 e VENk41 - - - T]Zm]

a statement that we called partial scalar Wick’s theorem in Ref. [53]. After rearranging the
multiplicative factors, Eq. (5.44) becomes

co  2m . t
_ (_Z)k k f 2m
E[R(t)] = mZ:OI;n o lom—k) | d“"s G1 k41 - - - Gom—k 2m E[Vom—k+1 - - - V] (5.49)

xT{A]...A A} ... A} }oo,

where
Gi,]' = —i]E[Viﬂj]. (5.50)

We can now define a new stochastic operator R’(t) that is obtained by removing the expec-
tation value around the product of v noises:

co  2m k t
—1
R'(t) : Z Z !) (Zm k)}‘[ d?"s G1 k41 - - - Gam—k 2mVam—k+1 - - - Vi (5.51)

xT{A] ... A A} ... A} oo
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Clearly, E[R’(t)] = E[R(t)] = o(t) by construction, and the dynamics is equivalently described
using R’(t) instead of R(f). As we anticipated at the beginning of the subsection, the
important point is that Eq. does not explicitly depend on the noise 7,(t) and that
the noise v,(f) has a positive semidefinite covariance.

An interesting question is whether it is possible to find a differential equation that de-
scribes the evolution of R’(f). Such an equation would be an exact non-Markovian stochastic
equation that is written in terms of a single Gaussian noise with positive semidefinite covari-
ance, in contrast to the state diffusion equation (5.4I). We leave this remarkable possibility
to future work.

5.4 Measurement interpretation

The noises v,(t) and 1,(t) appearing in the SVNE are generally complex-valued. However,
in Sec. 5.3l we saw there is a stochastic representation of the dynamics in which 71,(t) can be
“eliminated” in favor of a single noise v,(t) with positive semidefinite covariance. Unfor-
tunately, v,(f) cannot be interpreted a priori as the outcome of a continuous measurement
process performed on the environment because of the general non-Markovian character of
the dynamics [133]. This contrasts with what occurs in other Markovian stochastic descrip-
tions [[131]].

In this last section we will analyze how a one-shot measurement of the environment
performed at the beginning of the dynamics affects the original SVNE noises. Consequently,
we will focus on finding a measurement protocol and a physical regime in which the mea-

surement records y will give us some scalar stochastic estimate bg)(t) of the operator B,(t)
with the same covariance as the noise v,(t):

E. [va(t)vp(s)] = By [0 (b (5)]. (552)

Here, the symbol E, stands for an average with respect to the noises v,, while E, stands for
an average over the measurement outcomes y. Additionally, to ensure that the dynamics after
the measurement remains consistent with the one without it, we will require that averaging
over y will eventually restore the original density operator. In other words, the system
dynamics should not be altered by the measurement process. These conditions grant that,
in some cases, v,(t) can be interpreted as a “classical noise” emerging from a measurement
scheme.

5.4.1 Effect of an initial measurement

Suppose the environment is initially in a Gaussian stateE] (), and that we perform an arbitrary
finite number n of measurements on it at the initial time. In correspondence to a measurement
recordy = (y1,. .., Yn), the state Q is replaced by the post-measurement state [56]

0 MyQM;
Py

where My = M,, ... M,,, with {M,,} being the measurement operators and P(y) being the
probability of obtaining the record y.

P(y) = Tr|MyQM; |, (5.53)

2For factorized initial conditions, Q = g but this is not the case for correlated initial conditions.
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In case Qy is still a Gaussian state, we can apply all the machinery developed in this
chapter, with an important caveat regarding the stability condition. Even if Tr[B,(t)Q] = 0 is
satisfied, it is not necessarily the case that the same happens after the substitution Q +— Q.
This means that we should take into consideration a possibly non-vanishing average

EV(t) = Tr[B(t)Qy] # 0. (5.54)
Correspondingly, the correlation function cq4(t, s) = [ a(t)Bg (s)Q] gets replaced by
(Y)(t s) = Tr[Ba(t)Bg(s)Qy | - EgW(t)E(ﬁy’(s). (5.55)

Luckily, the machinery we developed in the previous pages, starting from Sec. with
the introduction of the Gaussian environment assumption, can be generalized to a scenario
where the stability condition does not hold: the interested reader can find such generalization
laid out in Appendix|B| In the context of this section, all we need to know is that the SVNE
continues to be valid, provided we shift the v noise precisely by the average in Eq. (5.54).
Specifically,

dR (¢
d};( ) _ _lZ( (Y)(t) +E(Y)(t))[A (t) Ry(t) ZU(OCY)(t){A (t) Ry(t)} (556)

a

where Ry(t) is the system’s stochastic operator associated with this modified evolution and

where V(Y)(t) and n(Y)(t) are zero-mean Gaussian noises with correlation functions

[ (Y)(t)v(Y)(s)] [ Ut 8)+ s, t)] (5.57a)
[ (y)(t)n(y)(s)] - —G(t — 5)[cap(t, 5) — cpals, B)], (5.57b)
[nfxy}(t)n(”(S)] = 0. (5.57¢)

Note that there are two sources of stochasticity at play: first, the fluctuation of the measure-

ment record y, and second, the fluctuation of the noises V(Y)(t) and n(y)(t) at fixed y, derived
from the stochastic decoupling. The averages appearing in Egs. are intended with
respect to this second source only. The stochasticity of y influences both the second moment
of V(Y)(t) and the bias E(Y)(t) Note instead how the correlation function between n(Y)(t) and

(Y)(s) does not actually depend on y, since dissipation kernels are not influenced by the
env1ronment s state, as discussed in Sec.|5.2.1

5.4.2 Semiclassical conditions

To find the conditions under which a generic quantum measurement scheme yields Eq. (5.52),
we will narrow our field of analysis by making some assumptions. First, we take B, = X,,
where a can be thought of as a label running over the modes of the environment, and X, is
the position operator associated with mode a. We will also assume that each mode can be
described as a bosonic harmonic oscillator of frequency w, and mass m,.
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Chapter 5. Non-Markovian Stochastic Dynamics

In addition, two hypotheses on the measurement protocol will be made. In order to
preserve Gaussianity, we need Gaussian post-measurement states; therefore, we will consider
only measurements described by

—-Y)?
My, - (y-Y)

= ————exp . (5.58)
(2nod)l/4 [ 40

Specifically, My, is the measurement operator associated with a measurement of the ob-
servable Y with obtained outcome y. The quantity a;l can be interpreted as the precision
with which such a measurement is carried out.

Secondly, we adopt a heterodyne scheme [84] in which position and momentum of each
environmental mode is measured at the initial time, resulting in

MxxMp QM M}
Qup = oPxx (5.59)
P(x, p)
where Mxx = [[,Mx,, (the ordering of the factors is irrelevant for our purposes),

Mpp = [1, Mp, p,, with P, being the momentum operator associated with mode «, and
P(x, p) is the probability of obtaining the strings of outcomes x for the position and p for the
momentum. For simplicity, we will indicate y = (x, p) and y, = (x4, Pa)-

Finally, let us assume without much loss of generality that Tr[X,Q] = Tr[P,Q] = 0. Since
Q) is a Gaussian state, it is completely characterized by the variances

Ay =Tr[X30Q], A} =Tr[PRQ]. (5.60)

As we show in Appendix D] using the Wigner function formalism [84, [148], if the following
conditions hold,

ox, <Ax,,  op, <Ap,  ox,0p,>1, (5.61)
then
EV(#) ~ x4 cos[walt — to)] + —2— sin[wal(t - fo)], (5.62a)
o a
E, [E&Y)(t)E;Y)(S)] = By [va(t)vp(s)]. (5.62b)

By comparison with Eq. (5.52), note that beY)(t) — Eg)(t). Also, v,(t) is the noise we had
without performing the initial measurement.
Let us briefly discuss the physical interpretation behind Eqs. and (5.62). Combining
those conditions together,
AXU,APQ > 1. (563)

The variances associated with the initial preparation () are characterized by position and
momentum scales that are so large that we can neglect any quantum effect. Under these
assumptions, the initial Wigner function associated with ) can be thought as a classical
phase-space probability distribution. By choosing the precision properly, the distribution
of outcomes coincides with the probability distribution representing the initial state. Then,

Eq. (5.62a) follows from EY(ty) = x4 and Eq. arises from the phase-space statistics of
the initial state matching the statistics of the measurement outcomes.
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5.4. Measurement interpretation

We conclude by mentioning what happens to the master equation in the regime
identified by the conditions (5.6I). The measurement is very precise, so that the post-
measured state ()y has very small position and momentum variances—respectively given,
for any assigned mode a, by ag(a and alz,a. These are much smaller than the variances
associated with the original state preparation, that are now determining the fluctuations

of EEXY)(t). Thus, the fluctuations of vaY)(t) are very small if compared to the ones of E((XY)(t)
and the fluctuations of the Hamiltonian part are totally controlled by the latter. Hence,
we identified a regime where the correlation function of the v noise can be interpreted as
stemming from the stochasticity of outcomes of an appropriately chosen measurement of
the environment.
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Chapter 6

The Gaussian Master Equation

This chapter describes a slightly generalized version of the results originally published in:

[54] A.D’Abbruzzo, V. Giovannetti, and V. Cavina, Exact non-Markovian master equations: A gener-
alized derivation for Gaussian systems, Phys. Rev. Lett. 135, 240401 (2025).

In the previous chapter, we focused on generic open quantum systems coupled to Gaus-
sian environments, employing stochastic equations. The question we now address is: can
we derive an exact and deterministic master equation for our system? Such a tool would offer
a direct representation of the dynamics, free from fictitious stochastic trajectories—a concept
often tricky to grasp in the non-Markovian setting. Unfortunately, obtaining an exact master
equation proves difficult without introducing further assumptions about the system.

The situation improves if we restrict our attention to Gaussian systems that are linearly
coupled to Gaussian environments. Due to the important simplifications introduced by
this assumption, several studies exist on this topic [149-153], but they are typically limited
to excitation-preserving interactions. Notable specific exceptions nevertheless exist, such
as the famous Hu-Paz-Zhang equation [149]. When this is the result of a rotating-wave
approximation, it is however known that inaccuracies can emerge when attempting to capture
energy shifts and non-Markovian effects [81-83]]. A master equation free of this assumption
was derived in Ref. [153], generalizing Ref. [149]], but with a few caveats. First, it is only valid
for bosonic particles; an extension to fermionic systems is required to study, e.g., systems with
superconducting pairing [154-156] or spin-fermion Hamiltonians [83]]. Second, it demands
system and environment to be uncorrelated at the initial time, a condition that might not be
experimentally feasible in the strong-coupling regime [117, (145, [157].

In this chapter, building upon the contour formalism developed in Chap. 4} we derive a
master equation—the Gaussian Master Equation (GME)—that is uniformly valid for all Gaus-
sian systems, without the need for further assumptions [54]. Our approach is applicable to
both bosonic and fermionic Caseﬂ accommodates arbitrary forms of the system-environment
coupling, and remains valid even in the presence of initial correlations. The GME exhibits a
remarkably simple and compact structure, being formally identical to the Redfield equation.
Naturally, its kernel is not the bare environment correlation function, but a dressed one
that incorporates all virtual system-environment interactions. This formal correspondence

1We should point out that the master equation does not apply to hybrid quadratic models in which fermions
are linearly coupled to bosons. However, these models are not Gaussian, as higher-order correlators cannot be
expressed in terms of two-point ones—see, for instance, the Jaynes-Cummings model [6].
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Chapter 6. The Gaussian Master Equation

has an enormous impact on the task of solving the GME in practice. This feature differen-
tiates it from other important approaches where the proposed equation’s dependence on
microscopic parameters is arguably more involved.

An attentive reader could, however, make the following observation: if the entire system-
environment compound is Gaussian, why not solve the dynamics of the whole universe
and then simply extract the system sector? Unfortunately, while this approach is certainly
feasible for finite-size settings, the problem becomes increasingly more demanding for large
environment sizes, which is arguably the most interesting regime for the vast majority of
questions in the field of open quantum systems. Moreover, it is extremely wasteful to
precisely evolve an environment that is intended to be an effective model: we are simply not
interested in its internal evolution, and a lot of unnecessary information would be produced.
For these reasons, it remains highly valuable to find an effective description of open Gaussian
system.

The chapter is structured as follows. We begin in Sec. [6.1 with a brief description of the
most important preexisting approaches used to construct exact master equations for open
Gaussian systems. The new material we propose is discussed in Sec. which contains a
detailed derivation of the GME. Sec.[6.3|focuses on unraveling the contour notation to arrive
at a physical-time description suitable for numerical approaches. Here, the GME is also
put to the test with a simple example involving a fermionic system with superconductive
pairing—a case not addressable by previous approaches. Finally, in Sec.[6.4 we translate the
GME into a differential equation for the system’s covariance matrix, which is a natural object
to observe when discussing Gaussian systems.

6.1 Open Gaussian systems

6.1.1 Heisenberg-Langevin equation

The simplification arising from Gaussianity can be directly identified as the linearity of the
Heisenberg equations of motion for the ladder operators (cf. Appendix . In the context of
open systems, one can therefore write two linearly coupled differential equations: one for
the system’s ladder operators and one for the environment’s ladder operators. Subsequently,
one formally solves the environment equation and substitutes the result back into the system
equation. The result is known as Heisenberg-Langevin (HL) equation [158, [159], due to its
resemblance to the standard Langevin equation found in dissipative classical physics [67].

In the literature, this calculation is typically carried out starting from a Hamiltonian
structure of the form

_ Lt _ + _ ot « t
Hg = Z €ija; aj, Hg = Z W€y, Cy, V= Z (gwaicy + giHcyal), (6.1)
1] v m

which we will refer to as excitation-preserving setting. In this case, creation and annihilation
operators can be considered separately. In terms of the vector al =(ay,...,a,)of annihilation
operators, the HL equation turns out to be

dz(:) = —ica(t) - iB(t) - /0 dez(t - va(o) (6.2)

where B(t) := ge~“*¢(0) is the evolved interaction operator associated with the environment
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6.1. Open Gaussian systems

and I(t) = ge !¢t is a memory kernel known as embedding self-energy [45], which is
basically the Fourier transform of the environment’s spectral density [158].

The HL equation is a potentially complicated integro-differential equation. In
principle, it could be approached with the Laplace transform technique [159]], but in practice
this can be carried out explicitly only for a very limited class of self-energies. Much easier
is the task of studying the steady-state solution at ¢ — oo, where one can instead rely on a
simpler Fourier transform [158].

Note that the excitation-preserving setting does not exhaust all the possible structures
one can have for an open Gaussian system: terms that violate excitation number conservation
can appear in both the isolated Hamiltonians Hs, Hg and the coupling V. This is particularly
important when trying to model superconductive systems [154, 156], Brownian motion with
momentum coupling [160], or quantum optics beyond the rotating-wave approximation [81-
83]. This general setting is instead captured by formulating the problem using the Darboux-
Majorana basis introduced in Sec. as we highlight in Appendix [A} where we also
provide a more general derivation of the HL equation.

6.1.2 Influence functional technique

While useful and straightforward, the HL equation does not give us the full picture for
what concerns the evolution of the system’s density operator p(t). More advanced techniques
typically involve the nonequilibrium Green’s function theory [45] or the Feynman-Vernon
influence functional technique [110]. While the former is not so easily applicable outside
the wide-band limit, which is arguably what we are interested in for a fully non-Markovian
regime, the latter has been successfully applied to derive a number of important results.

In Refs. [150-152], the authors show that, in the excitation-preserving scenario (6.1), an
exact time-local master equation for p(t) can be found:

R = =i, p0) + 3 (750 + 233000 ajpttal - Jiat, pi)]|

7 63)
£ 70 [H?P(f)ﬂj -5 {aja;, P(f)}}, H(t) = ) Ei(t)ala;.
i i
The coefficients, which are time-dependent in order to capture the non-Markovian features
of the dynamics, are determined by the relations

y = —% [L'tu_l + H.c.], y=0- [itu_lv + H.c.], €= %[ﬁu_l - H.c.], (6.4)
where u(t) is the solution to the following homogeneous version of the HL equation:
/ t
dﬁ ) - et - / dt X(t — 1)u(7). 6.5)
0

The matrix v can instead be found as
t
o) = [ drueEe - () (66)
0

where i(t) is a modified version of X(t) which depends on the initial state of the environment.
We refer to Ref. [151] for more detailed expressions.
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Eq. is valid for both bosonic and fermionic scenarios with excitation—preservingﬂ
interaction. While this approach was initially developed for factorized initial conditions, it
has also been shown that initial system-environment correlations can be incorporated into
the description [152].

It is important to notice that the coefficients of Eq. are defined through a quantity,
u(t), which is the solution of another possibly complicated integro-differential equation that
shares the Heisenberg-Langevin structure. As with Eq. (6.2), its feasibility strongly depends
on the spectral characteristics of the environment. Furthermore, the size of the matrix
u grows linearly with the dimension of the system, which can become demanding when
studying the dynamics of many-body systems. With the GME, we will instead show that the
complexity of the dynamics actually scales with the size of the subsystem that is physically
coupled to the environment. This scaling is much more forgiving and intuitive for practical
applications.

6.1.3 An alternative direct approach

An alternative, more direct approach to formulating a closed master equation, one that avoids
auxiliary integro-differential equations, was proposed by Ferialdi in Ref. [153]]. The core idea
is to directly take the time derivative of the density operator, as expressed via the time-
ordered exponential, and then use Wick’s theorem to recompactify the resulting expression.
Crucially, thanks to the overarching generality of Wick’s theorem in the Gaussian setting,
this method does not need to make assumptions about the coupling and simply works even
outside the excitation-preserving scenario. Unfortunately, in the form described in Ref. [[153]],
the formulas are restricted to the bosonic scenario. The result is

LAl ) / as (ﬂaﬁa,s)ma(t), [4p(3), PO + iBap(t, ) Aalt), (Ag(s), p(t)}]), 67)

with the time-dependent coefficients being given by

A(t,s) =Rec(t,s) + Zﬂn(t,s), B(t,s) :=Imec(t,s) + iSn(t,s), (6.8)

n=1 n=1

where R, (t, s) and S, (¢, s) are recursively defined in terms of ¢(t, s). The precise expressions
are rather involved and we refer the interested reader to consult Ref. [153] directly.

There are some evident drawbacks in the description provided by Eq. (6.7). First, it is
limited to bosonic scenarios. Second, it requires a factorized initial state and it is not clear
how to eventually extend it to correlated ones. Third, most importantly, the coefficients of
the master equation have an involved dependence on microscopic parameters, a fact which
hinders the practical application of Eq. (6.7). While there is no need to solve an integro-
differential equation to even write the master equation, as for Eq. (6.3), it is still considerably
difficult to express the recursion in an intuitive manner.

The contour formalism developed in Chap. [4 allows us to solve all of the above prob-
lems [54]. We also employ direct differentiation of the density operator and Wick’s theorem,

2Using the approach of Appendix where we provide the Heisenberg-Langevin equation for generic
interaction by moving to the Darboux-Majorana basis, it could be possible to generalize the derivation of
Ref. [151] beyond the excitation-preserving scenario.
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thus retaining complete generality in the coupling structure. However, the abstraction pro-
vided by the contour is what enables us to treat in an unified fashion the most general Gaussian
context: bosonic and fermionic scenarios are both allowed, and the inclusion of a Matsubara
track paves the way to the description of correlated initial Gaussian states. Most importantly,
the final result is much simpler than Eq. (6.7), and it readsE]

dp(t) v
% = azﬁ: /O ds Gog(t, s)[Aa(t), Ap(s)p(t)] + H.c. (6.9)

Remarkably, this has the shape of a Redfield equation (2.106), but where the usual envi-
ronment correlation function c(t, s) gets replaced by a kernel G~ (¢, s) that can be found by
solving a contour Dyson equation [45]:

G=C+G=+X+C. (6.10)

The symbol » indicates convolution in contour variables, C is the contour correlation function,
and X is a system self-energy Contributiorﬂ The precise meaning of Eq. will be explained
below in Sec. Here, we just want to point out the main message: Eq. is much easier
to solve than Eq. from both a structural and dimensional point of view. Furthermore, it
is directly interpretable as a generalization of the Redfield equation, unlike the convoluted
structure of Eq. (6.7).

Since Eq. is capable of accounting for any open Gaussian system, we call it the
Gaussian Master Equation (GME). In the next section we provide an in-depth discussion of its
derivation.

6.2 Derivation of the GME

We will now present in this section a detailed derivation of the Gaussian Master Equation.
As usual, we start from the assumption that our system of interest is coupled to a Gaussian
environment. Using the contour formalism, this means we start from Eq. for the
system’s reduced density operator. The derivation proceeds through the following steps. In
Sec. we first directly take the time derivative of Eq. using the transport theorem
developed in the previous chapter (cf. Sec.[5.1.2). As an intermezzo, in Sec. we show
that applying a Markov-like approximation to the obtained expression is enough to recover
a “contour generalization” of the Redfield equation. Moving back to the exact scenario, in
Sec. we introduce the Gaussian system assumption and prove a reduction lemma that
allows us to finally close the master equation in Sec.

6.2.1 Taking the time derivative

Let us start our discussion from the expression

1
o(t) = Tc{eXP[—§ j.[(t) dzZC1,2A1A2]Qo}, (6.11)
)/

31n case of initial system-environment correlations, an additional term must be included: see Eq. below
for the full expression.
4The © appearing in the Dyson equation has nothing to do with the embedding self-energy of the HL equation!
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which was obtained in Chap. E] as a description of the dynamics of an open quantum system
interacting with a Gaussian environment. Equivalently, if we expand the exponential,

o0 _1 n
Q(t) = Z ( ) Mn(t), Mn(t) = dznZ 01,2 e CZn—l,ZnTC{Al e AZHQO}- (612)
o 2npl )/(t)

The first thing we have to do is to take the derivative with respect to t. Luckily, we already
know how: it is sufficient to use the transport theorem But first, let us show that the
integrand in M, (t) satisfies the condition , so that the simplified version of the theorem
given by Corollary|5.2|can be used.

Lemma 6.1. Let f be the contour function

f@= >, Cia...Co1,aTc{Ar. .. Asngo}. (6.13)
Alyeeey an
Then, the condition
/ A2 w f(wh W) = / d>"tw f(H, w) (6.14)
y(®) 140)

is satisfied for every k € {1, ...,2n}.
Proof. Suppose first that k is odd. Then the left-hand side of Eq. (6.14) can be written as

Z/ dwj_[ d*" W' C12 . . . Ck=2,k-1Cap(t*, W)Ch k41 - - - Con—3,2n—2
e Do 6.15)

XTc{A1 ... Akc1Aa(t5)Ag(w) Ay . . . Azua00},

where, for clarity, we reintroduced the full notation for occurrences of t* and for the contour
variable w that is paired with it by C. Now, with k — 1 transpositions we can bring A,(t*) at
the beginning of the string of ordered operators, and with subsequent k — 1 transpositions
we can bring Ag(w) immediately to the right of A,(t*). Since 2(k — 1) is even, no additional
sign factor appears after this operation:

/( : dw }_[( : dZn—ZW/ Caﬁ(ti, w)Cl,z .. .Czn_3,2n_2TC {Aa(ti)Aﬁ(w)Al .. .Azn_zpo}.
y(t yit

(6.16)

ap

This is precisely the right-hand side of Eq. (6.14).
We can proceed similarly in case k is even. This time, the left-hand side of Eq. (6.14)
writes

Z/ dwj_[ d?"?W Ci2 . . . Ck-3 k—2Cpa(w, t*)Ch-1,k - - - Con3,2n—2
“he S (6.17)

XTc{A1... Ak Ap(w)Aa(t*)Ak-1 . .. Asp—200}-

With k — 1 transpositions we can again bring A, (t*) at the beginning of the string of ordered
operators, and then with k — 2 transpositions we can bring Ag(w) immediately to the right of
An(t*). Since we performed a total of 2k — 3 transpositions, which is odd, a factor C appears.
However, Cga(w, t*) = CCap(t*, w) and the additional C factor absorbs the one introduced
by the ordering. The result is again (6.14). o
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According to Corollary we conclude that

dM,(t) d , e _ .
dt( ) - a/V(t) d? zf(z):Zn/ " tw [ f(,w) - f(tT,w)], (6.18)

y(t)

with f being the contour function in Eq. (6.13). Expanding it,

dM,, (t
dr;( ) =2n Z / dw % d> 2w’ Ci2...Con-32n-2 (6.19)
a,p y(t) y(t)

X [Cap(t™, w)T{Aa(t")Ap(w) A1 ... Asn—s00} — Cap(t™, w)Tc{Aa(t)Ag(w)As . .. Azn_200}].

Since t* and ¢t~ are, respectively, the starting and ending points of y(t),

TC {Aa(t_)Alg(w)Al Ce AZn—ZQO} = Aa(t)T{Alg(w)Al Ce AQn_zgo}, (6.20&)
Tc{Aa(tH)Ag(w)Ar ... Azua00} = Tc{Ag(w)As . .. Azn—00}Aa(t), (6.20b)

where we used the fact that A,(t*) = A,(f) once it is placed outside the ordering. As we did
in Chap. 5} it is convenient to introduce the superoperators

AL(DX = Au(HX,  ARWX = XAut),  AL(t) = AL() - AR), (6.21)
so that
dM,, (t o,
d—’:() =2n Z / dwf d*>" 2w Ci2...Co-32n-2
wp Y y(®) (6.22)

X Cap(t", )AL (BT {Ap(w)As ... A2u-200},

where we also used the fact that Cap(t™, w) = Cap(t~, w) by Theorem

Unfortunately, it is difficult to go further without making any assumption about the
system. In order to arrive at a time-local master equation we would like to make M,,(t)
appear again on the right-hand side, possibly with m # n. But on the right-hand side of
Eq. we see that the ordered string T¢ {Aﬁ (w)Aq ... AZn—ZQO} contains an odd number of
A operators: this is never matched by an operator like M,,(t), which instead is characterized
by an even number of A operators. We need some way of “reducing” the number of A
operators contained in T¢.

6.2.2 Intermezzo: contour Redfield equation

Before showing how such reduction can be achieved, we present an interesting way of
obtaining a contour generalization of the Redfield equation from Eq. (6.22). In the Markov
approximation, the environment correlation function decays much faster than the other
timescales of the problem (cf. Sec.[2.3.3): asa consequence, Cap(t*, s*)is significantly different
from zero only if s is sufficiently close to t. Let us then see what happens if we make the
substitution

Aﬁ(w)Tc{Al e AZn—ZQO} w > to,

(6.23)
CT{A;.. .Azn_zgo}Aﬁ(w) w < ty.

Tc{Ag(w)A1 ... Azyz00} = {
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Note that in the second case a C factor appears because 2n — 1 transpositions are required to
bring Ag(w) to the end of the string. If we define the superoperator

Aé(w) w > to,

AV —
Al(w) = {CAlg(w) <o (6.24)

we end up with

d]‘é’;(” ~ 2n Z / dw Cap(t, W) AL (DAL (W)My-1 () = —2nR(DMy-1(8), (6.25)
a ﬁ V(t)
where
A1) — _ + VA0 (p) A
R(t) = Z,; /y y duw Cap(t*, w)AS (1AL (w). (6.26)
If we substitute back into Eq. (6.12)), we immediately obtain a master equation for g(t):
do(t) _ 0 (Z1)" dMau(t) _ 50 (=1)"(=2n) _f
T Zl ST = Zl s ROMua(t) = R(et).  (627)

We argue that R(t) is the generator of the time-dependent Redfield equation (2.106), aug-
mented to include eventual initial system-environment correlations. In fact, if we decompose
the contour in its branches,

t
R ==Y [ ds fCoplt" A0, 4610 ~Cop, AU, Coel) (629
a,p vt

b
+ izﬁ] /0 dr {Ca/i(t+, to — iT)[Aa(t), Ag(to — iT)o] + Cap(t™, to + iT)[Aa(t), CoAp(to + i’c)]},

where we made the substitution f + 2b in the definition (4.18) of the initial state to avoid
notation clash with the already present interaction index 5. But we know that

Cap(t™,s7) = caplt, s), (6.29a)

Caplt™,s™) = CC;E(F,S‘) = CC;E(“,S‘) = Cogg(t,s), (6.29D)

Cap(t™, to —iT) = cap(t, to — i7), (6.29¢)

Cap(t™, to +iT) = CC;B(F, to—iT) = CC;E(t+’ to —iT) = Ccaﬁ(t, to — i7). (6.29d)

As a consequence,

t
R ==Y [ dscaplt, A0, 45651
e (6.30)
+iy / dt cap(t, to — iT)[Aa(t), Ag(to — i)o] + Hec.
a,p 0

The first term is precisely the Redfield generator in Eq. (2.106), while the second one is the
additional contribution coming from initial system-environment correlations, which was
neglected during the development in Chap.
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6.2.3 The reduction lemma

Let us consider again the general case in Eq. (6.22). A way to perform the reduction takes
inspiration from Sec. and can be easily achieved if we assume for a moment that the A
operators (anti)commute between each other.

Lemma 6.2. Let Ag = Ag(w). If [Ai, Aj]c = 0 for any choice of i and j, then
TC {AﬁAl Cen AZnQO} = Ach{Al ce AZnQO}/ (631)

where AE is the superoperator defined in Eq. (6.24).

Proof. By definition of contour ordering, we can find a permutation o of {1,...,2n} and an
index k € {0, ...,2n} such that

TC{Al cee AZnQO} = CN(U)Czn_kAg(l) ce Ag(k)QoAa(]H,l) ce Ag(zn). (632)

Suppose now that w > to. Then there exists an index g € {0, ..., k} such that

Tc{ApA1 ... Azmoo} = (VO FIA 4y L Ay ApAoige1) - - - Ao)00Ao(ks1) - - - Ao(an)-
(6.33)
Using the relation A,;Ap = CApAy(i), we can move Ag at the beginning of the string of
operators inserting a C factor at each transpositions. Since g transpositions are required, we
obtain a factor of C7, which cancels the one that was already there:

Tc{ApAi ... Asnoo} = AgT{ A1 ... Asgo}- (6.34)
Similarly, if w < t there exists an index g € {k, ..., 2n} such that

TC {A‘BA1 .. .AanQ} = CN(G)Czn_kHIHAg(l) .. .Ag(k)poAa(kH) .. .Ag(q)AﬁAg(qH) cen Ag(zn).
(6.35)
Using the relation AgA, ;) = CAg(i)Ap, we can move Ag at the end of the string of operators.
Since 2n — q transpositions are required, we obtain a factor (#"=9 = {9, which again cancels
the one that was already there. Therefore,

Tc{ApA1 ... Ampo} = CTc{Ar ... Asnoo}Ag, (6.36)
which is what we wanted to prove. m]

What this lemma is telling us is that if [A;, Aj]¢ = O then the contour Redfield equa-
tion holds exactly, without invoking the Markov approximation. The reason is rooted
in the fact that, with (anti)commuting A operators, we are allowed to ignore the relative
positions between them. The only thing that matters is whether they should be put to the
left or to the right of go: as we discussed in Sec. this has the same effect as the Markov
approximation for the purpose of writing the master equation.

Unfortunately, the condition [A;, Aj]c = 0 rarely holds in practice. Nevertheless, such
observation inspires us to consider its easiest relaxation:

[Ai, Ajlc = 1,  &jeC. (6.37)

This is what happens under a Gaussian system assumption. If the system Hamiltonian Hs (and
H éVI in case of correlated initial state) is quadratic and the interaction operators A, (and AM)
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Chapter 6. The Gaussian Master Equation

are linear, then A; and A; are also linear and their (anti)commutator must be a c-number. As
we did in Chap. 4 we refer to Appendix [A]for a more detailed discussion about quadratic
Hamiltonians and Gaussian states.

As a preliminary step, we introduce a “graded” derivative symbol d, which acts as follows
on a string of operators [119]:

O [ Xy - Xy Xy | = U7 Xy Xy Xy - - Xy (6.38)

This can be interpreted as follows: we imagine to bring X,,; at the beginning of the string of
operators introducing a C factor for each transposition; then we eliminate X,,; by acting with
the derivative on it. The following lemma clarifies that this derivative commutes with the
ordering operation.

Lemma 6.3. For any string of operators Xi,..., X, andany j € {1,...,n} one has
OTAX ... X} = U T Xy ... Xjo1 Xjea -+ - X} (6.39)

Proof. Let o be the permutation that orders the string Xj, ..., X,,. Such ordering can alter-
natively be achieved in the following way: first, move X; at the beginning of the string with
j — 1 transpositions; then, order the remaining operators X ... X;-1Xj41 ... X}, calling ¢ the
permutation that does that; finally, bring X; back into position with 0~!(j) — 1 transpositions.
This observation allows us to say that

(NO = gPIN@IT p = aT()). (6.40)
SinceT{X1...X,,} = NOX ... X0, by applying 9; we remove X, appearing at position
c 6] (n), DY applying o; jrapp gatp

p, and we introduce an additional factor CP~!. Using the previous relation, and the fact that
the remaining operators are already ordered:

8]-TC{X1 LX) = CN(")CP‘1XU(1) e Xg(p_l)Xg(pH) o Xon)

‘ - (6.41)
= NOU K1) - Xop-1)Xo(pe1) - - - Xom) = TTAX1 ... Xjm1 Xjor .- X},
which is what we wanted to prove. O
We are now ready to prove an appropriate generalization of Lemma
Lemma 6.4 (Reduction). If [A;, Aj]c is a c-number for any choice of i and j, then
2n '
Tc{AgAr ... Azuoo} = AJTc{Ar ... Aznoo} - Z U5 T {Ar1. . Ajs1Ajaa - .. Asnoo},
j=1
(6.42)
where
_ G(Zj/w)[A,B/Aj]C w > to, (6.43)
P —0(w, zj)[Apg, Ajlc w < to.

Here, 6(z, w) is a Heaviside step function on the contour, which equals 1 when z > w and 0 otherwise.
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6.2. Derivation of the GME

Proof. We proceed as in Lemma Suppose first that w > to: then, in Eq. (6.33) we can
move Ag at the beginning of the string thanks to A;;yAg = CAgAsi) — C[Ag, Asi)]c:

As() - - Ac()Ap = CAG(1) - - - Ao(g-1)ApAc(g) — ClA, Aci)cAoq) - - - Ao(g-1)

q-1
= CApAotty - Actg) = D, C Ap, Asg-n]cAot - - Avtg-icnAoig-is) - - Aaty)
i=0
Therefore,
Tc{ApAi ... Asnoo} = TN ApAsq) - Ag)00Aa(ks1) - - - Aotan)
q-1
— (N 2n-k+q Z CAp, Ag(g=1))cAo() - - - Ao(gmi—yAs(gi+1) - - - Ack)00Ac(k+1) - - - As(an)
i=0
-1 (6.44)
= AﬁTC{Al ‘e AQnQ()} - Z[Aﬂ,Ag(q_i)]cag(q_i)Tc{Al e AZnQO}~

i=0

The sum can however be extended to all indices provided we remember to keep a non-zero
contribution only from those indices that are later than w on the contour:

2n

Tc{ApAi ... Asnoo} = AgTc{A1 ... Azuoo} —Z 0(zj, w)[Ap, AjlcdiT{ A1 . .. Asnoo}. (6.45)
j=1

The statement (6.42)) is now a consequence of Lemma
We can similarly treat the case where w < ty. We start from Eq. (6.35) and we use the
relation AgAy () = [Ap, Ag(i)lc + CAg(iyAp to bring Ag at the end of the string:

ApAs(g1) - - Acen) = CAsgr1)ApAc(g42) - - - Asan) + [Ap, As(gen)cAs(g+2) - - - Asian)
2n—q

= Czn_qAa(q+1) <o AG(Zn)Aﬁ + Z Ci+1 [Aﬁ/ Aa(q+i)]CAa(q+1) cee Aa(q+i—1)Aa(q+i+l) <o AU(ZI’!)'
i=1

Therefore,
Tc{ApAi ... Asnoo} = CN(U)Czn_kHAa(l) Ao 00As(k+1) - - - Acn)Ap
2n—q
+ (N 2n-k+q+l Z T Ap, Asgen]cAot) - - - Aut)00As(k+1) - - - Av(gri-1Ao(g+i+1) - - - Ao(an)
i-1
2n-q (646)
= (Tc{A1...A2poo}Ap + Z [Ap, As(g+i]c9o(qg+iy Tc{ A1 - . . A2npo}-
io1

The sum can be extended to all indices provided we remember to keep a non-zero contribu-
tion only from those indices that are earlier than w on the contour:

2n
Tc{ApAi ... Asnoo} = CTc{A1... Ao} Ap + Z O(w, zj)[Ag, AjlcdiT{ A . ... Aonoo},
j=1
(6.47)
and the statement (6.42) is now a consequence of Lemma O
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If [Ai, Aj]c is not a c-number, i.e., for non-Gaussian systems, the procedure described in
the reduction lemma does not work and a more sophisticated approach is probably required:
we leave the study of this highly non-trivial problem to future research effort.

6.2.4 Closing the differential equation
If we apply the reduction lemma [6.4]to Eq. (6.22), we obtain

dM,, (t 2. A
—dt( ) _ 2n Z/ dw]{ d?" 2w’ C1.. . Coan-s2n-2Cap(t*, w)AL(t)
e Lo

- (6.48)

X AZ(W)TC{Al o An200} — Z Cj_lzﬁ,ﬂrg {Al o Aj1Aj . «AZn—ZQO} ,
=1

where the dependence of Y3; on w is understood. In the first term, we recognize the
appearance of M,_1(t), as for the contour Redfield equation. For what concerns the second
term, we can actually show that the sum over j is trivial to perform, since all terms of such
sum are all equal to each other under the integral sign.

Lemma 6.5. Consider the quantity
F(j) = ¢/t ]{( )dznzCLz e Con1nZp, T{ A1 Aj1Ajia .. Asnoo} (6.49)
y(t

Then, F(j) = F(1) forall j € {1,...,2n}.
Proof. Suppose first that j is even, so that

F(j)=¢C }_[( d*'zCip...Cj1j .. Con-1,205p, Tc{ A1 ... Aja1Ajia ... Asnoo} (6.50)
y(t)

=C }{( )dZnZ C]',]'_l .. .Cz,l .. .Czn_LGZﬁ,lTC {A]'Aj_lAg .. .A]‘_zAzA]'+1 .. -AZnQO};
y(t

where we performed the change of variables 1 <> j and 2 < j — 1. Inside the ordering,
we can now exchange A;_; and A3, and we can then move A; back into position (i.e., to the
immediate right of A;_1) using j — 2 transpositions. In total, since j — 1 is odd, an additional
C factor is produced. Moreover, using that C; j-1C2,1 = Cj-1,jC1,2,

F(j) = }f d*'zCis...Con-1,20Ep 1 Tc{ Az ... Azuoo} = F(1). (6.51)
y(t)
We can proceed similarly in case j is odd. This time,
F(j) = ‘%‘ d*'z Cipz.. .C]',]'+1 .. .Czn_1,2n25,ch{A1 .. .Aj_1Aj+1 .. 'AZnQO} (6.52)
(t)

= ‘% dZ”z C]‘,]‘+1 .. .61,2 e Czn_llznzlg,l’]rc {A]‘A]‘+1A3 .. .Aj_lAzAj+2 . -AZnQO}/
y(®)

where we performed the change of variables 1 < j and 2 < j + 1. Now, exchange A, with
Aj41 and bring back A; into position with j — 2 transpositions: since j — 1 is now even, no
additional C factor is produced and we straightforwardly obtain again F(1). m]
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6.2. Derivation of the GME

We conclude that

dM,, (t +
T() =2n2/y(t) dw Cap(t w)A‘S(t)AV(w)Mn 1(t) = 2n(2n - 2)2

(t )
p awp =V (6.53)

X %( : d?"?w’ Cia... Czn_glzn_QZﬁllcaﬁ(t+, w)Ag(t)TC{Az ... A2n—200}.
t

The second term can be written in a more convenient way by regrouping indices and inte-
gration variables. Specifically, apart from the coefficient —2n(2n — 2),

/ ( dw }f ( )dZ”‘4w’ Crz. .- Con-50n-4[C+ L+ Clyp(tt, w)AL ()T {Ap(w)As ... Azn-s00},
y(t) t

where we defined the double convolution
[C*L+C](z,w) = /( ) dzyC(z, Y1)E(Y1, y2)C(y2, w) (6.54)
y(t

and matrix multiplication in interaction indices is understood. If we recall Eq. (6.22), we
recognize dM,,_1(t)/dt, but where the coefficient Cop(t*, w) is replaced by [C+Z+C]ap(t*, w).
Let us then define a formal operation W as follows:

Z / dw Cap(z, w)Fg(w) — Z / dw [C * . * Clyp(z, w)Fs(w), (6.55)
a,ﬁ V /(t)

for a generic (super)operator Fg(w). We also extend W by linearity to linear combinations of

quantities of the form in Eq. (6.55), in the obvious way. Then,

dM,(t)

< (6.56)

= 2n Z /y Y dw Cap(t™, w)Ag(t)Ag(w)Mn_l(t) - Zn\I’[

dM;, 1 (t) :|
ap

dt

Together with the boundary condition dMy(t)/dt = 0, this constitutes a recursive definition
of dM,,(t)/dt in terms of M,,(t) with m < n. This recursion can be solved explicitly, as the
following lemma shows.

Lemma 6.6. The recursion (6.56)) is solved by

dMn(t) Z (=D*2n)!

T = L ()M (1), (6.57)

where £1(t) = R(t), the contour Redfield generator in Eq. (6.26)), and L = V[ L.

Proof. We proceed by induction on n. The base case for n = 0 is obviously true; suppose
then that the result holds for n — 1. The recursion (6.56) and the induction hypothesis yield

dMy _ s Z (D@ -2,

ar - M =20 ) G T o W[ LMot (6.58)
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It is clear that \If[.kon_1_k] = \If[.fk]Mn_l_k = LiiaM,_1-k. After performing the change
of variable k — k + 1,

dM, R S (=D @2n -2)1 4 (=DF@n)! 4
ar - 2nLiMu =21 kz:; an—ain LMk = Z @n = axu LMk, (6:59)
which is what we wanted to prove. m]

Eq. (6.57) leads almost immediately to the master equation we are looking for. In fact,
using Eq. (6.12) and the fact that (2n)!! = 2"n!,

d@_ (1)dMn (1)nk A _ooA_A
b ; nl2" ZZ (n — k)12n- 7 LeMo-i = ;Lk@ = Lo, (6.60)

where in the third equality we recognized the definition of Cauchy product of two series.

Let us make a few comments on the structure of this master equation. The term fl(t)
is identical to the generator of the contour Redfield equation (6.26) and is of second order
in the coupling, £1(t) = O(A?). According to Eq. (6.55), each subsequent application of W
introduces another C: as a consequence, Jfk(t) =0 (/\2k). Therefore, we understand that the
contour Redfield equation is recovered from Eq. by truncating the series at the lowest
order in A. The fact that there is such a well-defined and clean way to recover the Redfield
equation in the weak-coupling limit from an exact master equation is arguably not shared
by previously known master equations.

Let us also note that

Li(t) = —Z / dw Q(k)(t+ w) A5 (1) AT (w), (6.61)
a,ﬁ V(t)
where
gV =c, GH) =g .y« C. (6.62)
If we sum over k,
Lity=-)] / . dw Gap(t”, w) A (DAL (w), (6.63)
a,p

with G = Y77, G0, This is the most general form of the GME’s generator, which is re-
markably equivalent to the Redfield one upon making the substitution C +— G. By
summing over k in the recursive definition of G), we realize that G can also be implicitly
defined through the equation

G=C+G+L=+C, (6.64)

as we anticipated in Sec. The structure of Eq. is well-known in physics: it is
called Dyson equation and appears in many contexts. In particular, in nonequilibrium Green’s
function theory it is the equation that arises when a non-interacting Green’s function C is
“dressed” by an interaction mediated by a self-energy X. [45]. In our context, C is the function
that is needed to describe the dynamics when [A;, Aj]c = 0—i.e., when the Redfield equation
is exact. Instead, G describes the “dressing” of C due to a non-trivial (anti)commutator
[Ai, Aj]c—an information that is contained in X. It is also worth emphasizing that powerful
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6.3. Unraveling the contour

numerical approaches exist to efficiently tackle Eq. (6.64), even in the most challenging
settings [161}[162].

A well-known result in nonequilibrium Green'’s function theory is that Dyson equations
similar to (6.64) can also be formulated for systems featuring non-quadratic inter-particle
interactions [45]. The key difference is that the self-energy X becomes dependent on C,
which makes the Dyson equation non-linear. This complexity is then typically managed
using diagrammatic perturbation schemes. It is natural to consider whether our framework
could be extended to non-Gaussian systems by employing similar techniques; however, we
defer this possibility to future work.

6.3 Unraveling the contour

The generator £(t) of the GME is written in terms of an integral over the contour y(t).
To solve the master equation in practice, it is essential to “unravel” the contour into its
branches and express everything in terms of real physical times (or imaginary times when
considering the initial preparation). In Sec. below, we show that by unraveling the
contour in Eq. (6.63), we obtain the same shape as the generalized Redfield equation (6.30)
after replacing the correlation function c,g(t, s) with the appropriate components of G. In
Sec. we proceed by unraveling the Dyson equation too, showing how it can be
approached from a numerical standpoint.

6.3.1 From contour to physical time

As we did in Sec. let us start by decomposing the contour y(t) into its branches:

L0 == [ ds{Gun(t" 5 Au0, 45610 = Gt s NAD, Cotsel] (665)
a,p o

b
+izﬁl /0 dt {gaﬁ(ﬁ/to—iT)[Aa(t),Aﬁ(to—i’c)@]+ Gap(t*, to + iT)[Aa(D), chﬁ(toJriT)]}.

Now, we need some properties that G inherits from C thanks to Theorem Recall the
conjugation operation ~ that was defined in Sec.[4.2.4]

Theorem 6.7. The contour function Gap(z, w) satisfies the following properties:
e Conjugation symmetry: G = G.
* Cycle symmetry: Gap(s™, w) = Gap(s™, w) when s™ <w <s~.

Proof. It is sufficient to prove that the above properties are satisfied by G for every k. We
can do that by induction on k. Since G = C, the base case is guaranteed by Theorem For
the inductive step, the cycle symmetry can be immediately verified. To prove the conjugation
symmetry, we first show that a similar property is obeyed by the self-energy. Assume first
that z > t¢ and write

Lop(z,w) = 0(w, 2)[Aa(2), Ag(w)]; = —CO(w, 2)[Ag(z"), Ag(w)]c

6.66
=-(6(z", w*)[Ag(z*),AE(w*)]g = CZaE(Z*, w”). (6.66)
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A similar calculation can be carried out in case z < tg. Therefore,

[ <k>(Z w)] _sz

(fw“@w%mwﬁwwv
t

(6.67)
(k 1) (k)
- C Z ‘/(t) Ckp (Z /yl)zya(ylz ]/Z)Cg‘g(yZIZU ) - Cg (Z w )
where in the second equality we made some harmless changes of variables. m|
Thanks to Theorem[6.7] and the fact that s < t in Eq. (6.65), we can write
Gap(t™,s™) = Cgi_(t‘,s‘) = Cgi_(t+,s‘), (6.68a)
Gap(t™, to +i1) = CQ_ (t to—it) = CQaﬁ(t to —i1). (6.68b)
This allows us to arrive at the final shape of the GME:
MM—Z/MQGQAWMW]
(6.69)

+iy / dT G, D[Aa(t), Aglto - iT)o] + Hee,
a,p 0

where we used the component notation developed in Sec. This is equivalent to the
Redfield equation (6.30) if we perform cu4(t, s) ;ﬁ(t, s) and cqp(t, to — iT) gl;(t, 7).
Note that only two components of G are needed to determine the master equation.

6.3.2 Components of the Dyson equation

The unraveled GME is fully determined once we specify how the Dyson equation
must be solved to find G~ and G!~. To do that, we must unravel the double convolution
on the contour, so that we can express the Dyson equation in its physical components. In
nonequilibrium Green’s function theory, the well-known Langreth rules are routinely used to
perform such decompositions [45]. However, due to the differences between our contour and
the standard Schwinger-Keldysh contour, we prefer to develop our own translation scheme.

Before approaching Eq. (6.64), let us study the components of £(z, w), defined in Eq. (6.43).
Because of the presence of the 0 function, the majority of its components actually nullify.
Specifically, in case z > tp, we must have w > z, while if z < t) we must have w < z. Asa
consequence, one easily verifies that

L =r<=gM> oyM< gl o yl- =gl = ylr o0, (6.70)

This means that we can just focus on three independent components X1, M7 and Il~. The

remaining components can be found thanks to the conjugation symmetry ¥ = X proved in
Theorem _ _
=y, Ml _yMT 3+ =3l (6.71)

Let us now consider the Dyson equation (6.64)). For ease of discussion, we first decompose
the double convolution onto the various contour branches:

G*X+C = Dxx + Dym + Dumk, (6.72)
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where Dgg contains the contribution from just the horizontal branches, D1y concerns just
the Matsubara track, and Dyx contains the mixed contributions. Now, we decompose each
term by keeping in mind the enormous simplifications introduced by Eq. (6.70), and the fact
that we only need the > and 1~ components of G.

Let us start with Dgk:

Dy =627 -cT+gT 2T . ¢, (6.73a)
ol =g>-2".¢cl+g"-xT.cT, (6.73b)
where the convolution symbol - for components is

(f - 9t t2) = / ds f(t1,5)g(s, t2). (6.74)

to

We see the appearance of the additional component GT. However, because of cycle symmetry,
Tp(E5) = Gaplt5%) = Gaplt",5) = CG(t,57) = (G, 5T) = GF4(t,9). (675)

For the purpose of decomposing the Dyson equation, we can then just make the identification
G = G”. The cycle symmetry applied to C also allows us to write C1~ = C1-. Therefore,

Di=6"-2T-cT+g”-£T.C>, (6.76a)
Dl =6"-T.cl-+g”-IT.Cl. (6.76b)

We can proceed similarly with Dy, finding at first

D2 =G IMT % Ol £ g% w sMT 4 oL, (6.77a)
Dl =G xIMT x CMT 4 g1 4 sMT 4 M2 (6.77b)
where
52
(Fxg)en i) ==i [ defin, Og(c b (678)
0

The cycle symmetry of G allows us to make the identification G* = G1~. Moreover, cycle
symmetry of C together with conjugation symmetry yields Cl* = CI* = Cl-, so that

Dy =G *IM xClm + G % EMT 5 CL, (6.79a)
DI, =G * IMT % CMT 4 G- % EMT 5 CM>, (6.79b)
Finally, for what concerns D)k, one finds
Dy =6 *xrl=.cT - gl xzl-. ¢~ (6.80a)
Dl =6 xzlm.clm-glxil-.c. (6.80b)

Gathering Egs. (6.76), (6.79), and (6.80), and putting them back into Eq. (6.72), we arrive at
the following final result. The contour Dyson equation for G decomposes into two coupled
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physical-time Dyson equations for G~ and Gl given by

G>=C"+g>-2T-¢cT+g>-£T.Cc> (6.81a)
+G1 % (ZMT *Cl-+xl-. CT) +G1 * (iMT *Cl- -3l C>),
Gl-=cl-+g>-xT.cl-+g>-xT.cl- (6.81b)

+G1" % (ZMT *CMT 4 yl= -01—) + G % (iMT L OM> ¥l ‘01_).

While these equations may appear complex at first, they can be straightforwardly approached
from a numerical standpoint with an iterative procedure, once the components of C and =
are established.

In the special case when there is no initial system-environment correlation, Egs.
greatly simplify. In fact, if we ignore all components related to the Matsubara track, all we
need is G, for which we end up with the relatively simple formula

g>:C>+g>-ZT-CT+G>-iT-C>. (6.82)

6.3.3 A simple example

We now discuss a simple example that cannot be addressed using the previously known
exact master equations discussed in Sec. but that is well within the scope of the GME.
The purpose here is to showcase the simplicity with which the GME can be approached from
a numerical point of view: more physically relevant applications will surely be the subject
of future research effort.

Consider as a system the following two-mode fermionic Hamiltonian:

Hg = elairal + eza;raz + 5(&1{51; - alaz). (6.83)
We couple both modes to a fermionic reservoir through standard tunneling;:

Hg = Z epc;cp, V= Z SpCp (011r + uZ) +H.c. (6.84)
p p

In order to keep things simple, we assume Lorentzian spectral density, zero temperature,
large negative chemical potentia]ﬂ and initial decoupling from the system, so that the envi-
ronment correlation function can be taken as the one we already employed back in Chap.

A
c(t) = %e—Alfl, v, A > 0. (6.85)

Because of the fermionic statistics, this setup cannot be treated using the Ferialdi’s master
equation (6.7). Additionally, because of the pairing term 9, the system violates the conser-
vation of the number of excitations, meaning that it cannot be treated either with the master

SLinear coupling to a Gaussian thermal fermionic bath asin Eq. gives rise to the two correlation functions
ct(t) = /_o; dw ](a))f(a))ei“’t and ¢~ (t) = f_o:o dow J(w)[1 - f(a))]e_i“’t, where J(w) is the spectral density and
flw) =[1+ ¢(@=1)/T]~1 is the Fermi-Dirac distribution function (see, e.g., Ref. [113]). Assuming zero temperature
and large negative chemical potential translates in the simplification f(w) = 0 for the purpose of calculating
c*(t), which then become c*(t) ~ 0 and ¢~ (t) = /_o; dw J(w)e™'®t. The latter coincides with Eq. if we take

YA _A

as J(w) the Lorentzian function J(w) = 5 -
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Figure 6.1: (Top) Correction to the solution of the Dyson equation at kth order, meaning
A(k) = max ||G**V|| , maximized over the time grid, for two different values of the coupling
y. (Bottom) Evolution of the dots” populations, with €; = 0.5, =1,6 =0.7,and A = 1.5.
The Dyson equation is solved up to the higher order shown in the top plot.

equation (6.3) obtained from the influence functional. Instead, the GME does not have any
problem in treating this scenario. From a physical standpoint, note that Hs can be used as
a toy model for two quantum dots coupled to a p-wave superconductor, which induces the
pairing 0 by proximity effect [154]. With appropriate extensions, this example could serve as
a starting point for studying, e.g., the exact dynamics of a p-wave Cooper pair splitter [163,
164].

We approach the problem numerically using the following steps. First, we solve the
unraveled Dyson equation (6.82) iteratively on a discrete time grid, obtaining G up to a
certain order in the coupling. As shown in Fig. we find that the convergence rate
depends on y: the stronger the coupling the higher the order one should stop at to achieve
a fixed target accuracy.

After that, we are able to solve the GME with a standard Runge-Kutta integrator, similarly
to what we did in Chap. (3| for the Redfield equation and its regularizations. In Fig.[6.1| we
report the resulting evolution of the dots’” populations (a}a;)(t) after having initialized the
system in the pure state (|00) + [11))/ V2, for two different values of y. The competition
between dissipation and pairing causes damped oscillations that eventually settle on a steady-
state value. We also plot the results predicted by the time-dependent Redfield equation: as
expected, relevant deviations from the GME are found at strong coupling.
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Chapter 6. The Gaussian Master Equation

6.4 Lyapunov equation for the covariance matrix

As we extensively argued in the previous pages, the GME is able to completely capture the
exact dynamics of an open Gaussian systems. Since the overall universe Hamiltonian is
quadratic, if the universe starts out in a Gaussian state, the Gaussianity property must be
preserved by the evolution (see Appendix[A). Similarly, in case o(to) is a Gaussian state, we
expect the solution of the GME, o(t), to remain a Gaussian state for all times ¢ > tg. In this
section, we prove that this is indeed the case and we formulate the GME as an evolution
equation for the covariance matrix of the system.

The first step is to write the adjoint GME, which describes the evolution of observables in
Heisenberg picture, rather than density operators in Schrodinger picture. If §(t) = .ﬁ(t)@(t),
then for observables we have X(t) = £T(#)X(t), where the adjoint generator L1(t) is defined
by relation [6]

Te[ X () L(t)o(t)] = Tr[o(t) L)X (1)]. (6.86)

A simple computation reveals that if £(t) is the GME generator (6.69), then

Lox=-) /t ds G(t, $)[X, Aa(t)]Ap(s)
a,p vt

b (6.87)
+i Z / dt Ql;(t, T)[X, Ax(t)]Ap(to — iT) + Hoc.
a,p 0
The Gaussian system assumption ensures the existence of a linear relationship
An(2) = Y Agj(2)r; (6.88)
j

for appropriate coefficients A,j(z) € C, where ris the Darboux-Majorana vector defined back
in Sec. Thanks to this,

L)X = Z My ()X, ri]rj + He, (6.89)
7
where

t b
M(t) = - /t ds AT(H)G>(t,s)A(s) + i / dt AT(HG (¢, 1) Aty — i7). (6.90)

0

We are now interested in the case where X represents the covariance matrix of the
system. We refer to Appendix |A|for a more detailed discussion about covariance matrices
for Gaussian systems; here we will only briefly provide the most common definition, which
is [40, 41, 165]

Tij = Tr[(rirj + Crjri)o] = 2 Tr|rirjo] —Qi;,  TT =T" =(T. (6.91)

In the bosonic case (C = 1) this is a real, symmetric, positive definite matrix with eigenvalues
in the interval [1,0). Instead, in the fermionic case (C = —1) this is a pure imaginary,
skew-symmetric matrix with eigenvalues in the interval [-1, 1].
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6.4. Lyapunov equation for the covariance matrix

Let us now specialize Eq. (6.89) to X +— fkq = 2rgry —Qpql,sothat Ty, = Tr [fkqg]. After
a long but straightforward calculation, one arrives at

df R .
d_tq = Z Mlj(t)(qurk] + C,Qkirqj + quijﬂ + CQkZQq]ﬂ) + H.c. (692)
ij

Once we take the expectation value, this turns into a matrix differential equation:

% = T@QM)T + CQM)IT + QMTQT + COMQT + Hee.

=T(QM)T + (QM)T - QM + IMT)Q + H.c. (6.93)
= 2Re[QM]T + 2T Re[QM ]! — QM + CMT + MT + CMHQ.

We arrived at the following continuous Lyapunov differential equation:

r
% =XT+TXT +Y, (6.94a)

X =2Re[OM], Y :=-QM + M + M" + CMH)Q. (6.94b)

This type of equation has been extensively studied in the mathematical literature, and its
associated stability analysis and solution algorithms are well known [166]. In the context
of open quantum systems, the occurrence of the Lyapunov equation has been discussed in
Refs. [165, (167, [168]. Here we just point out that Eq. proves the claim made at the
beginning of the section: if the system starts in a Gaussian state, it remains Gaussian at
all subsequent times, with its covariance matrix determined by Eq. (6.94). Note also that a
differential equation for the covariance matrix is characterized by a complexity that scales
linearly with the dimension of the system, unlike any differential equation for the density
operator, which exhibits exponential scaling.

109






Chapter 7

Conclusions

As we argued in the Introduction, microscopic derivations of master equations occupy a
central role in the theory of open quantum systems, as they provide the main route towards
the exploration of the effects originated by the system-environment coupling. This research
area is characterized by many technical, unsolved questions. In this thesis, we illustrated
some steps forward we were able to make in this context, in the weak- as well as strong-
coupling regimes. Let us now draw our conclusions by summarizing key findings, weak
points, and possible next steps.

e Chapter 3} Regularization Techniques
We proposed two new state-of-the-art numerical techniques to regularize master equa-
tions that violate positivity. These proposals were shown to outperform existing meth-
ods in mimicking the exact dynamics and can be applied beyond the standard setting
of the Redfield equation.

— The main limitation of both methods lies in computational complexity, which
limits their application to many-body systems. Inspired by the vast literature on
quantum tomography [94], it could be possible to devise some optimization that
eases the burden of computing projections in high-dimensional spaces.

- Unfortunately, the projection idea—which is central for both techniques—has not
been clearly linked to some physical argument. It is still an open problem to
understand the implications of the regularization, e.g., on the thermodynamics of
the system and the steady-state manifold structure.

 Chapter[# Contour Formulation
We established a fruitful link between the theory of open quantum systems, as formu-
lated with density operators and master equations, and the Schwinger-Keldysh contour
employed in many-body physics. In doing that, we avoided the typical complexities of
field theories while still providing a compact and useful framework to discuss quantum
dynamics.

- Given the generality of the contour construction, it is worth exploring how
to extend the contour formulation to other scenarios, such as non-Hermitian
physics [116], counting statistics for quantum thermodynamics [124], multi-time
correlation functions [126]], process tensors [68], and entropic quantities through
the replica method [127].
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Chapter 7. Conclusions

e Chapter[5t Non-Markovian Stochastic Dynamics
We employed the contour formalism to unify stochastic approaches for the description
of systems coupled to Gaussian environments. Specifically, we provided a common
intersection point between them in the form of a stochastic decoupling with single
contour noise.

- Again, given the generality of the contour formulation, it is worth exploring how
to formulate non-Markovian stochastic equations in different contexts. Can we
use it to perform counting statistics? Can we formulate a stochastic theory for
fermionic variables?

— We showed how the double-noise structure of typical non-Markovian stochastic
equations derives from a Keldysh rotation applied to a single contour noise: is it
plausible that such insight can lead to advantages during numerical simulations?
We also showed how one of the noises can be “eliminated” from the solution,
at least in certain cases: is it possible to come up with an alternative stochastic
master equation that reflects this property?

— Another fundamental question is: can we provide a continuous measurement
interpretation for non-Markovian stochastic equations [136]? Does our one-shot
interpretation give some insight in this direction? Are semiclassical conditions
necessary or not?

e Chapter[6f The Gaussian Master Equation
We microscopically derived the exact master equation that describes the dynamics of all
Gaussian systems linearly coupled to Gaussian environments, the GME. Thanks to the
contour formulation, the result is compact and intuitive: the Redfield kernel is dressed
by a system self-energy, yielding the well-known structure of a Dyson equation. This
is in contrast with previous more limited and complicated approaches.

- It is worth dedicating serious resources to the creation of optimized code to
numerically solve the GME in practice. Preliminary tests hint that the task is
approachable, and that there is strong potential for the discovery of possibly new
non-Markovian effects in Gaussian systems.

— Of course the GME is not directly suitable to mixed statistics, like the spin-boson
model [8, [160], or non-linear interactions. Nevertheless, the appearance of a
Dyson equation suggests the possibility of performing perturbation theory in
terms of more sophisticated self-energy terms: see, e.g., the recursive techniques of
Refs. [169,(170] or the self-consistent mean-field approaches illustrated in Refs. [45,
171].

In summary, we believe we have put forward ideas capable of slightly advancing the
broad field of open quantum systems with both numerical and analytical techniques, and
we showed how such techniques can effectively lead to interesting results. We hope these
methods can find a role in the long-term research effort of increasing our understanding of
realistic quantum systems.
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Appendix A

Review on Gaussian Systems

Starting from Sec. the thesis makes extensive use of the concept of Gaussian system as a
simplified yet powerful setting where analytical calculations are feasible. Gaussian systems
are a well-known topic in both classical and quantum physics, but in order to make the thesis
as self-contained as possible, the present Appendix offers a review of the most important
facts concerning quantum Gaussian systems.

We begin in Sec. with the definition and basic properties of quadratic Hamiltonians.
Next, in Sec. we discuss (bosonic and fermionic) Gaussian states and provide a compact
proof of the celebrated Wick’s theorem. The presented material up to this point is sufficient
for understanding the content of Chaps.[and 5} Finally, in Sec.[A.3/we apply the developed
tools to briefly discuss open Gaussian systems, as a prerequisite for a confident approach to
the content of Chap. [}

A.1 Quadratic Hamiltonians

Using the well-known language of second quantization [44], quantum Hamiltonians are
often written in terms of creation and annihilation operators, {a;, a;f};’:l, also known as ladder
operators. Such operators are characterized by the (anti)commutation rules

[ﬂi,ﬂ;]c = 0ij, lai,ai]c = [ﬂ:-r,ﬂ;-r]c =0, (A1)

where
[X,Y]c = XY -CYX (A.2)

and C € {1,-1} characterizes the statistical type of the system: C = 1 stands for a bosonic
system, where becomes a commutator, whereas C = —1 stands for a fermionic system,
where becomes an anticommutator.

A quadratic Hamiltonian is simply a Hamiltonian which can be expressed as a quadratic
form in creation and annihilation operators. More precisely, if we introduce the so-called
Nambu vector at = (air, ai, a;, as,..., uz, a,), a quadratic Hamiltonian is of the form [172]

2n
1, 1 ;
H=za'Ha= 7 ]Zl Hijalay, (A.3)
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Appendix A. Review on Gaussian Systems

with H being a Hermitian matrix of coefficients. In the bosonic case, it is also customary to
require H to be positive deﬁniteﬂ In conventional treatments, it is customary to call quadratic
also Hamiltonians that include a linear term, i.e., H = % fHa+ ETa. In the bosonic case, since
H is invertible, the shift can however be reabsorbed by noticing that H = 1c'He + a with
¢ = a+ H & and a an irrelevant constant. Instead, in the fermionic case one can show
that no physical Gaussian state can be generated from H with & # 0, as a consequence of
superselection rules [41]. For these reasons, we will restrict to Eq. without much loss
of generality. In this Appendix we will also assume H to be time-independent, even though
all the subsequent expressions can be straightforwardly generalized to the time-dependent
case.
It is often convenient to introduce the following 2n Hermitian operators

i (o

Xj = %(ﬂ; + aj), pj = 6(% — aj) (A.4)

and gather them in a vector rl o= (xq, P1,X2,pP2,--.,Xn, Pn)- In the bosonic case, these are
usually called position and momentum operators, canonical operators, or quadrature operators [40].
In the mathematical literature, r is also known as Darboux basis [121]]. Instead, in the fermionic
case, these are commonly called Majorana operators [41]. Since we aim at a description that is
valid for both statistical types, we call r the Darboux-Majorana vector. In matrix form,

r = Fa, F:ié[l. 1], (A.5)
V25 [
and it is easy to realize that F is a unitary transformation. Moreover,
[r, '] = Q, (A.6)

where ; ;
=) . 0 1 (C=—1) 10| _
Q= z@?[_l o]' Q= @[O 1]_1]. (A7)

Clearly, QT = —-CQ and Q7' = Q. If we define h := FHF' = h', the quadratic Hamilto-
nian (A.3) can also be written as

1 1 2n

H = EI'ThI‘ = 5 Z hi]-rir]-. (A8)
i,j=1

Eq. (A.8) is often more convenient to work with if compared with Eq. (A.3), since the Darboux-

Majorana basis effectively hides the difference between creation and annihilation operators.

Importantly, the coefficient matrix / can always be chosen such that hT = Ch. In fact,

2n 2n
1 1 1
ErT(h ~Chl)r= > i§j:1 [hijrir = Chyjrjri] = > l;:l hij Qi (A9)

IThe condition H > 0 is usually justified by saying that the spectrum of H must be bounded from below in
order to guarantee the existence of a ground state. In the fermionic case this problem does not appear because
each mode can only contribute with a single energy quantum.
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A.l. Quadratic Hamiltonians

is a constant that can be ignored.
Consider now a linear transformation s := Mr. In case we want s to be a valid Darboux-
Majorana vector, meaning that [s, ST]C = (), it is easy to see that

MOMT = Q. (A.10)

In the bosonic case, this corresponds to the requirement that M must be a symplectic matrix,

while in the fermionic case it means that M is an orthogonal matrix. Under this change of
basis,

1 .~ ~

H= EsThs, h=M"hM. (A.11)

Let us look again at the property h = ht = ChT. In the bosonic case, this means that / is real

and symmetric (and positive definite); in the fermionic case, this means that / is imaginary

and skew-symmetric. Well-known results in linear algebra can then be invoked to say the

following: M can be chosen such that Eq. (A.10) is satisfied andE]

n n
~(C=1) e 0 =~ (C=-1) 0 g
"D o s @[_m o (A12)

for appropriateﬂreal numbers & > 0 determined by the condition that +¢¢ are the eigenvalues
of Qh. For C = 1, this result is usually known as Williamson’s theorem and the numbers &,
are referred to as symplectic eigenvalues of h [40]. For C = -1 this is a well-known normal
decomposition of imaginary skew-symmetric matrices [41].

The advantage of choosing h as in Eq. (A.12) is that

F'hr =P [%" C(;] ) (A.13)
=1

which means that, if we introduce the Nambu vector bt = (b1, b1, b;r ,ba, ..., bl b,)associated
with the new basis s = Fb, we obtain a diagonalized form of the Hamiltonian that does not
mixes different modes between each other:

H= %]b*]?*ﬁp]b _ % D gg(b;fbg + Cbgb;f) = )" erbby + const. (A.14)
=1 (=1

Finally, a fundamental property of quadratic Hamiltonians is that they linearly evolve

the ladder operators when viewing them as Heisenberg observables. More specifically, if
H = %rThr, then a straightforward computation that makes use of Eq. (A.6) reveals that

% =i[H, 1] = —iQhr = 1(t) = eMr0)e ! = e r(0), (A.15)

where matrix-vector multiplication is intended throughout.

2Any imaginary skew-symmetric / can be put in form by an orthogonal M, while not every real sym-
metric /i can be put in form by a symplectic M. It is the condition & > 0 which allows the diagonalization
to exist in the bosonic case.

31n the bosonic case, we actually have ¢y > 0, as a consequence of 1 > 0.
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A.2 Gaussian states

A Gaussian state is defined through a density operator whose Matsubara Hamiltonian is
quadratic, i.e., [40, 41]

p= L = exp [—ErThr} Z = Trexp[—érThr], B> 0. (A.16)
V4 2 2

Note that, according to this definition, Gaussian density operator are full-rank mixed states.
Pure Gaussian states can also be defined using appropriate limiting procedures. For instance,
the ground state of the Matsubara Hamiltonian, obtained in the limit  — oo, is customarily
also referred to as a Gaussian state. Alternatively, other pure states that can reasonably be
called Gaussian can be obtained by sending specific eigenvalues of & to infinity [45]. For the
sake of simplicity, in this thesis we will restrict to the form provided by Eq. (A.16).

We call Gaussian system a system described by a quadratic Hamiltonian H = 31T hr and

whose state is Gaussian, p oc exp [—nghpr]. Such state remains Gaussian at all subsequent
times, since

. 1 < (=) . .
eth — Z (Znﬁr?' (e—thrThpreth)”

NI»—\

p(t) =

p
exp[—ErThpr

z
( i Wl ) (A.17)

ex p[—nghp(t)r], hy(t) = e‘ithhPeith.

NI = NI

Let us now explore what are the correlation functions associated with a Gaussian state.
As usual, we will write (X), = Tr [Xp] for the expectation value of the operator X with
respect to the state p.

Theorem A.1. If p is the Gaussian state p o exp [—nghr], then
(1) =0,  (rr"), =[1-Ce P Q. (A.18)

Proof. Letus consider the normal form of 1 in Eq. (A.12)). The following is a well-known prop-
erty of creation and annihilation operators when dealing with a diagonal Hamiltonian [6}
44|

n
1+Cf(er) O

b), =0, bb"), = , A19
(b), (bb"), g? 0 fe (A19)

where .
= A.20
fle)= (4.20)
is the Bose-Einstein (Fermi-Dirac) function for ¢ = 1 (C = —1). Moving to the Darboux-

Majorana basis, one finds
T ty pt 1 i[1+2Cf(er)]

(ss")pQ = F(bb),F'Q = @ [ 11+ 20f(e)] ) . (A.21)
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A.2. Gaussian states

Moreover, we can write

n n
~ ~ 0 i€ I3 0
_ T _ -1 _ -1 { _ -1 { +
Qh=0OM" M =M"OQOhM =M @?[ }M—M Fﬁ?[o ]FM.

—igp 0 —&y
(A22)
Since M~!F is the inverse of F'M, we can apply a matrix function to QF as follows:
n
8O- _ 1 — CePer)=1 0
1-Ce P = MIF ( 1| FTM
[ Ce ] @ 0 (1 _ Ceﬁé[)—l (A23)

=M Nss"), QM = M~ Nss"),MTQ = (rr"),Q,
which yields the desired result. In the second equality we used the easily verifiable relations

1 1 1 1

1-CePe ’ 1 - Cefe =1, 1—CePe 1 Cebe =1+2Cf(eo). (A.24)

O

The Gaussian state (A.16) is therefore completely determined by the value of (rr!),. It is
common to “factor out” the contribution of the (anti)commutation relation (A.6) as
Q+T
T = ——
<rr >p - 2 7

where I is called covariance matrix. Using Eq. (A.18), one finds

1“,-]- = <7’1‘7’]' + Cl’ji’i>p, (A.25)

coth(B)0 =1,

T =
tanh(%) C=-1.

(A.26)

In the bosonic case (C = 1) this is a real, symmetric, and positive definite matrix with
eigenvalues in the interval [1,0). Instead, in the fermionic case (C = -1), it is a pure
imaginary, skew-symmetric matrix with eigenvalues in the interval [-1, 1]. Further details
can be found, e.g., in Refs. [40, 41} |165]].

The nice thing about Gaussian states is that every correlation of the form (r;, ...r;), can
be calculated from the knowledge of (r), and (rrT)p: this is the content of the celebrated
Wick’s theorem, which we will now discuss.

Let B; be an arbitrary linear combination of ladder operators. In Darboux-Majorana
basis, this amounts to the existence of a relationship B; = Z]- oijri, ¢ij € C, which can be
conveniently expressed in vector form as B = ¢r. Suppose also that the index i takes value in
an arbitrary ordered set, so that it makes sense to consider the C-graded ordering operation
T¢ of a product of B; operators. Wick’s theorem can then be expressed as follows [118].

Theorem A.2 (Wick). If p oc exp [—nghr] is a Gaussian state and B = ¢r, then, for any m € N,
<TC{Bl ce BQm+1}>p = 0, <TC{Bl ce BZm}>p = prC(S)’ (A.27)

where Hpf(S) is the Hafnian-Pfaffian[122,|123] of the matrix S;j = (T¢{BiBj}), = CSji, given by

1 m
prC(S) = m1om Z N H S6(2j-1),0(2j)- (A.28)
T 0eGoy, j=1
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Proof. By definition of T¢, there is a permutation ¢ of {1, ..., n} such that (1) > ... > ¢(n)
and

(Tc{Bi... Bu})p = CV(Byqy - - Byin)p = CN((P)(@UB@(Z) e B<p<n>>p)<p<1>’ (A.29)

where in the second equality we used the linearity hypothesis on B,1). Let us then focus on
the vector (rBy(2) - - - Byn))p. We can repeatedly apply the relation rB; = [r, B;]¢ + CB;r until
we manage to bring r at the end of the string of operators:

1
(rBy(2) - - - Bon))p —Z Ulr, Bo))c{Bp@) - - - Bo(i-1)Bp(i+1) - - - Bondp + "By - - - Boambp,

(A.30)
where we used the fact that [r, BT]; = quT is a matrix of coefficients. However, thanks to
Eq. (A.15), we know that rp = e " pr, and therefore, by the cyclic property of the trace,

[1- 0" e P 1By . . Byin)p = ZC Bo|c{Bp(@) - - - By(j-1)Bp(j+1) - - - Bowny)p- (A31)

Applying [1 — {"*1e P21 on both sides, writing [r, BT|: = QT and substituting above,

we can see that

T:{B;...B,}), = (N Y i{b[1 = (+le—P 105 T
(Te{Bi...Ba})p = C ;C(cp[ CrHlemPA 10 )@(DKPO) -

X <B(p(2) v B(p(j—l)B(p(j+1) e B(P(H)>P'

We know that (B), = ¢(r), = 0. A straightforward induction argument is then able to
conclude that(By1) - . - By(n))p = 0for every odd n; using Eq. we immediately conclude
that in this case (T¢{B1...By}), = 0 as well. Suppose then that n = 2m is an even number.
Thanks to Eq. (A.18),

(BBT), = ¢(rr")p¢" = ¢[1 - Ce P QgT, (A.33)
and we recognize its appearance in Eq. (A.32):

2m

(Te{Br-.. Ban})p = N9 3 UCBowy Bt - Bo-1Boijon) - - Bomp-  (A39)
j=2

The B operators appearing on the right-hand side are all correctly ordered. This means that
we can put them inside T without introducing any sign:

2m
(Tc{B1...Bam})p = ) Z CJ(TC{B@(l)B(p(]’)}>P<TC{qu(2) -+ Bop-1)Bp(+1) - - - B(p(M)})p-
j=2
(A.35)
This is precisely the recursive definition of the Hafnian-Pfaffian associated with the matrix
(Tc{ByBg(i) }p [122,[123], so that

(N@) n
a2 O [Ty Bowein e (A.36)

o€ 62m j=1

(Te{By ... Ban})p =
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Employing the change of variable ¢ o 0 = ¢, we finally arrive at

1 m
(Te{Bi...Baw})p = o Z CN(G)n(TC{Bo(zj—l)Ba(Zj)}>p/ (A.37)

o€ j=1

which is what we wanted to prove. O

A.3 Open Gaussian systems

Suppose now our Gaussian system is partitioned into a subsystem S of interest, which we will
simply call open Gaussian system, and an environment E. Let r denote the Darboux-Majorana
vector of the system, and let s denote the Darboux-Majorana vector of the environment. The
(anti)commutation relation for the global setup translates in the rules

[r,r"]c = Qs, [s,s"]c = Q, [r,s"]c =0, (A.38)

where Qs and Qf represent the restrictions of € to the indices associated, respectively, with
system and environment. Furthermore, in the ordered basis (r,s), the total Hamiltonian
matrix h inherits the block partition

_[hs 0 .
h = (v* hE) , v* = (o, (A.39)

where hs and hE are the isolated Hamiltonians of system and environment, whereas v is the
interaction part. The property v* = Cv must be satisfied if we arrange h such that hT = Ch.
Corresponding to the structure (A.39), we get the split H = Hs + Hg + V for the Hamiltonian
operator, where
1 1
2 2

The study of the dynamics of the system S is precisely the subject of Chap.[f] Here,
we will just discuss how Eq. is generalized to the open setting, yielding the so-called
Heisenberg-Langevin (HL) equation [158,159]. It is worth noticing that usual derivations of the
HL equation are carried out using ladder operators with excitation-preserving interaction,
which decouples the equation for a; from the equation for u?. Our present approach shows
that such simplification is unnecessary: it is sufficient to frame the problem using the
Darboux-Majorana basis and a streamlined derivation of the HL equation follows in the
same way.

The Heisenberg equations of motion for the Darboux-Majorana vectors are found to be

dr . ds

Hg = =tThgr, Hp = =s' hgs, V =r1lvs. (A.40)

Fri i[H,r] = —iQg(hgr + vs), Fri i[H,s] = —iQg(hgs + v'r). (A41)
The equation for s is formally solved by
s(t) = e "ENEtg(0) — i/ot dr e =00 ot (7). (A.42)
Substituting into the equation for r, we directly obtain the HL equation [cf. Eq. (6.2)]
d;(:) = _iQs [hsr(t) B - /0 e T)r(f)], (A43)
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where ' .
B(t) := ve "¥EEg(0),  X(t) 1= ve M Qpo T (A.44)

The vector B(t) is precisely the environment’s interaction operator we used throughout the
thesis, since V = r' B with B = vs, which turns into B(t) when moving to the interaction
picture. Instead, X(t) is a memory kernel known as embedding self-energy, especially in the
community around many-body physics [45]. In the language of open quantum systems, it
is basically the Fourier transform of the environment’s spectral density [158]. To see this, let
us assume for simplicity that i is already in the normal form (A.12), so that

g 0
Qphg = FEDgFY, D = @ [O" _ee] , (A.45)

and Fr is the restriction of F to the environment indices. Moreover, we know thatv = FsVF?,
where Fj is the restriction of F to the system indices and V is the coefficient matrix of the
interaction in the basis of ladder operators. Then,

%(t) = oFpe PH FEQpo" = FsVe PH FLQp Fe V' FY

e—i&[t 0
@ ( 0 _Ceisgt)

?

A46
Y (A.46)

(V+P;r=/ dx FsJ (x)Fle ™,

where

Tx) =V f (A.47)

o(x — ¢&g) 0
@( 0 —C(S(x+ee))(v

¢

is a spectral density matrix. The additional presence of Fs simply accounts for the transfor-
mation to the Darboux-Majorana basis.
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Appendix B

Gaussian Environment Propagator

In Chap. 4, we derived the most general form for the density operator of an open system
linearly coupled to a Gaussian environment satisfying the stability condition Tr[B,(z)oE] = 0.
We obtained Eq. {#.67), repeated here for convenience:

o(t) =Tc{exp —%Z/ dzzCaﬁ(zl,zz)Aa(zl)Aﬁ(zz) o(to) ¢- (B.1)
ap )

This Appendix is dedicated to additional discussions around Eq. (B.1).

First, in Sec. [B.1| we unravel the contour and we show that Eq. is equivalent to the
Feynman-Vernon influence functional [110], which was previously derived in the literature
using superoperators or path-integral techniques. Then, in Sec.[B.2lwe restrict to the bosonic
scenario and discuss how Eq. can be generalized to the case where the stability condition
does not hold. This result is then used in Sec.[B.3|to derive the corresponding generalization
of the stochastic von Neumann equation, which is utilized in the main text for the discussion
on the measurement interpretation (cf. Sec.[5.4).

B.1 Recovering the influence functional

Let us discuss how the Feynman-Vernon influence functional expression [110, 112] can be
recovered from Eq. after an unraveling of the contour. For simplicity, we will here
assume factorized initial state, so that the contour y(t) is solely composed of horizontal
branches (cf. Fig.[4.1): this is enough to recover the standard form of the influence functional.
The calculation can of course be generalized to correlated initial states by including the
Matsubara track.

The contour unraveling yields the following for the exponent in Eq. (B.I):

t
_% Z/ d’s {Cc{ﬁ(slfSﬁAa(SI)Aﬁ(Sz_) = Crp(s1,52)Aa(s7)Ap(sy)
ap (B2)

- C;ﬁ(sll $2)Aa(s7)Ap(sy) + Cgﬁ(sl, sz)Aa(sf)Aﬁ(s;)},
where we employed the notations concerning the components of two-point contour func-
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Appendix B. Gaussian Environment Propagator

tions, as established in Sec. Now we recall the relations
CT(s1,52) = O(s1 — $2)C” (1, 52) + O(s2 — $1)C (51, 52), (B.3)
CT(s1,52) = O(s1 — $2)C=(51, 52) + O(52 — 51)C” (51, 52), (B.4)

which allow us to rewrite Eq. (B.2) as

1 t A am _
3 Z/t dZS{Q(Sl —52) [Cjﬁ(sl, $2)(Aa(s7)Ap(s3) — AalsT)Ap(s3))
a,p vt
+Cp(s1,52) (Aa(s)Ap(3) - Aals7)Ap(s3)) |
+0(s2 = 51)| Cop(51,52) (Aa (1) Ap(5) - Aa(s)Ag(53))
+Cp(s1,52)(Aals)Ag(s3) = Aals)Ap(sD)) |-
Let us perform a harmless change of variables s; <> s, and @ <> f for the term containing
O(s2 — s1). Since we have everything inside a T; operation, we can freely commute op-
erators provided we add a C factor for each transposition. For example, Ay(s{)Ag(s;) —
Ap(s3)Aa(s7) = CAu(s7)Ap(sy). Thanks also to the property Cﬁ>a(52’ s1) = CC;ﬁ(sl, Sp), we

conclude that the term multiplying O(s, — s1) is equal to the one multiplying 6(s; — s7), for
the purpose of calculating Eq. (B.1). We can then focus on

t s1
_ Z / dsy / ds, [C;ﬁ (s1,52)(Aa(s7)Ap(s3) — AalsT)Ag(s3))
a,p Yt to (B.5)

+C(s1,52)(Aa(sD)A(sD) — Aalsy)Ag(sD)) |-

At this point, we introduce the so-called dissipation kernel C D{%(t, s) and noise kernel C 5ﬁ(t, S):

CXi(t,5) = %[C;ﬁ(t,s) +C(t,9)], (B.6)
Chy(t,5) 1= 30t = 9)[C(t,5) - €5yt 9)| (B7)

These are nothing more than, respectively, the Keldysh and retarded components of C [46],
which also appeared when discussing the stochastic master equations in Sec. In terms
of them, Eq. (B.5) assumes the form

t S1
_ Z / dsq / ds; {Cfﬁ(sL $2) [Aa(sl_) - Aa(sf)] [Aﬁ(sz_) + Aﬁ(s;)]
ap fo to (B.8)

+CR (51,5 [Aa(s7) - Aa(s] [4p(55) - Ap(s7)] |

This is the exponent that should be placed in Eq. (B.I). In order to fully unravel the contour
description, the last step consists in translating the contour-ordering operation T; into a
standard time-ordering one, with o(tg) being placed outside of it. To do that, we must
prescribe how the A,(z) operators should be placed with respect to g(tp): it is natural to
accomplish this using the left-right superoperators AL(t) and AR(t). Specifically, given the

122



B.2. Relaxing the stability condition

shape of the contour, A,(s™) + Aﬁ(s) and A,(sT) — Ag(s) If we also introduce the
commutator and anti-commutator superoperators A° := AL — AR and A? := AL + AR, we end
up with

ot) = Teexp| 7 (¢, o) o), (B.9)

where & (t, to) is precisely the influence functional [6,110,112]:

R t s1 R . . R
T(t, to) = Z / dsy /t ds» [Ci(ﬁ (S1, Sz)Az(SﬂAg (Sz) + Calfﬁ(sl, SZ)AZ(Sl)AE(SZ) . (B.10)
a,p to 0

B.2 Relaxing the stability condition

Eq. was obtained assuming the validity of the stability condition Tr[B,(z)or] = 0. In
the context of Gaussian environments, such condition is satisfied provided g is generated
by a purely quadratic Hamiltonian with no linear term. As we discussed in Appendix
while this is a natural requirement in the fermionic setting, we should be more careful when
considering bosonic setups, where a linear shift can in principle be present. In this section,
we therefore restrict to C = 1 and show how Eq. can be generalized to the case in which

E; = Tr[B;pog] # 0. (B.11)

Hereafter we will again employ the compact notation developed in Sec.
We need to start again from the formula [cf. Eq. (4.40)]

o)=Y (_nl,) -
n=0 )

The trick is to introduce the shifted environment operators

]_[( )d”zTr[T{Bl ... Buoe}IT{A1 ... A00}. (B.12)
y(t

Bl‘ = Bi - El‘ﬂ, (B.13)

which obviously satisfy the stability condition Tr [Bior] = 0. What we need is to expand the
n-point correlation function Tr[T{B; ... B,0r}] using B; = Ei + E;1, so that we arrive at an
expression in terms of the shifted environment operators.

This can be done using the formula

n
1
T{(X1+ Y1) ... (X + Yn)} = Z m Z r][‘{Xa(l) oo Xo(k) Yo(k+1) - - - Yo(n)}' (B.14)
k=0 " 0eB,

which we discussed back in Sec. Inour case, X; — E;Tand Y; Ei, hence

~ [o'e] n (—i)n ; . .
o(t) = ;}; o= }i(t)d 2E1 ... Eq Tr[T{Bk+1 . BHQE}]T{Al ... Anoo},  (B.15)

where we used the fact that every permutation contributes equally to the integral, after
appropriate changes of variables.
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Appendix B. Gaussian Environment Propagator

Now, if we define q := n — k we can equivalently write

( l)k+ k Grr’ T’ Y ’ ’
o(t) = Z ST }f d wa d'W'Ey ... Ex Tr[T{Bl o B[]QE}]T{Al AL Ao},
K,q=0 () (®)

(B.16)
where a prime indicates that the corresponding quantity depends on w’ instead of w. The
contour Wick’s theorem |4.3| can now be applied to the correlation function of the shifted
operators, yielding

! k -1)" ’ ~7 ~7 ’ ’
(t)—z( )" (D d*w ]_[ d*"W E1 ... ExC],...Cpyq pn T{A1. .. ALA] ... AL, 00},

m2" Loy o
(B.17)
where the two-point contour correlation function of the shifted operators is
C.j = Te| T{BiBjor}| = Te[T(BiBjor}] - EiEj = G - EiE;. (B.18)
This is easily seen to be expressed as the following ordered exponential:
1 ~
o(t) = T{exp [—i jf dz E1A; - 5 ]f d’z Cl,zAlAz] go}, (B.19)
0 2y

which is the desired generalization of Eq. (B.1).

B.3 Stochastic decoupling without stability condition

In Sec.[5.4we found that it is useful to derive a stochastic master equation that does not rely
on the stability condition: we will now illustrate how this can be achieved by performing
stochastic decoupling from Eq. (B.19).

Unlike the standard scenario, we must introduce a set {£,(z)} of contour Gaussian noises
with non-vanishing average. Specifically, we require

E[¢a(z)] = Ea(2), E[&a(z1)Ep(22)] = Caplz1, 22). (B.20)
Clearly, we can also consider the shifted noises
Eal(2) = £a(2) ~ Ea(2), (B.21)
which satisfy B B B B
E[&4(2)] =0,  E[a(z1)Ep(22)] = Cap(z1, 22). (B.22)

Therefore, Eq. (B.19) is equivalent to

o(t) = T{exp[—i ]{(t) dz E[&1]A1 - % }[(t) d?z ]E[agz]AlAz]Qo}- (B.23)
y y

The expansion of the exponential gives

(=0)* l)k( 1" k 2m
o(t) = Z — ];[/(t)d w};”d w E[&1]. .. E[&] 524

X E[E&]. . E[&), &, JT{A1 ... ARAL ... A, 00}
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B.3. Stochastic decoupling without stability condition

Then, we can use Isserlis’ theorem (5.2)) to recompactify the shifted noises:

(o] _. k+q . .
o) =) () ]{ dkwj_[ dTw E[&1] ... EIEE[E, ... & T{A; ... AA] ... Al oo).
Y y()

oy k'q!
N (B.25)
Since &; + E[&;] = &;, this is just
o(t) = Z % ]_f(t) d"zE[&; ... & T{A1 ... Anoo}, (B.26)
n=0

which is completely equivalent to the result we obtained in Chap. 5| with the stability condi-
tion. The difference, of course, is that &; no longer averages to zero. When performing the
stochastic replacement g(t) = [E[R(t)], we still obtain all of the stochastic master equations
we discussed in Chap.

The shape of the stochastic von Neumann equation is particularly interesting in this
context, because it shows how the presence of the shift contributes only to the Hamiltonian
noise and not to the dissipation. Specifically, one immediately arrives at

dls—it) =—i Za: va(t)[Aa(t), R(E)] - i Za: Na(t){Aa(t), R(t)}, (B.27)
where
val(t) = Salt?) +Salt?) Na(t) = M (B.28)

2 ’ 2
Crucially, £4(z) is here the noise with non-vanishing average. But since one has the decom-
position &,(z) = £a(z) + E4(z) with Eo(t*) = En(t),

Ealt7) + E(t)
2

na(t) =

Valt) = + Eq(t) = Ta(t) + Ea(t), (B.29)

Ea(t_) - Ea(t+) .

. (B.30)

Because of the minus sign, the dissipation 1,(t) is not influenced by the presence of the shift,
as we anticipated above. The master equation writes

dI;Et) = =i ) (alt) + Ea(t)[Aalt), R()] - i Za: na(H){Aa(t), R(H)}, (B.31)

a

where the correlation functions characterizing v, (t) and 7,(t) are now calculated using the
shifted contour Green’s function C,g(t, s).
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Appendix C

Contour for Quantum
Thermodynamics

As we discussed in Chap. {4} the contour approach to quantum dynamics can be successfully
applied to situations which do not directly involve the evolution of a density operator. In
this Appendix, we briefly discuss a possible way of applying the contour formalism in the
context of quantum thermodynamics [3].

Specifically, after a short introduction to the standard two-point measurement (TPM)
scheme in Sec. we will show in Sec.|C.2lhow to derive a compact contour expression for
the characteristic function of a TPM. Moreover, in Sec. we extend this idea to the problem
of tracking heat in an open system. Remarkably, we will find that the characteristic function
can be recovered from an operator that is structurally identical to the density operator but
with an environment correlation function modified by the presence of a counting field. This
analogy is exploited in Sec.[C.4]to derive exact master equations from which the heat statistics
can be efficiently extracted.

C.1 Two-point measurement scheme

Suppose we are given a quantum observable A(f) in Schrodinger picture, which is possibly
time dependent. A common technique to “experimentally” track the fluctuations of A(t) is
the two-point measurement (TPM) scheme [124]: first, at time t = 0, we perform a projective
measurement of A(0); then we let the system evolve up to time ¢, and at that time we perform
another projective measurement of A(t). Let A(t) = Y, €, IT,, be the spectral decomposition
of A(t), where {€!} is the set of eigenvalues and IT/, is the projector onto the eigenspace
associated with €f,. The joint probability of obtaining €) at time 0 and ¢!, at time ¢ is

P[et,, €9] = Tr|ITL,U(t, 0)IT) pol TG U (0, £)ITE, ], (C.1)

where py is the initial state of the system under investigation. Correspondingly, the proba-

bility distribution of the difference €, — €9 is

pi(e) = > Ple},, €qlole - (e}, — eD)]. (C2)
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Appendix C. Contour for Quantum Thermodynamics

It is often more convenient to describe p;(€) using the associated characteristic function,

x:(A) = / de pi(e)e™€ = Z P[el,, eg]ewe%—e%, (C.3)
o n,m

since all of the moments of p;(€) can be recovered by differentiation:

« 0" xt(A
(") = /_m dee"pi(e) = i" 8)%’(1 )

(C.4)

A=0

Let us then focus on y;(A). Using the fact that e 7*A0)/2170 o IT0 e =42(0)/2 = e~iren 10 poI ),
we can rewrite

xe(A) = Y e Te [IT4, U (¢, 0)e~AAO2G0e =102 0, 1T, ], (C5)

m

where pp = Y, T19 poI 1 is the diagonal part of pg in the eigenbasis of A(0). Moreover, thanks
to the cyclic property of the trace and the facts that (IT,)? = IT}, and [po, A(0)] = 0,

xe() = Y e Te[U(t, 0)e M O5oU (0, DT, ], (C.6)

m

which can also be rewritten in the compact form
xe(A)=Trp(A, 1), p(A, 1) = U(t,0)e OB (0, )e ), (C7)

Before moving on, we mention that the two-point measurement scheme is not the only
way to approach the problem of fluctuation tracking. A popular alternative is to replace
the projective measurement at time 0 with a weak measurement, with the effect of turning
the probability distribution (C.2) into a quasi-probability distribution. The advantage is that
any coherences of the initial state in the observable’s basis can be exploited to improve the
amount of information gathered through the measurement process. In the literature, the
Kirkwood-Dirac quasi-probability [173] is often considered:

PXPley,, €3] = Tr[U(t, O)IT, poU (0, )IT,, |, (C38)

which can be complex. The characteristic function associated with is immediately given
by Eq. (C.7), but with py instead of py. It would be interesting to study the implications of
such a substitution within the context of the contour formalism, but we leave such questions
to future work.

C.2 Contour for the characteristic function
Since p(A, t) in Eq. (C.7) is written in terms of exponentials multiplied on the two sides of po,

it should be easy to realize how the characteristic function x;(A) can be written in terms of a
contour-ordered exponential. We write

t+A ) A
u(t,0) = Texp[—i/ ds H(s — /\)], e IAAD) - exp [—i/ ds A(O)}, (C.9a)
A 0

0
Uu(,t) = Texp [—i/ ds H(S)], pIAA(E) — exp [—i/
¢ t

+A

t
ds A(t)} . (C.9b)
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>
A Y7 (A1)

Figure C.1: Schematic representation of the contour y(A, t) in Eq. (C.10).

This brings us to the contour depicted in Fig. we start from the point t + A and we go to ¢
using A(t); then we proceed towards 0 using the Hamiltonian; after that, we move to A using
A(0) and, finally, we reach again f + A using the Hamiltonian. While the backward branch
y*(t) is the same as the one in Fig. we shifted the forward branch y~(¢) — y~(A, t) and
we introduce two additional “virtual” tracks y{ (A, t) and y;(A). The complete contour is

YA 1) =y )« T () =y (D) =y~ (4, 1), (C.10)
and
p(A, t) = T{exp[—i/ dz H(z)]ﬁo}, (C.11)
y(A.1)
where
A(t) z€yi(At),

H(s) z=s"ey¥(t),
AO)  zeyr(d),
H(s-A) z=s"ey (A1)

H(z) = (C.12)

This has the same structure as Eq. (4.7).

C.3 Heat statistics of an open system

Suppose now our system of interest is open. Furthermore, we will assume for definiteness
that A(t) = Hg is equal to the free Hamiltonian of the environment, taken to be time
independent. In quantum thermodynamics, this choice corresponds to tracking the statistics
of heat transferred between system and environment [124]. Other choices, such as internal
energy, work, or entropy, are certainly possible and will be the subject of future research
work (see also Ref. [125]).

As usual, it is convenient to move to the interaction picture. In terms of the contour
propagator W [cf. Eq. (4.22)], we have

pse(A, t) = W[(t + A)~,0]pse,oW[O, (t +A)7], (C.13)

where we added the subscript SE to point out that the state is of the whole system-
environment compound. According to Lemma

W(s~,0) = Wo(s~,0)W;(s~,0;0), W(0,s™) = Wi(0,s™;0)Wo(0,s™), (C.14)
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where W) is the free propagator, constructed from Hy(z), and W; is the propagator constructed
from V(z) = Wy(0, )V (z)Wy(z, 0), where

Hg z€yi(At), 0 z€yi(At),
— + + t V — + + t ,
Ho(z) = 4 06 cz=s'ey (t), Viz) =176 €z=s" <y (o5
Hg z €y (M), 0 z€y (M),
Ho(s =) z=s"ey (A1), V(s—A) z=s" €y (A1)
Therefore,

xt(A) = Te{Wo[(t + )™, O]Wi[(t + A)~, 0;0]psE,0 WO, (t + A)*; 0IW,[0, (t + A)F1}.  (C.16)
However, ‘
WolO, (t + A)FIWo[(t + A)~,0] = Up(0, t)eHEL (¢, 0)e ~AHE = 1, (C.17)

so that actually
xt(A) = Te{Wi[(t + 1)~,0;01pse o Wi [0, (t + A)*; 01} (C.18)

This has an immediate expression in terms of a contour-ordered exponential:

xt(A) = Trose(A, t), ose(A, t) = T{exp[—i /(A )dz (V(z)] ﬁs]glo}. (C.19)
YAt

Note, however, that V(z) = 0 when z lives on the virtual tracks y(A,t) and y (A). This
means that the integral in Eq. can be reduced to an integral on the standard contour
y(t) of Fig. Of course, the dependence on A does not disappear: it is contained in the
interaction operators. Specifically,

V(s*) = Up(0, s)V(s)Up(s, 0) = V(s7), (C.20a)
V(s7) = eMEUL(0, s)V (s)Uo(s, 0)e "M = VA(s7), (C.20b)
so that
osp(A, 1) = T{exp[—i/ dz (VA(Z)]ETSE,O}. (C.21)
7(®)

Finally, in case pse0 = po ® pr happens to be factorizedl] one can immediately take the
partial trace over the environment to find

xt(A) =Tro(A, t), (C.22)

Q(/\,t):;(_ni!)n /y (t)d”z D T[T{BL(z1)... B2 @)pE} T{Aw (21) ... Au, (z0)P0},

a1,...,40

where we used the decomposition V*(z) = ¥, A,(z) ® B2(z). The dependence on A solely
involves the environment operators:

BA(sh) = Bals), BMs™) = Bal(s + ), (C.23)

where, as usual, B,(s) is the physical-time interaction-picture version of the environment
operator. Remarkably, Eq. (C.22) has precisely the form of Eq. (4.40).

n case ps E,0 is not factorized, one can proceed as in Sec. by adding a Matsubara track.
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C.4 Master equations for the heat statistics

Using the notation established in Sec.4.1.4} Eq. (C.22)) can be more compactly expressed as

o (—i)"
oA, t) = Z;) i Fo, d"zTr[Tc{B} ... Blop} | Te{As ... Ango}. (C.24)
n=l
If we make the Gaussian environment hypothesis,

1
o(A,t) = Tc{exp [_E j_[( ) d?z CIA,ZAlAz] 00}/ (C.25)
y(t

where the environment effect is encoded by the modified contour correlation function
C}; = TeT{ B} B} gk }. (C.26)

From here one can repeat all the calculations that were performed in Chaps. 5| and [f] and
obtain all kinds of exact master equations for g(A, t).

However, it is worth pointing out that C A does not satisfy the same properties as C. In
fact, since B} has a different expression on the two branches of the contour, one can readily
verify that cycle and conjugation symmetry (cf. Theorem do not hold for C*. The table of
components for C* thus turns out definitely more complex than the one for C. For example,

c”(t 5) = Ciylt,s), c”(t s)=C ﬁ(t s), (C.27a)
c“(t 5) = Crplt,s +A), CA<(t 5) = Caplt +1,5). (C.27b)

It would certainly be interesting to perform a complete study of the different properties of
C*, as this would allow a mindful extension of the content of the thesis to the quantum
thermodynamics context. Here we will just point out the following striking consequence of
the difference between C and C*. If we perform stochastic decoupling on Eq. (C-25), we can
straightforwardly proceed to obtain a stochastic von Neumann equation:

dRéAt, H__; Z VAD[AL(), R(A, 1] — i Za: A (O{A«(t), R(A, 1)}, (C.28)

where (A, t) = E[R(A, t)], whereas v(t) and 1A(t) are the noises that are obtained after a
Keldysh rotation of the contour noise EM(z) obeying ]E[Eg(z)ég(w)] =C Qﬁ(z, w). Specifically,

EMET)+ EM(T) EMET) = EA(ET)

V() = > ;)= 5 (C.29)
However, a calculation reveals the following correlation functions:
E[vA(vs)] = 1[ §(1,5) 4 Cylt,9) + Gt s + )+ CHlt +4,5)], (C.300)
EIvOn(s)] = gsign(t - 9)[Coylt,9) - Cpe,9)] + 1[Gt s + 1) - e+ 0, S)l
30b)
ElnA(Om(s)] = [ s(t,5)+ Gt 5) = Cplt, s + ) = C(t +A,5)] (C.300)

Differently from Egs. (5.31), the covariance of n’(¢) with itself is not zero, which is an
important difference that is worth exploring in future work.
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Appendix D

Measurements and Wigner Function

In Sec. we discussed sulfficient semiclassical conditions, reported in Eq. (5.6I), under
which the stochastic von Neumann equation (5.30) can be given a certain measurement
interpretation. Specifically, the noise v, (t) was interpreted in terms of a one-shot heterodyne
environment measurement performed at the beginning of the dynamics. In this Appendix,
we provide the derivation of Egs. using the Wigner function formalism [84, [148]. The
phase-space representation of quantum dynamics is one of the most effective ways to describe
the evolution of bosonic systems while keeping the connection to the classical limit as clear
as possible. This characteristic likely makes it the most appropriate tool for elaborating on
the content of Sec.

The Appendix is structured as follows. First, in Sec. we briefly review essential
tools from the phase-space representation of quantum dynamics, such as the concept of
Wigner function itself. Then, in Sec. we discuss how a weak Gaussian heterodyne
measurement affects the Wigner function. The obtained result is finally manipulated in
Sec. using the semiclassical conditions (5.61), thereby demonstrating that we indeed
arrive at the conclusions of Sec.

D.1 Weyl symbol and Wigner function

The starting point to formulate the phase-space representation of quantum dynamics is the
establishment of a one-to-one correspondence between quantum operators and ordinary
phase-space functions. There are many ways to do that, but a popular choice is the Weyl
transform [148]. Specifically, given an operator A we define its Weyl symbol as

WI[Al(x,p) = [ d*& <x—§

Here we are assuming to work in a 2n-dimensional phase space with coordinates x and
momenta p. The Wigner function is simply the Weyl symbol of the density operator. By direct
computation it is immediate to see that

(o]

A

X+ §> explip - &]. (D.1)

[ee] 1 (o]
Tr[A] = ‘/_OO d"x (x|A|x) = @ /[m d"xd"p W[A](x, p)- (D.2)
One also finds the important formula [148]]
1 o0
Tr[AB] = ony ”/[oo d"xd"p W[A](x, p)WI[B](x, p), (D.3)
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which can be used to reconstruct the complete statistics of an operator from its Weyl symbol—
simply take as B the density operator of the current state.

Particularly important are the Weyl symbols associated with simple functions of position
and momentum operators, which we report here without proof [148].

WIXil(x, p) = xi, WIPil(x, p) = pi, (D4a)

W[Xin](X, p) = xixj, (W[Pipj](x, p) = pl‘p]‘, (D4b)
.61 61

WIXiP;](x, p) = xip; + 17] WIPiXj](x, p) = pix; - 2]. (D4c)

D.2 Wigner function after heterodyne measurement

Using the tools described in the previous section, we are now ready to tackle the setting that
was put forward in Sec. Given an initial Gaussian environment state ), let us perform a
weak Gaussian measurement of the position. We will pretend at first that the environment
is composed of a single mode with position and momentum operators X and P: thanks to
the independence between modes, it will be straightforward to generalize what we will say
to an arbitrary number of modes. The post-measurement state conditioned on obtaining the

outcome x’ is Qy = Qy /P(x’), where P(x’) = Tr Q, and

~ 1 (X —x)?
— t —
Qu = MxvOM ., My = o) exp|- | (D.5)

with 03! being the measurement’s precision.
We can easily calculate the Weyl symbol of Q,:

[Qe](x,p) = \/7/

o0 [ 2 2
= 1 / d£<x—§Qx+§>exp ipE—(x x) - £

2
2n0X

[ _ & _ 2 S .2
<x——Qx+§>eXPiPE—(x ;X)) (+3 x)]

(D.6)

After inserting the following identity:

1= / dTé(T—E):% / dr / de e’(T9)e, (D.7)

replacing the & appearing in the last exponential with 7 and doing the integral in &, we
remain with

Tz (x _ x/)z
WI[Q /] dT deW 1(x,p —€)exp|ite — -
(D.8)
Since the integral in 7 gives
a : Tz 2 —2e2g2
drexp|ite — — 8roye X, (D.9)
—00 SGX
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we conclude that

_ x/)Z
2
Ox

‘W[ﬁxl](x, p) = % [oo de W[Q](x,p —€)exp|— - 2e252 (D.10)

The above equation tells us that the post-measurement state undergoes a momentum
perturbation, whose strength varies according to the measurement precision. If the mea-
surement is extremely imprecise, 0x — oo, the post-measurement Wigner function remains
unaltered, W[Q,/] = W[Q].

With a similar calculation, one can show that if we perform instead a measurement of
the momentum,

WGyl p) =~ [ dewlol-e,prexp

_ a2
o Z L 2e2012,]. (D.11)
2 P

A heterodyne measurement [84] is obtained by combining a measurement of the position
with a measurement of the momentum. If we define vy’ = (x’,p’) and if we assume the
momentum measurement to be performed before the position measurement, in this case
one has the post-measurement state Q,, = Q /P(y’), where P(y’) = TrQ » and Q ;=

MX,x/Mp,p'QM+ M;L( - The associated Weyl symbol is simply

~ 1 e
WI[Qy](x,p) = - // de1 de;W[Q](x — €2, p — €1) exp|—2€50% — 2€303

D.12
(x-xP _(p-er=p) (D12
X exp|— T = 5 .
207 205
D.3 Semiclassical conditions
Suppose now our initial state has the following Wigner function,
1 x? pz
WI[Q](x,p) = —— ex _—— , D.13
[Q](x, p) Axdp &P~ 282 22 (D.13)
and let us impose the conditions that were reported in Eq. (5.61), i.e.,
oxop >1, ox < Ay, op < Ap. (D.14)

Then, we must also have oxAp > 1 and opAx > 1. As a consequence, the integrand in
Eq. is strongly peaked around €; = €, = 0 and we can approximate the result by
removing the e dependence in ‘W[Q] and in the exponential containing p. Integrating away
the remaining exponential weights, one finds

(x=xP? (p-p)°
205( 2012,

WI[Q,1(x,p) = (D.15)

ZMXaP‘W [Q](x, p)exp|—
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Since 0x < Ax and op < Ap, we can also replace the arguments of W[Q] with the
measurement outcomes, as the exponential factors are strongly peaked around them. Under
the conditions (D.14) it is also easy to compute the normalization factor:

_ 00 ~ WI[OQ|(x’, p’
P(y') =TrQ, = % /[ dxdp W[Q, ](x,p) = % (D.16)

We conclude that the Wigner function of the post-measurement state conditioned on the
outcome y’ = (x’, p’) of a Gaussian heterodyne measurement under the conditions (D.14) is

@-x? p=p?]

2 2
ZUX 2UP

WI[Qy](x,p) = exp (D.17)

oxop

The variances of the post-measurement state are given by the inverse of the measurement
precisions, which are much smaller than the variances of the distribution of the outcomes.
Eq. (D.17) is also easily extended to the multi-mode scenario as

1 a :1 2 ( a ‘/)()2
WI[Qy](x, p) = Haﬁ—m exp [— Z % _ Z %] (D.18)

a a

Let us now use Eq. (D.18) to calculate Efxy/)(t) = Tr [Xa(t)er], showing that it returns
precisely Eq. (5.62a). Since

P
Xa(t) = Xy cos(wqt) + - Z) sin(wqt), (D.19)

aa

we immediately find the expected result:

E((Xy,)(t) = ﬁ //_ d"xd"p W[X.](x, p) WI[Qy](x, p)

(e x4 (pa—po)
2 2
ZGXa ZGPa

~ ; // dx,dpa [xa cos(wyt) + mPa sin(wat)] exp

2n 0Xx,0P, ) aWq

’

Pa

aYa

where we used the fact that W[X,](x, p) = x, and W[P,](x, p) = pa-
By direct computation, we also see that

= x), cos(w,t) + sin(wqt) = x/,(f),

1
(2m)"

E, [ng(t)}sg)(s)] ~ /[ ) d"xd"p WIQI(x, p)xa(t)xs(s). (D.20)

On the other hand,

Eu[va(t)vgs)] = 5 Te[{Xa(6), Xp(5)}0)

sin(wqt) sin(wgs)

= Tr[Xo X3Q] cos(wat) cos(wps) + Tr[PoPQ] RTIONTY (D.21)

cos(wqt) sin(a)ﬁs) sin(wqt) cos(a)ﬁs)

+ %Tr[{Xa,Pﬁ}Q] + %Tr[{PmXﬁ}Q]

mﬁa)ﬁ MayWy
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But we also know how to directly calculate the traces appearing on the right-hand side,
leading to

. [va)] = e[| dmxap Wil p)

sin(wqt) sin(wgs)

X t +
[xaxﬁ cos(wqt) cos(wps) + papp PRTRNN (D.22)
cos(wqt) sin(wgs) sin(wqt) cos(wgs)
+ XaPp - + PaXp ]/
ﬁa)ﬁ My@y

which is the same as the right-hand side of Eq. (D.20). This was precisely the content of
Eq. (5.62b) in the main text.
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