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We present a scheme to generate photon-pair states through resonant spontaneous four-wave mixing (SFWM)8

in a five-level double-bowtie (��) configuration subject to two pumping fields and one coupling field when a9

quasidark state is created between two of three ground levels. The quasidark state is used here to largely suppress2 10

linear resonant absorption (gain) of the generated photon pairs while supporting strong SFWM nonlinearities and11

nonclassical cross-correlation. Numerical results for cold atomic samples show that the generation efficiency may12

be comparable to or even larger than that obtained in the more familiar off-resonance four-level single-bowtie13

configuration with only one pumping field. This scheme is robust to fluctuations of atomic populations and14

enables one to easily control the ratio of two rates with which distinct SFWM processes generate photon-pair15

states.16

DOI: 10.1103/PhysRevA.00.00370017

I. INTRODUCTION18

Free of collisions and decoherence, flying photons are19

excellent carriers of information and natural qubits in long20

distance quantum communications [1]. Particularly, photon21

pairs, or biphotons, as a pair of single photons generated22

simultaneously provide us a practical route to overcome the23

probabilistic emission of typical photon sources by using24

one photon as a messenger to herald the other one, a qubit25

that needed to be operated. Besides being inherently time-26

energy entangled [2], photon pairs can be further constructed27

to produce other types of bipartite entanglement, e.g., in28

polarization [3], position-momentum [4], and even multiple29

degrees of freedom [5–9]. These advantages make the genera-30

tion and manipulation of photon pairs become fundamental to31

the development of quantum science and technology such as32

quantum communications [10,11], cryptography [12], compu-33

tation [13,14], teleportation [15], etc.34

Photon pairs (biphotons) can be generated via spontaneous35

parametric down-conversion (SPDC) processes [16,17], yet36

these kind of biphotons are not appropriate for long distance37

quantum communications due to negative characteristics such38

as large bandwidths and short coherence times [18]. Bipho-39

tons generated from spontaneous four-wave mixing (SFWM)40

processes [19], on the other hand, typically own small band-41

widths of the order of atomic natural linewidths [20]. With42

such apparent advantages, biphotons generation and manip-43

ulation exploiting SFWM processes have been intensively44

studied in cold atoms [21–23] and hot vapors [24–26].45

*zhangxj037@nenu.edu.cn
†artoni@lens.unifi.it
‡jhwu@nenu.edu.cn

Relevant driving schemes include four-level double-� sys- 46

tems [i.e., bowtie-shaped (��) systems] [22] and double- 47

ladder systems [i.e., diamond-shaped (♦) systems] [27–29]. 348

Normally, biphotons generated in a ��-shaped system have 49

narrower linewidths (∼1 MHz), than those generated in a 50

♦-shaped system (∼10 MHz) [20], because the latter works 51

in a manner similar to SPDC. 52

Efficient generation of a pair of Stokes and anti-Stokes 53

photons in the ��-shaped systems usually requires a far- 54

detuned moderate pumping field or a near resonant weak 55

pumping field, in addition to a resonant strong coupling 56

field, so as to guarantee that most atomic population remains 57

in a ground level. Linear absorption from the most popu- 58

lated ground level can be well suppressed due to quantum 59

interference in the regime of electromagnetically induced 60

transparency (EIT) [30], while linear absorption (gain) from 61

other roughly empty ground or excited levels is naturally neg- 62

ligible with little possibility of spontaneous decay [24,31–33]. 63

Recent advances on SFWM in various extended ��-shaped 64

systems include the generation of Einstein-Podolsky-Rosen 65

entanglement [2], hyperentangled photons [5], bright narrow- 66

band biphotons [32] and color-entangled photons [34,35], just 67

to name a few. Efficient SFWM is usually impractical to be 68

achieved in the exact resonant pumping regime where linear 69

absorption (gain) tends to dominate nonlinear interactions. 70

Here we employ an alternative five-level double-bowtie 71

scheme where two partially overlapping SFWM processes 72

can be simultaneously attained while suppressing linear ab- 73

sorption and gain via coherent population trapping [36]. One 74

main advantage of this scheme is that all driving fields can 75

be taken on exact resonance, with most atoms trapped in a 76

“quasi” dark state [37] comprising a superposition of two 77

ground levels, each of which takes part in one or the other 78

SFWM process. Note that many dark-state based schemes 79
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FIG. 1. Schematic diagram of a five-level double-�� config-
uration where a pumping ωp (ωp′ ) and a coupling ωc field are
applied to generate a Stokes ωs and an anti-Stokes ωas (ωas′ ) pho-
ton via a SFWM process starting from the ground level |1〉 (|3〉).
Under certain conditions this double-��-shaped system may be
envisaged as the combination of a � subsystem driven by two
pumping fields and a two-level subsystem driven by one cou-
pling field. A quasidark state trapping most populations can be
attained in the � subsystem enabling the generation of Stokes and
anti-Stokes photon pairs even at exact resonance. The D1 line of
laser-cooled 87Rb atoms is chosen here with levels |1〉 = |5S1/2, F =
1, m = −1〉, |2〉 = |5S1/2, F = 2, m = 1〉, |3〉 = |5S1/2, F = 1, m =
1〉, |4〉 = |5P1/2, F = 1, m = 0〉, and |5〉 = |5S1/2, F = 2, m = 0〉 as
an example.

have appeared in different research fields for, e.g„ realizing80

laser cooling [38,39], constructing conservative optical poten-81

tials [40,41], implementing Rydberg quantum gates [42], etc.82

Our detailed calculations on the linear and nonlinear suscep-83

tibilities reveal that destructive interference due to the dark84

state and negligible populations out of the dark state, caused85

by two resonant pumping fields of appropriate intensities,86

largely reduce linear absorption and gain, hence making our87

resonantly driven double-��-shaped system quite efficient in88

generating the Stokes and anti-Stokes photon pairs with very89

strong nonclassical cross-correlations.90

The paper is organized as follows. In Sec. II, we intro-91

duce our five-level double-��-shaped system and discuss92

the quasidark state created by two resonant pumping fields.93

Section III is devoted to the suppressed absorption or gain94

properties of the Stokes and anti-Stokes fields described by the95

linear susceptibilities. In Sec. IV, we examine the nonclassical96

generation of the Stokes and anti-Stokes photon pairs aris-97

ing from the enhanced nonlinear susceptibilities. Section V98

presents the quantitative comparison of our (resonant) double-99

��-shaped system to the (off-resonance) single-��-shaped100

system. Finally, we draw our conclusions in Sec. VI, while101

we give detailed calculations on the linear and nonlinear sus-102

ceptibilities in the Appendix.103

II. MODEL AND DARK STATE104

We start by considering in Fig. 1 a five-level system105

where two pumping fields (ωp, ωp′ ) and a coupling field (ωc)106

are applied to drive atomic transitions |1〉 ↔ |5〉, |3〉 ↔ |5〉,107

and |2〉 ↔ |4〉, respectively, with detunings �p = ω51 − ωp,108

�p′ = ω53 − ωp′ , and �c = ω42 − ωc. We will restrict our-109

selves in the following to the specific case in which �p = �p′ ,110

whereby the Stokes and anti-Stokes photons will be generated 111

in pairs through two partially overlapping SFWM processes 112

|1〉 → |5〉 → |2〉 → |4〉 → |1〉 (A) and |3〉 → |5〉 → |2〉 → 113

|4〉 → |3〉 (B). Specifically, one pair of Stokes (ωs) and anti- 114

Stokes (ωas) photons will be generated with detunings �s = 115

ω52 − ωs and �as = ω41 − ωas upon the destruction of one 116

pair of pumping (ωp) and coupling (ωc) photons. Likewise, 117

another pair of Stokes (ωs) and anti-Stokes (ωas′) photons 118

with detunings �s and �as′ = ω43 − ωas′ will be generated 119

upon the destruction of another pair of pumping (ωp′) and 120

coupling (ωc) photons. Conservation of energy enforces as 121

usual that the two-photon detunings δs = �p − �s and δas = 122

�c − �as cancel out (δs + δas = 0) in process A while δs′ = 123

�p′ − �s and δas′ = �c − �as′ cancel out (δs + δas′ = 0) in 124

process B. For the specific case examined here (�p = �p′), 125

it is convenient to further adopt the common two-photon 126

detuning 127

δ = δs = δs′ = −δas = −δas′

as a frequency scale parameter. 128

The full dynamics of this five-level system is governed by 129

a set of coupled equations for 25 density matrix elements 130

ρmn with m, n ∈ {1, 2, 3, 4, 5} referring to atomic population 131

(m = n) or coherence (m �= n) [37]. In addition to coherent 132

evolution driven by the applied and generated fields, atoms 133

are subject to spontaneous emission and coherence decay 134

occurring, respectively, with rates �mn and γmn for m �= n. 135

The two rates are related through γmn = ∑
l (�ml + �nl )/2 136

with l �= m �= n referring to all possible levels even out of 137

our five-level system, and can be phenomenally included into 138

the density matrix equations mentioned above. Using a per- 139

turbation method with respect to the generated Stokes and 140

anti-Stokes fields, it is viable to attain the zeroth- and first- 141

order solutions of ρmn. The zeroth-order ones correspond to 142

the case with neither Stokes nor anti-Stokes fields, whereby 143

our five-level system can be regarded as a combination of the 144

� subsystem involving levels {|1〉, |3〉, |5〉} and the two-level 145

subsystem involving levels {|2〉, |4〉}. The two subsystems are 146

not independent but connected by the cross decay rates �41, 147

�43, and �52 as they are driven by two pumping fields of 148

Rabi frequencies 	+
p = μ15E+

p /2h̄ and 	+
p′ = μ35E+

p′ /2h̄ and 149

a coupling field of Rabi frequency 	+
c = μ24E+

c /2h̄, respec- 150

tively, with μmn being relevant dipole moments. Here and 151

in what follows, we take superscript “+” (“−”) to denote 152

the positive (negative) frequency component of each electric 153

field, and will assume 	 j = 	+
j = 	−

j with j ∈ {p, p′, c} for 154

simplicity though 	−
j = (	+

j )∗ in general. 155

With identical pumping detunings �p = �p′ , all atoms 156

are expected to be trapped in a so-called (coherent) dark 157

state |D〉 = (	p′ |1〉 − 	p|3〉)/(	2
p + 	2

p′ )1/2 in the ideal case 158

referring to γ31 → 0 [43–46]. Further considering balanced 159

pumping Rabi frequencies 	p = 	p′ , the dark state turns 160

out to be |D〉 = (|1〉 − |3〉)/
√

2, yielding thus ρ11 = ρ33 = 161

−ρ13 = 1/2. In reality, however, atomic collisions and laser 162

linewidths will contribute to a finite decoherence rate γ31 �= 0 163

such that the dark state becomes quasidark, leaving a small 164

part of populations free of coherent trapping. Relevant zeroth- 165

003700-2
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FIG. 2. Populations in the dark state (a1),(b1) and out of the dark
state (a2),(b2) plotted against the ground-level decoherence rate γ31

with �52,42 = 3�53,51,43,41 = γ /2 and γ54/2 = γ53,52,51 = γ43,42,41 =
γ by taking γ � 2π × 3.0 MHz and γ32 = γ31 = γ21 = γ0 � γ on
the D1 line of cold 87Rb atoms. The pumping and coupling fields
are applied with �c = 0, �p = �p′ = 0, 	c = 4γ , and 	p = 	p′ =
γ /25 in (a1) and (a2) while 	p = 	p′ = γ /5 in (b1) and (b2).

order solutions are lengthy in general but become relatively166

simple,167

ρ
〈0〉
11 � ρ

〈0〉
33 � 1

2

[
1 − ρ

〈0〉
22 − ρ

〈0〉
44 − ρ

〈0〉
55

]
, (1a)

ρ
〈0〉
22 � ρ

〈0〉
44 � �52

�41 + �43
ρ

〈0〉
55 � �52

P
γ31

×
[

1 − γ31(3�41 + 3�43 + 2�52)

P
− γ31γ51

2	2
p

]
, (1b)

with P = (�41 + �43)(�51 + �52 + �53), for resonant (�p =168

�p′ = �c = 0) pumping and coupling fields restricted by169

	c � �42 and 	2
p = 	2

p′ � γ31γ51/2. It is clear that popu-170

lations in the dark state ρ
〈0〉
11 + ρ

〈0〉
33 may deviate more or less171

from unity and depend critically on a small ground-level deco-172

herence rate γ31. It is also important to stress that populations173

out of the dark state ρ
〈0〉
22 + ρ

〈0〉
44 + ρ

〈0〉
55 should not be too small174

in order to achieve efficient SFWM processes and meantime175

not too large in order to suppress linear absorption and gain as176

discussed below. Numerical calculations shown in Fig. 2 well177

support the above analytical results, i.e., a “quasi” dark state178

with ρ22 � ρ44 � 1.5ρ55 ∝ γ31 can be attained when γ31 is179

small enough, though deviations will become more and more180

evident (not shown) when γ31 increases to surpass, e.g., the181

vertical gray-dashed lines.182

III. LINEAR ABSORPTION AND GAIN183

First-order perturbative solutions for the atomic coherences184

ρ
〈1〉
52 , ρ

〈1〉
41 , and ρ

〈1〉
43 can be further attained which are directly185

related to the absorption (gain) and dispersion of Stokes and186

anti-Stokes photons generated in pairs {ωs, ωas} and {ωs, ωas′ }.187

With these solutions, it is easy to write down the correspond-188

ing induced polarizations P̂mn = N0μnmρ〈1〉
mn for a sample of 189

density N0, 190

P̂52/ε0 = χ (1)
s Ê+

s + χ (3)
s,asE

+
p E+

c Ê−
as︸ ︷︷ ︸

Proc. A

+χ
(3)
s,as′E+

p′ E+
c Ê−

as′︸ ︷︷ ︸
Proc. B

, (2a)

P̂41/ε0 = χ (1)
as Ê+

as + χ (3)
as,sE

+
p E+

c Ê−
s︸ ︷︷ ︸

Proc. A

+χ
(3)
as,as′E+

p E−
p′ Ê+

as′︸ ︷︷ ︸
Proc. C

, (2b)

P̂43/ε0 = χ
(1)
as′ Ê+

as′ + χ
(3)
as′,sE

+
p′ E+

c Ê−
s︸ ︷︷ ︸

Proc. B

+χ
(3)
as′,asE

−
p E+

p′ Ê+
as︸ ︷︷ ︸

Proc. C

. (2c)

Here electric fields for the applied fields have been taken as 191

classical quantities, while those for the generated fields are 192

assumed to be quantum described by operators 193

Ê+
j = 1√

2π

∫
dω j

√
2h̄ω j

cε0Aj
ei(k j z−ω j t )â j (ω j ), (3)

where Aj , k j , and â j (ω j ) denote the (continuous-mode) 194

cross-section areas, wave vectors, and annihilation operators, 195

respectively, with j ∈ {s, as, as′} [47]. We will take As = 196

Aas = Aas′ for simplicity and use a common area Ac to rep- 197

resent them in the following discussions. 198

Explicit expressions for the linear χ
(1)
j and nonlinear χ

(3)
i, j 199

susceptibilities in Eqs. (2) are rather involved and can be 200

found in the Appendix. In the following we just focus on the 201

linear susceptibilities, while leaving the nonlinear suscepti- 202

bilities responsible for SFWM processes to the next section. 203

The linear susceptibility in P52, for instance, consists of two 204

terms, 205

χ (1)
s = χ

(1)
S + χ̃

(1)
S . (4a)

The first term χ
(1)
S is proportional to the population difference 206

ρ
〈0〉
22 − ρ

〈0〉
55 and takes the form of an EIT susceptibility for the 207

V subsystem of three levels {|5〉, |2〉, |4〉} (see Appendix). To 208

assess loss (gain) exhibited by Stokes photons we introduce 209

the (real) figure of merit, 210

ηS = 1 − exp
[ − Imχ

(1)
S ωsL/c

]
, (4b)

being L the sample length. The second term χ̃
(1)
S , propor- 211

tional to population differences ρ
〈0〉
11 − ρ

〈0〉
55 , ρ

〈0〉
33 − ρ

〈0〉
55 , and 212

ρ
〈0〉
22 − ρ

〈0〉
44 , represents Raman-like contributions for different 213

subsystems of three levels {|1〉, |5〉, |2〉}, {|3〉, |5〉, |2〉}, and 214

{|4〉, |2〉, |5〉}, respectively (see Appendix). The correspond- 215

ing loss (gain) of Stokes photons can be assessed through a 216

similar figure of merit, 217

η̃S = 1 − exp
[ − Imχ̃

(1)
S ωsL/c

]
. (4c)

Similarly, the linear susceptibility associated with the anti- 218

Stokes transition at ωas can be cast as 219

χ (1)
as = χ

(1)
AS + χ̃

(1)
AS , (5a)

where χ
(1)
AS is proportional to ρ

〈0〉
11 − ρ

〈0〉
44 and takes the form 220

of an EIT susceptibility for a � subsystem of three levels 221

{|1〉, |4〉, |2〉}. Once again χ̃
(1)
AS represents Raman-like contri- 222

butions arising from three subterms proportional to ρ
〈0〉
11 − 223

003700-3
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FIG. 3. Linear absorption or gain of the generated Stokes
(a),(b) and anti-Stokes (c),(d) fields for process A plotted against
the common two-photon detuning δ with 	p = 	p′ = γ /5 and
γ0 = 2π × 15 kHz for red-solid curves while 	p = 	p′ = γ /25
and γ0 = 2π × 3 kHz for blue-dashed curves. Other parameters
are the same as in Fig. 2 except sample length L = 100 μm,
atomic density N0 = 9.0 × 1011 cm−3, and dipole moments μ24,25 =√

3μ14,15,34,35 = 1.268 × 10−29 Cm.

ρ
〈0〉
55 , ρ

〈0〉
33 − ρ

〈0〉
55 , and ρ

〈0〉
22 − ρ

〈0〉
44 , respectively. Accordingly,224

the two figures of merit,225

ηAS = 1 − exp
[ − Imχ

(1)
AS ωasL/c

]
, (5b)

η̃AS = 1 − exp
[ − Imχ̃

(1)
AS ωasL/c

]
, (5c)

can be introduced to assess the loss (gain) of anti-Stokes226

photons resulted from Imχ
(1)
AS and Imχ̃

(1)
AS , respectively. As for227

the linear susceptibility χ
(1)
as′ in P43, it follows directly upon228

the subscript replacements as → as′, p → p′, and 1 → 3 in229

corresponding expressions.230

We plot in Fig. 3 ηS,AS and η̃S,AS for process A to assess231

loss (positive) and gain (negative) of the generated Stokes and232

anti-Stokes fields, which can be largely suppressed even for233

resonant pumpings as shown below. It is easy to find from234

Figs. 3(a) and 3(c) that ηS and ηAS exhibit two-peaks EIT235

spectra corresponding to the V and � subsystems, respec-236

tively. Owing to the formation of a quasidark state, loss is237

quite small near δ = 0 for ηS because negligible populations238

exist in the V subsystem, and for ηAS because destructive239

interference occurs in the � subsystem. As for η̃S and η̃AS ,240

Figs. 3(b) and 3(d) show that they exhibit typical features of241

Raman-like gain or loss, which is also small near δ = 0 but242

becomes important in two regions overlapping with the EIT243

peaks. This can be understood by rewriting χ
(1)
S and χ

(1)
AS as a244

sum of two (Lorentz) resonance profiles,245

χ
(1)
S = −iN0

μ2
25

(
ρ

〈0〉
22 − ρ

〈0〉
55

)
(γ54 + iδ)

2h̄ε0	e1

×
[

1

(δ − 	e1) − iγe1
− 1

(δ + 	e1) − iγe1

]
, (6a)

χ
(1)
AS = −iN0

μ2
14

(
ρ

〈0〉
11 − ρ

〈0〉
44

)
(γ21 − iδ)

2h̄ε0	e2

×
[

1

(δ − 	e2) + iγe2
− 1

(δ + 	e2) + iγe2

]
, (6b)

in the specific case of �c = 0. Here γe1 = (γ54 + γ52)/2, 246

γe2 = (γ41 + γ21)/2 and 	e1 = √
	2

c − (γ54 − γ52)2/4, 247

	e2 = √
	2

c − (γ41 − γ21)2/4 represent effective decoherence 248

rates and Rabi frequencies, respectively. 249

IV. PHOTON-PAIR GENERATION 250

The nonlinear spontaneous generation of Stokes and anti- 251

Stokes photon pairs can be described through the effective 252

Hamiltonian ĤI = Ac
4

∫ L
0 dz[P̂ · Ê∗ + H.c.] [22,48], with P̂ = 253

P̂52�i + P̂41 �j + P̂43�k and Ê = Ê+
s
�i + Ê+

as
�j + Ê+

as′ �k being the 254

overall nonlinear polarization and electric field, respectively. 255

Transferring the linear susceptibilities χ
(1)
j to corresponding 256

wave vectors with k j = (1 + χ
(1)
j /2)ω j/c, this Hamiltonian 257

can be further written as 258

ĤI = ε0Ac

4

∫ L

0
dz

[
χ

(3)
A E+

c E+
p Ê−

s Ê−
as + χ

(3)
B E+

c E+
p′ Ê−

s Ê−
as′

+ χ
(3)
as,as′E+

p′ E−
p Ê+

asÊ
−
as′ + χ

(3)
as′,asE

+
p E−

p′ Ê+
as′ Ê−

as

] + H.c.,

(7)

describing the wave-mixing processes A, B, and C embedded 259

in Eqs. (2). The first term corresponds to process A responsible 260

for the generation of a photon pair {ωs, ωas} with χ
(3)
A = 261

χ (3)
as,s + χ (3)

s,as, while the second term corresponds to process 262

B responsible for the generation of a photon pair {ωs, ωas′ } 263

with χ
(3)
B = χ

(3)
as′,s + χ

(3)
s,as′ . The last two terms account for pro- 264

cess C associated with the interchange of anti-Stokes photons 265

{ωas, ωas′ }. 266

In the quasidark-state regime, for sufficiently weak (res- 267

onant) pumpings, nonlinear interactions can be made weak 268

enough to prevent the generation of more than one pair of 269

Stokes and anti-Stokes photons. Thus, the first-order evo- 270

lution Î + i
h̄

∫
dt ĤI will project the vacuum [49] onto the 271

state |�〉 � |0〉 + |�〉A + |�〉B + · · · , where the component 272

at {ωs, ωas} takes the form [34,48] 273

|�〉A = L
∫

dδ �A(δ)κA(δ)â†
s (δ)â†

as(δ)|0s, 0as, 0as′ 〉, (8)

with the consideration of energy conservation (ωs + ωas = 274

ωp + ωc). While a similar expression holds naturally for the 275

other biphoton state |�〉B, it is worth noting that process C 276

does not occur when δs = −δas is exactly equal to δs′ = −δas′ 277

and remains negligible even if δs = −δas is slightly different 278

from δs′ = −δas′ provided two balanced pumpings (	p = 	p′ 279

and �p = �p′) hold, which is the regime of interest in the 280

present work. 281

The phase mismatch for process A is 282

�A = exp

(
− i�kAL

2

)
sinc

(
�kAL

2

)
, (9)

being �kA = k∗
s + k∗

as − kp − kc the complex wave-vector 283

mismatch. Through a standard expansion of the wave vectors 284

ks, kas, kp, and kc in terms of the linear susceptibilities χ (1)
s , 285

003700-4



AQ12222 PRA August 10, 2022 13:20

PHOTON-PAIR GENERATION ON RESONANCE VIA A … PHYSICAL REVIEW A 00, 003700 (2022)

χ (1)
as , χ (1)

p , and χ (1)
c (see Appendix) and reserving only the286

dominant ones, we have287

�kAL

2
� −ωpL

4c
χ (1)

p � −i
πN0L

4ε0h̄

μ2
15

λp

1

γ51 + A0
, (10a)

for values of δ = 0 and far from ±	e2 while288

�kAL

2
� −ωpL

4c
χ (1)

p + �asL

4c
χ

(1)∗
AS

� −i
πN0L

4h̄ε0

[
μ2

15

λp

1

γ51 + A0
+ μ2

14

λas

1

γ41

]
, (10b)

when δ = ±	e2. Here, �s = ωp − ω21 and �as = ωc + ω21289

are introduced to denote the Stokes and anti-Stokes cen-290

tral frequencies, respectively, both corresponding to δ = 0291

due to the requirement of energy conservation �s + �as =292

ωp + ωc. This is justified by considering that the Stokes and293

anti-Stokes photon pairs are generated with an extremely294

narrow bandwidth centered at δ = 0 so that it is appropriate295

to take ωs,as → �s,as in the wave vectors ks,as ∝ ωs,as/c, a296

replacement that cannot be done in the linear and nonlinear297

susceptibilities being rapidly varying functions of δ. In addi-298

tion, we note that299

A0 = 	2
p′ (γ51 + γ53)/γ31γ53 (11)

describes the effect of the other pumping needed to generate300

the quasidark state. Equation (10b) indicates that |�A| would301

exhibit two dips at δ = ±	e2 due to the remarkable loss of302

anti-Stokes photons (cf. Fig. 3) while Eq. (10a) indicates that303

|�A| → 1 could be observed around δ = 0 provided A0 is304

much larger than γ51. In deriving Eq. (10a) and (10b), we have305

also considered that χ (1)
s (cf. Fig. 3) and χ (1)

c are negligible306

because little populations appear in levels |2〉, |4〉, and |5〉.307

The wave-mixing function for process A308

κA = −i
√

�as�s

2c

[
χ (3)

as,s(δ) + χ (3)
s,as(δ)

]
E+

p E+
c (12)

has been attained from Î + i
h̄

∫
dt ĤI by considering that ωs309

and ωas are related through δ = δs = −δas for fixed �p and310

�c. In the case of �p = �c = 0, the first nonlinear suscepti-311

bility takes the form312

χ (3)
as,s =iN0

μ25μ15μ14μ24

16h̄3ε0

1

(γ51 + A0)	e2

×
[

1

(δ − 	e2) + iγe2
− 1

(δ + 	e2) + iγe2

]
, (13a)

which comprises two Lorentz resonances centered at ±	e2313

with an identical width γe2 and exhibits a monotonic growth314

with γ31 in the limit of A0 � γ51.315

The second nonlinear susceptibility in Eq. (12), though316

derived under the same pumping and coupling conditions for317

Eq. (24), takes a more involved form318

χ (3)
s,as = iN0

μ25μ15μ14μ24

16h̄3ε0

A1

A2(γ51 + A0)	e3

×
[

1

(δ − 	e3) − iγe3
− 1

(δ + 	e3) − iγe3

]
, (13b)
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FIG. 4. Real (a1) and imaginary (a2) parts of the phase mismatch
�A as well as real (b1) and imaginary (b2) parts of the wave-mixing
function κA for process A plotted against the common two-photon
detuning δ. Relevant parameters are the same as in Fig. 3 except
	p = 	p′ = γ /5 and γ0 = 2π × 15 kHz refer to red-solid curves
while 	p = 	p′ = γ /25 and γ0 = 2π × 3 kHz refer to blue-dashed
curves.

where A1 = 	2
c + γ51γ54 − δ2 + iδ(γ43 + 2γ51), A2 = 	2

c + 319

γ52γ54 − δ2 + iδ(γ52 + γ54), γe3 = (γ43 + γ32)/2, and 	e3 = 320√
	2

c − (γ43 − γ32)2/4. For the choice of atomic levels 321

considered in our numerical calculations, we have γ21 = 322

γ32 � γ41 = γ43 = γ51 = γ52 = γ54/2, hence 	e1 � 	e2 = 323

	e3, γe1 � 3γe2 = 3γe3, and A1 = A2. In this case, we have 324

χ (3)∗
as,s � −χ (3)

s,as so that to a good approximation κA becomes 325

real and equal to 326

κA =
√

�as�s

c
Im

[
χ (3)

as,s(δ)
]
E+

p E+
c , (14)

which is proportional to γ31/	p in the limit of A0 � γ51. 327

This conclusion holds also for the wave-mixing function κB 328

(process B) where χ
(3)
as′,s and χ

(3)
s,as′ should be considered in- 329

stead. Hence, the SFWM efficiencies for processes A and B 330

are determined only by imaginary parts of relevant third-order 331

susceptibilities. 332

Then we plot in Fig. 4 real and imaginary parts of �A as 333

well as real and imaginary parts of κA to seek a spectral region 334

where efficient SFWM processes could be observed for two 335

balanced pumping fields. It is clear that a very good phase 336

matching with Re�A → 1 and Im�A → 0 has been found 337

everywhere except around two resonant points determined 338

by δ = ±	e2 = ±	e3. A very strong third-order nonlinearity 339

with Re[κA] � −0.5 cm−1 and Im[κA] → 0 exists, however, 340

in a small region centered at δ = 0 including the two resonant 341

points. So efficient SFWM processes occur only between the 342

two resonant points, where a good phase matching and a 343

strong third-order nonlinearity are associated with weak linear 344

absorption and gain (cf. Fig. 3). These numerical findings 345

are well supported by relevant approximate equations, which 346

show that Re�A will be evidently improved while ReκA will 347

remain roughly unchanged as 	p′/γ31 is increased to result in 348

A0 � γ51. 349
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Next we consider the intensity correlation function of a350

Stokes photon ωs at time ts while an anti-Stokes photon ωas351

at time tas generated in process A:352

G(2)
A (ts, tas) = |〈0|âs(ts)âas(tas)|�〉A|2. (15)

This function, after including |�〉A in Eq. (8) and353

â j (t j ) = 1√
2π

∫
dω j â j (ω j )e

i(k j L−ω j t j ), (16)

turns out to be354

G(2)
A (τ ) = L2

4π2

∣∣∣∣∫ dδ κA(δ)�A(δ)ei(ks+kas )Le−iδτ

∣∣∣∣2

, (17a)

proportional to the modulus square of a Fourier transforma-355

tion on the product κA�A with τ = tas − ts. The Stokes wave356

vector ks can be treated, to a good approximation, as a con-357

stant �s/c since |χ (1)
s | is much smaller than unity, which is358

clear from Figs. 3(a) and 3(b). The anti-Stokes wave vector359

kas should be seen, however, as a sum of �as/c and δ/vg,360

being vg the group velocity much smaller than the vacuum361

light speed c. This is based on the fact that χ
(1)
AS exhibits a362

strong normal dispersion around δ = 0 because ηAS is close to363

unity at δ = ±	e2 as shown by Fig. 3(c). Benefiting from the364

concise expression of Imχ (3)
as,s with two Lorentz resonances,365

we can use the residue theorem to further attain366

G(2)
A (τ ) � α2	2

p	
2
c

	2
e2(γ51 + A0)2

exp(−2γe2τ
′) sin2(	e2τ

′),

(17b)
which predicts a damped oscillating behavior in the case of367

	e2 > γe2 with τ ′ = τ − L/vg and368

α = N0L|�A0|μ25μ14

4h̄ε0c

√
�as�s. (18)

Here we have considered that �A(δ) � �A(0) = �A0 by ne-369

glecting the two dips at δ = ±	e2.370

The generation rate of biphotons {ωs, ωas} can be com-371

puted via an integration of G(2)
A over τ as372

SA =
∫

dτ G(2)
A (τ ) � α2	2

p	
2
c

2γe2
(
γ 2

e2 + 	2
e2

)
(γ51 + A0)2

, (19)

where Eq. (17b) has been taken into account. In Fig. 5(a)373

we examine the dependence of biphoton generation rate SA374

on coupling Rabi frequency 	c for two cases of different375

pumpings (	p) and ground-level dephasings (γ0). While it376

gradually increases and saturates at 	c � 0.2γ for a weaker377

pumping and dephasing, SA exhibits instead a fairly rapid378

growth before decaying from the maximum at 	c � 0.12γ379

to the saturation regime corresponding to 	c � 2γ for a380
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FIG. 5. (a) Biphoton generation rate plotted against the coupling
Rabi frequency 	c as well as normalized cross- (b) and auto- (c,d)
correlation functions plotted against the time delay τ with 	c = 4γ

for process A. Relevant parameters are the same as in Fig. 3 except
	p = 	p′ = γ /5 and γ0 = 2π × 15 kHz refer to red-solid curves
while 	p = 	p′ = γ /25 and γ0 = 2π × 3 kHz refer to blue-dashed
curves.

stronger pumping and dephasing. In both cases, SA exceeds 381

103 s−1 in the saturation regime though it is lower for a 382

weaker pumping and dephasing, which can be understood 383

by taking relevant parameters into SA ∝ 	2
p/(γ51 + A0)2 = 384

γ 2
0 	2

p/(γ0γ + 2	2
p)2. 385

We can also calculate the individual generation rates of the 386

Stokes and anti-Stokes photons through 387

Rs = A〈�|â†
s (ts)âs(ts)|�〉A

= L2

2π

∫
dδ fs(δ)|κA(δ)�A(δ)|2, (20a)

Ras = A〈�|â†
as(tas)âas(tas)|�〉A

= L2

2π

∫
dδ fas(δ)|κA(δ)�A(δ)|2, (20b)

with fs,as = e−Imχ (1)
s,as (δ)�s,asL/c. Their product RsRas accounts 388

for the accidental coincidence of uncorrelated photons due to 389

the fact that all photon pairs are generated stochastically and 390

different photon pairs exhibit unpredictable time separations 391

[22,23]. Then, it is viable to examine the normalized cross- 392

correlation function 393

g(2)
s,as(τ ) = G(2)

A (τ )

RsRas
, (21)

and the normalized autocorrelation functions 394

g(2)
s,s (τ ) = A〈� (2)|â†

s (0)â†
s (τ )âs(τ )âs(0)|� (2)〉A

R2
s

=
∣∣ L2

2π

∫
dδ fs(δ)|κA(δ)�A(δ)|2e−iδτ

∣∣2

R2
s

+ 1, (22a)

g(2)
as,as(τ ) = A〈� (2)|â†

as(0)â†
as(τ )âas(τ )âas(0)|� (2)〉A

R2
as

=
∣∣ L2

2π

∫
dδ fas(δ)|κA(δ)�A(δ)|2e−iδτ

∣∣2

R2
as

+ 1, (22b)

003700-6



AQ12222 PRA August 10, 2022 13:20

PHOTON-PAIR GENERATION ON RESONANCE VIA A … PHYSICAL REVIEW A 00, 003700 (2022)

0 1 2 3 4

0.88

0.92

0.96

1.00

Ωp' / Ωp

σ<0
>

3
1

0 1 2 3 4

0

1

2

3

Ωp' / Ωp

1
0
-3
S
A
,B
(s
-1
)

0 1 2 3 4
0.0

0.5

1.0

1.5

1
0
-2
S
A
,B
(s
-1
)

Ωp' / Ωp

(a) (b) (c)

FIG. 6. (a) Biphoton generation rates for processes A (red-solid curve) and B (blue-dashed curve) plotted against the ratio of pumping Rabi
frequencies 	p′/	p with γ0 = 2π × 15 kHz. (b) Same as above yet with γ0 = 2π × 3 kHz. (c) Rescaled ground-level coherence plotted against
the ratio of pumping Rabi frequencies 	p′/	p with γ0 = 0 (black-dotted line), γ0 = 2π × 3 kHz (black-dashed curve), and γ0 = 2π × 15 kHz
(black-solid curve), respectively. Relevant parameters are the same as in Fig. 3 except 	p = γ /5.

where |� (2)〉A = |�〉A|0s, 0as〉 + |�〉A|�〉A has been consid-395

ered to include also the event that two pairs of Stokes and396

anti-Stokes photons are generated with a time delay τ . It is397

well known that classical light obeys the Cauchy-Schwarz in-398

equality [g(2)
s,as(τ )]2/[g(2)

s,s (0)g(2)
as,as(0)] � 1 [22,50]. Hence, the399

nonclassical property of Stokes and anti-Stokes biphotons can400

be measured by the extent to which the Cauchy-Schwarz401

inequality is violated.402

As a function of τ in Fig. 5(b), the normalized cross-403

correlation function g(2)
s,as is found to decay at the rate 2γe2404

and oscillate with the period π/	e2 due to the interference405

effect arising from the two Lorentz resonances in Eq. (13a).406

The damped oscillation of g(2)
s,as has an inverse dependence on407

	p and γ0 as compared to SA, hence looks higher for a weaker408

pumping and dephasing. It is also clear that g(2)
s,as → 0 at τ =409

0, indicating τ ′ � τ in Eq. (17b) with the group delay L/vg410

being much smaller than the oscillation period π/	e2. We plot411

in Figs. 5(c) and 5(d) the normalized autocorrelation func-412

tions and find that g(2)
s,s (0) = g(2)

as,as(0) = 2, 1 � g(2)
s,s (τ ) � 2,413

and 1 � g(2)
as,as(τ ) � 2, reflecting the chaotic nature of Stokes414

or anti-Stokes photons. The damped oscillations of g(2)
s,s and415

g(2)
as,as are seen to be slightly different because we have fs �= fas416

in general though they both approach unity except around417

δ = ±	e2. It is more important that the Cauchy-Schwarz in-418

equality is largely violated, namely, by a factor of ∼107 with419

max[g(2)
s,as] being ∼1.2 × 104 or ∼1.7 × 104, thus confirming420

the strong nonclassical properties of Stokes and anti-Stokes421

photon pairs.422

We further make qualitative discussions on the energy-time423

entanglement with respect to the biphoton state |�〉A. From424

Eqs. (13a) and (13b) it is easy to see that the Stokes and425

anti-Stokes photon pairs are generated in process A through426

two destructively interfering, symmetric Lorentz resonances427

centered at δ = ±	e2 (cf. Fig. 4). Considering also the re-428

quirement of energy conservation, we know that a Stokes429

photon generated at the modes ω±
s = �s ± 	e2 must be ac-430

companied by an anti-Stokes photon generated at the modes431

ω∓
as = �as ∓ 	e2, suggesting the biphoton entanglement in432

two pairs of frequency modes with |�〉A = |ω+
s 〉|ω−

as〉 −433

|ω−
s 〉|ω+

as〉.434

We conclude the section by finally considering the gen-435

eration rate SB for process B which is, in general, different436

from SA. The two rates are compared in Fig. 6(a) against one437

pumping (	p′) while keeping the other pumping (	p) fixed. 438

Both rates are found to approach zero in the limit of 	p′ � 	p 439

or 	p′ � 	p but exhibit two maxima around 	p′/	p � 1.0 440

and 	p′/	p � 0.6, respectively. It is remarkable that, at point 441

	p′/	p = 1, we always achieve the balanced biphoton gen- 442

eration with SA = SB. The same comparison is carried out in 443

Fig. 6(b) for a different (ground-level) dephasing γ0. While 444

essentially unchanged in their qualitative features like posi- 445

tions of two maxima and the balanced generation, SA and SB 446

exhibit nevertheless an appreciable overall decrease when a 447

smaller γ0 is used. To be more specific, their balanced values 448

pass from SA = SB > 103 s−1 to SA = SB < 102 s−1 as γ0 449

reduces from 2π × 15 kHz in Fig. 6(a) to 2π × 3 kHz in 450

Fig. 6(b). This is associated with an increase of the rescaled 451

ground-level coherence, 452

σ
〈0〉
31 =

∣∣ρ〈0〉
31

∣∣√
ρ

〈0〉
11 ρ

〈0〉
33

. (23)

Figure 6(c) shows the expected increase of rescaled coherence 453

σ
〈0〉
31 and hence an decrease of the dark-state dephasing as γ0 454

reduces from 2π × 15 kHz (black-solid line) to 2π × 3 kHz 455

(black-dashed line). Here we also report, as a reference, the 456

case for an ideal dark state (γ0 → 0), which exhibits no 457

dark-state dephasing and corresponds to a unit value of σ
〈0〉
31 458

(black-dotted line). Clearly, perturbing an ideal dark state into 459

a quasidark state via an increase of γ0 further leads to larger 460

absorption (gain) of the generated Stokes and anti-Stokes pho- 461

tons, hence γ0 should be kept much smaller than γ restricted, 462

e.g., by γ0/γ < 0.01. 463

V. DOUBLE- VS SINGLE-��-SHAPED SYSTEM 464

Taking 	p′ = 0 and �53 = �43 = 0, our double-��- 465

shaped system will reduce to the more familiar single-��- 466

shaped system used for generating the Stokes and anti-Stokes 467

photon pairs via SFWM. The remaining pumping (	p �= 0) 468

field is normally far detuned from resonance in order to 469

suppress the linear absorption that may hinder the biphoton 470

generation and avoid other nonlinear interactions that may 471

attenuate the biphoton correlation. 472

Through a similar calculation, we find that the phase mis- 473

match �A and the wave-mixing function κA for process A in 474

our resonant double-��-shaped system will become that (�̃A 475
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FIG. 7. (a1),(a2) Biphoton generation rate and (b1),(b2) maximal
normalized cross-correlation functions plotted against the pumping
detuning �p for a single-��-shaped system. Dashed horizontal lines
are corresponding results for a double-��-shaped system with �p =
0. Relevant parameters are the same as in Fig. 3 except 	p = 	p′ =
γ /25 and γ0 = 2π × 3 kHz in (a1) and (b1) while 	p = 	p′ = γ /5
and γ0 = 2π × 15 kHz in (a2) and (b2).

and κ̃A) for the off-resonance single-��-shaped system with476

the simple replacement γ51 + A0 → γ51 + i�p. This result477

seems amazing but is logical because (i) A0 represents an478

effective dephasing on transition |5〉 ↔ |1〉 resulted from the479

other pumping (	p′ ) field as a quasidark state is formed; and480

(ii) this effective dephasing plays the same role as a large481

detuning �p in restricting the excitation to level |5〉 from level482

|1〉. Then, it is easy to calculate the biphoton generation rate483

S̃A, the normalized cross-correlation function g̃(2)
s,as, as well as484

the normalized autocorrelation functions g̃(2)
s,s and g̃(2)

as,as for485

the off-resonance single-��-shaped system. We can attain486

[18,22,48], for instance,487

S̃A = α2	2
p	

2
c

2γe2
(
γ 2

e2 + 	2
e2

)|γ51 + i�p|2
, (24)

with the same approximations as considered in deriving488

Eq. (19). A direct comparison shows that S̃A = SA in the case489

of (γ51 + A0)2 = γ 2
51 + �2

p, i.e.,490

	2
p′ =

(
γ 2

51 + �2
p

)1/2 − γ51

(1 + γ51/γ53)/γ31
� |�p| − γ51

(1 + γ51/γ53)/γ31
, (25)

when |�p| is sufficiently large as compared to γ51. With491

a further increase of |�p|, our resonant double-��-shaped492

system will be more efficient, in generating biphotons, than493

the off-resonance single-��-shaped system. It is expected,494

however, that a stronger nonclassical cross-correlation will be495

observed with the increase of |�p| since g̃(2)
s,as and S̃A have an496

inverse dependence on γ 2
51 + �2

p, like the inverse dependence497

of g(2)
s,as and SA on (γ51 + A0)2.498

An example of the numerical comparisons is presented499

in Fig. 7 with the red-solid and blue-dashed lines referring500

to the single-��-shaped and our double-��-shaped systems,501

respectively. We find that S̃A descends at a lower and lower 502

rate with the increase of �p and becomes inferior to SA for 503

�p � 4.2γ in Fig. 7(a1) with a weaker pumping and de- 504

phasing while for �p � 17.5γ in Fig. 7(a2) with a stronger 505

pumping and dephasing. Figures 7(b1) and 7(b2) show that 506

the maximal value of g̃(2)
s,as ascends monotonously with the 507

increase of �p and clearly exceeds the maximal value of g(2)
s,as 508

for �p � 4.2γ in the case of a weaker pumping and dephasing 509

while for �p � 17.5γ in the case of a stronger pumping and 510

dephasing. This means that there exists an inevitable trade-off 511

between the higher generation rate and the stronger nonclas- 512

sical cross-correlation in regard to generating biphotons via 513

SFWM. Basically, the higher generation rate is more desirable 514

as long as the nonclassical cross-correlation is not too weak 515

with, e.g., max[g(2)
s,as(τ )] > 103 and g(2)

s,s (0) = g(2)
as,as(0) = 2. In 516

view of this criterion, our resonant double-�� pumping setup 517

is more efficient than the off-resonance single-�� pumping 518

setups where typically larger values of �p/γ are used to 519

well reduce the linear absorption or gain while supporting 520

significant SFWM nonlinearities [51–53]. On the other hand, 521

the double-��-shaped and single-��-shaped systems will be 522

not qualitatively different as far as the nonclassical cross- 523

correlation of a biphoton state is concerned. 524

VI. CONCLUSIONS 525

In summary, we have investigated an efficient scheme for 526

generating nonclassical biphotons through two partially over- 527

lapping resonant SFWM processes with identical coupling 528

and Stokes transitions yet different pumping and anti-Stokes 529

transitions. This is achieved by considering a double-�� con- 530

figuration of atomic levels whereby most populations can be 531

trapped into a quasidark state, largely clear of linear absorp- 532

tion (gain) even if the applied and generated fields are resonant 533

with corresponding transitions. For sufficiently small but non- 534

vanishing ground-level decoherence rates, we can reach an 535

optimal trade-off where nonlinear SFWM is strong enough 536

while linear absorption (gain) is sufficiently weak. The bipho- 537

ton generation efficiency is comparable to and even larger than 538

that in the more familiar off-resonance single-�� configura- 539

tion while we can, in addition, exactly balance the two SFWM 540

processes in their generation rates by controlling atomic pop- 541

ulations in two ground levels constituting the quasidark state. 542

Our new scheme is viable to be employed, e.g., to herald in an 543

indistinguishable way [34,35] a single photon of either of two 544

colors associated with different anti-Stokes emission chan- 545

nels, and may finally be adapted to solids like Pr3+:Y2SiO5 546

crystals [54–56] where four-wave-mixing effects have been 547

observed. 548
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APPENDIX: LINEAR AND NONLINEAR SUSCEPTIBILITIES558

We first define a set of complex decoherence rates with the assumption of �p = �p′ :559

g54 = γ54 + i(�p + δ − �c), g53 = γ53 + i�p′ , g43 = γ43 + i(�c − δ), g32 = γ32 + iδ, g42 = γ42 + i�c,

g52 = γ52 + i(�p + δ), g51 = γ51 + i�p, g41 = γ41 + i(�c − δ), g21 = γ21 − iδ, g31 = γ31,

which are restricted by gji = g∗
i j and will be adopted in the expressions of relevant linear and nonlinear susceptibilities. In the560

following, we further assume 	p = 	p′ to consider only two pumping fields of equal strengths since the linear and nonlinear561

susceptibilities are too complicated in the more general case of 	p �= 	p′ .562

For the applied pumping and coupling fields, their linear susceptibilities can be attained with Ri j = ρ
〈0〉
ii − ρ

〈0〉
j j as563

χ (1)
p = iN0μ

2
51

ε0h̄

g31g35R15

	2
pg51 + 	2

p′g35 + g31g35g51
, (A1a)

χ
(1)
p′ = iN0μ

2
53

ε0h̄

g13g15R35

	2
p′g53 + 	2

pg15 + g13g15g53
, (A1b)

χ (1)
c = iN0μ

2
42

ε0h̄

R24

g42
. (A1c)

For the generated Stoke and anti-Stokes fields in process A, their linear susceptibilities have lengthy expressions as a result of564

the complicated level configuration. In the case of 	p,p′ � 10
√

γ31γ51, however, they become compact and comprise two parts565

as shown by Eqs. (4a) and (5a) in the main text. One part is simply given by566

χ
(1)
S = N0μ

2
25

h̄ε0

iR25g54

	2
c + g52g54

, (A2a)

χ
(1)
AS = N0μ

2
14

h̄ε0

iR14g21

	2
c + g21g41

, (A2b)

to answer for the EIT-like interactions. The other part further contains three contributions as given by567

χ̃
(1)
S = χ

(3)
R1 E+

p E−
p + χ

(3)
R2 E+

p′ E−
p′ + χ

(3)
R3 E+

c E−
c , (A3a)

χ̃
(1)
AS = χ

(3)
R4 E+

p E−
p + χ

(3)
R5 E+

p′ E−
p′ + χ

(3)
R6 E+

c E−
c , (A3b)

to answer for the Raman-like interactions, being χ
(3)
R j relevant nonlinear coefficients.568

These nonlinear coefficients are still lengthy. But after introducing Fp′ (x, y) = (x + y)	2
p′ + yg31g51 and Fp(x, y) = (x +569

y)	2
p + yg31g53 as well as Cp′ = Fp′ (g51, g35) and Cp = Fp(g53, g15), they can be written as570

χ
(3)
R1 = iR15

N0μ
2
25μ

2
15

4h̄3ε0

×	4
cFp′ (−Cp′ , Cp) + 	2

c[g54Fp′ (Cp′g34, C∗
p′g14) + Fp′ (−Cp′g12g14, Cpg32g34)] + g14g34g54Fp′ (Cp′g12,−Cpg32)

CpCp′
(
	2

c + g12g14
)(

	2
c + g32g34

)(
	2

c + g52g54
) , (A4a)

χ
(3)
R2 = iR35

N0μ
2
25μ

2
35

4h̄3ε0

×	4
cFp(−C∗

p′ , Cp′ ) + 	2
c[g54Fp(C∗

p′g14,−Cp′g34) + Fp(−Cpg32g34, Cp′g12g14)] − g14g34g54Fc(−C∗
p′g32, C∗

pg12)

CpCp′
(
	2

c + g12g14
)(

	2
c + g32g34

)(
	2

c + g52g54
) , (A4b)

χ
(3)
R3 = −iR24

N0μ
2
25μ

2
24

4h̄3ε0

1

g24
(
	2

c + g52g54
) , (A4c)

χ
(3)
R4 = −iR15

N0μ
2
14μ

2
15

4h̄3ε0

[g21Fp(g53, g25) − g23Fp(−g53, g43)]	2
c + g21g23g25Fp(−g53, g43)

Cp
(
	2

c + g21g41
)(

	2
c + g23g43

)(
	2

c + g25g45
) , (A4d)

χ
(3)
R5 = −iR35

N0μ
2
14μ

2
35

4h̄3ε0

	4
c	

2
p + [g23g43 + g15(g23 + g45)]	2

c	
2
p − g21g23g25(g15 + g43)	2

p

Cp
(
	2

c + g21g41
)(

	2
c + g23g43

)(
	2

c + g25g45
) , (A4e)

χ
(3)
R6 = −iR24

N0μ
2
14μ

2
24

4h̄3ε0

1

g24
(
	2

c + g21g41
) . (A4f)
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Finally, nonlinear susceptibilities for the generated Stokes and anti-Stokes fields in process A are given by571

χ (3)
as,s = iR35

N0μ25μ15μ14μ24

4h̄3ε0

	2
p′

Cp′
(
	2

c + g21g41
) − iR15

N0μ25μ15μ14μ24

4h̄3ε0

	2
p′ + g31g35

Cp′
(
	2

c + g21g41
) , (A5a)

χ (3)
s,as = −iR15

N0μ25μ15μ14μ24

4h̄3ε0

(
	2

c + g32g34
)(

	2
p′ + g31g35

) − g35(g54 + g32)	2
p′

Cp′
(
	2

c + g32g34
)(

	2
c + g52g54

)
+ iR35

N0μ25μ15μ14μ24

4h̄3ε0

(
	2

c + g32g34
)
	2

p′ + g51(g54 + g32)	2
p′

Cp′
(
	2

c + g32g34
)(

	2
c + g52g54

)
− iR14

N0μ25μ15μ14μ24

4h̄3ε0

g12 + g54(
	2

c + g12g14
)(

	2
c + g52g54

) . (A5b)

All linear and nonlinear susceptibilities for the generated Stokes and anti-Stokes fields in process B can be attained from the572

above equations with the subscript replacements as → as′, p → p′, and 1 → 3.573
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