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We present the fundamental limits to the precision of estimating parameters of a quantum matter system
probed by light, even when some of the light is lost. This practically inevitable scenario leads to a tripartite
quantum system of matter, and light—detected and lost. Evaluating fundamental information theoretic
quantities such as the quantum Fisher information of only the detected light was heretofore impossible. We
succeed by expressing the final quantum state of the detected light as a matrix product operator. We apply
our method to resonance fluorescence and pulsed spectroscopy. For both, we quantify the sub-optimality of
continuous homodyning and photo-counting measurements in parameter estimation. For the latter, we find
that single-photon Fock state pulses allow higher precision per photon than pulses of coherent states. Our
method should be valuable in studies of quantum light-matter interactions, quantum light spectroscopy,
quantum stochastic thermodynamics, and quantum clocks.
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I. INTRODUCTION

Quantum light-matter interactions lie at the heart of
modern science and technology. These range from spec-
troscopy—where the scattered light carries information
about the matter system [1], to engineering nonclassical
states of light, matter, and combinations thereof. The latter
include novel technological applications such as quantum
networks, memories, clocks, as well as novel inorganic [2]
and organic devices [3]. Central to studying these various
systems are the quantum state of the light before and after
the interaction. The former is typically a coherent state and
easily described.

The scattered light acquires complicated temporal quan-
tum correlations due to the interaction. Its explicit quantum
state is often eschewed in favor of obtaining its emission
spectra and correlation functions. These quantities are typi-
cally computed using only the matter (often called emitter)
system via tools such as the input-output formalism and
the quantum regression theorem [4—6]. Indeed, all relevant
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properties of the scattered light can be computed from the
matter system alone if no other subsystems are involved,
that is, the light-matter system is in a pure bipartite quan-
tum state. The above tools thus benefit from the Schmidt
decomposition for bipartite systems.

A fundamental challenge arises in the presence of a third
subsystem, typified, for instance, by the empirical fact that
it is impossible to collect all of the scattered light. The
resulting tripartite pure quantum state of the emitter, the
detected, and the lost light subsystems does not afford a
Schmidt decomposition. Formally, this is because higher-
order tensors lack a direct analogue to the singular value
decomposition for matrices. This tripartism, coupled with
the indefinite number of photons in the incident light, has
left the problem of evaluating quantum entropic quantities
of the detected light only open since at least 2014 [7].

We solve this decade-long open problem by express-
ing the quantum state of the detected light as a matrix
product operator (MPO). We use it to evaluate the quan-
tum Fisher information (QFI)—a fundamental quantum
entropic quantity that sets the precision of estimating mat-
ter parameters from the light detected after a quantum
light-matter interaction. To that end, we use a variational
optimization algorithm for states in MPO form [8]. These
are our two methodological contributions, schematically
depicted in Fig. 1. We also evaluate a lower bound to the
QFI called the sub-QFI [9] from the MPO which does not
require variational optimization. We apply our methods
to resonance fluorescence and pulsed spectroscopy with
classical light. The former is a workhorse in fields from
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FIG. 1. (a) Schematic representation of our tripartite setup. The emitter (M), a matter system with Hamiltonian A, interacts with

propagating light (L), initially in a coherent state, through an operator Jy, and also with the environment (E), resulting in the Lindblad
operators L; acting on M. Only L can be detected after the interaction, from which parameter 6 is to be estimated. (b) Tripartism:
the tripartite Hilbert space structure HM ® H" ® HE. The impact of E is purified to a Hamiltonian interaction with operators ;. The
tripartite state | UMLE (7)) is a pure continuous matrix product state. (c) After coarse graining into time bins of size Az, the reduced state
of the light p} is approximately described by a matrix product operator. (d) The QFI of a state in MPO form is computed variationally
[8] using Eq. (18); the tensors By ) are the MPO representation of the derivative 9y peL. (e) Two case studies considered in this work:
(D Rabi frequency €2 estimation in resonance fluorescence with detectors of efficiency n < 1; and (II) dipole-moment I" estimation of
a two-level system with pulsed classical light, when not all emitted light can be detected. Here I'} denotes emission into the lost or

undetected modes.

quantum optics to quantum clocks [10] while the latter is
the inevitable benchmark for quantum light spectroscopy
[11-15]. Our solution of this open problem should also
advance other active areas of quantum sensing such as
quantum enhanced interferometry [16].

Our main results are as follows: (i) combining the dis-
crete MPO form for the detected state of the light in
Eq. (15) with the variational method in Eq. (18) to evaluate
its QFT; (ii) evaluating the QFI for resonance fluorescence
with lossy detectors, and quantifying the sub-optimality of
continuous homodyne and photodetection measurements
therein; (iii) showing that, for single-molecule spectro-
scopies using the same pulse shape, coherent states are
less informative than single-photon Fock states on a per-
photon basis; (iv) evaluating the sub-QFI from the MPO
form, which provides a non-trivial lower bound to the QFI
without any optimization; and (v) providing the symmetric
logarithmic derivative as an MPO which can inform the
construction of measurements attaining the QFI.

While we highlight lossy detection above, the challenge
of tripartism emerges whenever the emitter interacts with
undetected degrees of freedom. Going beyond accounting
for light emission into undetected modes, our methodolog-
ical contributions capture general Markovian noise acting
on the emitter system. This includes, for instance, uncor-
related noise of classical origin such as dephasing due to
intensity and phase fluctuations of a driving laser [17].

Our two methodological contributions of expressing the
quantum state of the detected light as an MPO and eval-
uating a quantum entropic quantity variationally from it

should find fruitful applications both individually and in
tandem in a broad set of circumstances. The latter may
be used to evaluate other quantum entropic quantities such
as entanglement measures for entanglement quantification
and manipulation, the quantum relative entropy for quan-
tum hypothesis testing [18] and channel capacities for
quantum communication. Some instances of the former
include harnessing the MPO structure to characterize quan-
tum light sources [19], analysis of quantum networks, the
study of driven-dissipative quantum systems [20] ranging
from exciton-polaritons [21] and quantum clocks to contin-
uously monitored quantum systems [22] and spontaneous
symmetry breaking therein [23].

By focusing on quantum entropic quantities such as
the QFI, our work goes beyond prior uses of tensor net-
work methods in theoretical quantum optics [24-31], as
well as the related techniques based on collision models
[32-35]. Typically, these studied the dynamics of the emit-
ter system, or some specific light observables, or evaluated
information theoretic quantities restricted to the bipartite
setting noted above. Some tackled the challenge of tri-
partism by keeping a pure MPS structure and employing
the wave-function Monte Carlo method. On the contrary,
we provide an explicit description of the quantum state
of the detected light as a locally purified MPO, a class of
states used to study open many-body spin dynamics [36].
Our work is also independent of tensor-network techniques
employed to numerically solve nonperturbative open quan-
tum system dynamics [37—41], and their use in computing
optical spectra in the presence of structured phononic
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environments [42—45]. This was again achieved by com-
puting correlation functions of the emitter without explicit
reference to the quantum state of the detected light.

II. RESULTS
A. Model description

1. Light-matter interaction

The matter (M) quantum system, which we call an
emitter, is assumed to be pointlike. It interacts via its
dipole with a propagating radiation field, described by a
one-dimensional continuum of bosonic modes satisfying
the commutation relations [a(w), a ()] = §(w — @'). We
label the subsystem composed of the bosonic field as the
light (L), which will conventionally represent radiation
that can be measured. The Hilbert spaces of the emitter and
light are denoted as H™ and H". The free Hamiltonian of
the light is

H" = /ooda)ha)aT(w)a(w), (1
0

and it can be used to model several physical configurations
where radiation can be assumed to propagate in one dimen-
sion and vectorial properties of electromagnetic field can
be ignored, e.g., in a waveguide or in free-space under the
paraxial approximation [46,47].

Under standard Markovian approximations valid in
quantum optics [5,6] (details are provided in Appendix A),
the interaction Hamiltonian in the interaction picture takes
the standard form

HME (1) = HM®) + ila’ ()T — a(®)J ), )

written in terms of the time-domain “quantum noise”
operators [48]

a(t) = dwa(w)e @0 3)

1
7
satisfying the commutation relations [a(f),a’(?)] =
8(t — ). Here J is the matter-system operator that couples
to the field, essentially determined by its dipole moment,
and wy is a characteristic frequency of the emitter such that
going into the interaction picture, J transforms as Je 0!,
The phase factor is thereby absorbed into Eq. (3) so the
operators are centred around wy. Finally, HM(?) is the inter-
action picture Hamiltonian of the emitter, which is time
dependent in general and may include a time-dependent
classical driving term; we elaborate on this in Sec. I A 3.

The interaction Hamiltonian (2) between the emitter and
quantum noise operators is tightly connected to the cel-
ebrated Gorini-Kossakowski-Sudarshan-Lindblad master
equation, simply referred to as the master equation (ME)

in the following. As a matter of fact, if the light field is ini-
tially in the vacuum, a well-justified assumption at optical
frequencies, the reduced state of the emitter obeys the ME

dpM(@®)
d

—in[HM®), oM O] + DI (M), ()

where we call D[x1(p) = xpx'— (xTxp +pxTx)/2, a
Lindblad dissipator [49]. This is the reason the light sub-

system itself is often labeled as an environment in the
literature. We disown this convention to reserve the term
“environment” (E) for modes of the light field that can-
not be detected. This sets the stage for the methodological
advances in this work.

2. Markovian noise

We say that the dynamics of the emitter is noisy, since it
interacts with one or more environments, which, unlike the
light field L, are completely inaccessible to experimental
observation. Since the interaction (2) correlates light and
matter, the noise acting on the emitter will also influence
the reduced state of the light. In particular, we focus on
the case of general Markovian noise, modeled by Lindblad
dissipators, so that the overall dynamics of the light-matter
system obeys the ME

dpM(1)
d

P
—ih [HM“(t), M (0] + Y DIL;1(pM (1),
j=1

)

where the P < oo operators L; act only on the matter sub-
system. The validity of adding Lindblad dissipators to the
Hamiltonian generator as in Eq. (5) is well justified in the
weak coupling regime [50], our domain of interest.

Regardless of the microscopic origin of the Lindblad
dissipators acting on M, it is possible to purify the dynam-
ics by introducing independent bosonic fields b; (#) satis-
fying [b; (t),b}:(t’)] = 8;6(t — '), one for each L;. Their
collective Hilbert space is denoted as HE. These are ini-
tialized in the vacuum. They interact with the system just
like the light field, i.e., a total interaction Hamiltonian

P
HME () = EM(0) + ik | Ja' () + ) Libf (1) — Hee.
j=1

(6)

In general, this is a useful observation that allows one to
treat arbitrary Lindblad operators on the same footing as
the coupling operator J, even if the fields b; () may not
have any real physical meaning.

When describing lost light, the environment is also an
optical radiation field and the purified description matches
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the underlying physics. This scenario will be relevant for
our case studies later, wherein we consider a single (P = 1)
operator L o J coupling the emitter to the radiation fields,
corresponding to the inevitably practical scenario in which
only a portion of the emitted light corresponding to modes
a(t) can be measured, while the rest of the field in modes
b(?) (in which light can be emitted but not detected or mea-
sured) acts as the environment E. This is a manifestation of
tripartism, as depicted in Fig. 1(b).

3. Coherent states as classical driving

We now specify the initial state of the light field
L as coherent states, a reasonable assumption at opti-
cal frequencies. For a continuum field, they are defined
as |ab) = exp ([ dr[a(r)a’(r) — a*(v)a(r)]) |0%). The
square-integrable complex amplitude «a(t) describes a
temporal envelope that modulates fast oscillations at the
carrier frequency wy (since the state is written in terms of
the operators (3) defined relative to the wy). The integral
[ la(n)|*dt = a? = n represents the total average number
of photons, where a € R allows us to rewrite the function
as a(t) = a¢(r) with a normalized complex amplitude
¢(t). This will be useful for comparisons with single-
photon pulses in Sec. I E.

Applying a unitary displacement operation transforms
the light state into the vacuum while equivalently and
simultaneously adding a classical driving term to the
system Hamiltonian [33, Appendix C]

HM > HM ik (a* (6 —a()JT). (7)

This is known as the Mollow transformation [51]. This
displacement acts only on H' and does not depend on
any matter or interaction parameters. Thus, it does not
affect quantities such as the QFI of these parameters in
the reduced state of the detected light, which are invariant
under parameter-independent unitary operations.

The above argument also applies to continuous
monochromatic driving, which can be understood as the
limit of an infinitely long pulse with an infinite average
number of photons, such that the photon flux is fixed.
Therefore, we always work in the Mollow-transformed
picture, having the light subsystem initially in the vac-
uum and including the classical driving term in the matter
system Hamiltonian.

B. State of the light as a matrix product operator

We capture the evolution of the tripartite MLE system,
starting with an initial state |[¢ME(0)) and time evolv-
ing using the interaction Hamiltonian (6), to [WMLE(p)).
This approach is particularly appealing because the formal
solution of the Schrodinger equation for | WMME(£)) has the
form of a continuous MPS [52]. The final state of the light

is then
p" (1) = True [[¥M ) (WME(0)]]. )

Despite this formal solution, evaluating quantum entropic
quantities of p"(f) directly in the continuum has remained
a challenge.

We overcome this by coarse graining the time variable,
whereby the continuous MPS is approximated by a stan-
dard (discrete) MPS. Our problem of evaluating | WMLE (7))
is then mapped to a one-dimensional chain, where the
Hilbert spaces of the coarse-grained time bins are the
local physical spaces at different sites of the chain. In this
description, the environments are local degrees of freedom
at each site of the chain corresponding to each time bin. We
thus obtain a quantum state of the detected light field p"(?)
that is, by construction, a locally purified MPO [36,53,54].

1. Coarse graining

As a first step, the singular correlation structure for the
white noise operators a, b, defined in Eq. (3), requires
a coarse graining, achieved by binning the time interval
[0, t5,) in N equally sized intervals [n] := [t,—1,t,), At =
t, — t,_1, where tp = 0 and ty = t5, = NAt. The corre-
sponding continuous temporal tensor product space of the
light is partitioned as H* = ®,H" (and similarly for the
continuous spaces corresponding to each environment E).
The coarse-grained increment operators

In tn
AA[n] = / dta(r), AB]',[”] = / d‘fbj (‘L') (9)
th—1 th—1

n— n—

on the nth time bin, have the commutation relations

[AA[n]s AAEn’]] = S AL,

¥
[AB) (), ABjI,[,,/]] = 6; ;18w AL (10)

The coarse-grained increment operators AAp,, ABj [y
(and their corresponding Hermitian conjugates) can be
conveniently interpreted as single-mode creation and anni-
hilation operators, so that [oL), = (AAE;])” |0Y), Ao At
and |ajE)n = (ABJT’[H])" |O]E)n /o !Ar are discrete o-
photon Fock states in the nth time bin, where |0%), and
|OJE)n are the vacuum kets for the nth bin for the light and
environment modes, respectively.

Under this coarse graining, we expand the exact time
evolution generated by Hamiltonian (6) as UMME(¢g,) =
T exp[—(i/h) [i™ dtHM(7)] to order O(A?) as the
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time-ordered, Trotterized product

N

UM () = [ [ U E(AD). (11)

n=1

Here the time evolution in the time bin [n] is simply
U][\,’l[]LE(At) = exp(—i [” | dtHM(7)/h). The time order-
ing has been dropped because of the assumption that At is
small. It is possible to employ higher-order Trotter expan-
sions, if needed, at this step in order to approximate more
faithfully the exact continuous MPO form of the light state
as a standard, discrete one. However, as we will see, the
simple form of the first-order Trotter expansion affords
an elegant physical picture, while higher-order product
formulas are more involved and harder to interpret [55].

2. MPO structure with vacuum input

We consider an initial joint uncorrelated state in 7M-F
given by

[WMEE©0) = [¥™M(0)) ® 10") ® 10F), (12)

where the state of the light is factorized as |0%) = ®, [0),,
where n = 1, ..., N denotes the time bins. The same holds
for |0F). This choice for H' is justified by the assump-
tion that we consider incoming coherent states of the light
at optical frequencies, in conjunction with the Mollow
transformation (Sec. II A 3) which recast their action as a
time-dependent Hamiltonian acting on the emitter. The ini-
tial state of HE is in the vacuum by construction, following
the purification argument in Sec. [ A 2.

The outgoing state is obtained by a discrete stroboscopic
evolution, in which each entangling unitary Up* acts on
the emitter and on the nth bin residing in L and E. This is
essentially a standard Markovian collision model [56], in
which at each iteration the matter system interacts with a
new subsystem, uncorrelated from the preceding subsys-
tems, which in this case is partitioned in L and E, and
always initialized in the same state |0%; OF),,.

We proceed by introducing the Kraus operators

oxor
Ay " =

S5 o |UMEE 85 0%, (13)
where |0%), = |of), ® - - - |op), represent the Fock states
on all the P environments corresponding to the differ-
ent Lindblad operators, while o, = {o},,...,0%,} is the
corresponding P-tuple of occupation nufnbers The outgo-
ing global state then assumes the form of an MPS in the
joint basis of the discrete time-bin modes of the light and

environment:
|WMLE(T)) — Z
{alL ,,,,, (TN},{O-1 ,,,,, gN}
O'L,Q'E O‘L,GE
A[]]\\lf] N 'A[11] FyM0) ® IGlb, . ,O'IL)
®|0]5,...,01E), (14)

Its bond dimension is equal to the emitter Hilbert space
dimension D. Section IV A contains additional pictorial
representations of the tensor networks used here.

The reduced state of the detected light residing in H
obtained by tracing out the emitter M and the environ-
ment £ then has the form of the following MPO, pictorially
represented in Fig. 1(c) [57]:

P ()= Y Try [A“N o AT pM(O)} ") (o]
oLl

(15)
Here o' = {o],..., 0%} indicates all the physical indices
of the MPO, pM(0) = |¢M(0)) (¥yM(0)] is the initial state

of the emitter, and A, "] o = =2 ey, 0" o) AEZ] ot
are superoperators on the nth bin of the emitter M space,
resulting in an MPO bond dimension of D?, where D is
the Hilbert space dimension of HM. In particular, this is

a locally purified MPO, evident from the fact that each

| o
superoperator AE;’]’”” for the nth time bin contains an
independent summation over environment indices o "

L _E
The explicit form of the Kraus operators AE:]” o) g

obtained by noting that, since Eq. (11) is correct up to order
L L
O(A¢), for consistency, we seek superoperators A([T,:’]’U"

that are similarly correct up to order O(A#). To achieve
this, it is enough to consider the Kraus operators [58]

0,{0,...,0} M LM At ., ;
Ap =1 —ﬁH (tnl)At_?<JJ+ZLij>,
J

(16a)
A0 _ g A (16b)
A([)’;go ,,,,, o9 — 1A (16¢)

Performing this truncation at first order in At also implies
that the dimension of the time-bin Hilbert spaces is trun-
cated to two. Physically, this is justified for small enough
At, such that the probability of having more than one pho-
ton in each time bin can be neglected. Thus, the indices o}-
and o take on values 0 (no photon) or 1 (a photon present
in the time bin) only.
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Notably, the MPO bond dimension depends solely on
the dimensionality D of the emitter Hilbert space H™. This
is a joint consequence of (i) the temporally uncorrelated
structure of the incoming coherent state input

o) = ) lar (1)),

where (1)) = exp(a(ti1)v/AIAA], — H.e) |0F) are
discrete coherent states on the nth bin of the light state,
and (ii) the weak light-matter coupling that allows us to
express the interaction as Eq. (6). Intuitively, the initial
state of light carries no temporal correlations across the
time bins (corresponding to an MPO bond dimension of
unity), and the weak coupling to the emitter induces only
feeble correlations across the time bins in the outgoing
state, corresponding to the relatively small bond dimen-
sion of D?. The small MPO bond dimension of the light
state is the basis of the successful application of numeri-
cal MPO techniques. This is in contrast to, say, squeezed
state inputs where the temporal correlations across time
bins [59] are expected to enter the form of the outgoing
MPO as increased bond dimensions.

Our first key result is the direct MPO form of the
detected light in Eq. (15). It will be utilized in subsequent
sections to evaluate quantum entropic quantifies heretofore
impossible.

)

C. Precision limits for spectroscopy

Our main goal in this paper is to investigate the pre-
cision limits for the estimation of a physical parameter
6 appearing in Hamiltonian H)M", by only measuring the
accessible light field L, and not the emitter M and the envi-
ronments E. We insert the 6 dependence to emphasize our
interest in the estimation of this parameter. This is the stan-
dard approach in quantum spectroscopy [13] and also for
parameter estimation with continuously monitored quan-
tum systems [60]. In this setting, the quantum state that
encodes all the accessible information about the physical
parameter is thus precisely p} () in Eq. (15) When dis-
cussing parameter estimation in subsequent sections, we
explicitly highlight the 6 dependence of the state. In this
section, we briefly introduce the relevant quantum entropic
quantities involved, deferring more detailed explanations,
including definitions, to Sec. IV.

1. QFI of the detected light state

For a given quantum measurement, mathematically
described by a positive operator valued-measure {IT, >
0] Y, T1, = I}, the probability of observing the outcome
X 18 py (x) = Tr[pgI1,]. In the limit of many repetitions, the
precision in estimating the value of parameter 6 is cap-
tured by the classical Fisher information (CFI) C[ps], a
quantity that depends only on py(x) and on its derivative

Po(x) = dpe(x)/dO = Tr[peIl;], with py = dpy/dB. The
CFl is nonnegative and larger values correspond to a better
precision in the estimation of 6. For a given quantum state,
the CFI can be maximized over all quantum measurements,
obtaining the quantum Fisher information (QFI) [61-63].
It is a functional of the quantum state pg and of its deriva-
tive pp. The QFI can be computed with several equivalent
methods, but we use the variational form [64]

Qlpe] = sup {2Tr (peX) — Tr(psX?)},
x=xt

(18)

where the optimization is over Hermitian operators X. The
optimal X is known as the symmetric logarithmic deriva-
tive (SLD) operator. If the numerical optimization does not
reach the global maximum, this method still yields a lower
bound on the QFL.

Now the main technical challenge is to compute the QFI
of state pg(tﬁn) in Eq. (15). To that end, we use Ref. [8] to
translate Eq. (18) into an efficient variational optimization
problem for MPO states. We begin with an MPO ansatz for
X, perform an iterative site-by-site, that is, time-bin-by-
time-bin, optimization while increasing the bond dimen-
sion of X until convergence is reached. This is depicted
in Fig. 1(d). As the derivative p} (tg,) of an MPO state is
not easily written as an MPO with the same (small) bond
dimension, we evaluate this numerically, approximated by
a finite difference. More details on this algorithm and its
implementation in this work are presented in Appendix B.
We denote the QFI obtained by this computational method
as the “MPO QFI” in the following.

This is our second key result: the evaluation of the MPO
QFI for the quantum state of the detected light in Eq. (15)
using Eq. (18). We apply it to two physically relevant
scenarios of sensing quantum light-matter interactions in
Secs. II D and I1 E below.

2. Bounds on the QFI of the detected light state

The calculation of the MPO QFI outlined above
involves a variational optimization, whose computational
cost grows with the number of time bins. It is thus mean-
ingful to seek computationally cheaper lower and upper
bounds on the QFI that can be computed without any
variational optimization.

A lower bound on the QFI, called the sub-QFI qub[p(}],
can be obtained [9] from the MPO using only tensor con-
tractions and no optimizations. The sub-QFT is based on
the super-fidelity [65], an upper bound on the fidelity
between two quantum states that involves no square roots
of the density operators. It also exploits the fact that the
QFI is related to the fidelity between two infinitesimally
close states pg (T) and pj, (7). Crucially, the MPO form
in Eq. (15) allows a computation of the super-fidelity
by tensor contractions alone. For pure states, the super-
fidelity matches the regular fidelity and the sub-QFI equals
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the QFI. Details on the definition and computation of the
sub-QFI can be found in Sec. IV D below.

An upper bound on the QFI can be obtained as follows.
When there is no environment E, the global state | WML (7))
in Eq. (14) is pure, and a simpler method to compute the
QFTI of this pure state can be used. This relies on solving a
modified version of the ME in Eq. (5), called a two-sided
master equation (TSME) [7,66]. Details on the compu-
tation of this quantity can be found in Sec. IV C below.
Essentially, this is only possible because the system is
bipartite, as noted in Sec. I. This method can be applied in
the presence of the environment E, but this only computes
the QFI of the purified state pj* = Trp[|W)E) (WE(],
as if the lost light were accessible for measurements. The
QFI of pi* is a valid upper bound on the QFI of p} and
it will be computed in the following and denoted as the
“TSME QFL”

3. CFI of continuous measurements

We next consider concrete measurement strategies on
state ng(t) and evaluate their performance by comput-
ing their CFI. Specifically, we focus on two paradigmatic
continuous monitoring strategies: photodetection (PD) and
homodyne detection (HD). To understand these measure-
ments, it is easier to work in the coarse-grained picture of
Sec. II B 1. Introducing the proper bosonic operators ap,] =

AAp,/~/ At, PD corresponds to a projection on the eigen-

states of aFn]a[n], that is, a measurement of the occupation
numbers of the time bin [#]. In the limit Az — 0, the only
possible outcomes for each time bin can be 0 or 1 and the
continuous stream of observed outcomes describes a Pois-
son process. HD corresponds instead to a projection on the
eigenstates of the quadrature operator e*"‘/’a?n] + e ap,,
where ¢ decides which quadrature of the field is mea-
sured. In the infinitesimal limit, the observed outcomes
correspond to a diffusive stochastic process. Both these
measurements are time local, since they correspond to pro-
jections on states that are separable on the time-bin basis.
These two classes of measurements are not always capable
of attaining a CFI that saturates the QFI of ,09L () [66].
Although not necessarily optimal, homodyne detection
and photodetection remain typical experimentally. In both
cases, a single realization of the experiment corresponds
to a so-called stochastic quantum trajectory of the condi-
tional state of the emitter, which depends on the observed
measurement outcomes. This stochastic dynamics follows
Poisson or diffusive stochastic master equations [22,67],
which can be simulated to sample from the PD and HD
probabilities pgd or pd. The CFI of these two probabil-

ities, C[p?*] and C[p], will be dubbed the PD CFI and
HD CFI, respectively. We compute these quantities using
quantum trajectory methods [68—70].

D. Case study I: Rabi frequency estimation in
resonance fluorescence

Resonance fluorescence is a paradigmatic quantum opti-
cal phenomenon [51,71,72], in which a continuous-wave
laser field in a coherent state illuminates a two-level sys-
tem (TLS), and the resulting emission field is detected. The
dynamics of the TLS emitter is simple and governed by an
ME, also known as Maxwell-Bloch equations for the pop-
ulations and the coherences. The emission field has a rich
spectral-temporal structure, as is evident from the well-
known power spectrum [5,71]. These and other nontrivial
aspects continue to be investigated [73—77].

The excited and ground states of the TLS are denoted
as |e) and |g), and the lowering and raising operators
are o_ = |g){(e|] and o, = ol = le)(g|. As depicted in
Fig. 1(e), the emitter Hamiltonian (in the interaction pic-
ture, assuming a monochromatic drive resonant with the
TLS), the light-matter coupling operator and the single loss
Lindblad operator are

HY =hQ(oy+0), J=nyo_, 19)
L=A-nyo_, [¥MO0)=1lg),

where y > 0 is the overall decay rate and 5 < [0, 1] rep-
resents the proportion of light that can be detected, i.e.,
the measurement efficiency. We seek to estimate 0 = €,
the Rabi frequency—a paradigmatic estimation problem
[7,68,70,78,79]. For no loss (n = 1), PD and HD (with
angle ¢ = m/2) are known to be optimal in the long-time
limit.

We present the MPO QFI for estimating 2 in Fig. 2 for
n < 1. This has never been evaluated before and is one of
our main scientific results. We also present the CFI of HD
and PD for n < 1. This quantifies the sub-optimality of HD
and PD, which is due to the intrinsic temporal correlations
in the quantum state ,ong(t). Our numerical results are for
a few representative values of 1. There is only one line
corresponding to the upper bound given by the TSME QFI,
since it does not depend on 7. This also establishes that it
is inadequate to study the tripartite problem due to lossy
detection.

In Fig. 2(a) we plot the quantities y Flq(¢)/t, for a fixed
value of 2 = 0.1y. The factor y is introduced to provide
an adimensional quantity (effectively, this amounts to scal-
ing time and frequency relative to the natural timescale of
the problem y ~!) that illuminates the emergence of a linear
behavior for long times. This is an expected behavior of the
TSME QFI when the ME describing the reduced dynam-
ics of the emitter has a unique steady state [7]. Figure 2(a)
also shows that, for small Rabi frequencies, all the Fisher
informations of state pg (7) (thus excluding the TSME QFI)
are very close to each other. This establishes that in this
regime continuous photodetection or homodyne detection
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FIG. 2. QFI and CFI for Rabi frequency (£2) estimation, generically denoted as Flg () rescaled by the evolution time. The markers
and lines correspond to different quantities, as in (a); colors correspond to values of the efficiency 7, as in (b). Panel (a) shows the
dynamics of the various quantities as a function of the evolution time, for a fixed 2 = 0.1y . Panels (b) show the same figures of merit
evaluated at the time #5, = 10/y, as a function of the Rabi frequency. In the top panel of (b) the MPO QFTI and the sub-QFI are plotted;
in the bottom panel we plot the ratio between the CFI (for HD or PD) and the MPO QFI. The MPO QFI is Q[,oslg], the TSME QFI is
Q[ pLE] which for our problem is also the QFI of pLE for = 1, the PD CFI is C[p2'], and the HD CFI is C[p]. The HD CFI is for a
homodyne angle ¢ = /2, which is known to be optimal for 2 estimation [78].

are close to optimal. In this panel we do not show the sub-
QFI, which coincides with the MPO QFI within numerical
error for Q = y/10.

In Fig. 2(b) we fix a final observation time g, = 10/y
and consider the same quantities as a function of the Rabi
frequency. In the top panel, we plot the MPO QFI and the
sub-QFI qub[pg], showing that the latter provides a tight
lower bound for small values of €2, but becomes looser as
Q increases. Nevertheless, the sub-QFI is larger than the
HD CFI and PD CFI, which can be seen from Fig. 5 in
Appendix D. In the bottom panel of Fig. 2(b), we plot the
ratio between the CFI for HD and PD and the MPO QFIL.

This shows that, for larger values of 2, both HD and PD
are no longer optimal. This may be due to increasing tem-
poral quantum correlations in state p“(tg,) with larger Q
that these time-local measurements cannot access. Indeed,
their sub-optimality increases with €.

Details on the parameters used in the numerics are pro-
vided in Appendix C. Moreover, a figure similar to Fig. 2
for two additional efficiency values n = 0.1 and n = 0.99
is presented in Appendix D. We avoid presenting them here
for clarity.

E. Case study II: dipole-moment estimation with a
coherent state pulse

We now turn to the estimation of the light-matter cou-
pling constant I between a TLS and a propagating pulse
of light in a coherent state. Since this parameter is pro-
portional to the squared dipole moment of the TLS, we
call this problem dipole-moment estimation. Despite its

apparent simplicity, this model has proven to be a valuable
testbed for our estimation theoretic approach to quantum
spectroscopy, and has been studied in the regime of a single
photon interacting with a TLS [13—15].

As depicted in Fig. 1(e), this setup is related to the pre-
vious one; in fact the Rabi frequency €2 also depends on
the TLS dipole moment. However, it is a different esti-
mation problem, since the parameter to estimate 6§ = I'
also appears in the emitter-light coupling operator J. Fur-
thermore, the pulsed scenario leads to a time-dependent
Hamiltonian

Jr =+To_,
ly™M(0)) = g) .

HM = ihTa(f) (o1 —0_),
r + (20)
L= FLU_,

We again assume the carrier frequency of the pulse to be
resonant with the transition frequency of the TLS, and that
a(f) = ag(f) € R. This corresponds to the initial coher-
ent state exp[f dra(t)(a' (v) — a(r))]|0%). We focus on a
representative Gaussian amplitude

1
o) = We—(r—n-ﬂ/@ﬂ)’ (21)

where 7T is the pulse duration and 7. the arrival time
of the pulse. Finally, we have parametrized the detected
and undetected components of the outgoing field using
I' > 0 and T",, respectively. This is a different notation
compared to the previous case study, but consistent with
Refs. [13—15]. The previous parameters are related to the
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QFI and CFI for I" estimation with pulsed light, generically denoted as FIp(£), multiplied by I'? to be adimensional and

rescaled by the average number of photons 7. Circles represent the MPO QFI, stars the PD CFI, the dash-dot line the sub-QFI. The
colors represent different average numbers of photons 7 for the coherent states; the black dashed line represents single photons. The
light blue shapes are a visual aid that represent the pulse profiles |¢ (£)|> (not to scale on the y axis). The centre of the pulse is at
t. = 6.5T. Each panel corresponds to the parameter values shown at the top. To avoid clutter, we only plot the PD CFI, since HD was

found to always perform worse.

newonesasy = + 1) and n =T/(I" 4+ I'L). The QFI
for single-photon states was obtained in Ref. [13] and its
calculation only involves a numerical integration of single-
variable functions.

We now compare their performance to coherent states
in the real-world case of I') > 0. This comparison for
'} > 0 would have been impossible without the method-
ologies we developed. We find that greater loss in the
detection makes the coherent state probe less informa-
tive on a per-photon basis. For a fair comparison, we
consider the single-photon state [ dr¢(t)a’(r) |0%) with
a wave function equal to the renormalized amplitude in
Eq. (21).

In Fig. 3, we present the MPO QFT and the CFI rescaled
by the average number of photons 7 = o for coherent
states (n = 1 for single photons) for a few combinations
of values of T and I';. The MPO QFI shows that on a
per-photon basis, single-photon states are more advanta-
geous in estimating I than coherent states. This advantage
is more marked for larger values of I" |, which matches
the intuition from Ref. [13] that in this regime the problem
becomes similar to a simple single-mode loss estimation,
for which Fock states are known to be optimal [80,81].
The intuitive explanation from quantum information the-
ory goes as follows: as I'} becomes increasingly larger

than I', the light absorbed by the TLS from the coherent
state gets emitted almost completely into the environment
E. Thus, for the light, the effect of the interaction with
the TLS becomes similar to a simple loss of photons
from the original single discrete mode 44 = f dtg(t)a(r)
populated by the coherent state, and the perturbation to
the modal structure becomes negligible, since the light is
emitted mostly into E.

Figure 3 also shows that the QFI per photon falls as the
average number of photons of the pulse increases to n =
10. It also shows that, for less energetic pulses, i.e., smaller
values of 7, photodetection retrieves most of the QFI. This
ceases to be so as n increases. However, larger values of I |
make the discrepancy between the PD CFI and the MPO
QFI smaller. This could also be explained by the intuition
that the situation becomes similar to loss estimation as I" |
increases, since, for that problem, photodetection is indeed
optimal even for coherent state probes [82].

Finally, Fig. 3 shows that, depending on the choice
of parameters, the sub-QFI may or may not be a more
informative lower bound on the QFI than the PD CFL.

Details on the parameters used in the numerics are
provided in Appendix C. Moreover, an additional figure
similar to Fig. 3 for a shorter pulse I'T = 0.01 is presented
in Appendix D.
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I11. DISCUSSION

We have presented a QFI evaluation algorithm for quan-
tum states of detected light emitted by a classically driven
quantum emitter, concurrently subject to general Marko-
vian noise, that carry away quantum information encoded
by light-matter interaction. This is achieved by a time-
bin discretization of continuous MPOs that describe such
emission states, and a subsequent variational optimization
using the machinery of discrete MPOs. This represen-
tation, in the face of a tripartite light-matter system, is
what enables us to compute its QFI and sub-QFI, which
had been heretofore impossible. We believe this to be a
novel result, borne out of a fruitful combination of existing
techniques.

The time-bin discretization, which allows us to bring
to bear powerful variational algorithms for discrete MPOs
[83], is a delicate step—while one needs to employ a small
enough At for the discretized network structures to rep-
resent with enough accuracy the continuous MPO, the
sitewise inversion inherent in the variational optimization
will fail for too small a At as the corresponding matrices
turn singular. In its successful application to physically rel-
evant models here, we empirically demonstrate that there
does in fact exist an “optimal” range of At for which dis-
crete MPO methods are applicable to continuous MPOs
with sufficient accuracy for quantum metrology.

Our evaluation of the MPO QFTI incurs error from the
time discretization At, and to a lesser extent from the
approximation of pf with a finite difference. There is
also the possibility of variational optimization not reach-
ing a universal minimum. We found it helpful to rerun
the optimization several times with different initial condi-
tions to avoid this. However, this increases the computa-
tional costs, especially for an increasing N, the number of
time bins. This governed our choices of 2, #, and #g, in
Secs. II D and ITE.

The space complexity of storing both the quantum state
of the detected light in Eq. (15) and its parametric deriva-
tive scale as O(ND*), D being the dimension of HM. The
evaluation of its QFI requires storing and manipulating
operator X in Eq. (18), which has O(ND%) elements, Dy
being the bond dimension of X in a given optimization
loop.

The time complexities of contracting the tensors in
Eq. (18) in each optimization loop scale as O(ND“D)Z()
for the first term of the variation, and O(NDD?%) for
the second [84]. The time complexity of QFI optimiza-
tion itself is expected to scale linearly with N, for fixed
bond dimension Dy of X [85]. This suggests a maximum
time complexity of O(N2D®D?) for evaluating the QFI,
where we have taken the dominant contribution to com-
plexity coming from the second term of the variation in
Eq. (18). We empirically find in our numerical optimiza-
tions that convergence is always achieved for Dy < 8§,

for all instances of parameters in Secs. IID and IIE.
Moreover, we also found that the SLD bond dimension
Dy > 3, meaning that no trivial occurrences of separa-
ble operators appear as the solution of the variational
problem. Overall, this leaves the size of the tensor net-
work N as the dominant factor affecting the speed of
convergence.

The relatively small value of the bond dimension of
the optimal X which saturates the variation—the SLD—is
indicative of the relatively short-range temporal quantum
correlations in the detected light, at least for our choice
of parameters. This suggests that measurements with /im-
ited time nonlocality spanning a small number of bins may
attain the QFI. Such measurements should surpass the per-
formance of homodyne detection and photodetection. This
is a reflection of the limited amount of temporal entangle-
ment in the detected light state. This possibility, first raised
in Ref. [66], can be explored explicitly in our methodol-
ogy by diagonalizing the SLD MPO, whose explicit form
we obtain as part of the optimization. A fuller discussion
of this diagonalization, achievable using excited-state den-
sity matrix renormalization group (DMRG) [86], as well as
other exact or numerical methods [87], is beyond the scope
here, and left for future research.

Furthermore, the QFI obtained with our methods can be
compared to fundamental bounds in noisy metrology (in
the presence of E), which are valid when M is accessi-
ble and controllable, and can also be coupled to ancillas
[88,89]. In this scenario, L can be seen as the ancillas and
thus such upper bounds on the QFI also apply to measure-
ments on L only. It can happen that measurements on L can
saturate such fundamental bounds [90], but the conditions
under which this happens is, in general, unknown.

An interesting avenue for future research would be
to apply our methodology of computing the QFI of the
detected light in the presence of a non-trivial phononic
environment accompanying the emitter. In principle, non-
Markovian environments can be included in the present
framework by virtue of Markovian embeddings, e.g., the
pseudomode approach [42,91-93], at the cost of increasing
the matter system dimension and thus the bond dimen-
sion of the MPO state of the light. Alternatively, one
may think of exploiting other tensor network techniques
already used for conventional spectroscopy [37,39—41,
44]. Another interesting extension would be to adapt our
approach to an input light field that is in a thermal state
instead of vacuum. This would be relevant beyond the opti-
cal domain, e.g., for sensors involving microwave fields
and superconducting qubits.

Yet another research avenue would be to optimize the
quantum state of the initial light field L to obtain the best
precision of estimating one or more chosen parameters.
This was, in fact, a task the variational algorithm in Ref. [§8]
was used for. For quantum light-matter interactions we
consider, this would require the MPO form of the quantum
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channel that takes the quantum state of the initial light field
to its output.

The QFI also has applications beyond parameter esti-
mation in quantum stochastic thermodynamics in defining
speed limits, thermodynamic and kinetic uncertainty rela-
tions [94-97], and quantum clocks [10]. As the TSME QFI
is the only tool employed thus far in such studies, we fore-
see quantum stochastic thermodynamics benefiting from
our methodologies capturing additional Markovian loss.

IV. METHODS

A. Details on the MPO form of the state

The MPS in Eq. (14) is pictorially represented as
(oM are indices of the emitter space H™)

ol of ol ok
|| ||
0(0) Ay = o — Aw ot

Performing the partial trace of environment E to obtain the
MPO state in Eq. (15) corresponds to the following con-
traction between the MPS in Eq. (14) and its Hermitian
conjugate:

L L

(o Oy
() ()
M) Ay = A
WMo Ay o A
U LU

1 N

From this we see that each summation over the environ-
ment indices can be applied directly at the corresponding
time bin, i.e., the effect of each environment becomes
time local. From this contraction of in/dicg:s we obtain the
oo low.oy) for of 4t :

maps A" e =" kA o Api , introduced in
Sec. II.

The MPO state of the light in Eq. (15) can also be

rewritten in Liouville space as

Plt) = D loy.oN ) ®....lof o)

(TL (TL
1o N
P DA v
1 9N
(7]]\'] G’L, O'L,O'L/ M
Tr [A[N] VLA (0>>><<11|], (22)

where we have applied a vectorization, mapping the opera-
tors |o;") (0] to the vectors |o/", /")), and analogously on

the M space, such that the density operator becomes a D?
L L
vector pM(0) — |pM(0))), and the superoperators AF,’: n
are now D? x D matrices. Essentially, Eq. (22) is an MPS
vectorization of the (mixed) quantum state of the detected
light field L. This state can be pictorially represented as

L L L L L LU
01,01 09,03 ON> TN

Q Am A[Q] I — A[N] )

where the thicker line represents the vectorization, and the
initial state of the matter system M has been absorbed into
the site-1 tensor for a more concise network representa-

UL O'L, O-L UL/ .
tion, such that A \"" = A" [pM(0)) (1] While we

have omitted the explicit parameter dependence here, the
fob

superoperators A([;] depend on the chosen parameter 6,
as they appear in Fig. 1.

The MPO form of state p"(t3,) in Eq. (15) is a con-
sequence of the collisional structure of the interaction
between emitter M and each time bin of L and E: at each
timestep, M interacts with a new time bin, always prepared
in the same state. This follows from coarse graining the
unitary evolution as in Eq. (11) and the assumption that
the initial state of L and E is temporally uncorrelated (in
particular, the vacuum). This structure is general. The spe-
cific Kraus operators we employ are those in Eqgs. (16),
related to a photon counting unraveling of the Lindblad
master equation [22,58]. As a matter of fact, if both the
light L and environment E subsystems are traced out from
MPS (14), and the limit At — 0 is taken, we get back the
Markovian ME for the emitter dynamics [56]:

9 . P
=M = =M@, oM+ DIP™) + Y DIL (o™,
j=1

(23)

This is unsurprising as the above MPS form obtained from
the Hamiltonian dynamics in Eq. (6) is a purification of
the model dynamics in Eq. (5). However, while the evolu-
tion of the emitter is Markovian, the quantum state of the
detected light in Eq. (15) builds up temporal correlations as
the evolution progresses, apparent from the non-zero bond
dimension of the vectorized MPS p"(T) in Eq. (22).

B. Basics of quantum estimation theory

Estimation theory studies the precision of estimating the
true value of a parameter 6 from experimental observations
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x sampled from a probability distribution py(x), belong-
ing to a family characterized by a continuous parameter
0. In quantum mechanics, the probability distribution is
obtained from the Born rule py(x) = Tr(ps 1), where the
parameter dependence lies only in state py and I1, is an
element of a positive operator-valued measure (POVM),
which mathematically describes a quantum measurement
with outcomes labeled by x.

The Cramér-Rao bound (CRB) [98] states that the vari-
ance of an unbiased estimator 8 (x) of § satisfies

1
vCpe]’

where v is the number of independent repetitions of the
experiment and C[pg] is the CFI, introduced in Sec. I C. Tt
is defined as

dl ?
Clpel =) _po ) (og+ﬂx)> ;

where the summation becomes an integral for continuous
distributions. Unbiased estimators do not always exist, but
in the limit v — oo, the inequality in Eq. (24) holds not
only for the variance, but also for the mean squared error
of any reasonable estimator and it can be saturated [98],
e.g., by the maximum likelihood estimator. Thus, the CFI
is a classical entropic figure of merit that captures the best
precision in the asymptotic limit of many samples.

The QFI employed in Sec. II C is obtained by maximiz-
ing the CFI over all possible POVMs [62,63]:

Var[0] > (24)

(25)

Qlpe] = I{I;[a§C[pe]- (26)
It thus expresses a fundamental quantum limit to the
estimation precision, by the chain of inequalities

L
vC(pg) ~ vQ(pp)

The latter inequality is known as the quantum CRB. We
always assume that v can be made sufficiently large, so
that we can meaningfully focus on the CFI and QFT as the
relevant figures of merit to quantify the estimation preci-
sion. This setting is known as local estimation, since the
CFI and QFI are defined locally around the true value of
the parameter (pg and 9y pg are evaluated at the true value
of 0 in all the equations above).

Var[0] > (27)

1. QFI expressions

The QFI in Eq. (26) can also be expressed by a quantum
generalization of Eq. (25) [61,99]:

d
Qlpos] = Tr[pL2] = Tr [ﬁ@} L@

do

Here Ly is the SLD operator, the optimizer of the max-
imization in Eq. (18), which can be found by solving a
Lyapunov equation

dpg  Lope + poLe
0 29

do 2 9)
The QFI is also equivalent to an infinitesimal expansion of
the Bures distance [62,63]

-7 c 92 F [ 00, pose
Olpo] = 8 lim =T 1Pos ol _ 9" F1u: o]
e—0 62 862
(30)

where the fidelity is defined as

Flp1, p2] = I/ p1y/02111 :Tr|: «/Epzx/a}, (€29)

and ||O||l; = Tr[v OO"] denotes the trace norm of O, equal
to the sum of the singular values of matrix O.

C. Open system approach to calculate the QFI of light
and the environment

As mentioned in Sec. II, the overlap between pure tri-
partite states of the emitter, light and environment can
be computed without ever having to explicitly deal with
the light and environment Hilbert spaces [7,100—102].
This involves solving the dynamics of a modified density
operator ,5},\1[’92 (¢) satisfying the TSME

dpy, g, () )
s = i (YO0 — Al 0 H o)

L/
+ J91 ,091 0 (t)t]ez (ng J€1 ,091 0 ® + ,03:[,92 (t)J91J92>

2

+ iD[L,- 1(AM0)
j=1

(32)

19 (0)) (¥ ™M (0)]. The
initial matter state [¥™(0)) is independent of @ as it is
encoded in the Hamiltonian evolution only. This equation
deviates from the standard ME in Eq (23) in that the oper-
ators acting on the two sides of Pe 1, (1) are not the same,
but are evaluated for different values of the parameter, jus-
tifying the two-sided part of the moniker TSME. When
61 = 6, = 0, this becomes the standard ME for the reduced
state of emitter g (2).

with the initial condition ﬁé\f 0, 0) =
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From operator '5}9\1[,92 (1), it is possible to compute the
pure-state overlap [7,100]

(WO E0) =T [ B, 0], 63)

and also the fidelity between the reduced light-environment
states [66]

FloFo. o o1 = |y 0) - G4

This latter result is a direct consequence of the fact that
the singular value spectrum of the reduced joint state of L
and E is identical to that of the matter system M, follow-
ing from the Schmidt decomposition. This enables us to
characterize quantum entropic quantities which depend on
these singular values (such as the QFI) on the continuous
variable space of L and E, using quantities on the smaller
M space only.

By the data-processing inequality, tracing out M

increases the fidelity |<\I!£fLE(t)|lIJé\;[LE(t)>| < Flpg @,

,oé“zE (1)]. Mathematically, this corresponds to the fact that
the absolute value of the trace (sum of eigenvalues) is
smaller than the trace norm (sum of singular values) of
the same operator. This argument translates to the QFI,
by virtue of Eq. (30), as Q [|W)™E(n)] = Q[p5F ()], con-
sistent with the fact that the QFI is non-increasing under
partial tracing.

D. Sub-QFT and super-fidelity of MPO states

For two arbitrary states p; and p,, the super-fidelity is
defined as [103]

(Faplor, p21)°

= Trlpipal +/(1 = Telp}]) (1 - Tilp3).  (39)

which is an upper bound to the Uhlmann fidelity [65]

Flpo,, p1] < Fswplpr, p2]- (36)

The sub-QFI can be defined from the infinitesimal super-
fidelity [9], analogously to Eq. (30) as

- fsup[pé)a Po+el

.1
Qaub[pg] = 8 lim 5 5 (37)
e—0 €
which satisfies, by construction,
Qsulpe] < Qlps]- (38)

The sub-QFI functional is significantly easier to compute
than the QFT as the expression in Eq. (35) does not include
any square root of the density operators. It depends only on

the Hilbert-Schmidt product of the two density operators
and on their respective purities. This is particularly valu-
able for many-body states in MPO form, for which these
traces can be obtained as simple tensor contractions, scal-
ing favorably with the length of the MPO network. On the
other hand, the 2-norm corresponding to Uhlmann fideli-
ties are notoriously hard to compute efficiently for MPO
states, whereas they can be computed efficiently for some
partitions of the chain [104].

The Hilbert-Schmidt product between pj and py, . is
obtained by contracting the tensors as

* * *

0+¢,[1] O+e2] [ 7 TV 0+e[N]
L/ L L L L/
01,071 02,03 IN;ON

Q Ao A — - — Ay )

and analogously to compute the purity of an MPO, allow-
ing us to then evaluate the sub-QFI using tensor contrac-
tions only.

E. Classical Fisher information for continuous
photodetection and homodyne detection

When a time-local measurement of the light is per-
formed, it is possible to describe the evolution of the con-
ditional state of the emitter, which depends on the observed
measurement outcomes, by means of a stochastic mas-
ter equation (SME), i.e., a stochastic differential equation
for the conditional density matrix of state. This takes into
account the measurement backaction on the state of the
emitter and the stochastic nature of the measurement out-
comes. The two most paradigmatic and physically relevant
time-local measurements are continuous photodetection
and homodyne detection [22,67], which lead to Poisson
and diffusive stochastic differential equations, respectively.

For clarity, we use o™ instead of p™ for the conditional
state of the emitter, which depends on the past outcomes
of the continuous light measurement. We also omit the 6-
dependence for brevity. The SME for photodetection then
reads

P
doM = —ilHM (1), oM di + Y DIL; 1M

j=1
1
— E(JUQM + oMJT) dt + Tr[oMJ 7T 1M dt

JoMJT
(g o)

Tr[oMJtJ] (39)

040343-13



KHAN, ALBARELLI, and DATTA

PRX QUANTUM 6, 040343 (2025)

where dN is a Poisson increment with state-dependent
mean:

E[dN] = Tt[J T oM] dt. (40)

The SME for homodyne detection reads

P
do™ = —i[HM(0),0™]di + ) DIL;10Mdr
j=1
+ D[J o™ dt + H[Je oM aw, (41)

where H[J]e =J o + ¢ JT — Tr[e(eJ + ¢ *J)]e, and
dw = dy — Tr[oM(*J + e %JT)] represents a standard
Wiener increment [such that (dw)? = df], operationally
corresponding to the difference between the measurement
result dy and the rescaled average value of the operator
(Je'¥ + e~ JT). Lossy detection corresponds to a rescal-
ing of the light operator J > /7. and to the introduction
of an additional noise operator L = /1 — nJ.

Note that these SMEs are non-linear, due to the need
of renormalizing the quantum state during the evolution.
Alternatively, one can also consider the evolution of the
unnormalized conditional state oM which satisfies a lin-
ear SME [22,68]. The trace of this stochastically evolving
unnormalized state corresponds (modulo a proportional-
ity constant, irrelevant for parameter estimation) to the
probability of observing the corresponding measurement
outcomes. Thus, from this probability one could compute
the corresponding CFI. However, this is impractical for
concrete numerical calculations, because the trace of oM
becomes very small. A more numerically stable approach
is to consider the so-called monitoring operator

3™
T =
Tr[oM]’

(42)

which satisfies a second stochastic equation, coupled to the
SME for oM, and suitable for numerical solution. The CFI
can be computed by averaging Tr[t] over many stochastic
realizations of the SME, i.e., by simulating many possible
series of measurement outcomes. Concretely, we apply this
formalism [7] in the refined form of Ref. [69], where it
was combined with the idea of simulating the SME with a
method that preserves the positivity of the conditional state
[105].

Note added. Recently, we became aware of a related
study by D. Yang et al. [106] with a similar goal, but based
on a different method. The submission of both manuscripts
to arXiv has been coordinated.
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APPENDIX A: MICROSCOPIC DERIVATION OF
THE LIGHT-MATTER INTERACTION MODEL

The dynamics of a noisy light-matter system can be
described in the Hamiltonian framework, partitioned as
H=HM+ H' + H® + AMLE, (A1)
where HM is the Hamiltonian characterizing the internal
dynamics of the quantum emitter under study,

H' = /‘00 dohwd (w)a(w),
0
P o0
HE=3" / da; haw; b) (;)b; (w;) (A2)
j=1"0

are P+ 1 (bosonic) free-field Hamiltonians correspond-
ing to detected (denoted as H') and undetected (denoted
as H®) environmental modes, and

HME i / " dok @) + I a() — ' (@)]
0

P o)
=iy [ dopn ity + L ) = )]
j=1
(A3)

is the interaction coupling between M and the bosonic
environments, with {k(w),n;(w;)} quantifying the fre-
quency response of emitter M to the respective modes. In
practical implementations, the measured channel is typi-
cally of electromagnetic nature, with the simplest and most
pragmatic example being laser-driven quantum emitters
[22]. In contrast, the unmonitored bosonic modes may be
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electromagnetic (such as undetected portions of outgoing
light) or of phononic origin.

We confine our discussion here to bosonic environ-
mental modes that induce unconditional emitter dynamics
that are Lindbladian, noting only that a more compli-
cated, and possibly non-Markovian, dynamics induced by
the most general environmental modes may be handled
with a more involved application of our formalism. In
order to understand more transparently what the Marko-
vian assumption entails, we first employ the rotating-wave
approximation in the interaction picture generated by the
zeroth Hamiltonian,

Hy = HY' + H" + H, (A4)

where we ensure that H)! is independent of any parameter
to be inferred from the measurement record, in order for the
fundamental limits of parameter estimation that we seek to

perform on the monitored system to be frame independent.
The coupling Hamiltonian then has the form

P
H() = HM () + ih(JaT O+ Y Lib () - H.c.>, (A5)
j=1

where HM(#) = exp(iH)"t/h)HM exp(—iH)'t/h) is the
emitter Hamiltonian in the interaction picture,

00 2 —i(w—wpy)(t—t)
fa.a' ) = [ do (52) € . (A6)
0 K (o) 2n
wy 1s a characteristic emitter frequency, and
! * i( )
a(f) = —/ dok (@)a(w)e @™ (A7
V21K (wg) Jo (A7)

Similar commutation relations will hold for unmonitored
operators {b; (1)}, belying the nature of emitter-mode cou-
pling for each respective channel.

In the next, Markovian step, emitter M is assumed to
have a flat spectral response to al// environmental modes,
meaning that one can make the substitution x(w) —
k(wp), and extend the lower limits of integration in
Eq. (A7) to —o0, yielding

[a(t),a(?)] = 8(t— 1), [b; (1), bi(£)] = 84 8(t — 7).
(A8)

The above white-noise correlations of what are now the
Fourier transforms of the field operators a(w), {b;(w)}
are intricately tied to the eventual Lindbladian dynamics

they induce on the quantum emitter. In fact, the white-
noise operator correlations for bosonic baths indicated by
Eq. (A8) are a necessary and sufficient condition for the
unconditional dynamics of the emitter system to be Lind-
blad. In retrospect, we can exploit this equivalence to argue
that the treatment of unconditional quantum dynamics of
an emitter with a single monitored and N unmonitored
channels, as given in Eq. (5), can be adequately described
in the most general sense in the Hamiltonian framework of
Eq. (AS).

APPENDIX B: VARIATIONAL ALGORITHM FOR
QFI CALCULATION OF MPO STATES

To evaluate the QFI using the MPO form of the detected
light state in Eq. (15), we use a variational algorithm [8,
85], which we describe briefly for completeness.

The algorithm in Ref. [8] is rooted in the variational
form of the QFI in Eq. (18), an optimization over an Her-
mitian operator X. For the many-body state of light in
Eq. (15), we employ the following MPO ansatz for the
Hermitian operator X that must be optimized:

_ . O Ul I
X =" Tr|x ™ x0T [leb et B

aL,aL/

with the bond dimension of the SLD MPO, correspond-
ing to the internal matrix dimensions of the set of matrices
X0y, - - ., X[y}, fixed at some value Dx. We also require

(B2)

to ensure Hermiticity. This does not specify the matrix ele-
ments uniquely, but rather a gauge choice for the MPO,
referred to as the Hermitian gauge. Next, we use the
finite-difference formula for matrix derivative

dpg _ p(0+8) —p® —9)
00 28

(B3)

to construct the MPO form for the derivative of the light
state

dpg (tin) ool bl Ly, U
= T | Bay™ LB et (e,

/
olol

(B4)
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where the tensor elements of the derivative MPO are given
as the following direct sum [83]:

okl 1 okl okl
UL UL/
R Pt 0
- 1/N oL ol
(CR 0 — AT (6 — 8)

(BS)

The cyclicity of the trace corresponding to the peri-
odic boundary condition imposed on the light state MPO
ensures that the finite-difference form in Eq. (B3) is recov-
ered. Again, the form of the derivative MPO is not unique,
and derivative MPOs with smaller bond dimension may be
constructed, e.g., by using compression algorithms [83].
However, we use this form for its general purpose applica-
bility even for complicated Hamiltonian parametrizations.
We also note that the bond dimension of this derivative
MPO representation is 2D?, corresponding to the direct
sum structure of each tensor element.

Putting together the forms of the SLD MPO and the
derivative MPO from Egs. (B1) and (B5), we render the
variational quantity of interest

F@) =2Tr[p"(ta)X ] = Tr [p" () X?]  (B6)

as a tensor network quantity, pictorially depicted in
Fig. 1(d). The evaluation of the QFI then amounts to the
simultaneous optimization over the set {Xy,..., X[z} of
the quantity of interest /().

The stringent requirement for simultaneous optimization
of the SLD-MPO elements can be relaxed to an element-
by-element optimization, in a variational procedure remi-
niscent of the DMRG technique to minimize many-body
Hamiltonian ground-state energies. In effect, we first max-
imize F(0), holding all elements of the tensor network
diagram, except X}, fixed, followed by X}y, until Xpyg,
and then loop back to the start in an iterative procedure
that is repeated until (@) settles to a constant value (up to
a chosen threshold percentage). The maximization at each
step n is a linear inversion problem, expressed concisely as
the optimization of the reduced functional

Fo(0) = 2(bp|Xin)) — Xyl Ciy 1 X) » (B7)

where |by,;) is the contracted, vectorized complement of
the vectorized SLD element |X},;) in the first term in
F(0), while C, is the matrix complement of vectorized
SLD matrices |X},), and its Hermitian conjugate. This is
depicted graphically in the figure below for n = 2, adapted

from Ref. [8].

Setting the first-order derivative with respect to vector
|X[s)) to zero, we then obtain the optimization condition

5(Cpy + Cly) 1 X)) = 1bpay) - (B3)

The matrix %(C[n] + C[Tn]) is often rank deficient [8], mak-
ing the inversion in the above equation delicate. The rank
deficiency is a manifestation of the gauge freedoms in
choosing the elements of the tensors {X[ij,...,Xn}. We
fix this degree of freedom in the solution by choosing a
least-squares solution |X},;) with the minimum 2-norm.
(More details on their use in the numerics is contained in
Appendix C.) However, not all choices of solution [X;)
are equivalent in our algorithm. While the minimum-norm
least squares yield convergent QFI, the Penrose-Moore
pseudoinverse used in Ref. [8] was found to uniformly
fail. This strong dependence is intuitively explained by
the peculiarity of the discretization step—one needs small
enough Af for a sufficiently accurate approximation of
the continuous MPO, as noted before, but this necessar-
ily yields very small norms for %(C[n] + C[Tn]), so that the
magnitude of elements of |X[,;) must be controlled for
numerical stability, which is precisely what the choice of
minimum-square least squares is meant to do. Finally, we
remark that this issue (and our particular resolution) points
to the important yet unexplored role of gauge freedom in
such variational optimizations, so that particular choices
of the MPO gauge might control the possibility as well as
speed of convergence [83].
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TABLE I. Specific choice of parameters for the numerical examples presented in the main text corresponding to (a) Rabi frequency
2 estimation in Sec. II D, and (b) dipole moment I" estimation in the pulsed coherent driving setup in Sec. II E.
(a)
n At[1/T] €lsq €tol €tol,bonddim R
Fig. 2(a) 0.2 0.05 1 x 1077 1 x 1079 1 x 10792 20
0.5 0.05 1 x 107" 1 x 1072 1 x 1072 20
0.8 0.05 1 x 107" 1 x 1072 1 x 1072 20
Fig. 2(b) 0.2 0.05 1 x 10797 1 x 1079 1 x107% 51
0.5 0.05 1 x 1077 1 x 1079 1 x107% 44
0.8 0.05 1 x 10797 1 x 107 1 x107% 40
(b)
n At [1/ F] €lsq €tol €tol,bonddim R
Figs. 3(a)-3(b) 1 0.0867 1 x 10797 1 x 10792 1 x107% 10
5 0.0867 1 x 10797 1 x 10792 1 x 107 10
10 0.0867 1 x 10777 1 x107% 1 x107% 10
Fig. 3(c)-3(d) 1 0.1333 1 x 1077 1 x107% 1 x 10792 10
5 0.1333 1 x 107" 1x107% 1 x107% 10
10 0.1333 1 x 1077 1 x107% 1 x107% 10

Finally, we note that any least-squares solutions
obtained from under-determined linear systems in Eq. (B8)
need not respect the Hermitian gauge imposed on the ini-

This ensures that the updated SLD MPO is still in the Her-
mitian gauge. The threshold condition for terminating the
loop through the network, for fixed Dy, is set as

tial MPO ansatz for X [8]. In order to mitigate the effects
of this in numerical implementations, we remove any

anti-Hermitian component of the solution tensor explicitly w

B10
by F.(6) B10)

< €tol,

yielding a converged value Q[p"(s,); Dx]. This proce-

L L 1 L L L L
x> g o] @s) yielding @ converged value
2 dure is then replicated for incremental SLD-MPO bond

(a) (b)
3.0 s E
quantities bttt bbb b i
® MPO QFI u -
25 F % PD CFI
¢ HD CFI 10°
2.0 F=—— TSME QFI g F
~ ~ | .
~ =~ -
< ER
< 1.5 l‘f i
€2 G reeve
< = ““"""4"4.
1o~ = 71 values ‘Q,Q.
o n=0.10 e,
-1 N,
0.5 1071 | =0.50 Seee,
E n Loee,
P st s L o 1 =0.99 ~\.0°-.
00 I3 I I I I I C 1 1 1 I T
0 2 4 6 8 10 0.2 0.4 0.6 0.8 1.0
vt Q/y

FIG. 4. QFI and CFI for Rabi frequency (£2) estimation, generically denoted as Flg (#) rescaled by the evolution time. The markers
correspond to different quantities, as in (a); colors correspond to values of the efficiency 7, as in (b). Panel (a) shows the dynamics of
the various quantities as a function of the evolution time, for a fixed 2 = 0.1y. Panel (b) shows the same figures of merit, except the
CFI, evaluated at the time 75, = 10/y, as a function of the Rabi frequency; the dash-dot lines represent the sub-QFI. The MPO QFI is
Q[pgg], the TSME QFI is Q[p5F] which for our problem is also the QFI of pg” for n = 1, the PD CFI is C[pgd], and the HD CFI is
C[pi]. The HD CFT is for a homodyne angle ¢ = /2, which is known to be optimal for € estimation [78].
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dimensions, and a similar convergence is demanded,

Q[ (tan); Dx + 11 — Q[p"(tan); Dx]
Q[/OL(tﬁn); DX]

< €tol,bonddim>

(B11)

yielding the final converged value of the MPO QFI.

APPENDIX C: NUMERICAL DETAILS OF
MPO-QFI EVALUATION

In Table I, we present the numerical parameters used to
obtain the MPO QFT in Secs. IID and ITE. The critical
parameter that controls the accuracy of the evaluated MPO
QFI in both these problems is the size of the coarse-
graining parameter A¢, which determines not just the
accuracy of the Trotter expansion [see Eq. (11)] and the
correctness of the Kraus operators [see Eqs. (16)] that are
used to compose the light state MPO p(#4,), but also con-
trols the success and accuracy of the iterative variational
algorithm used to compute the QFI. More concretely, the
size of the Az, which directly relates to the number of
sites in the many-body state N = tz,/At, must be cho-
sen to be sufficiently smaller than the fastest timescales
of the observed dynamics, which, for the Rabi frequency
problem, would correspond to the inverse of the Rabi oscil-
lation period 1/€2, whereas for the pulsed spectroscopy
problem, would be min(1/T", 7).

The inversion step in Eq. (B8) was performed using
the MATLAB® function 1sgminnorm (), which yields the
least square solution of the linear system with the small-
est 2-norm. Empirically, this was found to perform better
than the Penrose-Moore pseudoinverse in the context of

| troee -’&'.’20.000000......... coee
100 |
[} C
& -
~ |
=2 L
& L
S
ﬁg n values ~
10~ * n=02 '
- n=05
C° n=08
i 1 1 1 1 1
0.2 0.4 0.6 0.8 1.0
Q/y
FIG. 5. QFIand CFI for Rabi frequency (£2) estimation, gener-

ically denoted as Flg(#) rescaled by the evolution time. The
markers correspond to different quantities, as in Fig. 2(a); col-
ors correspond to values of the efficiency n, as in the legend. The
plot shows the same figures of merit as in Fig. 2(a), evaluated at
the time #5, = 10/y, as a function of the Rabi frequency.

the variational algorithm, as the magnitude of the entries
of the solution SLD matrices X [n] was smaller. The size of
At also affects this inversion. This is because, for too small
a At, the singular value spectrum of the rank-deficient
matrix %(C + CT) becomes too noisy for a successful
inversion. The choice of the rank tolerance parameter €,
below which all singular values are assumed noisy and set
to zero, is key in controlling the numerical accuracy of the
optimization.

The contraction of the network is performed using the
ncon () routine in MATLAB [107], while the function
netcon () is used to find the most efficient order for
contractions in the network diagram. Finally, the itera-
tive algorithm was replicated R times for more numerical
confidence.

APPENDIX D: ADDITIONAL NUMERICAL
RESULTS

We present additional numerical results not included
in the main text figures, aimed at showcasing new
calculations enabled by the MPO framework—specifically,
the MPO QFI and sub-QFI—rather than offering a com-
prehensive analysis. Regarding Rabi frequency estimation
in resonance fluorescence, Fig. 4 complements Fig. 2 by

(a) ', =050 I'T =0.01
0.06 % .
o
2 .ﬁ.pﬁ’
X 0.04 o
= 0.04 ffk
CE'?‘ f{z’( ox ]
— 0.02 - ,*f 5
f °* 10
0.00 I 1 I I I 1 1
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
I't
(b) ') =50, I'T =0.01
*.;-;';':';':';'7'?1'7’;'?‘?
‘....ooooo.oo...
e 0.02 - oo Xk ok kK ok ok ok Kk Kk Kk % o
P4 S *
S Piah
= /'*
c[-]‘-' 0.01 /f.* ox 1
[
'y 5
} °*x 10
0.00 . I I I I
0.0 0.2 0.4 0.6 0.8 1.0

I't

FIG. 6. QFIand CFI for I' estimation with pulsed light, gener-
ically denoted as FIp(¢), multiplied by I'? to be adimensional and
rescaled by the average number of photons 7 . Circles represent
the MPO QFI, stars the PD CFI, the dash-dot line the sub-QFI.
The colors represent different average numbers of photons # for
the coherent states. The light blue shapes are a visual aid that rep-
resent the pulse profiles |¢ (¢)|?> (not to scale on the y axis). The
centre of the pulse is at 7. = 6.57. Each panel corresponds to the
parameter values shown at the top.
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displaying two additional efficiency values, with the n =
0.5 curve repeated for reference. Moreover, for additional
clarity in Fig. 4, we show the same data used to produce
the two panels of Fig. 2(b), but plotted in the same panel to
highlight that the sub-QFI gives a tighter lower bound on
the MPO QFI than the PD CFI and HD CFI.

Regarding the pulsed dipole moment estimation, Fig. 6
parallels Fig. 3, but shows results for a shorter pulse with
'T=0.01.
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