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Abstract

This article studies the canonical Hilbert energy H*/?(M) on a Riemannian manifold
fors € (0, 2), with particular focus on the case of closed manifolds. Several equivalent
definitions for this energy and the fractional Laplacian on a manifold are given, and they
are shown to be identical up to explicit multiplicative constants. Moreover, the precise
behavior of the kernel associated with the singular integral definition of the fractional
Laplacian is obtained through an in-depth study of the heat kernel on a Riemannian
manifold. Furthermore, a monotonicity formula for stationary points of functionals of
the type £(v) = [v]%{m(M) + fM F(v)dV, with F > 0, is given, which includes in
particular the case of nonlocal s-minimal surfaces. Finally, we prove some estimates
for the Caffarelli-Silvestre extension problem, which are of general interest. This
work is motivated by Caselli et al. (Yau’s conjecture for nonlocal minimal surfaces,
arxiv preprint, 2023), which defines nonlocal minimal surfaces on closed Riemannian
manifolds and shows the existence of infinitely many of them for any metric on the
manifold, ultimately proving the nonlocal version of a conjecture of Yau (Ann Math
Stud 102:669-706, 1982). Indeed, the definitions and results in the present work serve
as an essential technical toolbox for the results in Caselli et al. (Yau’s conjecture for
nonlocal minimal surfaces, arxiv preprint, 2023).
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1 Introduction

In recent years we have seen a great development of the theory of nonlocal equa-
tions. The simplest example of a nonlocal operator is the fractional Laplacian,
(—=A)°u = fRn(u(x) — u(y))m, where 0 € (0,1) and u : R" — R. For-
mally, it corresponds to the o -th power of the usual Laplacian, and it is, therefore, an
operator of order (of differentiation) 20-. Another way to look at it is as the operator
arising from the Euler-Lagrange equation of the functional

EW) = [0]o @) = f / (u(x) — u(y))?
R xR"

|X _ y|n+20 ’

which involves a fractional Sobolev energy term. There are precise multiplicative
constants one should put in front of these objects and which will be given later, but
we will omit them in the introduction for the sake of exposition.

The present work addresses how the fractional Sobolev energy H® (M) = W2 (M)
and the associated fractional Laplacian on M have a natural, canonical interpretation
in the case where M is a closed Riemannian manifold. We give several definitions
for these objects and show them to be identical, which justifies their canonical nature.
Moreover, we obtain fundamental properties for these objects thanks to a deeper study
of their different definitions. We give a brief account in what follows:

Let (M", g) be an n-dimensional, closed Riemannian manifold, with n > 2. Let
us start by giving the definition of the fractional Sobolev seminorm H*/?(M) —for
convenience and consistency with the notation in our paper [12], throughout the paper
we put o = s/2, where s € (0, 2).

The H*/>(M) seminorm can be defined in at least three equivalent ways:

(1) Using the heat kernel' Hy(t, p, q) of M, we can put

oo
dt
Ks(p.q) = / Hu(p.q.1) 73 (1)
0

L As customary, by heat kernel here we mean the fundamental solution of the heat equation d;u4 = Au on
M, where A denotes the Laplace—Beltrami operator on M.
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Fractional Sobolev spaces on Riemannian manifolds 6251

We then define

[”]31x/z(M) 1=/ / w(p) — u(q))*K(p.q)dV, dV,. )

MxM

(i1) Following a spectral approach, we can set

9/2
HA/Z(M) Z Jl . )] L2(M) S
k>1

where {¢x}x is an orthonormal basis of eigenfunctions of the Laplace—Beltrami

operator (—Ayg) and {Ay}; are the corresponding eigenvalues. For s = 2 this

immediately recovers the usual [u]? HI () seminorm.

(iii) Considering a Caffarelli-Silvestre type extension (cf. [3, 9]), namely, a degenerate-
harmonic extension problem in one extra dimension, we can set

[u]ip/z(M)zinf f HVU(p, )P dVydz st Ux,0) =u(x) ¢ . (4)
M xRy

Here V denotes the Riemannian gradient of the manifold M = M x (0, 00), with
respect natural product metric § = ¢ +dz ® dz, and the infimum is taken over
all U belonging to the weighted Hilbert space H' (M ) (see Definition 2.24 for the
precise definition of this space, and we refer to Sect. 2.3 in general for all the basic
properties of this extension characterization).

We will prove that (i)—(iii) define the same norm (not merely equivalent norms) up to
explicit multiplicative constants. We emphasize that this gives a canonical definition
of the H%/%>(M) seminorm on a closed manifold.

Definition (i) through the expression (2) will allow us to control precisely the behav-

ior of the fractional Sobolev energy. See, for example, Lemmas 3.10 and 3.11, which
show that the fractional Sobolev energy is smooth with quantitative bounds under
inner variations. For that, we will give precise quantitative estimates for the kernel
Ks(p, q) (defined in (1)) and its derivatives, depending only on local quantities. In
particular, we will show that it is comparable to W if p and g are contained in
a Riemannian ball with controlled geometry. We recall that the two kernels coincide
in the case M = R” (up to a constant factor).
The estimates for K will follow from corresponding estimates for the heat kernel
Hyy. Albeit of somewhat “standard flavor”, they are hard to find in the literature with
this level of precision, and we give an almost completely self-contained account that
we believe to be of independent interest.
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6252 M. Caselli et al.

The extension definition (iii) will be used to give a monotonicity formula for sta-
tionary points u of semilinear elliptic functionals, that is, of functionals of the form

EW) = [0150n ) + / F)dV,
M

under the assumption that ' > 0. More precisely, # need only be stationary for & (v)
under inner variations; in particular, setting F = 0 will give a monotonicity formula
for nonlocal s-minimal surfaces, which we will define in a moment. Up to now, the
result was known on R” by [8], [7] and [20].

Definition 1.1 Given s € (0, 1) and a (measurable) set E C M, we define the s-
perimeter of E as

Pery (E) := [XElun ) = %[XE — XE Vo) )
where g is the characteristic function of £ and E€ := M \ E.

From the estimates that we will prove for K, one can see that for every set E C M
with smooth boundary, one has that (1 — s)Perg(E) — Per(E) ass 1 1 (upto a
multiplicative dimensional constant, see [4] and also [1, 11, 15] for further details on
the computation in the case of R").

Definition 1.2 The boundary dE of a set E C M is said to be an s-minimal surface if
Perg(E) < oo and, for every smooth vector field X on M, we have

d t
- limoPers (Vi (E)) =0 .

where w; : M x R — M denotes the flow of X at time 7.

Remark 1.3 As we prove2 in Lemma_3.10 and Lemma 3.11, if Per,(E, Q) < oo and
X € X.(U) is such that spt(X) C € then the map t — Pers(w;(E), Q) is well-
defined for all ¢ and of class C*°. Thus, the previous definitions are meaningful.

In other words, dE is an s-minimal surface if u = yg — xgc is stationary under
inner variations for £(v) = [v]i” 2oy The general monotonicity formula claimed
before is the following (see Sect. 3.3 for the precise definitions and notation):
Theorem 1.4 (Monotonicity formula) Let (M", g) be an n-dimensional, closed Rie-
mannian manifold. Let s € (0, 2) and

E@) = WPy + / F)dv,
M

2 Notice that for functions taking values in {£1} the potential part of the energy vanishes and the Sobolev
part of the energy gives the fractional perimeter.
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where F is any smooth nonnegative function. Let u : M — R be stationary for £
under inner variations, meaning that £(u) < oo and for any smooth vector field X
on M there holds %‘z:og(” o Yk) = 0, where ¥}, is the flow of X at time t. For
(po,0) € M and R > 0 define

1
Rn*s

®(R) = Bs / VU (p, )P dVydz + / Fu)dVv |,

B (po.0) BRr(po)

where U is the unique solution (see Theorem 2.25) in H! (1\7) to

divz'™VU)=0 in M,
U(p,0)=u(p) for pedM =M.

Then, there exists a positive constant C with the following property: whenever R, <
inj s (po)/4 and K is an upper bound for all the sectional curvatures of M in B, (p.),
then

R — CD(R)eCﬁR is nondecreasing for R < R.,

and the inequality

S
@’(R)z—C«/f@(R)—i—W / Fu)dV
BRr(po)
f 2'7N(VU, V) dT

9T B (pe.0)

2ps

+ Rl‘l—S

holds for all R < Ry, with d(-) = dg((p.,0), -) the distance function on 1\7Ifrom the
point (p., 0).

Moreover, in the particular case where M = R", F = 0, s € (0,1), and u =
XE — XEc where E is an s-minimal surface, there holds

25

/
¥ R) =

/ Z'7N(VU, Vd)? dxdz > 0,

0+ B (po,0)
which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

1.1 Overview of the kernel estimates

Here is an overview of the estimates for the heat kernel Hy; and the singular kernel
K (defined in (1)) that will be proved in Sect. 2.2. In particular, the reader is advised
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6254 M. Caselli et al.

to consult Theorem 2.13, which records several of the main results for K including
an explicit asymptotic expansion for short distances.

Heat kernel Hyy Singular kernel K
Global comparability on (R", g) Lemma 2.14 Lemma 2.14
Short distance comparability Lemma 2.15, Lemma 2.18 Lemma 2.20
Long distance estimates Lemma 2.16, Lemma 2.17 Theorem 2.13, Proposition 2.21
Precise asymptotics Proposition 2.19 Theorem 2.13

2 The fractional Laplacian on a closed manifold (M, g)

Throughout the paper (unless otherwise stated) (M, g) will be a closed (i.e. compact
and without boundary) Riemannian manifold of dimension 7.

Taking inspiration from the case of R”, in this section we give several equivalent
definitions for the fractional Laplacian (—A)*/? on a closed Riemannian manifold,
with s € (0, 2).

2.1 Spectral and singular integral definitions
The fractional Laplacian (—A)*/? can be define as the s/2-th power (in the sense of
spectral theory) of the usual Laplace—Beltrami operator on a Riemannian manifold,
through Bochner’s subordination.

Given A > 0 and s € (0, 2), the following numerical formula holds:

o d
A.S/z = F(_—s/z) /‘(e—)»t _ l)tl+—§/2 . (6)
0

Formally applying the above relation to the operator L = (—A) in place of A, one
obtains the following definition for the fractional Laplacian.

Definition 2.1 (Spectral definition) Let s € (0, 2). The fractional Laplacian (—A)*/ 2
is the operator that acts on smooth functions u by

1 i dt
_ s/2 tA
i “‘r(—s/z)/(e S TR @
0

Here, the expression /2 is to be understood as the solution of the heat equation on

M at time ¢ and with initial datum u.
From now on, to denote the solution of the heat equation with initial datum u, we
will write P;u in place of e/ u.
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Fractional Sobolev spaces on Riemannian manifolds 6255

Remark2.2 On a closed Riemannian manifold a closely related definition of the
fractional Laplacian is available: if {¢y}72, is an L% (M) orthonormal basis of eigen-
functions for (—A) with eigenvalues

0<)\1<)\2§...§Akizio—>+oo

and u is a smooth function then
(—A)"u Z 2w, 01 12y

Since the solution to the heat equation on M with initial datum an eigenfunction ¢y
is given by e’ ¢ = e !¢y, the above definition is easily shown to be identical to
(7) by first observing that they coincide for eigenfunctions (thanks to (6)), and then
extending the result by approximation. In [21] (see also [10]) all the details of this
equivalence are carried out in the case of certain positive second order operators with
discrete spectrum on a domain €2 C R". In our case of (—A) on a closed Riemannian
manifold, the proof is then completely analogous. Nevertheless, this characterization
will not be used in what follows and is given only as complementary information.

The second definition for the fractional Laplacian, closely related to the spectral
one, expresses it as a singular integral. It will be our working definition in a substantial
portion of the article.

Definition 2.3 (Singular integral definition) The fractional Laplacian (—A)*/? of order
(of differentiation) s € (0, 2) is the operator that acts on a regular function u by

(—A)u(p) = p.v. /(u(p) —u(@)K(p.q)dV, ®
= lim [ o) - u@)K: (o0 @V,
Here K, (p, q) : M x M — R denotes the singular kernel given by3
K(p.g) = —L2 fH( n-2 ©)
0

where Hyr : M x M x (0, 0o) — R denotes the usual heat kernel on M, and K (p, q)
is the natural regularization

_ dt
K{(p,q) = —/Z)/HM(p q,t)e 8/4’t1+s/2. (10)

3 1 _ _s/2
Note that TS/ = T=s/2"
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6256 M. Caselli et al.

Remark 2.4 1f the compact manifold M is replaced by the Euclidean space R” then

( ) s/2 / ( 0 t

K,(x = " Hpn (x _—

s\ Y ra-—s/2) Rt Y t1+s/2
0

o0
s/2 /‘ 1 _\x;ylz dt Qs
e 1 = )
T(l—s/2) (47”)% t1+s/2 |x_y|n+s
0

where

+ s—1p( nts
21(25) a2 r(2)

a2|T(=s/2)| 720 (1 —s/2)

(1)

Ops =

Hence we recover the usual form of the fractional Laplacian on R”.

Let us briefly comment on our choice of the “natural” regularization K¢ (p, ¢) that
we have used to define the principal value (p.v.) in (8). First, we will see in the
proof of (44) that this approximation naturally appears in the computation. This is
because K¢ (p, q) is directly related to the fractional Poisson kernel Py;(p, ¢, z) of
M:=M x (0, +00) by the formula

A

Ki(p,q)=Ps(p,q,e)e",

and the fractional Poisson kernel is the fundamental solution of the Caffarelli-Silvestre
extension problem.
Moreover, if the compact manifold M is replaced by the Euclidean space R” then

2 dt o
K8 Hion t —& /4[ — n,s
S(-xay) / R (-x ya )e tl+s/2 (|x_y|2+82)%7

/2)

which is arguably a very natural regularization of m, and is easily seen to give
the same notion of principal value that one would get by integrating K (x, y) against
a function on R" \ B (y) and then taking ¢ — 0. This is also true on a Riemannian
manifold, and actually many other desingularizations of the (singular) kernel K (p, q)
are possible and give the same notion of principal value (p.v.) under mild hypotheses:

Proposition 2.5 Let (M, g) be a closed, n-dimensional Riemannian manifold, and
let {K{}e=0 be a family of nonnegative kernels defined on L°°(M). Assume that the
following hold:

o The K¢ converge uniformly to K(p, -) on compact subsets of M\ {p}, ase — O*.
e There exist some r = r(p) > 0 and some chart parametrization ¢ : 3, C R" —
M with ¢(0) = p such that:
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(1) The flatness assumptions FA2(M, g, r, p, ¢) are satisfied (see Definition 2.9).
(ii) Setting K (y) := K{(p, ¢(y)), there is some positive constant C such that,
forally € B,

~ c
K{(y) < ore (12)

and moreover the symmetry condition

c

s T (13)

R - Koy =

is satisfied.

Then, for every f € C°°(M), the limit lim_,( fM (f(p) = f@)K;(p,q)dV, exists
and is independent of the family K. In particular, any such family gives the same

value for (8) as the choice in (10).

Remark 2.6 As discussed above, this covers the case of removing a geodesic ball
B:(p) in the corresponding definition of the fractional Laplacian as an integral and
then sending ¢ to 0, as in the usual Euclidean definition of a principal value integral.
Indeed, this corresponds to considering K¢ := K(p, q) xm\B,(p) in the Proposition
above. Another reasonable desingularization could be

o
Koy = — 32 /H 0 n_"
s p.q) = F(l—s/2) M\P:9q; tl‘H/z.
&

The fact that both of these choices for the families {K{},, as well as the choice (10),
satisfy the hypotheses in Proposition 2.5, can be easily seen using the results that
will appear in the next section. More precisely, they follow from the combination of
Remark 2.10 and (the proof of) estimate (18) from Theorem 2.13. The latter shows
that conditions (12) and (13) hold directly for the kernel K thanks to precise estimates
on the heat kernel Hyy, and it is then simple to see that they hold for the regularisations
K? as well.

Proof of Proposition 2.5 Recall that ¢ ~!(p) = 0. Given 0 < § < rp, We can write

f (F(p) = F@IKE(prq)dVy = f () = F@)IKE(p, ) dV,
M M\ (Bs)

+ / FP) — F@IKE(p.q)dV,.
@ (Bs)
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6258 M. Caselli et al.

By the dominated convergence theorem, the first term on the RHS converges to

(f(p) = f@NKs(p.q)dVy.
M\¢(B5)

Therefore

lim sup /(f(p) — f@)K(p,q)dVy — f (f(p) = f@)Ks(p,g)dV,
M

e—0
M\o(Bs)

< Jim sup / (F(P) — F@IKE(p.q)dV,|.

e—0
»(Bs)

In other words, to conclude our desired result, it suffices to show that f o Ba)( f(p) —
F(@)KE(p, q)dV, is bounded independently of & and moreover can be made arbi-
trarily small by choosing § small enough.

To check this, we start by changing variables using the coordinates given by ¢,
leading to

/ () — F@HKE(p. ) dV,y = / (F@O) — FloOMRE Vgl dy.
Bs

»(Bs)

Defining 2 (y) := (f(¢(0))— f(¢(¥)))/1gl(y), which verifies that 2 (y) = y-Vh(0)+
O(]y|?), and using the symmetry of the Lebesgue measure under the transformation
y +— (—Y), we can then compute

f FD) = F@)KE(p.q)dV,| = f ) RE () dy
@(Bs) Bs

< /y-Vh(O)Ef(y)dy +C/|y|21?f(y)dy
B(s B&

1 ~ 1 ~
- zfy VhO)RE () dy + 5/(—y) Vh(O)RE (—y) dy
85 BE
+C/ V2K () dy
Bs
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1 ~ ~ ~
=3 /y - Vh(O)(KE(y) — KE(=y)dy +C/ IVPKE(y) dy
B(s B{S

Using the assumptions on the kernel, we conclude that

1
[ vor - roKiwaa, sc/|y~Vh<0>|Wdy
»(Bs) Bs

5 1
+C/|y| |y|n+s dy
Bs
1

S —
Bs |y|n+s72

< C8*+s.

Since s € (0, 2), this quantity can be made arbitrarily small by choosing § small
enough, independently of . This concludes the proof of our result. O

We now show the equivalence between the spectral and singular integral definitions
for the fractional Laplacian.

Proposition 2.7 For every s € (0, 2) definitions (7) and (8) coincide, meaning that:

(1) Foru € C®°(M) they coincide pointwise everywhere.
(i1) Foru € LZ(M) they coincide as distributions (i.e. in duality with C*°(M)).

Proof Let u € C°>°(M). Expressing the solution P;u to the heat equation in terms of
the initial datum as

Pru(p) =/u(q)HM(P,q,t)qu,
M

and using that fM Hy(p,q,t)dV,; =1 gives, for every & > 0, that

1 7 8—62/4tdt .
[(=s/2) /(P’u W T /("‘ —u(@)K;(p.q)dVy. (14)
0 M

Since u is smooth, letting ¢ — 07 gives convergence of both integrals pointwise
everywhere and

1 r d
F(_S/z) /(Ptu_u)tl+_f/2 =pv/(u—u(q))KY(p,q)qu’
0 M
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6260 M. Caselli et al.

and this proves (7).
Now to show (ii) take u € L?>(M) and ¢ € C>(M). Multiply (14) by ¢ and
integrate over M to get

o= /H
F( s/z)//( U M)(p 1+S/2 dth

_ f / W(p) — w@NP(PKE (p. ) dVyd V). (15)

MxM

Note that since ¢ > 0 is fixed and positive, neither of the two integrals above is
singular, and they are both absolutely convergent. Hence, we can exchange the other
of integration in both integrals. For the left-hand-side using that P; is self adjoint in
L>(M) we get

o= /H &2 /4
e S/z)//(P,u u)<p ey dtdV = r_ s/Z)/ ey (Pru—u, @)r2dt

—82/4t
:F( S/2)/ ey (Pro — @, u)p2dt

1 6—52/4t
= e E—— P —p)———dt dv .
/M F(=s/2) (“” O |
0

Regarding the right-hand side, since K¢ (p, ¢) is symmetric

/ / W(p) — u(@)e(P)KE(p. ) dVydV,

MxM
=f / (p(p) — @(g)u(p)K;(p,q)dV,dV,.
MxM
Thus
e~ ¢ /4t
/ 1"(— 2) /( ' — (p) ARG dt fudV
M
=/ (M (p(p) —0@)K(p,q)dVy | u(p)dVy,
M
and letting ¢ — 0T and using (i) proves (ii). O
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Remark 2.8 On a noncompact Riemannian manifold, the mass preservation prop-
erty |, v Hu(p,q,1)dVy = 1 could fail, leading to undesired phenomena such as
the fractional Laplacian of a constant being different from zero. It is thus natu-
ral in the noncompact case to assume that M is stochastically complete, i.e. that
Sy Hu(p. g, 1)dVy = 1 forevery t > 0.

2.2 Properties of the kernel

This section gives important estimates on the singular kernel K(p, g). In order to
precisely quantify the dependence of the constants in the estimates on the geometry
of the ambient manifold, the notion of “local flatness assumption” will be very useful.
Let us introduce it below.

Here, as in the rest of the paper, Bz(0) denotes the Euclidean ball of radius R

centered at 0 of R”, and Bg(p) denotes the metric ball on M of radius R and center
p-
Definition 2.9 (Local flatness assumption) Let (M", g) be an n-dimensional Rie-
mannian manifold and p € M. For R > 0, we say that (M, g) satisfies the £-th order
flatness assumption at scale Raround the point p,with parametrization ¢, abbreviated
as FA;(M, g, R, p, ¢), whenever there exists an open neighborhood V of p and a
diffeomorphism

¢ :Bgr(0) = V, with(0) = p,

such that, letting g;; = g ((p* (%) s Ox (dz—/)) be the representation of the metric g
in the coordinates gp‘l, we have

(1= 55) 01> < gij('v/ < (14 145)lvl*  Yv e R"and Yx € Bg(0), (16)
and

9%l gij (x)
ax¢

R« < 145 Vo multi-index with I < || < ¢, and ¥x € Bg(0).

a7

Remark 2.10 Notice that for any smooth closed Riemannian manifold (M, g), given
£ > 0, there exists Ry > 0 for which FA,(M, g, Ry, p, ¢p) is satisfied for all p € M,
where ¢, can be chosen to be the restriction of the exponential map*(of M) at p to
the (normal) ball Bg,(0) C T,M = R".

Remark 2.11 The notion above of local flatness is used in our results to stress the fact
that, once the local geometry of the manifold is controlled in the sense of Definition
2.9, then our estimates are independent of M. Interestingly, this makes our estimates
in the present article and in [12] of local nature, even though the equation we deal with
is nonlocal.

4 That is @p = (expp, 0i)] Bp, (0) for any isometric identification of i : R" — T M,
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6262 M. Caselli et al.

Remark 2.12 The following useful scaling properties hold.

(a) Given M = (M, g) and r > 0, we can consider the “rescaled manifold” M =
(M, r*g). When performing this rescaling, the new heat kernel H 77 satisfies

Hig(p.q.0) =r"Hy(p.q.1/r%).
As aconsequence, the “rescaled kernel” K defining the s-perimeter on M satisfies
Ks(p.q) =r "™ K(p.q).

(b) Concerning the flatness assumption, it is easy to show that FA,(M, g, R, p, ¢) =
FA((M, g, R', p,¢)forall R < RandFA((M, g, R, p, ¢) < FA¢(M,r?g, R/r,
p.o(r-)).

(c) Similarly, if FA,(M, g, R, p,¢) holds, and ¢ € ¢@(Bg(0)) is such that
By(p~'(q)) C Br(0), then FA¢(M, r?g. 0/r.q. 9,1, ,) holds, where g , :=
px+p-).

In all the sections, we will use the (standard) multi-index notation for derivatives. A

multi-index o = (o, oz, ..., o) Will be an n-tuple of nonnegative integers (in other
words o« € N"). We define

la| =1 +oa2+ - 4oy
For a function f : R” — R is of class C* we shall use the notation

alal 8a1+a2+--~a,,f
e d = (@x D)1 (9x2)e2 ... (dxn)yon

90l
For o = 0, we put gjf = f.
The next main theorem gives the precise behavior of the kernel around a point

satisfying flatness assumptions, including an explicit approximation in coordinates.

Theorem 2.13 Let (M, g) be a Riemannian n-manifold, not necessarily closed, s €
(0,2) and let p € M. Assume FA¢(M, g, R, p, ¢) holds and denote K (x,y) =
Ks(p(x), p(3)).

Given x € Bg(0), let A(x) denote the positive symmetric square root of the matrix
(gij(x))—gij being the metric in coordinates go’l—cmd, for x, z € Br2(0), define

. ~ . Uy s
k(x,2) := K(x,x +2) and k(x,2) :=k(x,z) - TAG)Z"
Then
~ _1 Cn,s)
\k(X,Z)} < R IW forallx, Z € BR/4(0)9 (18)
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and, for every multi-indices o, B with |a| + | 8| < £, we have

glal glBl
ax 9zP

C(n,s,?t)

k(x,z)| < W forall x, z € Br/a(0). (19)

The constants C(n, s) and C(n, s, 1) stay bounded for s away from 0 and 2.

Moreover, for all x € Bg/4(0) and for all g € M\ (Br(0)) we have

Cn, 0)

glel
‘axa Ks(so(x),q)‘ < s (20)
and
gl C(n, 0
%WKﬂwwqﬁme B 21
M\p(BR(0))

for every multi-index o with |o| < £.

2.2.1 Heat kernel estimates

To prove Theorem 2.13 we will need several preliminary lemmas studying the prop-
erties of the heat kernel of M.

The first result compares locally the heat kernel Hy;(p, g, t) or the singular kernel
K (p, q) on R" endowed with a metric g with the standard ones on R”.

2 .
Lemma 2.14 Let g be a smooth metric on R" such that % <gjx)v < 4|v)? and
|Dgij(x)| <1 forall x,v e R". Denote M := (R", g) and let K be defined by (9).
Then, there exist positive constants ¢; = c;(n) for 1 <i < 6 such that

] _h=? 3 ko
tn/ze ol < HM(x,y,t) < tn/Ze ar
and
On,s On,s
cs————— < K (x, )’) <ce———,
e =yl = x — y|rts

forall (x,y,t) € R" x R" x [0, 00).
Proof The two-sided estimates for the heatkernel Hy; follow directly from the classical
parabolic estimates of Aronson [2]. The second inequality follows by integrating the

first one, from the definition (9) of K (x, y). O

The next lemma concerns the concentration of mass of the heat kernel.
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Lemma2.15 Let (M, g) be a Riemannian n-manifold, p € M, and assume
FAo(M, g, 1, p, ) holds. Then

1 — Cexp(—c/t) < f Hy(p,q,0)dVy <1, forallt >0,
@(B12(0))

with C, ¢ > 0 depending only on n.

Proof Put H(x,y,t) :== Hy(p(x), p(y),1). Let g;; € CY(B,(0)) be the metric coef-
ficients in the chart ¢!, choose & € C?(Bl (0)) such that x, ,0) = § = XBl (0) and
putg;; = gij& +38;j(1—&). By assumption we have g} covv/ — || < o5 |v|? for
all x, v € R". Morevoer, g/ = 8ij inside B3/4(0). Consider the complete Riemannian
manifold M’ := (R", g’) and let H'(x, y, t) denote its associated heat kernel. Then,
by Lemma 2.14 we have

1

3 e 2
tn/2 0 pcalx—ylt/r (22)

e—c2l—y P/t
2 < H'(x, y,t)ftn/2

Now, since H'(0, x, 1) is the heat kernel of the stochastically complete manifold M’
we have

/H’(O, x,0)/|g'|(x)dx =1 forallt > 0. (23)

On the other hand, for every fixed T > 0 set h(7) := C3 e~/ 42/ . Using (22) we

have that u(x, 1) = (H'(0, x,1) — h(r)) , where (- )+ denotes the positive part, is a
subsolution of

U < %%(m (€)Y 5% u) in B14(0) x (0, ),
u=20 in 081/4(0) x (0, 7).

Since g’ = g in Bi/4(0), it easily follows (using that both H (0, x, r) and H'(0, x, 1)
have as initial condition a Dirac delta with respect to the same volume form +/|g|dx)
thatu < H(0, x, t) for all t € (0, 7). This gives, forall r € (0, t)

/(H’(O,x,t)—h(r))+/@dx= / u(x,1)y/Igldx < f H(,x,1)/|gldx

Bia Bi/a Bi/a
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On the other hand, using (23) and (22) we obtain that for all # € (0, 7)

Cc3 _ 2 )
1 —Cexp(—c/t) <1-— f We calx| /z(l + ﬁ)n/ dx

R\ B34 (0)

1— / H'(0,x,1)/|g'|ldx

R™\B3,4(0)

H'(0, x,1)y/Igldx.
B3/4(0)

IA

—n/2 —c/t

Finally, since also #(7) < C exp(—c/1) (notice that we can “absorbe” t inCe
chosing ¢ > 0 slightly smaller and a larger C), we obtain the desired estimate

1 — Cexp(—c/7) < / H(0, x,1)\/Igldx
B1/4(0)

©(B1/2(0))

< / H(p,q,t)dV,, V¥te(0,r1),

and for all 7 > 0. The bound by above by 1 of the same quantity follows immediately
using that H is a heat kernel, i.e. nonnegative and with total mass bounded by 1. O

Lemma 2.16 Under the same assumptions as in Theorem 2.13, for all ¢ € M \
©(B1(0)) we have

Jee]

0x%

Hy(p(x),q,1)| = Cexp(—c/t), for(x,1) € Bi2(0) x [0,00)  (24)

and for every multi-index o with || < £, with C, ¢ > 0 depending only on n and £.

Proof Notice that u(x, t) := Hy(¢(x), g, t) satisfies u; = Lu, in B1(0) x [0, c0) and
u=0att =0, where

1o  u
M=mﬁ lglg T (25)

is the Laplace—Beltrami operator with metric g.
Let us show that

lu] < Cexp(—c/t) for (x,t) € B3;4(0) x [0, 00), (26)
with C,c > 0 dimensional constants. This follows from the following standard

probabilistic consideration. Fix x, € ¢(B3/4(0)). By continuity of sample paths,
the probability that a Brownian motion started at ¢ € M\@(B1(0)) hits ¢ (Bs(x,))
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(0 < 8 < 1) within time < 7 is less that the supremum among ¢’ € ¢(3Bg/9) of the
probability that a Brownian motion started at a point ¢’ hits ¢(Bs(x,)) within time
< t. This gives

u(xo, 1) < sup  Hy(p(xo),q',1). 27
q'ep(3Bg)9)

Let us now use (27), Lemma 2.15, and the parabolic Harnack inequality as follows to
show (26).

For fixed ¢’ € ©(0Bg9) set v(x, t) := Hy (p(x), q’, 1) and consider the rescaled
TV(x,1) = v(xo +rx, 1o +r21) for r € (0, 1/10). Then ¥ > 0 satisfies a (uniformly)
parabolic equation in B1(0) x (0, 1) with smooth coefficients (that only improve as
r gets smaller). Thus, by the Harnack inequality for every x € Bj,2(0) and ¢ €
(1/4,1/2) we have v(x,t) < Cinfp, () (-, 1) < Cu(y, 1) forall y € By2(0).
Integrating

70,1 < C [ ¥y, Hdy =C / V(X0 + 1y, fo + r2)dy
B1/2(0) B1/2(0)

=Cr™" / v(z, 1o + r2)dz,
Br/Z(Xo)

for some C = C(n) > 0. Thus, forall r € (z, + r2/4, to + r2/2)

v(xo, 1) < Cr " / (z, to + r¥)dz.
Br/Z(xo)

But ¢(B,/2(x,)) C M \ Bi;10(q") for every g" € ¢(3B3/9(0)). Then by Lemma 2.15
we get

C
vV(xo, t) < Cr7" / Hum(z, ¢/, to +1rP)dz < Cr ™" exp (— 2) )
to+r
M\e(B1/10(¢"))

where C, ¢ > 0 depend only on n. Now, for small times ¢, < 1/100 choosing 2=t
(together with the probabilistic argument above) gives the result, since one can absorb
the term r " = ¢, "2 in the exponential up to slightly decreasing the value of ¢. For
non-small times 7, > 1/100, one can just take r = 1/10 and obtain upper bound by a
constant as desired. This concludes the proof of (26).

Now, similarly to above, for all € (0, 1/4) and (x,, t,) € Bi1/2(0) x (0, 00) the
rescaled function u(x,t) = u(x, + rx,t, + rzt) satisfies a (uniformly) parabolic
equation with smooth coefficients (since the bounds on every C¥ norm of the coeffi-
cients only improve as r gets smaller) and, from (26), we have |u| < C exp(—c/t) in

n
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Bi x (0, 1). Hence standard parabolic Schauder estimates give

u

||
‘ 0 < Cexp(—c/t), for (x,t) € B1,2(0) x [1/2,1),

ax¢

for every multi-index o with |a| < ¢, with C > 0 depending only on n and ¢ and
¢ > 0 as above.
After scaling back the estimate above we obtain, for all » € (0, 1/4]

of

9!
'a—au(xo,to +0)| < Cr-®exp(—c/r?), for (xo,1) € Bi2(0) x [r*/2.7%).
X

Then, for “non-small” times 7, > 1/16 we notice that (24) follows taking r = 1/4.
On the other hand, for small times #, € (0, 1/16) we obtain (24) taking r2 =1,
bounding r~1%! by 7, ¢ 2, and absorbing (chosing ¢ > 0 smaller and C larger) this

negative power of #, in the exponential. O

Lemma 2.17 Under the same assumptions as in Theorem 2.13, we have

glel
/ ‘a wHu(p(x), q,1)|dV,
X
M\p(B1(0))
< Cexp(—c/t), for(x,t) € Bi;2(0) x [0, 00) (28)

and for every multi-index a with |o| < £, with C, ¢ > 0 depending only on n and £.

Proof 1t is similar to the proof of Lemma 2.16. Let o : M\@(B1(0)) — {+1, —1} be
any measurable function to be chosen. Consider

u(x, 1) = / Hu(p(x), q, )0 (q)dVy,
M\¢(B1(0)

By Lemma 2.15—since Hy > 0 and [, Hy (p, q,1)dV, < 1—we obtain

lu(x, )] < / H(p(x),q,1)dVy

M\p(B1/4(0))
< Cexp(—c/t), V(x, 1) € B3;4(0) x [0, 00). 29)

Notice that in this estimate, C and ¢ are positive dimensional constants (and in par-
ticular, they do not depend on the choice of o). Also, by the superposition principle u
satisfies u; = Lu, in B1(0) x [0, 00) and u = 0 at ¢t = 0, where L is as in (25).

Now proceeding exactly as in the proof of Lemma 2.16 we obtain that

u| < Cexp(—c/t), for(x,t) € Bi,2(0) x [0, 00)

glel
‘8x“
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for |a| < £. Now, for any given «, x, and ¢, we can choose o : M \ ¢(B1(0)) —
{+1, —1} so that

Ja] |
u(x, 1) = / Hy(p(x), 4. Do (@)dV,
9x« M\p(B (0)) 0x* 7

fM\w(Bl(O))

and we are done. O

||

dx%

HM((/)(X)’ q, t) qu,

Lemma 2.18 (Localization principle) Let (M, g) and (M’,g’) be two Rieman-
nian n-manifolds. Assume that both M and M’ satisfy the flatness assumptions
FA((M, g, 1, p,p) andFA,(M', g, 1, p', ') respectively, and suppose that g;; = glfj
in B1(0) in the coordinates induced by (p_l and (go’)_l.

Then, letting H(x, v, t) := Hy(p(x), o(y),t) and H' (x, y, 1) :== Hy (¢'(x), ¢’
(y), 1), we have that the difference (H — H')(x, v, t) is of class Ct in B1,2(0) x
B12(0) x [0, 00) and

glal glBl ,
aan(H_H)(xs y’[)

< Cexp(—c/t) for(x,y,t) € B12(0) x B1,2(0) x [0, 00),

whenever a and B are multi-indices satisfying |a| + |B| < £, with C, ¢ > 0 depending
only onn and ¢.

Proof Let us show that
|H — H'| < Cexp(—c/t) for (x,y,1) € B3/4(0) x B34(0) x [0, 00), (30)

with C, ¢ > 0 dimensional constants.
Indeed, fix x, € B3/4(0) and let us show first that we have

|(H— H')(xo,y,1)| < Cexp(—c/t) forally € B34(0)\ Big(xo)  (31)

Indeed, the L estimate of Lemma 2.16—appropriately rescaled to have ¢ (Bj/3(x.))
instead of ¢(B1(0))—gives

Hy(p(xo), p(¥), 1) < Cexp(—c/t) forally € B3/4(0) \ Bijg(xo),  (32)

and the same estimate with Hj; replaced by Hy,. Hence (30) follows using |H — H'| <
H+H'.

Now observing that for all x, as above u(y, 1) := (H — H')(x,, y, t) solves the
heat equation (9; — Ly)u = 0 with zero intial condition, (30) easily follows from the
maximum principle.
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Finally, the estimate for the higher derivatives follows from standard parabolic
estimates, noticing that u(x, y, ) := (H — H')(x, y, t) solves

1
Oru = E(Lx‘yu)

where

<|g(x>|g"f(x>i.u)+ ! i( |g<y>|gl'-"<y>i.u).
dx/ Viglay! ay/

is the sum of the Laplace-Beltrami operators with respect to the variables x and y
(or, equivalently, the Laplace—Beltrami operator with respect to the product metric in

B1(0) x B1(0)). o

1 d
Ly yvu =——
ST Vg (o] ax

Proposition 2.19 Assume that M = (R", g) with g = (g;;(x)) satisfying

||

gij| <1 forallla| <¢, (33)

3id < (gij) <2id  and ’axa

for some £ > 1. Let H(x, y, t) be the heat kernel of M.
For x € R" let A(x) denote the (unique) positive definite symmetric square root of
the matrix g(x) = (g;j(x)), and define h(z, x, t) by the identity

H(x,y, t)= tnl/z h(%’x’ t>.

Define also:

ho(x,2,1) = ho(z) := A and Ri=h—h,.

(4m)n/?

Then, there are positive dimensional C and c such that
7] < Cmin(l, Ve F forall (x,z,1) € R x R" x (0, 00).
Morever, we have

glal §lBl
—h

357 3P < Cecl forall (x,z,t) e R" x R"
X Z

x (0, 1) and o, B with |a| + |B| < £,

for positive constants C and ¢ depending only on n and ¢.
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Proof of Proposition 2.19 Notice first that since H(x, y,t) = H(y, x, t) we have

_ AXx)(y —x) — AY)(x —y)
— /2 2N T — /2 2 T
H(x,y,t)=t h( NG ,x,t) t h( 7 ,y,t).

LetL,f := ax' Vgl x) g(x)’f d f) denote the Laplace—Beltrami oper-

«/\gl(x

ator (with respect to x). Direct computation shows:

n 3,‘ ” 2
LH =157 (Jz( (VIsls ))( )A’(y) h(*)+g’f(x>(AkAl)(y> h(*))

Vgl dzkaz!
. A — )
o H :frl<_ Zhis) — EWh( AR =) (y)(j; ) +t8th(*)>,
where
A —
(*) means evaluated at (M, v, t).
Vit
This leads to the equation for 4 = h(z, y,t), where we denote J; := (% and
9
dij = 9zi9z7/°
tdh = Lh :=a" (z, y,)d;jh + (V1b' (z, y, 1) + % )a h+ 2h
where
a(z,y, 1) == gM (y + \/fz) (A};Alj)(y)
and

. 9 ki .
b'(z,y, 1) == (%)()} + ﬁz)A}(Y);

with initial condition:
h(z, y,0M) = ho(z) = ()~ 2 /4,
(Notice that we defined / so that its initial condition is independent of y.)
We emphasize that, by the assumption (33), this equation is uniformly elliptic, and
the derivatives of @'/, b' up to order £ in the variables z and y are uniformly bounded

for times ¢ € (0, T,) by constants depending only on the constants n and 7.
Let us now compute an equation for 4 = h — h,. Since

§01jho + S0;h + Sho = 0.

@ Springer



Fractional Sobolev spaces on Riemannian manifolds 6271

we obtain
t3h — Lh = Lhy = (a7 — §7)3;;ho 4+ N/1b'8;hs
= ((a" = 8V)(zizj — 8ij) — \/;bi%jsij)ho~
We emphasize that T satisfies the initial condition
h(z,y,0)=0
Notice that (since by definition A(y) is a square root of g(y)) we have, for all y
g0 (ApA)) () =87
and hence, since gkl is smooth,
la (z, y,1) — 8| < C /1
Hence, we have
t9:h — Lh| < C(1+ |21 ho (34)

Let us now find some barrier allowing us to control /. We can use as barrier

bz, 1) i= e~ UA=RE

Direct computation shows that, for T < Bk (so that a'l 3ijj = n — COHx and
|69 — al |24 sixd ju < Cxclz|)

— 1 1 2 1 y
tatb— Lb = (z —4 (Z —IC) (al])ZkZI(Siij[ +2 <Z —K) a”S,-j

.7 1 : n

1 1 2 2
> 5—}- Z—K di|z|* — COk|z|* — Cx — COk|z] | b

I« 5
> | — — b >0,
_<4+2|z|> >

provided we chose & > 0 and x > O sufficiently small.

Since clearly b > /t h, we obtain that Cb is a supersolution of (34) for /1 < 6«.
This shows that |7’l\| < Cb for all ¢ small enough.

Notice that the estimate |iz\| < Cb (fixing k > 0 and & > 0 small dimensional)
shows, in particular, that

7(z. y, )| < C/Texp(—clz?) (35)
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holds with ¢ > 0 dimensional for all “small” times t € (0, 92K2). On the other hand,
for “non-small” times ¢ > 62«2, the standard heat kernel estimate (22) for H (which
holds with ¢; dimensional) immediately yields (35) with /7 replaced by 1.

In order to bound the derivatives of & with respect to z we notice we notice that, in
logarithmic time vt = log¢, the function k(z, y, e") satisfies, for y fixed, a standard
parabolic equation with smooth coefficients in the domain R" x (—oo, 0). Then, thanks
to (35), applying standard parabolic estimates in parabolic cylinders {|x — x| <
2, |t — 1] < 2} we easily obtain the claimed bounds for all partial derivatives of &
with respect to z.

In order to show the regularity in y, one can then differentiate the equation with
respect to y as many times as needed (the coefficients depend in a very smooth way
also in y) and notice that the initial condition will be zero (since 4, is independent of
v). By standard parabolic regularity arguments (e.g., using a Duhamel-type formula
to represent the solutions), we obtain the estimates. O

2.2.2 Estimates for the singular kernel K; (p, q)

As a first consequence of Lemma 2.18 we have that the following “local version” of
Lemma 2.14 above also holds.

Lemma 2.20 Let sg € (0,2) and s € (so, 2). Let (M, g) be a Riemannian n-manifold
and p € M. Assume that FA1(M, g, p, 1, ¢) holds. Then

0L<K((x) ())<6L
T yps = RO = ST s

forallx,y € B12(0), where c7, cg > 0 depends on n and s.

Proof Take n € CZ°(B1(0)) with x, ,0) < n < xB,() and let g := gijn + (1 —
1n)8;j. This is a metric on R" with glfj = gij in By 2(0). Denote by K, K and H, H'
the singular kernels and heat kernels of (M, g) and (R", g’) respectively. Then, by
Lemma 2.18 applied to the manifolds (M, g) and (R", g") we have, forx, y € B1,4(0):

, s/2 r , dt
|Ks (@), 9(9) — K{(x, )] = ) / [H (), (). 1) = H' (6, 3. D] 575
0

o0
Cs dt
PO —c/t <C 2 — ,
= r(1—s/2)/e i <C@=9)
0

for some dimensional C = C(n). Then, the result follows directly by Lemma 2.14
(and the explicit formula (11) for «, ¢) for x, y € B1,4(0), and the conclusion also
holds for x, y € Bj,»(0) by a standard covering argument. O

Now, we have all the ingredients to give the proof of Theorem 2.13.
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Proof of Theorem 2.13 Note that the statement is scaling invariant. Hence, with no loss
of generality, we can (and do) assume that R = 1. Moreover, it suffices to consider the
case M = (R", g), p =0, ¢ = id, and g;; satisfying the assumptions of Proposition
2.19:

Indeed, similarly to the proof of Corollary 2.20, in the general case we can fix
a radially nonincreasing cutoff function n € CZ2°(B;) such that n = 1 in B/ and
consider the “extended” metric g,fj = gijn + &;;(1 — n). Observe that (M, g) and

R", g') the assumptions of Lemma 2.18 with M’ = R" and ¢’ = id. Let H(x, y, t)

and H'(x, y, t) be defined as in Lemma 2.18.

Recall that, by definition, for all x, y € B;(0)

d
K(r3) = Klplo), 900 =< [ Hulo). 000755

r d
t
— o [ e (36)

where ¢; = ﬁ Let likewise

K'(x,y)=c¢s | H (x Z)L
1)’ - 5 ,y, t1+v/2.

Now, thanks to Lemma 2.18 we obtain, for all x, y € By 2:

glal glBl glal glBl dt
ax(xa ﬂ(K K)(ny) <CS/'8 aa ﬂ(H H)(xyt) 1+v/2
r d
ey dt
SCs/e ¢ Ry <C
0

So, as claimed, we are left to prove the estimate for the M = (R", g), p = 0,
¢ = id, and g;; satisfying the assumptions of Proposition 2.19.
Recalling (36), notice that

k(x,z) = K(x, x—i—z)—cS/H(x X+2z,1)—>s 1+r/2

[ A d

X Z t
/ ( X t) th/2+14s/2° (37
0
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Also, recalling that h,(z) := (471)_"/2e_‘z|2/4, we have

. r A(x)z A(x)z dt
s g [ o(50) (429
0

7 A(x)z dt
N Ll by, Y R

Therefore using the heat kernel estimates from Proposition 2.19 (and noticing
|[A(x)z] > %@|Z| for all x, z by assumption) we obtain

|7€(x,z)| < cso/. ’ﬁ(%,x,t)

— C|Z|17n7s.

Cs

I
o — 3

o0

dt dt

s = CS/“/;eXp(_c|Z|/‘/;)tn/2+1+s/2
0

This proves (18). Similarly, the estimates (19) follow differentiating (37) and using
the corresponding estimates for derivatives of the heat kernel from Proposition 2.19.

Finally, (20) and (21) follow analogously integrating the heat kernel estimates in
Lemmas 2.16 and 2.17, respectively. O

The next property concerns the behavior of the kernel when the two points p and
q are separated from each other.

Proposition 2.21 Let (M, g) be a Riemannian n-manifold and s € (0, 2). Assume
that for some p,q € M bothFA,(M, g, 1, p, ¢p) and FA,(M, g, 1, q, ¢4) hold, and
suppose that ¢ ,(B1(0)) Ny (B1(0)) = &. Put K pq(x, y) 1= Ks(¢p(x), ¢4(y)). Then

glal glBl

ax—aWqu(x,y) < C(n,2) forall|x| < %and ly] < %,

whenever |a| + |B] < ¢.

Proof Let Hy(x, y,t) := Hpy(pp(x), ¢4(y), t). It follows from Lemma 2.16 that

H.(x,y,1)

glel
‘ < Cexp(—c/t)

ax¢%

for all |x| < % and |y| < %, where C and ¢ depend only on n, and |¢|.

We now use that (by the symmetry of the heat kernel in p and ¢), for each x € By,2
fixed, the function u(y, 1) := 8 x“ H* (x, v, t) is solution of the heat equation u; = Lu,
in the ball |y| < 1, where L denotes the Laplace—Beltrami (with respect to y, in local
coordinates). Since |u| < Cexp(—c/t) in B34 x (0, 00), reasoning exactly as in the
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proof of Lemma 2.16 (only that now the spatial variables are y instead of x) we obtain

5181
‘ < Cexp(—c/1),

W“(}’,l‘)

for some new positive constants C and ¢ depending only on 7, and |B|. This shows:

alal glBl
BxO‘W

H*(x7 Y, t) E CCXP(_C/I)

Then the proposition follows immediately after noticing that, by definition,

o
5/2 di
Kpg(x,y) = T —s/2) Hy(x, y’t)tl+—s/2’
0

and hence

AL 5/2 73Ial LA

aNoa a8 X, = |=— PR X, v,

oxa gyp  PIC YN TATA 50y | axa gyB 0 ViE
0
o

dt
< Cs/eXP(—c/t)tH—s/2 <C,
0

for some constant C > 0 that depends only on n and ¢, and this concludes the proof.
O

2.3 Extension definition
Definition 2.22 We define the weighted Sobolev space

H'(R" x (0, 00)) = H' (R" x (0, 00), z' *dxdz)
as the completion of CZ°(R" x [0, 00)) with the norm

2 . 2 n 2
”U”[Til T ”U||L2(R"X(O,oo),z]_3dxdz) + ”DU”LZ(R"X(O,OO)‘z'_dedz)’

where DU = (%, o gg, %—(Zj) denotes the Euclidean gradient in R”*!. This is a
Hilbert space with the natural inner product that induces the norm above. It is a known
fact thatany U € H'(R" x (0, 00)) has a well defined trace in L2(R") that we denote

by U (x, -).

The following essential result by Caffarelli and Silvestre shows that fractional
powers of the Laplacian on R” can be realized as a Dirichlet-to-Neumann map via an
extension problem.
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Theorem 2.23 ([9]) Let s € (0,2) and u € H*/>(R") N C™(R"). Then, there is a
unique solution U = U (x,z) : R" x [0, +00) — R among functions in H'(R" x
(0, 00)) to the problem

AxU—}-azU-i-ﬂ%:O, on R" x (0, 00)

972 z 0

(33)
U(x,0) =u(x) for x e R",
and it satisfies
. _.dU _
lim z' ™ —(x,2) = =B, ' (=A)*u(x), (39)
z—0t 0z

where Ay denotes the standard Laplacian on R" and B, is a positive constant that
depends only on s.

In [9], three different proofs of this fact are presented, but each of these proofs relies
on some additive structure of the base space. To prove that the extension procedure
produces the fractional power of the Laplacian also on a Riemannian manifold, which
is the setting we are interested in, one has to rely on different ideas. It was proved by
Stinga [21] that the unique solution to (38) verifying (39) admits the explicit repre-
sentation

o
Up.s) = —= Pu(p) et - 40
(P,Z)—m 1u(p)e PERyE (40)
0

which expresses U in terms of the solution to the heat equation P;u (and thus makes
sense also on a manifold). The proof of this fact does not strongly rely on the additive
structure of R” and will be proved now also on closed Riemannian manifolds.

First, let us define the weighted Sobolev spaces for the extension on compact man-
ifolds.

Definition 2.24 We define the weighted Sobolev space
H'(M) = H' (M x (0, 00))
as the completion of CZ°(M x [0, 00)) with the norm

2 2 vi2
WUIG: = 1T U200y F IVUN G =gy azy

where TU = U(-, 0) is the trace of U and VU = (VU, U,) denotes the gradient
in M x (0, +00). This is a Hilbert space with the natural inner product that induces
the norm above. Moreover, basically by definition, any U € H' (1\71 ) leaves a trace in
L2(M x {0}).
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Theorem 2.25 Let (M", g) be a closed RiemannianNmanifold, lets € (0,2) and u :
M — R be smooth. Consider the product manifold M = M x (0, 400) endowed with
the natural product metric.> Then, there is a unique solution U : M x (0, 00) — R
among functions in H! (1\7 ) to

div(z!=*VU) =0 in M, @
U(p,0) =u(p) for pedM =M,
given by (40), and it satisfies
[wl?,, =28 /|6U|2z1*5dde (42)
HA/Z(M) s 5
M
where [u]? 20 is defined through (2) and
25~ (s/2)
== 43
b= T 43)
Moreover,
-5 oU -1 s/2
11I51+Z —(P z) = =By (=A)"u(p), (44)
—>

where the fractional Laplacian on the right-hand side is defined by either (7) or (8).

Proof Note that functions in H ' (M ) leave a well deﬁned trace (that is, there exists a
continuous trace operator with respect to | the norm on H! (M )) on M x {0}. Then, the
fact that a solution among functions in H' (M) exists follows by direct minimization
of the associated energy v +— f |Vv|2 1=5qVdz over H! (M). Since the energy is
convex, the solution is also unique.

From here we divide the proof in two steps.

Step 1. We show that the (unique) solution U € H! (1\7 ) to (41) is given by (40).
Making the identification 7'(M x (0, +00)) =~ TM x (0, +00) we have

— i~ d
div(z!=SVU) = divg (!~ VU) + d—(zl—SUZ)
4
=AU+ (1 —$)77°U, +2' U,

— S
Uz—l—UZZ).
Z

, 1
=7 (AU +

5 That is, the metric defined by 2(¢1. 21, (82, 22)) = g(&1. &) + 2122, and where div and V denote the
divergence and Riemannian gradient with respect to this product metric respectively.
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Thus, in order to prove that U solves cﬁ@(zlﬂﬁU ) = 0 we show that U (weakly)
solves

1 —
L) =AU + —U. + U.. = 0. 45)
Z
Define

1 2567%

so that (40) rewrites simply as
o
U(,z2)= /(P,u)G(Z,t)dt. (47)
0

It can be easily checked that G satisfies
1—s
-G+ TGZ +G;, =0, (48)

and also

lim sup G(-,t) =0, tlim sup G(-,t) =0,

1=0% [z1,25] T z1,22]

for every [z1, z2] C (0, +00). Moreover, from the definition of G and the fact that u
is smooth we se that the integral in the right-hand side of (47) is absolutely convergent
in H'(M). Hence U € H'(M).

Now we check that U weakly solves the desired problem. Let ¢ € CSO(JVI ), K :=
supp(¢) and z1, z2 € (0, +00) such that K CC M x [z1, z2]. Let also

1—s
L*(@) = Ap + 9, (T¢> + @2z

This is the formal adjoint of the operator in (45). Clearly L*(p) still has compact
support in K CC M and is smooth. Then

/Uﬁ*((p)dde:/f(P,u)G(z,t)E*((p)dthdz,
0

M M
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and we claim that this integral is absolutely convergent. Indeed

o0

/f|<P,u)G<z,r>£*<¢)|dtdvczz < ||£*<¢)||Loo/f|qu||G<z,t)|ddedt
0 K

0
1 1

1
<C f|P,u|2|G(z,t)|2z1*Sdde /—H dvdz | < +o0,
Z
K

M

since the integral in (47) is absolutely convergent in H'(M). Hence we can exchange
the order of integration and we get, integrating by parts in space many times

o0

/Uﬁ*((p)ddezf /(P,u)G(z,t)E*(go)dde dr
b 0 \k
0 -
_ / / (G(z,r>A<P,u>+(P,u) - SGZ<z,z>+<qu>Gzz<z,r>)<pddedr.
0 K

Since P;u is smooth and solves the heat equation, the first term equals to

//G(Z,t)A(Ptu)ddedt=//G(z,t)8,(P,u)ddedt
0 K 0 K

0.¢]
2// G(z,1)0;(Pu)dtdVdz
0
K

e¢]

0+

= /(P,u)G(z, 1)dVdz
K

—//(Ptu)G,(z,t)dthdz.
0

K

The boundary terms vanish since

IA

22
/|Ptu|dV /|G(Z,l)|dZ
1

< IMI"2\ull 2apylz2 — 211 sup G, 1) — 0,
[z1,22]

/(P,u)G(z, 1)dVdz
K
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both as t — oo and as ¢ — 0. Hence, putting all together and using (48)

/ﬁ(U)<pdde :fUL*(go)dv,,dz
i i

o
1_
://(Ptu) (—Gz+—SGZ+GZZ><pddedt=0.
z
XK 0

Hence U given by (40) is a weak solution of (45), and by standard elliptic regularity
it is also a classical solution.

Moreover, the fact that U (-, 0%) = u follows by the explicit formula (40). Indeed,
by a simple change of variable in the integral we have

—r

1 r e
Ulp,2) = m /(Pzz/4ru)(p)ﬂjdr
0

and taking z — O™ in this formula gives U (-, 07) = u. This concludes Step 1.
Step 2. Proof of (44).
Note that by the representation formula we just proved for U we have

s _ U, —up) £ dt
U (p) == = = >T6 /2)/(Ptu(p) u(pe 7

Moreover, by L’Hopital’s rule

. . 1 q_.0U
lim 77U = lim s Ll=s =
7z—0* z—0* BZ

Writing P;u as the convolution against the heat kernel Hjs of M we get

2
Z

\y 1 i e_ﬂ
U =517 | [ B a0 0@) = )V
0 M

Since u is smooth, and since K (p, g) is non-singular for ¢ > 0 on the diagonal
{p = q} (recall (10)) there holds

.2
fr(l_ /2)/HM(p q,)lu(g) —u(p)] l+s/2dth
M

_ / (@) — u(p) K (p. q) dV, < +oo.
M
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Thus the integral in 77 U (p) is absolutely convergent, and we can exchange the order
of integration to get

) ' —s/2
SU(p) = - s/)/(u(q)—u(p))Kf(p,q)dvq.

s25=1(s/2)
M
From here, by the very definition of the principal value

oU
lim z! ™~ = lim s - T, ‘U = llm By /(u(q)—u)Kf(p,q)qu
z—>0F Z z—>07F

M

-B;! p-v-f(u —u(g)Ks(p,q)dVy
M
— _ﬁ:l(_A)S/Zu

This finishes Step 2.

Before proving (42) we prove also that the convergence in (44) holds in L" (M) for
every r € [1, 400). Since we have pointwise convergence, we show that the sequence
is dominated. In particular, we prove that for z < 1 there holds

UL ) < C (49)

where C depends on ||Au||p, |lu|r~ and s. The proof is a standard barrier argu-
ment very similar to the proof of Lemma 3.5, we just sketch the argument. Consider
b(p,z) :=u(p) — C(z* — z*), for C > 0 that will be chosen soon. Since

div(z' Vb)) = 7' (Au — 25C),

we see that b is a subsolution of (41) if we take C = 21—S [|Au|| . Moreover U < b
on M x [0, 1]. Hence b is barrier for U, and by the maximum principle for z < 1 we
have

U(,2) <b(,2) =u— -l Aullpo(z® —2°) < u+ 5| Aull e,

and this implies

h%LZHUZ = lim s=————— < J[|Aullz~.
> >

Completely analougusly using —b as a barrier for —U one gets also the reverse inequal-
ity. Moreover, note that the function V := z! ~U, solves —(AV + V..) + lz;s V,=0,
thus by the maximum principle

sup |V|<max{supV( 0™), supV( 1)} <max{2||Au||Loo sup V (., 1)}
Mx(0,1]
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But since V (-, 1) = U,(-, 1) we have by standard interior gradient estimates

U(p, DI =C _sup |U[ = Cllulr>,
Bij10(p,1)

for some absolute constant C > 0 independent of u. Putting everything together

sup V= sup z'7°|U.| < C(llAullre, ullz),
M x(0,1] M x(0,1]

and this concludes the proof of (49).
We're left with proving (42). Integrating by parts, for every § > 0 we find that

/ |§U|2z1_“dde=,BS_1/U(',S)Sl_“UZ(~,5)dV.
M x[8,00) M

Letting now § — 07T, by (44), (49) and dominated convergence on the right-hand side

~ o B , B!
/|VU|2z1 $dVdz = B; I/Mu(—A)Wudv = =Ty

M
This concludes the proof. 0O

We have just used the following fact, which is proved with a one-line computation
using (8).

Proposition 2.26 For a smooth function, one has that

Vi =2 / u(=A)yPudv.
M

Remark 2.27 Let us briefly comment on the role played by the energy space for the
uniqueness of the extension in Theorem 2.25. One can note that, for every C > 0,
the function V = Cz® on M is a solution of &;/(zl_s%V) = 0 with zero trace.
Hence, uniqueness outside the energy space H'(M) does not hold in general, and
every uniqueness result that does not rely on being in H'(M) must, in particular, rule
out this phenomenon.

A simple uniqueness result that does not rely on the energy space is the following.
Let U solve (ﬁ?/(zl_s§U) = 0, with U(-, 0) = 0 be such that

lim sup sup |U(p, 2)|z"* = 0.

z—>00 peM

That is, U grows at infinity slower than any multiple of z*. Then U = 0.
~This can be proved using Cz*® as a barrier. Indeed, this is a solution of
div(z!=*VU) = 0, with U(-, 0) = 0. By the growth hypothesis on U we have that
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there exists C large (depending on U) such that Cz* > 10U on M.In particular, with
this C, we have U < CZ*.

Now start decreasing C. The graph of Cz* can never touch U from above since this
would contradict the maximum principle in the interior. Hence U < Cz® for every
C > 0 and sending C — 0" gives U < 0.

By the same argument from below one also gets U > 0. Hence U = 0 and this
concludes the proof.

3 The fractional Sobolev energy
3.1 Several definitions and their equivalence

We recall the definition for the fractional Sobolev seminorm that we have used in the
previous section, and we define the associated functional space.

Definition 3.1 We define the fractional Sobolev seminorm [u] HS/2(M) fors € (0,2)
as

[l 00, = f fM @)~ @) K (p. g dVydVy. (50)

The associated functional space H*/?>(M) is

HY?(M) = {u € L*(M): [u] oo}, (51)

2
Hs/? (M) <

and it is called the fractional Sobolev space of order s /2. This is a Hilbert space with
norm given by

[ A [ N S ) A

The fractional Sobolev seminorm can also be expressed using spectral or extension
approaches:

Proposition 3.2 Let u € HS/2(M). Then, the fractional Sobolev seminorm (50) is
equal to

o0
s/2
[y =2 D 0 800324, (52)
k=1

and

[y = inf_ {265 / IVo?z! ™ dVdz : v(-,0) = u(") in L*(M)
veH! (M) J
M

(53)
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Moreover, the conclusions of Theorem 2.25 also hold for u (with the exception of (44)),
and the infimum in (53) is attained by the unique U € H'(M) given by Theorem 2.25.
In particular, we also have that

()32 r) = 2Bs / VUPZ' avdsz, (54)

M
where B is the constant defined in (43).
Proof Step 1. We show that (50) and (52) coincide for a function in L2(M).

Recall the regularised kernel K¢ defined in (10), which is bounded, symmetrical
and increases monotonically to Ky as ¢ — 0. By monotone convergence and these
properties, for any function u € L?>(M) we can write

[u]%{x/Z(M) = / / (”(p) - M(CI))ZKs(Ps Q) dedVl]

MxM

= hm/ / (u(p) — u(g))? K{(p,q)dV,dV,

MxM

= lim 2/ [ (u(p) —u(@)u(p)K;(p.q)dV,dV,

e—0
MxM

= lim 2 / (=AY (Pu(p)KE (p @) dVy (55)
M

where we have set

(—A)u)(p) = / w(p) — u(@)KE(p.q)dV,

M

d
= —/2) f w(p) — u(q)) / Hy(p.g. e~ /% Hﬁ/z dv,

2y, dt
=—/2)/< u(p) — Pu(p))e /4’t1+s/2

Now, if (¢x)k>0 is an orthonormal basis of L%(M) made of eigenfunctions for (—A),
with eigenvalues

0=A0<k]§)\2§...§kk—k—zﬁ+oo,
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then they are also eigenfunctions for (—A)i/ % with eigenvalues

00

s/2 s/2 ity ,—E2 /4t dt
)Lk,a i I —S/2) /(1 e Je tlts/2°
0

which one sees immediately by applying the formula above for (—A)f;/ % to ¢k and
using that P;¢ = e ! ¢. These eigenvalues are uniformly bounded in & (for a fixed
¢ > 0) and increase monotonically to the X,i/ Zase — 07,

Expanding u = ) 72 ax¢x, with ax := (u, @) 127 we deduce that

o
s/2
(=) 2u =30 2w B 2y
k=0

We remark that the expression makes sense since the Ai/ 82 are bounded uniformly in

k (for a fixed ¢), and thus the sum is absolutely convergent in L3(M). Using this fact,
substituting into (55) gives that

o0
. . 5 /2
oy = i 2 [ (2P0 PuIKE (. 0) Y, = lim 23" 332t
M k=0

Using again the monotone convergence theorem (for sums now), we deduce that

oo
2 s/2 2
Wl gysn ) = 2§ :)‘k A
k=0

as desired.

Step 2. We show that U given by the representation formula (40), which was only
used for smooth functions u, is valid for u € H/*(M) in general and moreover (54)
still holds with this U.

Fix u € H/? (M), and let U be defined through the representation formula (40).
We will first show that U has finite H' (M) energy, using the spectral expression (52)
for the energy that we have just proved. Recall that if ¢y is an eigenfunction of (—A),
then P;¢py = e ! ¢y. Therefore, writing u = Y oo Ak Pk, where ai = (u, k) 120>
we have that

L2

o0
U = 5ros [ Pt 5 5
N = - M e —
p.z 2T (s/2) tuip t1+s/2
0

S )]O S
=— > a e 7 .
2T (s/2) = p J 11572
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Then, we can compute (recall that V = V,, denotes the gradient on M)
VU(p,2) = ZxF Zakv¢k(17)/ “hei=i ﬁi 7
(s/2) !
and
:U(p,2) = m/ﬁ k¢k(l7)/ _A"’_i Z - Z;;)ﬂ—z/z

Zs_l — - ,_ﬁ Z2 dt
= 2T (s/2) E ak¢k(p)/e Ko w (S - Z>—t1+S/2'
k=1 0

Recall that the ¢; and ¢; are orthogonal in L*(M) and H'(M) seminorms for i # j,

and that moreover [,, ¢7 = 1 and [,, [V¢|* = A« for every k. Then, given z € R
we find that

2
0
Z2

2 dt
2 _ —ht—%7 2
|VU(P72)| dvp_ 22‘31—‘2(5‘/2) /6‘ k 4 t1+s/2 /|V¢k| dV
M x{z} 0 M

2
2s %

< OO)L 2 —)th—%z di
-~ 7
22sr2(s/2);; S W
= 0

2

2s o0 w

2
— z )L1+Sd]% efr7# dr ,
22SF2(S/2) P rlt+s/2

where in the last line we have performed the change of variables r = Axt.
We can argue analogously for d,U, which leads to

2
25— 00 x 2

2 _ Z 2 7k,17£ Z dt
(BZU(p, Z)) de = m Zak /e k=7 (S - —)m
k=1 0

2t
Mx{z}

2
25—2 @ ® 2

) 2
_ z 248 == :fk 2" A dr
_zzsr(s/nga"kk /e S )
= 0

Now, multiplying by z!~* and integrating in z over (0, 00), and then performing the
change of variables z = A,:l/zw (so that z2hx = w?), gives that
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/ VU (p, z)Izzl_stp dz
MXR+

1 00 oo oo 2

2
Is 2 I+s —igk _4r
22SF2(S/2) ZA [Z /e 1+s/2 dz

00
v/2 2 ﬂ
22SF2(S/2) Z k ak/ /e ar 1+r/2 dw
0

s/2
= 2c1(s) in/ ai = 1)Ul 4y
k=1

and similarly

/ [0,U (p, z)lzzl_sdvp dz

MXR+
1 0 o o0 2 2 d 2
_ s—1 —r== );k _ < )‘k r
- 2BT2(s/2) ZA"&"/Z /e ' <S 2r )r1+s/2 dz
k=1 0 0
_ s/2 2 s—1 —r—# _ w_ r
B 22s1“2(s/2)z'\" a"/w /e ' <S 2r)r1+s/2 dw
0 0

oo
s/2
= 202(5) Y 1/ %a = a9l
k=1

Here, we have defined c1 (s) and ¢ (s) implicitly as the corresponding constants (which
depend only on s) resulting from the expression, and we have applied (52) in the last
line in both computations.

Putting everything together, we get that

/ IVU(p, 212" dVydz = (c1(5) + 2(9)) Ul 012

MxR4

We could write the constant (c1 (s)+c2 (s)) explicitly in terms of the resulting compli-
cated integral expressions. On the other hand, thanks to (42) and (43) from Theorem
2.25 (which was proved only for smooth functions), we know that c1(s) + c2(s) =
(2B5)~". This proves (54) with U given by the representation formula (40).

In particular, we now know that U has finite energy for the extension problem.
Moreover, arguing as in Step 1 of the proof of Theorem 2.25, it is simple to see that
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U has u as its trace in L2(M ), and that it is a weak (meamng in duality with C°°(M )
solution to dlv(z1 ’VU) = 0. Let now Upin € H! (M) be defined as the unique
minimizer of (53). The fact that Unyiy, exists follows by a standard lower-semicontinuity
argument, just as at the beginning of the proof of Theorem 2.25, together with the fact
that the space of competltors is not empty (which holds since for example U defined
above, which has finite H' (M ) energy, is one such competitor). Clearly, Up, is also
a weak solution of le(Z VUmm) = 0 with trace u.

Step 3. U = Unpin.

This follows directly from the uniqueness of weak solutions shown in Lemma 3.3,
which we state as a separate result after the present proof.

With this, we conclude the proof of Proposition 3.2. O

Lemma 3.3 (Uniqueness of weak solutions) Let u € L*(M), and denote by T :
H! (M) — LZ(M) the trace operator. Then, there exists at most one solution
UeH! (M) to the problem

div(z'*VU) = 0 in duality with C°(M x (0, 00)),
TU = u.

Proof Suppose U; and U, are two such solutions and denote V := U; — U,. By
hypothesis TV = 0.
We claim that there exists a sequence (Vi) € CZ°(M x (0, 00)) such that

/ IVVi — VV 22 dVdz — 0, as k — oo. (56)

M

The point here being that Vj is zero both in a neighborhood of M x {0} and in a
neighborhood of infinity.

The proof is inspired by (a weighted version of) [16, Sect. 5.5, Theorem 2]. By the
definition of the space H! (M) there exists a sequence (Ux)xy C C®(M x [0, 00))
with (as k — 00)

/ VU, — VV*2' = dVdz — 0, and TU; = Ui(-,0) — 0in L>(M).
M

Note also that V is smooth in M x (0, co0). Now, for every (p,z) € M, by the
fundamental theorem of calculus and Holder’s inequality

z 2

uwnmﬁsmwwﬁW+2‘/ﬁwquw
0

Z
SQW@ﬂW+Cf/ﬁW@JWfﬂW,
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and integrating for p € M gives

Z
/|Uk<p,z)|2dv,, < c/ |Uk(-,0>|2+Cf/f|5Uk(p,y)|2y1‘s dydV,.
M
M

M 0

Letting k — oo we get

V4
/|V(.,Z)|2dv 5szff|%\/|2yl—fdydvp. (57)
M M 0

Now, for every k > 10, let ny € C*°([0, +00)) be a smooth cutoff function with
n=0on[0,1/k],n = 1 on [2/k, 00) and |n’'| < Ck. We claim that the sequence
Vik = V(p, 2ni(z) € C°(M x (0, 00)) has the desired property. We have

/W(Vnk)—%wzzlwwzgc/ﬁwz(l—nk)zzH
M M

+ C/ VP22~ = g+ Do

We estimate the two integrals separately.
For the first integral we have

hLi=<C

O\\

/ V2! dvdz — 0,
M
as k — oo, since V has finite energy.

Moreover, by (57), we have regarding the second integral

2/k

L < Csz/zl‘wwzdwz
0

2/k .
< CkZ/zH zS//ﬁval—dedv dz
0 M 0
2/k 2/k

< Ck? /zdz //ﬁVlzyl_stdy
0 0 M
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||
O\Q’

/% 2y1=5qvdy — 0
M

as k — 00, again as V has finite energy.

Hence Vi := Vny has the desired property (56), and it can be used as a test function
in the weak formulation in duality with C‘X’(M) Multiplying dlv(z1 SVV) =0 by
Vi, integrating on M and integrating by parts gives

/(%v VVz! = dvdz = 0.

M

Letting k — oo and using (56) gives

/ IVV 22!~ dvdz =0,

M

hence V is constant, and then (since TV = 0) it must be V = 0. Thus, U} = U,
coincide, and the proof is complete. O

3.2 A note on noncompact manifolds

In this subsection, we briefly describe if and how the given previous definitions of
the spaces H SIZ(M) generalize to the case of complete, noncompact Riemannian
manifolds (without boundary).

First, let us stress that all the properties and estimates for the heat kernel Hy,, and
thus also for the singular kernel K, in Sect. 2.2 hold for every complete Riemannian
manifold (not necessarily compact).

Recall definitions (i)—(iii) from the introduction (see (1)—(4)). First, let us rewrite
definitions (i) and (ii) of the H*/? seminorm, still on a closed manifold M, exploit-
ing the corresponding fractional Laplacians. Indeed, note that definition (2) can be
rewritten (say, for smooth functions) as

(W50 car) = / (=D)L 2udv,
M

where (—A)g; is the singular integral fractional Laplacian given by (8). Similarly, the
spectral definition (3) of the seminorm can be written as

2
(o o) = f w(-A)Y v,
M
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where (—A);{ic is the spectral fractional Laplacian given by

2
(— D)ot = Y 23 . 06) 2 a0 (58)
k>0

Here, the convergence on the right-hand side is to be understood in L2(M).

Both of these definitions can be generalized to the case of a noncompact manifold,
perhaps without equality between them anymore:

The singular integral definition (8) applies verbatim to the case of noncompact
manifolds. This requires dealing with the heat kernel on noncompact manifolds. We
refer to the survey [18] for the construction and properties of the heat kernel on
complete, noncompact Riemannian manifolds. In the case of the Euclidean space R”",
this viewpoint is consistent (i.e. coincides) with the usual definition (see Remark 2.4).

Moreover, also the spectral fractional Laplacian expression has an interpretation
on noncompact manifolds since actually it is not needed that the spectrum is discrete.
Indeed, for every (possibly) noncompact manifold M we canregard (—A) as a densely
defined, nonnegative, essentially self-adjoint unbounded operator on L?(M). Then,
by the spectral theorem, there exists a unique spectral resolution E of (—A). That is,
an operator-valued measure

E : {Borel subsets of [0, +oo)} — {Bounded linear operators on LZ(M )}
supported on the spectrum o (—A) C [0, 400) of (—A) (which can, in general, be
non-discrete) such that, for every u € Dom(—A) and v € L*(M)

e¢]

(=Au, v)r2py) = /Ad E,u, v) / Ad(E)u, v).
0 o(=4)

Actually E; is a projector, that is a non-negative and self-adjoint operator with E? =
E,, for every A € [0, +00). Then, the spectral fractional Laplacian is defined by the
spectral theorem as

o
(=) §pectt = / W2 dEu, (59)
0

for every u in its natural domain

s/2

u € Dom((— A)SpeC

y=1veL*M) ‘ /)»SdIIEAsz < 400

This formula coincides with definition (58) we gave for closed manifolds since in the
case of closed manifolds, the spectrum o (—A) is discrete, and the spectral measure
E is supported on the eigenvalues.
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Moreover, it is important to notice that the spectral formula (59) coincides, essen-
tially always (meaning on the natural function space where both formulas make sense
and the integrals converge), with the one we gave in (7) using Bochner’s integrals.
Indeed, for every u that makes the integral in (7) convergent in the sense of Bochner,
then u € Dom((—A)‘;{iC) and the two Laplacians coincide (—A)‘;{icu = (—A)SB/ZM.
Making a complete and precise proof of this is beyond the scope of this work, but the
proof is essentially as follows. Let u € Dom((—A)g{iC) so that

o0
/meWW<+w,
0

and recall formula (6). Then (see Section A.5.4 in [19] to justify all the steps)

o0
s/2 .
nem@w@wszw&mz
0
0 2

(0.¢]
1 —\t dt 2
F(——S/Z)/(e - l)m d||Exull
0

"

o
1 A dt 5/2 02
F(——S/Z)/(e U= = 1A w2 )
0 L2(M)

gﬁc and (—A)‘YB/2 are self-adjoint one can depolarize

the last identity of the norms to get (—A)gfecu = (—A);/zu in L2(M).

Moreover, it was proved in [13] that they also coincide, on a very general class of

From here, using that both (—A)

functions, with (—A)g{ %4 on every stochastically complete Riemannian manifold.

Regarding definition (iii), via the extension problem, it still generalizes well in the
case of some non-compact manifolds. Some extra assumptions are needed in order
to establish the equivalence between (i) and (iii)—see [3] for a related discussion
concerning the definition of the fractional Laplacian on noncompact manifolds.

It will be clear from our proofs that, in the case of noncompact manifolds for which
the equivalence of (i) and (iii) can be established, the fractional Sobolev spaces H*/ 2
will enjoy the same properties as the ones established here in the case of compact
manifolds (e.g. the monotonicity formula), with almost identical proofs.

3.3 Monotonicity formula for stationary points of semilinear elliptic functionals
and s-minimal surfaces

The monotonicity formula for minimizing s-minimal surfaces in R" was proved in

the seminal article [8], and for Allen—Cahn type critical points, it was first obtained
in [7]. In [20], the monotonicity formula is shown to extend to stationary s-minimal
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surfaces. Here, we prove the analogous (local) monotonicity formula on a Riemannian
manifold. The proof holds simultaneously for any s-minimal surface, that is, for any
stationary point of the fractional perimeter regardless of second variation or regularity,
and also for any stationary point of a semilinear elliptic functional with a nonnegative
potential term, hence including the fractional Allen—Cahn energy. For r > 0 and
p € M denote

B.(p)={qeM :dyq.p) <r},
BY(p.0)={(q.2) € M : dg((q.2). (p,0)) <r},
9B} (p.0) =3 (B (p.0)
9" B (p,0) =B, (p,0) N {z > 0}.

(60)

In all this section, since there will be no possible ambiguity, we will use V instead
of ¥V to denote the gradient in M with respect to the product metric.

Theorem 3.4 (Monotonicity formula) Let (M", g) be an n-dimensional, closed Rie-
mannian manifold. Let s € (0, 2) and

E@) = WPy + / Fw)dV.
M

where F is any smooth nonnegative function. Let u : M — R be stationary for £
under inner variations, meaning that £(u) < oo and for any smooth vector field X
on M theriholds %’z:og(” o 1//%) = 0, where 1//% is the flow of X at time ¢. For
(po,0) € M and R > 0 define

Bs
R | 2

®(R) := / VU (p, )12 dVydz + / Fuwdv |,

B (po.0) BRr(po)

where U is the unique solution given by Theorem 2.25. Then, there exist constants
C = C(n) and Rpax = Rmax(M, po) > 0 with the following property: whenever
R, < Rpmax and K is an upper bound for all the sectional curvatures of M in Bg_(p.),
then

R — @(R)ec‘/?R is non-decreasing for R < R.,
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and the inequality

Rn—s—H
Br(po)

/ ZTNVU,Vd)? dF

I+ B (po,0)

' (R) > ~CVKD(R) + —— / F(u)dV

25
Rn—S

holds for all R < Ry, with d(-) = dz((p., 0), -) the distance function on M from the

point (p,, 0).
Moreover, in the particular case where M = R", F = 0, s € (0,1), and u =
XE — XEc 18 a stationary set for the fractional s-perimeter, there holds

®'(R) = %RH / Z'7(VU, Vd)? dxdz > 0,
It B (po.0)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

Remark 3.5 1t will follow from the proof that the radius Rp.x in Theorem 3.4 can be
taken to be Rmax = inj;(po)/4. Moreover, since M is compact Rpax is uniformly
bounded below as Rmax (M, po) > inj,, /4, for all p, € M.

Before proving the monotonicity formula of Theorem 3.4, we will need two pre-
liminary lemmas from Riemannian geometry, which will allow us to bound the
“Riemannian errors” in two formulas regarding the distance function.

Lemma 3.6 Let (M", g) be an n-dimensional Riemannian manifold, p € M, Ry <
inj,,(p) and let K be an upper bound for all the sectional curvatures in B, (p).
Denote by d the distance function to the point p. Then, for all R < min{Ry, \/L?}

there holds in Br(p):
(Vv (dVd), V) — V| < VKRV,

for every vector field V on M.

Proof We can compute

(V,Vy(@Vd)) = (V,(V,Vd)Vd) + d(V, Vy(Vd))
=(V,Vd)> +dV?d(V,V).

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [14]—gives
that

ldV2d(V, V) — |V —(V,Vd)Vd|*| < dVK|V|?
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in Br(p), whenever R < min{inj,,(p), \/L?}. Moreover, since |Vd|?> = 1, we also
have that

|V —(V,Vd)\Vd|)? = |V|? = 2(V,Vd)> + (V,Vd)?*|Vd|> = |V|> = (V, Vd)>.

Hence
|dV2d(V, V) +(V,Vd)? — |V} <dVK|V]? < RVK|V|?
holds in Bg(p), as long as R < min{Ry, j—f}, and this conludes the proof. O

Lemma 3.7 Let (M", g) be an n-dimensional Riemannian manifold, p € M, Ry <
inj;(p) and let K be an upper bound for all the sectional curvatures in Bg,(p). Then,
there exists C = C(n) > 0 such that, for all R < Ry, in Br(p) we have that

|div(dVd) — n| < CKR>.

Proof Fix p € M, and denote d(p, -) just by d(-). Observe first that every geodesic
o with 0(0) = p and contained in Bg,(p) is uniquely minimizing. For any R < Ry
and x € Bgr(p), let y : [0,d] — M be the normalized geodesic with y(0) = p and
y(d) = x. Note also that

div(dVd) = |Vd)? +dAd = 1 +dAd.

Consider y (d) € Ty M,and complete itto an orthonormal basis {e] := y(d), e2, ..., e,}
of T\M.Fori = 2,3,...,n, let y; be the geodesic with y;(0) = x and y;(0) = ¢;.
We can compute

n n 2

Adw) = Y Ve =3 4

; L g2
i=1 i=1

n 2

d
_0<d°%'>=2m

5= i=2

(doyi),
0

§=

where we have used that %‘ doy)= % d(x)+s)=0.

=0 =0
Let J; be the Jacobi field along y with J;(0) = 0 and J;(d) = e;, well defined by
uniqueness of geodesics between endpoints. Denote by

d
I(X,Y) = /(DIX, D:Y)—Rm(y, X,y,Y)dt
0

the index form associated to y on [0, d]. Since y is minimizing along all curves with
the same endpoints, for every vector field X on y ([0, d]) orthogonal to y and with
X(0) =0and X(d) = ¢; we must have

0<I(Ji =X, Ji = X)=1(Ji, J}) =21(J;, X) + 1 (X, X) .
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Since J; is a Jacobi field, one can easily check that I(J;, X) = I(J;, J;), hence
1(J;, Ji) < J(X, X). Take X(t) = éEi (t), where E;(t) is the parallel transport of
e; € T, M along y. From the second variation formula for arc length we get

d
2
5| @oy)= [IDiP ~ R, g5 I dr = 100)
7 1s=0
d
< I(X, X)=/|DtX|2—Rm(;},X,y,X)dr
0

d
5/WJV+MMML
0

where we have used that SUP pe By, |Sec,| < K. Thus

d d
’ d )<f|DX|2+K|X|2dt /l—i-Ktzdt ! 1+1<d2
I oV = _— p— — — — A
ds2| _, o= 2Ty 3
0 0
Hence
n 2
d n—1 5
dAd:ZFS:O(doy,‘)fn—l—i-K—3 d*,

i=2
or equivalently

: o _ n-l, o n-1mn
[diV(@Va)() = n| = [d(X)Ad () + 1 = n| < K*——d” < K*—— R,

and this completes the proof with C(n) = % > 0. O

We can now prove the monotonicity formula.

Proof of Theorem 3.4 Since during the entire proof, the point p, € M will be fixed, we
will not specify the center of the balls in what follows, as this will always be (p,, 0)
for balls inside M and Po for balls on M. We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy £(v) = [U]%.].r 20y +

f . F(v) under inner variations, then its Caffarelli-Silvestre extension U is stationary
for the energy

U > %/ZHWUWWH/F(U|M)dv,

M M
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under inner variations on M given by vector fields Y on M such that Y|y is tangent
to M.

Recall that the Caffarelli-Silvestre extension of u is given by (41).

Let Y be a vector field on M such that ¥ |p is tangent to M, and let I/ftY denote its
flow at time ¢. Let also V; be the Caffarelli-Silvestre extension of u o w§/|M’ for any
t € R. By the minimality of the extension in the energy space, we have

d ﬁ 1—s —1\(2
V(U
oz [T ey
M
.1 Bs - Bs - 2
=lim=-| = S|V S|V !
lim 2f VUP - fz V(U o )
M M
1
< lim - ’8—/“|VU| ﬂvle‘swmz
—0t 2
M i

2 2
[M]HS/Z(M) - [I/t ° 1p;’]I_Is/Z(A,[) . d

= lim = —‘ u S s ,
t—0 t dt t:O[ °Vy ]H‘/Z(M)

and likewise

d 13 1—s t
V(U o
dt li=0 2 / VU e gy )|
M
1 ) )
= lim — &/ZHW(UW HE - ﬁs/zHWUF
=0t | 2
M M
1 )
> lim — &/ I=s\vv_, > - ’BS/ZHWUP
=0t | 2
M M
—t12 2
— 1im [u o wYI]Hs/Z(M) - [M]H‘/Z(M)
t—0 t
d —112
= E’ O‘ﬁy ]Hs/Z(M)-
Hence
d Bs 1—s 2 _ —192
V(U o ( .
dl‘t02/ V(U oy, ") =7 uoyy Iysn

x

Since u is stationary for the energy £(v) = [v]lzqs 2 + f y F'(v) dV under inner vari-

ations, this shows that U is stationary for the energy U +— % / i VU dVdz +
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f u F(Ulp) dV under inner variations on M, with vector fields Y as above, and this
concludes the first step.

Step 2. We now compute such an inner variation for a suitably chosen Y. First, the
variation of the potential part of the energy is

d » B d
d_t IZO/F(uol/fY )dV = d—t‘ZZO/F(u)Jt(p)de
M M
:/F(u)divg(Y|M)dV. (61)
M

The quantity dive(Y[s) will be estimated later. We now focus on computing the
variation for the Sobolev part of the energy. Once again, we change variables in the
integral using the flow v{,, obtaining

/ZHW(U oy, N?dVdz = /(zo%)HIV(U oYy NP o vl Ji(p, 2)dVydz .
M M

(62)

Now, we choose the~vector field Y. We take Y = n(d)dVd, where d = dz((p., 0), )
is the distance on M from the point (p., 0) and n = 5; is a single variable smooth
function with n = 1 on [0, R], decreasing to zero on [R, R 4+ §], and n = 0 on
[R + 8, +00). Since the distance dz((po, 0), -) restricts to the distance dg(po, -) on
M when computed on points on M with z = 0, clearly Y|y, is tangent to M. We
want to exchange the order of derivation and integration in (62). Hence, we compute
separately the three terms that will appear in doing so. For the first term, using that
dZ((p, 2), (po, 0)) = d (p, po) + 2> and the definition of ¥ we see that

o =0z oY =1 — )z n(d)z = (1 —)7'n@d) .

As for the second term that will appear, a simple general computation—see for example
the lines after Lemma 3.1 in [17]—shows that

d1 ‘z:o'V(U o Yy NPy (x) = —2(Vyy Y, VU).

Moreover, using the form chosen for ¥ we have that

(Vyu Y, VU) = (Vyy (n(d)dVd), VU)
=(VU, Vn(d)){dVd,VU) + n(d){Vyy(dVd), VU)
= n/(d)(VU, vd)y{dvd,VU) 4+ n(d){(Vyy (dVd), VU)
= dn'(d)(VU, Vd)|* + n(d){(Vvy (dVd), VU).
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Notice that K is also an upper bound for all the sectional curvatures on Min B R, (P, 0)
and that inj,, (po) = injj;(po, 0). Thus, by Lemma 3.6 applied to V = VU,

(VyuY, VU) = dn' ()|(VU, Vd)|* + n(d)(1 + O(VKR))|VU|?

for all R < min {Ro, \/Lf } Lastly, for the remaining factor in the integral, Lemma
(3.7) gives that

= | i = &) = 1/ @d|VdP + (d)dvdVd)
1=

=dn'd) +nd)(n+ 1)1+ O(WKR)),

in Br(p,), for R < min ERO, JL?}
Now, analogously applying Lemma (3.7) on M instead of M to (61), we already
find an estimation for the potential energy:

d

ar ,=OfF(”°¢y_’)dV =/F(u)(dn’(d)+n(d)n(1+ O(KR)))dV .

M M

Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that R, <
Runax = injy (po) /4 < min { injyy (po). JL?} and this will be our final choice of Ruax

for the statement. From now on, we always consider R < R, < Rmax = injy;(po)/4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration
and substituting the estimates we have obtained so far gives:

d
dt

N Rl

M
= /(1 — )" (@)|VU I +2' 75 (= 2dn' @) |(VU, Vd)|?

M
—29(d)(1 + O(VKR)IVUP)

+ / ZTSIVU P (dn' (@) + n(@d)(n + D(1 + O(VKR)))dVdz

M
= =51+ 0WER) [ 0P
Biis
+ / ' dn @ (VU = 21(VU, Va)?).
By \Bk
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Adding the expressions for the potential and Sobolev parts of the energy, we get

(% / dTVW oy I+ / F(uowy'>>
=0 L M
M

=m—-501+ O(\/?R))% / n(d)z' 7 |VU

d

dt

B
+% / dn' @)z (VU P = 2(VU, Vd))
Bf \Bf
+n(l+ OWER) / n<d>F<u>+/ dn'(d)F ().
Bgr4s\Br

Br+s

By stationarity of # and Step 1 we know that the left-hand side is equal to O for every
Y, thus the right-hand side vanishes for all n = ns defined as above. Since this holds

for all § > 0, we now let § N\ O so that 55 converges to the characteristic function of
[0, R]. This gives (for a.e. R € (0, R,))

0=(n—s)(1+0(ﬁk))%/ZHWUF—R% / 25 IVU PP
B aB}
+2R% /(BVU)Z
It B
+n(l + OWKR)) : F(u)—R/F(u).
K dBR

Rearranging the terms and multiplying by R~"+5~!  we deduce that

——;"n;ﬂ %/ZI_S|VU|2+/F(M)

B Bg
1 IBS 1— 2
= 7/47, SIVUP + | Fw
aB} dBR
CVK | B L
TS 75/21 ‘|VU|2+/F(u)
B Bg

R
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ﬂs 1— 2 §
ts | AUV | P,

atBy

for some absolute constant C > 0. In other words,

Bs

®'(R) > —CVK®(R) + s

1— 2 s
[ #vuvar s i [ Faay,

8+§1§ Br
and this implies, in particular, that

d

= (eCﬁRCD(R)) >0 forall R < R..

Lastly, in the case where M = R", F = 0,s € (0,1) and u = xg — xgc is a
stationary set for the fractional s-perimeter, instead of the two bounds used above

(Vyu(dVd), VU) = (1+ OWKR)IVU?,
div(dvd) = (n + (1 + O(VKR)),

given respectively by Lemmas 3.6 and 3.7, one has the equalities

(Vv (@Vd), VU)gi1 = |[VU|?,
divge+1(dVd) =n+1,

where U is the extension of u = xg — xgc. Thus, following the proof one finds the
exact expression

Bs
Rl’l—S

' (R) = / 217(VU, Vd)? dxdz > 0.

0+ B (po,0)
In particular, ® is constant if and only if (VU, Vd) = 0, that is, if and only if E is

dilation-invariant for dilations with center at p, € R". With this, we conclude the
proof. O

3.4 The fractional Sobolev energy under inner variations

We next study how the fractional Sobolev energy behaves under inner variations. For
this, we need first to study how the singular kernel K behaves when translating its
arguments under the flow of a vector field.

Proposition 3.8 Ler (M, g) be a closed n-dimensional Riemannian manifold and s €
(0, 2). Consider any smooth vector field X € X(M), and fix points p, q € M. Writing
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W' for the flow of X at time t, then the kernel satisfies

14

P KW' (p), ¥'(@)] < C( + Ks(p, q)). (63)

t=0

Sfor some constant C = C(M, s, £, maxo<k<¢ ||VkX||Loo(M)) which stays bounded for
s away from 0 and 2.

Proof This follows from the estimates of Theorem 2.13, in particular by (19) and (20).
We prove the result just for £ = 1, as the general case just follows by induction by
the very same arguments. Let R = R(M) > 0 be such that the flatness assumption
FA¢(M, g, 16R, p, ¢,) holds for every p € M; such an R exists by Remark 2.10. We
split in two cases.

Case 1: g € ¢, (B4r(0)).
In this case, denoting K (x, y) := K (¢p(x), ¢p(y)) and k(x, z) := K(x,x +z) asin
Theorem 2.13, we have that

Ko(' o 0p(0), ¥ 0 0p(1) = K, (x), ¥, () = k(¥,(x), ¥,(5) — ¥, (x)),

where wfy is the flow of £ = (¢,)*X, i.e. the vector field £ = £, € X(Bisr(0)) such
that X o ¢, = (¢,)+&. Then, for all x, y € Byg(0) we have:

t t d
T K@mon =2

kG (), () — ¥ (1))
=0

=0 t

i = () + o )(E(x) — ()
=—(@y—x®+—x,y—x x) — ,
axe Y 0z Y Y
where sum over repeated indices is assumed. Hence, by (19) of Theorem 2.13 we get

T K@ w00

=0

C
W”DEHLOOD’—M

=< < &N Lo +
=~ T . L
ly — x|n+s ly

< W <CK(x,y)

for some C = C(n, s, [|§]|co.1), where in the last line we have also used Lemma 2.20.
Finally, evaluating this inequality atx = O and y = <p;1 (g) we obtain

KW' (p), ¥'( ))‘ = ‘i
0 prvd dt

‘d_ K(,0), ¥,(»)| < CK(0,y) = CKs(p, q),
P 1=0

as wanted.

Case 2: g ¢ ¢,(B4r(0)). Then FA((M, g, R, g, ¢4) holds and the sets ¢, (Bg(0))
and ¢, (Bg(0)) are disjoint. Hence, by Proposition 2.21 the kernel K,,(x,y) =
K (@p(x), ¢q(y)) is smooth (with uniform estimates on all derivatives) in the domain
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Br/2(0) x Bgr/2(0). Hence

i t t _ i t t
T KW ogp(0. v ogy () = ) Kpg (W, (), ¥, (1)
=0 t=0
oK
=a?w)sm+ ”uwsw

Using Proposition 2.21 to bound the derivatives of K ,,, and then evaluating at (x, y) =
(0, 0) gives

Et 0 - Rn+s
for some C = C(n, s, €I, 141l 10).

Putting together the two cases above, we get

K;(W'(p), ¥'(q))

t=0

<C+ K,(p,q)),
7 <C(+ Ks(p,q))

for some C = C(M, n, s, || X||¢c1(p)) and conclude the proof. O

We also record a version of Proposition 3.8, which depends only on local quantities:
Proposition 3.9 Let (M, g) be a closed n-dimensional Riemannian manifold and s €
(0, 2). Assume that the flatness assumption FAy(M, g, R, p, ¢) holds, and let X €
X(M) be a smooth vector field supported on ¢(Bg4). Writing Y for the flow of X at

time t, then for every x, y € Bg;4(0) we have

‘ 14

KW' (), ¥' (0()))

Oy s
dart 0 < CKs(p(x), p(y) < Cw, (64)

|x

for some constant C = C(n, s, I XNl ct(oBR)))- Moreover, given T > 0 we have that,
forall0 <t <T,

<QKWﬂWm<QT;%§ (65)

Ks (' ((x), ¥' (9 ()

‘ drt

where Ct = Cr(n,s, T, ||X||Cz(¢(BR/4))).
The constants stay bounded for s away from 0 and 2.

Proof By scaling, we can assume R = 1. The second inequality in both (64) and (65)
then follows from Lemma 2.20. As for the first inequality of (64), it follows from
the proof of Case 1 in Proposition 3.8, since it only depends on local estimates for
X. Finally, (65) can be deduced from (64). Indeed, note that for all 1 < k < £ and
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0<tr<T,
dk t t dk t+r t+r
WKS(VI (), ¥ (| = T Ky ™ (), ¥ (9(¥)))
r=0
< CoKs (Y (p(x)), ¥ (p(3))), (66)

with Co = Co(n, s, [ Xl c¢((5,)))- Thus, we are only left with proving that

K" (), ¥ (9(0) < Cr K (p(x), 9(3))

for some Cr = Cr(n,s, T, XNt psy))- But this follows itself from (66), with
k =1, since we can write the inequality as

d
Tl VKW ), ¥ ()] <0,

and integrating we find that

Ks (¥ (0(0)), ¥ (0(1))) < T K (p(x), p(3))
forevery0) <t <T. |

Proposition 3.8 can be used to bound time derivatives of the energy of “flown
objects” by their energy at time zero. We show this for the fractional Sobolev energy:

Lemma3.10 Let s € (0,2) and v € HS/*(M) be a function with |v| < 1. Let X €
X (M) be a smooth vector field and v, := v o Y, where ' is the flow of X at time
t. Then, for all T > O there holds

14

d
—Em(vy)

sup dﬂ

O0<t<T

<C(1+Enw).

for some constant C = C(M, s, £, T, maxXo<k<¢ ||VkX||Loo(M)) which stays bounded
for s away from 0 and 2.

Proof Let C denote a constant that depends only on M, s, ¢, T and maxo<x<¢ ||Vk
X Loo(m)-

The idea of the proof is to change variables using the flow v/’ in the corresponding
integrals defining the Allen-Cahn energy, and after that to exchange integration and
differentiation.
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Let us start with the Sobolev part of the energy. We have, denoting by J; the Jacobian
of the flow:

Z

Z
S"b(vt)— / / W~ (p) — v " (@)I*Ks(p, ) dV,dV,
=3 //w(p)—v(qn Ks(W'(p), v (@) Ji(p) i (@) dV, dV,
//w(p)—v(qn [K W' (p), ¥' (@) Jf(p)lf(q)]dV dv,.
(67)

Since 0 < ¢ < T, the derivatives in time of the Jacobians J; can of course be bounded
by a constant C with the right dependencies. What remains in order to bound (67) by
C(l+ Sf,}]b(v)) is to control the first k-th derivatives in time of K;(y'(p), ¥'(q)) by
C(l + Ks(p,q)), forall 0 < ¢t < T. The main bound is given by Proposition 3.8,
which gives forall 1 <k < ¢:

dk
—— K (' (p), ¥ (q))’ ’ -7 Ks(w”r(p),w’“(q))
< c(1 + K (' (p). ¥ (q))). (68)

Now, integrating this inequality for k = 1 similarly to how we proceeded in the proof
of Lemma 3.9, we conclude that

KW' (p), ¥'(q@)) < C( + Ks(p.q)), forall0 <t <T. (69)

We can now go back to (67) and apply the bounds that we just derived. We get that

d[
< [ [ 10 - v@P S [k w1 v @) @], av,

d[
'W ;;b(vt)

< c// lv(p) — v(@*( + Ks(p, q))dV,dV,
=C+ &)

forall 0 <t < T, where C has the right dependencies.
The potential part of the energy is simpler to deal with. Indeed, we have

4t

ait’Z

4

POI dl —5 —t —s d
m (V) = fE W (p)dVv, = /8 W(U(p))_dtf Ji(p)dVp,
(70)

from which we directly conclude that

’ . EXt(u)| < CEXY(v),
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finishing the proof. O

Lemma 3.10 has a local version, which comes from applying local estimates for
the kernel instead.

Lemma 3.11 Let M satisfy the flatness assumptions FA¢(N, g, p, R, ¢). Lets € (0, 2)
and v € H%?(M) be a function with |v| < 1. Let X € X(M) be a smooth vector field
supported on ¢(Bg2), and put v, := v o x[f;, where Y is the flow of X at time t.
Then, for all T > O there holds

4

d
sup |7 &eBr) (V1)

0<t<T

S C(l + S(/)(B}g/z)(”)) ’

for some constant C = C(s, £, T, maxo<k<¢ ||VkX||L00(¢(BR/2))) which stays bounded
for s away from 0 and 2.

Proof We modify the proof of Lemma 3.10 accordingly. First, by scaling, it suffices to

prove the Lemma in the case R = 1. Since X is supported on ¢ (B 2), the integrand
in (67) is supported then on

(N x N)\ (¢(B12) x ¢(B1,2)°)
= [@Bay3) x 9Baa) \ (9(Biy)” x p(Bip)) U
U [(fp(Bl/z) X (N '\ ¢(B2/3))) U (N \ ¢(B2/3)) x @(Bl/z))],

so that

dk
‘dt /?/;)b(vt)

Sob
‘ W(Bl/z) (vr)
B '/ / v(p)
(<ﬂ(82/%)><<ﬂ(52/3))\(<ﬂ(31/2)C x@(B12)¢)

P [K(vfy(p) V@I (P) i@ | v, av,

5 d*
w2 ff [0(p) = v@PP e [K Wy (). ) i(p) | @V, aV,
e(B172)x (N\¢(B2/3))

<c / / R
(Bay3xBas)\(By ), x B )

dk
— e ONP| T [ K (@ (). Wk i) i (3) || dx dy

dk
veff i) = v@)P| S [K ek @), ) s e | dx av,
Bi2x(N\¢(B2/3)) di

Bounding the derivatives in time of the Jacobians by a constant with the right depen-
dencies, using (64) to bound the kernel in the first double integral, and using (21) to
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bound the integral in ¢ in the second double integral by a constant, we conclude that

dk Sob
Ol
‘dlk g(ﬂ(Bl/z)(vt)

cd+ (31/2)(v))

Regarding the potential part of the energy, from the computation in (70) we readily
find that

6
Pot
‘dtz @(61/2)(Ut) (B]/z) (U) (7])
where C has the right dependencies, which completes the proof. O

3.5 Estimates for the extension problem

Lemma 3.12 gets € (0, 2) and M satisfy the flatness assumption FA, (M, g, 2, p, ¢).
Letalso U : B;‘ (p, 0) = R be any function solving

divz'*VU) =0 in Bf(p,0),

and let u be its trace on By(p). Assume also U € LOO(EI(p, 0)) andu = 0 in
B32(p). Then there exists C = C(n) > 0 such that

19U )] < SN0
Z q,.3)| = S LOO(B(:r/S(p,O))'

forevery (q,z) € §1+(P’ 0).

Proof Let C denote a constant that depends only on n. This estimate is proved by a
barrier argument. Let o, 8 > 0 to be chosen later, and for g, € Bj1/10(p) define

bg,(q.7) = %!w‘l(q) — o (g = B(? —22°).

Denote by A, theLaplace—Beltraml operator of (M, g). Then, by FA» (M, g, 2, p, ¢),
for (x,z) € 36 /s there holds |Agby, (¢, z)| < C. Moreover

(0: +1220)* =25 and (3 + 1220:)2" =0.
Hence

=~ s _ 1—ys _
div(z' Vb, ) = zI7* (Agbqo + 8.2by, + Tazbqo) <z!75(Ca —25p) <0,

provided we take 8 = Co/s.
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Since U = 0in B35(p) x {0} clearly |[U| < by, (-, 0) in Bg/s(p) x {0}. Moreover,
for every (x, z) € 8+Bg/5 (p, 0) there holds

bg,(9,2) = Cot = B(z* = 22") = Cot = Ul 3t 0y Z U, 2),

provided we choose o = C||U||L°°(§§/5(P,0)).
Hence, with this choice of @ and B, |U| < by, on the full boundary 855“/5 (p,0).

Since also U solves div(z!*VU) = 0 in EJ/S (p, 0), by the maximum principle we
get

cz*

|U(q0,2)| < bqo(CIo, 7) < ”U”Lw(l}g/s(p,O))’ (72)

N

for (¢.,2) € §1+1 /lo(p, 0). Moreover, by standard (interior) gradient estimates for
uniformly elliptic equations, for all (g, z) € B 1"’ (p,0) we have

~ ~ C
IVU (g, 2)| < ”VU”LOO(E;DIOO(‘/’Z)) = Z”U”Loo(ﬁ;yso(q’z))»

which, since B5)(, 2) C By 1(p, 0), together with (72) implies

~ Cc
VUG = =2 Ui

and this concludes the proof. O

Lemma 3.13 Let 5o € (0, 2), s € (50, 2). Consider the Riemannian manifold (R", g)
with (1 — 155)1v1? < gij()v'v/ < (14 5)lv[* and Igijllcri gy < 1. Let also
u:R" = [—1,1]and U : R" x Ry — [—1, 1] be the extension of u (in the sense of
Theorem 2.25). Then

. 2
IVU*z'dvdz < C lu@) = u)I” dxdy, (73)
|x — y|rts
B;0,0) R xR\ (B§ < BS)

with C depending only on n and sy.

Proof We proceed as in [8, Proposition 7.1]. Assume without loss of generality that
]52 u(x)dx = 0. Let £ : R" — R be a cutoff function such that £ = 1 in B3,2(0)
and it is compactly supported in 3, (0). We write u = ué + u(l — &) = u; + up and
U =U; + U,.

@ Springer



Fractional Sobolev spaces on Riemannian manifolds 6309

On the one hand, since u; is compactly supported we have

po [ 2 F0Pavaz = e,

n+1
R+

=[ / |1 (x) — ur ()P K (x, ) dVidVy

R" xR\ (BS x B5)

2
< Capy / / Ju(x) y”l‘n(fs)' £2(x) dxdy

By xR
IS(X) é(y)|2
+Cam/ / e P
By xR
_ 2
< Ca,m/ / dedy+€f lu(x)2dx.
|x _ y|n+a
R xR\ (B§ x BS) B>

Moreover, using the fractional Poincaré inequality (recall f B, u(x)dx = 0):

_ 2
/|u(x)|2dx <Cot“/ f Juo) u(y)| dxdy
Syt

Byx B,

2
< Can,s luC) = uI”

|x — y|n+s dXdy =:1

R < R7\ (B < BS)

On the other hand (using again |, B, u(y)dy =0)

/ ux)? / @) —uO) x50 4

o (L x[2)" 2" 1+ |x2) 2 1B

2
_// u(y) _ xsz(y)dxdy <L
(1+|x2) 7  |Bl

and by Holder inequality

5 1/2 1/2
/ Ju(x)| / el / L__a| za~
PAEAN s (+ 123 o (L1132
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Claim. There is C = C(n) > 0 such that for (x, z) € BT

ZlixlgUz(X, )| < C/%”dey (74)

27
Joa+pps

We postpone the proof of this claim and first see how to conclude the proof of Lemma
3.13 with it.
By the claim, if (x, z) € Bfr then

VUL, 2)] < C/ Mdy < C/ ﬂdy <cI1'/?

Joa+pp Joa+pps

But then the inequality

/zl—fﬁuzﬁdxdz < C11/2/|%U2|dxdz
Bf Bf
1/2 1/2
< C1'/? le—WUngxdz /zf—ldxdz ,
Bf Bf

gives

/ 25V Uy 2dxdz < Cl,
By

and the lemma follows.

It only remains to prove (74). Let Hy (x, y, t) be the heat kernel of N := (R", g).
By (40) the fractional Poisson kernel® Py : R” x R” x (0, 00) — [0, 00) of N can
be represented as

2

o
Py e, y.2) = = [ v yne s a
X, Y, = T e AT X,y t)e 4 ——,
NP = sy ] VY (1472
0

and the solution U, to the extension problem with trace up is Us(x,z) =
fR" Py (x,y,2)uz(y) dVy. Then, by Lemma 2.14 we have that Py is comparable
(up to dimensional constants) to the fractional Poisson kernel of R" with its standard

. -5 . . . . .
6 Which equals 0y, y ————— = on R" with its standard metric, for some normalization constant
2

(Ix=y|?+z%)
opn,s > 0.
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metric, that is

Z z¢

= <Py(x,y,2) <Cs
(x =y +22)% (x —yP+22)7

cs

for some C, ¢ > 0 dimensional. Hence, for every (x, z) € B«;r/s

|Uz(x,z)|scs/ IR / Lol
R~ (lx _y|2_'_22)T ;

Since x € Bg/s and y € R"\B; there holds |x — y| > m\/l + |y|2, and hence

lu2(¥)|
||U2||Loc(g+5) <Cs / PN
Joa+pps
From here, the result follows directly by Lemma 3.12. O

We will now give an interpolation result for the extended energy. We will use the
following standard interpolation result on a Euclidean ball:

Proposition3.14 Let s € (0, 1), and let u : By C R" — [—1, 1] be a function of
bounded variation. Then,

lu(x) —u)* C(n)
/-/‘31><B| |x_y|n+s dxdyf (1_ ) [ ]BV(81)|| ”Ll(Bl)

Proof See for instance Proposition 4.2 in [5] for a simple proof; see also [6]. O

Lemma3.15 Ler 5o € (0,1) and s € (so,1). Let M satisfy flatness assumptions
FA1(M, g, 1, p, ). Let also U : B (p,0) — (—1, 1) be any function solving

div(z'*VU) =0, (75)
and let u be its trace on B1(p). Then forallo > 0, R > 1, k € Rand q € By/2(p)

such that Br,y(q) C B3ja(p),

0" Bs / VU dvdz
By (q.0)
1—s K
o™ / lu+k|dV o' / |VuldVv | ,
BRQ(‘]) BRQ((I)

C C

_R5+1—s

where the constant C depends only on n and s.
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Proof Let us show that if U and U’ are two different solutions Ef’(p, 0) — (1,1
of (75) with the same trace u on B3,4(p), then

/ T (IVUP = VU'P)dvdz < € / VU EdVdz. (76)

BF (q.0) BJ (4.0)

Indeed, by Lemma 3.12 (rescaled) we have z!~ W(U — U/)| < Cin Ef?z(p, 0).
Thus, we obtain

/ (VU R = [VU'P) dVdz

= / 2 (w -vh) - VU + U dvdz

<C / 7 ldvdz / (VU + VU P)dVdz
B (q.0) B (q.0)
1 - ~ -
=3 / (VU - |VU'?)dVdz + C f VU P dVdz

B} (4.0) BJ (¢.0)

Thus (76) follows.

Now let g;; be the components of the metric in the coordinates e lnecC >(B1)
be a nonnegative smooth cut-off function satisfying n = 1 in B34, and put g/ =
gijn + 8;j(1 — n), a metric defined in the whole R". Thanks to (76) it is enough to
prove the lemma for the manifold (R", g’) with p = 0 and with U replaced by the
(unique!) bounded solution U’ of (75) (with respect to the metric g’) in all of R” x R..
But in this case we can use Lemma 3.13 (rescaled) and obtain

. 2
stn Z17S|VU/|2dVdZ < ngfn |u(x) M(y)| dxdy
lx — y|"*e
Bf (R < R\ (BS, < BS,))
_ 2
<Co"™™2 Jux) = uly) dxdy
|x _ y|n+s

BRQXBRQ UB, XB;Q

<ot <// |u(x)—u(y)|zmy+ C@”—S)’
BroxBro X — yI"* RS
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where we have used that

_ 2 1 Co"
/ / lux) —u(y)|” dxdng/ / dy | dx < o
Syt B, Iyl =0t (Ro)*
Ro

BXBLQ

We conclude using the interpolation inequality of Proposition 3.14, since the modulus
of the Euclidean gradient in R”*! and the metric gradient |VU| are comparable. 0O
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