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ABSTRACT. We define an ADM-like mass, called p-mass, for an asymptotically flat pseudohermitian
manifold. The p-mass for the blow-up of a compact pseudohermitian manifold (with no boundary) is
identified with the first nontrivial coefficient in the expansion of the Green function for the CR Laplacian.
We deduce an integral formula for the p-mass, and we reduce its positivity to a solution of Kohn’s equation.
We prove that the p-mass is non-negative for (blow-ups of) compact 3-manifolds of positive CR Yamabe
invariant and with non-negative CR Paneitz operator. Under these assumptions, we also characterize
the zero mass case as the standard three dimensional CR sphere. We then show the existence of (non-
embeddable) CR 3-manifolds having nonpositive Paneitz operator or negative p-mass through a second
variation formula. Finally, we apply our main result to find solutions of the CR Yamabe problem with
minimal energy.

Key Words: CR geometry, positive mass theorem, CR Paneitz operator, Tanaka- Webster curvature, CR
Yamabe problem

AMS subject classification: 32V20, 53C17, 35J75, 35J20, 32V 30

Table of Contents

1. Introduction and statement of the results

2. Asymptotically flat pseudohermitian manifolds and definition of the p-mass
3. Proof of Theorem 1.1

4. Some examples

5. Proof of Theorem 1.2

6. Appendix: useful facts in pseudohermitian geometry

1E-mail address: cheng@math.sinica.edu.tw, andrea.malchiodi@sns.it, yang@math.princeton.edu
2J.-H. C. (A.M., P.Y., resp.) has been partially supported by NSC Grant No. 101-2115-M-001 -015 -MY3 (the PRIN
Variational and perturbative aspects of nonlinear differential problems, NSF Grant No. DMS-1104536, resp.).



1 Introduction and statement of the results

Around 1960 the three physicists R.Arnowitt, S.Deser, and C.Misner developed the Hamiltonian formu-
lation for Einstein’s general theory of relativity in a series of papers, see e.g. [2], [3]. The total energy
was called the ADM-mass later in the literature. The positive mass conjecture asserts the non-negativity
of such a quantity assuming non-negativity of the local energy density, and classifies the situation for the
zero mass case. The conjecture was proved by R.Schoen and S.T.Yau using minimal surface theory ([37],
[38], [39], [40]) and by Witten using the Dirac equation for spinors ([42]; a rigorous proof is given in [34])
in late 70’s and early 80’s.

The positive mass theorem was then used by Schoen in [36] to prove the Yamabe conjecture (finding
conformal metrics with constant scalar curvature) in the cases left open in 1976 by T.Aubin ([4]), namely
in dimension 3, 4, 5 or when the metric is locally conformally flat. As shown in [41], to solve the problem
(in the positive case, the most difficult one) it is sufficient to show that the Yamabe quotient of the
manifold is smaller than the one of S”. This was done both in [4] and in [36] using suitable test functions.
In particular Schoen’s argument consists in gluing a standard bubble near any p € M to G,, the Green’s
function of the conformal Laplacian with pole at p. It turns out that the regular part of G, coincides

a4
with the mass of (M \ {p},Gp *g), the blow-up of M at p. The positive mass theorem played a key role
in other problems in conformal geometry, for example in the compactness of the Yamabe equation or the
Yamabe flow, see [7], [8], [30].

Since there is a strong analogy between CR. geometry and conformal geometry, one may wonder about
what happens in CR geometry correspondingly. The goal of this paper is to introduce a notion of
asymptotically flat pseudohermitian manifold, define a pseudohermitian mass and to prove its positivity
under suitable conditions. We give then applications concerning existence of minimizers for the CR
Yamabe quotient, which is useful to study the CR analogue of the Yamabe quotient.

We consider a compact three dimensional pseudohermitian manifold (M, J, 6) (with no boundary) of
positive CR Yamabe invariant. This means that the first eigenvalue of the CR invariant sublaplacian

Ly := —4A, + R,

is strictly positive. Here A stands for the sublaplacian of M and R for the Tanaka-Webster curvature, see
Subsection 1.1 for their definition. The CR invariant sublaplacian has the following covariance property
under a conformal change of contact form

ﬁb(w) = U_%Lb(ucp); 6= u?0,

where @@ = 4 is the homogeneous dimension of the manifold. The CR invariant sublaplacian rules the
change of the Tanaka-Webster curvature under the above conformal deformation, through the following
formula
A Q42
—4Apu + Ru = Ru<e-2,

where R is the Tanaka-Webster curvature corresponding to the pseudohermitian structure (.J, é) The
positivity of the CR Yamabe invariant is equivalent to the condition

R, ;0 A df
(1) V(J) := inf M >0,

o (fMé/\dé)E

where 0 is any contact form which annihilates & (the contact bundle). Under the assumption Y(J) > 0
we have that L; is invertible so for any p € M there exists a Green’s function G, for which

(—4A, + R) G, = 164,,.

One can show that in CR normal coordinates (z,t) (see Subsection A.2) G, admits the following expansion

1
Gp=5-p "+ A+0(p),



where A is some real constant and where we have set p*(z,t) = |2|* + 12, z € C,t € R. Having in mind
the Riemannian construction for the blow-up of a compact manifold, we consider in Subsection 2.1 the
new pseudohermitian manifold with a blow-up of contact form

(2) N = (M \ {p}v J,0 = G?;é)a

where 6 is the contact form described in Proposition A.5. With an inversion of coordinates (described
in Subsection 2.2) we then obtain a pseudohermitian manifold which has asymptotically the geometry of
the Heisenberg group. Starting from this model, in Subsection 2.3 we give a definition of asymptotically
flat pseudohermitian manifold and we introduce its pseudohermitian mass (p-mass) by the formula

m(J,G)::i]{ wiAf:= lim z]{ wi A,
) Sa

A——+oo

where we have set Sy = {p = A}, p* = |2|* + 2, and where w! stands for the connection form of the
structure, see Subsection 1.1. The above quantity is indeed a natural candidate, since it satisfies a
property analogous to the Einstein-Hilbert action (see (45) and Remark 2.4), and moreover it coincides
with the zero-th order term in the expansion of the Green’s function for Lj, see Lemma 2.5.

In our main theorem we give some general conditions which ensure the non-negativity of the p-mass
for blow-ups of compact manifolds, characterizing also the zero case as (CR equivalent to) the standard
CR sphere.

Theorem 1.1 Let M be a smooth, strictly pseudoconvez three dimensional compact CR manifold. Sup-
pose Y(J) > 0, and that the CR Paneitz operator is non-negative. Let p € M and let 6 be a blow-up of
contact form as in (2). Then

(a) m(J,0) >0;

(b) if m(J,0) =0, M is CR equivalent (or, together with 0, isomorphic as pseudohermitian manifold) to
S3, endowed with its standard CR structure (and its standard contact form).

In Subsection 2.3 we prove an integral formula for the p-mass, in the spirit of [42]. To state this formula
we need to introduce another conformally covariant operator, the CR Paneitz operator

Py = 4(p1ty +iAiph)?

(where we are following the notation of Subsection 1.1). The operator P is a real self-adjoint operator
([24], [25]) and satisfies the covariance property ([25])

(3) P(J’é) = u_4P(J’9); 0 = u20.

In Proposition 2.6 we prove then the following integral formula, which holds for an asymptotically flat
pseudohermitian manifold N

2 1 _
(4)  Zm(J,0) = —/ |0,8]%0 A d + 2/ |B1I?0 A dO + 2/ RIBTIPONdO+ = / BPBO A db.
3 N N N ' 2 /N
Here §: N — C is a function satisfying
B=Z+p_1+0(p %) near p = o0; 0,8 =0(p~ %) near p = oo,

with 0,8 = —28 1, and with $_; a suitable function with homogeneity —1 in p, satisfying condition (35)
below, which comes from a Taylor expansion of the O operator at infinity. To explain the link between
the spinor method in [42] and the O, operator, we refer the reader to the end of Section 2.

We prove Theorem 1.1 in Section 3. The assumptions we give here are CR invariant, and are needed
to ensure the positivity of the right-hand side in (4). By the result in [12], the conditions on Y(J) and



P imply the embeddability of M: we use this property to find a solution of 0,8 = 0 with the above
asymptotics (and hence to make the first term in the right-hand side of (4) vanish): we first find an
approximate solution through the expansion of OpZ at infinity, and then through the analysis of the
Szegd projection of this quantity, see Subsection 3.2. To obtain the full solvability of 0,5 = 0 we then
employ a mapping theorem in weighted spaces from [26]. The positivity of the CR Paneitz operator
is used instead to control the last term in the right-hand side of (4), showing that it is the sum of a
non-negative term and a (negative) multiple of m(J,6) which can be reabsorbed into the left-hand side,
see Subsection 3.5. More comments on the relation between the embeddability and the non-negativity
of P for manifolds of positive CR Yamabe invariant are given in Remark 1.4. As a matter of fact,
non-negativity of the CR Paneitz operator is preserved under embedded analytic deformations.

Corollary 1.1 Let M be a smooth, strictly pseudoconvez three dimensional compact CR manifold. Sup-
pose M is an embedded, small enough, analytic deformation of the standard CR three sphere. Let p € M
and let  be a blow-up of contact form as in (2). Then the same conclusions of Theorem 1.1 hold.

In Section 4 we construct some examples of structures using the deformation formulas in Subsection
A.1. First, using second variation formulas, in Subsection 4.1 we consider perturbations of the spherical
structure for which P fails to be non-negative, see Proposition 4.1 (and also [12]). Then, in Subsection
4.2 we derive the first and second variations of the mass near the standard sphere. We also construct
examples of manifolds with positive CR Yamabe invariant and negative mass (when the blow-up is done
at suitable points), see Proposition 4.4. This is in striking contrast with the Riemannian case, where
all perturbations of the sphere give rise to blown-up manifolds with positive mass (except for metrics
conformally equivalent to the spherical one). We also describe an example of CR structure on S? x S*
with non-negative Paneitz operator and non-vanishing torsion, obtained as quotient of H' \ {0}. This
example is geometrically interesting. It is one of a few models for the class of S!-invariant compact
spherical CR 3-manifolds and plays an essential role in the classification problem.

Our next main goal is to apply Theorem 1.1 to the study of the CR Yamabe problem, namely finding
conformal changes of contact form in order to obtain constant Tanaka-Webster curvature. As for the
classical Yamabe problem, the cases Y(J) < 0 are more directly treatable (see [20]), while the case
Y(J) > 0 is the most difficult one. Calling }J, the quotient for the standard CR three sphere, by a result
in [27] one always has

and if strict inequality holds, then the problem is solvable. The strict inequality is needed to ensure
compactness of the minimizing sequences in (1). This condition was verified in [29] for n > 2 and
non-spherical structures, in the spirit of [4] through some expansions involving the local geometry.

The positivity of the mass is instead a more global property, and it enters when G, has the following
expansion near p :

(6) Gp = enp 2"+ A+ O(p),

where p is the Heisenberg distance in CR normal coordinates. It turns out that the term A is a multiple
of the mass defined for the blow-up M. We observe that (6) holds for n = 1 (dimension 3 case) and for
N being spherical of all dimensions.

For such manifolds of n > 2 (some extra technical condition in dimension 5, n = 2) with positive
CR Yamabe invariant, one can prove a positive mass theorem for A (and hence find solutions of the CR
Yamabe problem with minimal energy) through another approach ([17]).

Our next result gives the strict Webster-Sobolev inequality (5) in the three dimensional case (the only
one left), if M is not CR equivalent to the standard CR three-sphere, under the same assumptions as in
the previous theorem.



Theorem 1.2 Let M be a smooth, strictly pseudoconvex three dimensional compact CR manifold. Sup-
pose Y(J) > 0, and that the CR Paneitz operator is non-negative. Then either M is the standard CR
three-sphere or if M is not CR equivalent to the standard CR three-sphere one has Y(J) < Yo. In both
cases, the CR Yamabe quotient admits a smooth minimizer.

The CR Yamabe problem for the case of three-dimensional CR manifolds and for spherical CR manifolds
was solved in [22] and [23] respectively (we also refer to [20] and [17]). While the proof in these papers
relies on topological arguments and may not provide energy extremals, in the spirit of [5], our argument
is based on direct minimization and gives an extra variational characterization on the solutions (see more
comments in Remark 5.4). To prove strict inequality we follow Schoen’s argument in [36], finding test
functions which resemble a CR bubble at a small scale, and the Green’s function G, at a larger one.
The construction is performed in Section 5. More in general, the analysis of the Yamabe problem in the
CR case has been so far less precise than the Riemannian case: for example a basic difficulty is the lack
of a moving plane method, which is useful in general to derive a priori estimates and to classify entire
solutions.

In the Appendix we collect some useful tools: first the variations of some geometric quantities under a
deformation of the CR structure, and then the CR normal coordinates introduced in [29]. The latter
are needed here to derive asymptotic estimates on the Green’s function near its singularity and on the
geometric quantities on asymptotically flat manifolds.

1.1 Notation and preliminaries

We collect here some useful material: throughout this paper, we will mostly use notations taken from
[31]. Consider a three dimensional CR manifold endowed with a contact structure £ and a CR structure
J : &€ — € such that J? = —1. We assume that there exists a global choice of contact form € which
annihilates & and for which 6 A df is always nonzero. We define the Reeb vector field as the unique vector
field T' for which

o(T) = 1; T.,do =0.

Given J as above, we have a local choice of a vector field Z; such that
(7) JZy = iZy; JZ: = —iZ; where  Z7 = (Z)).
We also define (6, 6!, HT) as the dual triple to (T, Z1, Z7), so that
do = ihﬁﬁl NG for some hy7 > 0 (possibly replacing 8 by — 6).

In the following we will always assume that h,7 = 1.
The connection 1-form w! and the torsion are uniquely determined by the equations

ot = 60" Awl+ AL AOT;
wi +wi =0.

The Tanaka-Webster curvature is then defined by the formula
dw! = RO' A 6T (mod 6).
In the (3-dimensional) Heisenberg group H' standard choices for the dual forms are

0 — dt +izdz — izdz:
ol = \/idz;

o

0! = /2dz,



while for the vector fields we can take

T=2;
(8) Z1 =35 (& +izg);
Zr= 75 (% —izg)

The standard contact structure & on H' is spanned by real and imaginary parts of Z; at each point.
o (o] [e]
We define the standard CR structure Jo : & — & by JoZ1 = iZ1 on the complexification of &. (H, Jy, 0)
is a pseudohermitian 3-manifold with w] = A% =R=0.
We recall the rules for the covariant differentiation with respect to wi. For a complex function f we
set

fi=fi=21f; fui= 2721 f — wi(Z7) 21 f; fo=Tf,....
We have the operators
Aof = fo ' +f0t=Far+ Fr Opf = =y f +iTf,

where we have used h'T = k7 = 1 to raise or lower the indices. We also recall the commutation relations

Cq1 — G611 — iC,o +kCR;
9) C,01 —Cy10 = ;7 A1 — keAit;
Cyo1 G610 = 61 Aﬁ + kCAﬁal 3

(see Lemma 2.3 in [32]; here we are considering the n = 1 case) where ¢ is a tensor with 1 or 1 as
subindices, k is the number of 1-subindices of ¢ minus the number of 1-subindices of ¢ and where, we
recall, we are assuming that h,7 =1 (so Aj; = A} and Ay is the complex conjugate of Ayg).

The CR Paneitz operator P is defined by

(10) Py := 4(90111 +iA11<p1)1.

Let Py := p7'; +iA11¢". The CR pluriharmonic functions are characterized by Psp = 0 ([32]) while P
is identified with the compatibility operator for solving a certain degenerate Laplace equation (see [24]).
The operator P is also a CR analogue of the Paneitz operator in conformal geometry (see [25] for the
relation to a CR analogue of the Q-curvature and the log-term coefficient in the Szegd kernel expansion).
On a compact pseudohermitian 3-dimensional manifold (M, J, 8), we call P non-negative if

(11) / pPph Ndf >0
M

for all real (C°) smooth functions ¢. When we want to emphasize the dependence of 8, we write Py
instead of P. P is pseudohermitian covariant in the sense that

(12) Pé(ﬁ = 64fP9g0

for the contact form change 0 = €270 ([25]). The CR Paneitz operator enters in the assumptions of the
following embeddability theorem.

Theorem 1.3 ([12]) Let M be a compact three-dimensional CR manifold. If P is non-negative and
R > 0, then every eigenvalue A # 0 of Oy is greater or equal to miny; R. In particular the range of Oy is
closed. If P is non-negative and Y(.J) > 0, then M can be embedded into CN, for some integer N.

Remark 1.4 For a large class of pseudohermitian structures close to the spherical one (see Theorem 1.9
in [12]) the non-negativity of P implies the embeddability of the structure. A partial converse is shown
in [13], where non-negativity of the CR Paneitz operator and the condition kerPs; = kerP is shown to be
preserved under embedded analytic deformations. The non-negativity of P is also used in [14] to obtain
some hessian bounds on complex functions in terms of integral bounds on the sublaplacian.

Ezamples with P non-negative include torsion-free (compact pseudohermitian) 3-manifolds (see The-
orem 5.3 in [10]) and non torsion-free 3-manifolds like S* x S, see Subsection 4.3.



In the systems of coordinates we will use below (both near zero or near infinity), we will set
(13) pt=|z* + 2

In the Heisenberg group H'! the function p has homogeneity 1 with respect to the natural dilation
(2,t) = (A2, A%t), A > 0.

For a compact CR manifold M and for ¢ > 1 we define the Folland-Stein space &¢ to be the
completion of the (complex-valued) C'* functions on M with respect to the norm

</ (u71u1+u1u’1)30/\d0> iy (/ |uq9/\d9)q .
M ' ' M

We define the spaces G4 (k € N) in a similar way, taking all possible combinations of 1 and T derivatives
up to order k.

For k € Z we denote by O(p*) a function f(z,%,t) for which | f| < Cp* for some C > 0; we use instead
the symbol O’%) for a function f(z,%,t) such that

fl<Cok,  10.fl < CPF 0], 10:f| < CPFT Ozl 10uf < CPF T2 (Dup]

One can define similarly the symbols O”%), O""%), etc. We will use the symbol O(p*) for a function which
is of the form O (p*) for every integer j, or for j large enough for our purposes.

Large positive constants are always denoted by C, and the value of C' is allowed to vary from formula
to formula and also within the same line. When we want to stress the dependence of the constants on
some parameter (or parameters), we add subscripts to C, as Cj, etc.. Also constants with this kind of
subscripts are allowed to vary.

Acknowledgements J.-H. C. (P.Y., resp.) are grateful to SISSA and Princeton University (Academia
Sinica in Taiwan, resp.) for the kind hospitality. He also would like to thank Hung-Lin Chiu and Jack
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Fellowship while visiting IAS in Princeton in the Fall Semester 2008-2009. He also would like to thank
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2 Asymptotically flat pseudohermitian manifolds and definition
of the p-mass

One of our main goals is to study compact manifolds with positive CR Yamabe invariant. For these, the
CR invariant sublaplacian is positive definite, and therefore by classical arguments it admits a Green’s
function. By Proposition 5.2 (we refer to Subsection 5.1 for details), the Green’s function G, with pole
at p € M, namely the solution of

—4AGp + RGp, = 1665,

in CR normal coordinates (z,t)centered at p(see Subsection A.2) has the form
1
2

2mp T,

Gp =
where wis a function of class C1*for any « € (0, 1)and where, following our notation, p* = |2|* + 2.
In fact, a more refined regularity property on w can be proved, see Appendix A of [26]: this fact will
be needed to apply the main theorem there.



2.1 Blow-up through the Green’s function

Let (M, J)be a CR three-manifold, and let p € M. By Proposition A.5 (which relies on results by
D.Jerison and J.Lee from [29]), we can find a contact form 6 near p and local coordinates (z,t) such that

b= (1+0(p") 0+ O0(p)dz + O(p)dz;
0' = V2 (1+0(p*)) dz + O(p*)dz + O(p*)9,

where we recall .
0 =dt +izdz —izdz.

If fis as above and if Y(.J) > Owe consider the following pseudohermitian manifold

(14) (M \ {p}, J,0 = Ggé) ,

where we made a conformal change as in Subsection A.1.1, taking f = logG,. Then by (136) we also
have

(15) 0 =G, (él +2i (log Gy) 1 é) .

By the expression of G, (see Proposition 5.2), setting A = w(0) we have that
1

(16) G, = 2 + A+ O(p) near p.

Hence, from Proposition A.5 we have that

~ 1 2 o
0 = Go= <27Tp2 + A+ O(p)> {(1 +0(p") 0+ O(p°)dz + O(p5)d?]

(17) = ((271)2,04 + Q%Apfz + O(pl)) [(1 +0(p")) 0 +O(p°)dz + O(p‘r’)dz}

1 1 o
((277)2 p~t + 2§Ap_2 + O(p_l)) 0+ O(p)dz + O(p)dz.

Recall also the second equation in (15), which we rewrite as

R Gp) T~ . R
0t =G, [01 + Qi(Gp)’le] = G,0" +2i(G,) 10.
p
Using the fact that
1 izv
-2
= ——+0(p),
(p ),1 \/§ ,06 (,0)
where v =t +i|z|?, we get
1 1 20
(18) (Gp)1= PV +0(1),
from which we deduce
01 = G,0' +2i(G,) 10

(217rp2 + A+ O(p)) (\[2 (1+0(p")) dz + O(p*)dz + O(p3)5>

o

2i <;r\}§;z;’ + 0(1)) ((1 +0(p") 04 O(p°)dz + O(p5)dz>
11 2w

_ (217Tp_2 +A+ O(p)) Vadz + O(p?)dz + (_ﬂ'\/§p6 + O(p)> 0.

—
—
=)

~
Jr



Using (138), the new connection form becomes
=] +3(log Gp) 1 0" — 3 (log Gp) 1 0" +i (Ab (log Gp) + 8 (log Gp) , (log Gp)j) 0.

(20) W =
From (18) we find
sty G EHE 00 0w
Pl Gy =p 24+ A+0(p) 1+421Ap*>+0(p?)
1 izv
= 774_0

V2 pt (6,

which implies
3(logGy) 1 0 9t — 3 (log G, )10
3 ;)

- ( Sz +3\f7rA—+O( )) (\/idz+0(p4)dz+0(p4)dz+0(p)

V2pt
T ( 32V 5 /ar A@+0( )) (ﬁdz+0(p4)dz+0( Ydz + O(p )5)

(21)

V2pt

On the other hand, we also have that

(92), (), (42), 5

Ay (IOng)+8(10ng),1 (lOng)j = G
P .
_ MGy ((Gr)a(Gp)a
G &

[e]
Letting A, denote the standard sublaplacian in the Heisenberg group, from the choice of CR normal

coordinates we find
Ay = Ap+0(p")21Z1+ O(p") Z1Z1+ O(p*) 2721 + O(p*) Z1Z1 + O(p°) 210, + O(p°) Z10,
+ 0(0)8:Z1 + O0(p°)d:Z7 + O(p°) Z1 + O(p*) Z7 + O(p") ;.
Using this expansion and the fact that Ayp~2 = 0 in H' we obtain

MG _ Ay (27rp2 +A+0(p )) _ o(p) (p smmall)
Gy 5z + A+ 0(p)
and
L1 12V 1 1 izv
G(Gp),T(Gp),l 6 (ﬂﬁ - =+ O(l)) (ﬂf2 4 izv O(l))
; 2
“ (52 + 4+ 0()

(F (7 +069)) (#+007) e Jep
6 5 2 A7 4 O =3 —3?47“4;)2 + O(p).

Therefore we get
|2 |2

2
(22) Ay (log Gp) + 8 (log Gyp) | (log Gp) 1 = 3|Zp| —12=7A+ O(p).



From (21) and (22), taking Proposition A.5 into account then one finds

20

wi o= —3idz - 3¢;—Zd§ +3i
(23) + <3\/§7TA¢;Z + O(,o2)> V2dz + (3\/§wAi';;’ + O(p2)) V2dz
2 o
+ (—127“4@";2 + O(p)) 0.
2.2 CR inversion

Next we want to express 6 and 01 in inverted CR normal coordinates (z.,t.). If (z,t) are CR normal
coordinates in a neighborhood U of p, we define the inverted CR normal coordinates as

z t
(24) 2= t :—W; on U\ {p},
where, as before, v =t + i|z|%.
We have that
v=t4 iz = —tfo? + izl = [0 (<t + ilzd?) = o (-T.),

with v, = t, + i|2.|2. The following two identities hold

1 = —vv, or 1 = —ww,,
which imply
Zx . [
z=——; =— .
v, |v4]?
We can write that
0z 0z 0z ot ot ot
dz = dzy + —dz, + —dt.; dt = dz, + —dz, + —dt,,
0z 0Zx Ot 07z 0Zx Ot
so using elementary computations one finds
0z ty 0z 22 0z Zx
= —— =7 —: = —:
024 v2’ 0% v2’ ot, v2’
ot ezl ot _  tzilal® ot 2 — |zt
0ze vt P U ot,  |v.?

These relations imply

(25)

1
|2 = 1 pP=— (p*)4 = (t*)z + |Z*|4v

o

where (0), = dt, + iz.dZ, — iZ.dz., and also

—todzy +i22dZ, + zodt,  2,:(0)s — Vidzs
B v2 v2 '

* *

(26) dz

10



Now from (17) we have that

A 1 1 °
¥ —4 g L 4 2 —1 _
0 = G0= <(27T)2p +227TAp +O(p )) 0+ O(p)dz+ O(p)dz

1 1 27* _ z*é*—ﬁ*dz* _ E*é*—v*df*
- (( )2p1*+2Ap3+0<p*)) (o B Lt Lo E U LS

(pe)* (vs)? (vs)?
1 o . ;
= (s + 2402 40029 (). + 01 + 0 ).
as p — 0 and p, — oo. Similarly from (19) we deduce
1 1 1 zv 0
1 - =2
ot = <2ﬂ_p +A+O(p))ﬂdz+0( )cr+( s 6+O(p)>9

1 *5*77*d* — 7*0*7 *m*
(27Tp3+A+0(p*1)>\/5 2202 = Dudzn ) | o2y | 20 e

(v.)?
112 (p) 1 (0).
(25 o vou) G

(\@fll; —|—O(,0*5)> 6). + O(p—)dz. + <_\/1%p3 (f:)? - A\@z—; + O(pﬁ)) dz..

3 .
It is irrelevant to multiply the form 8' by a complex unitary factor, which we can choose to be —Z—g = 'Y,

*

+

In this way the new @', which we will denote as 6} is given by

04 = (VA 4 0% ) (B). + Ol )z + (o + AVER? 4 0(p2))

*

Under this complex rotation the connection form changes according to the law
w% = (W%)n = W% + idep.
The function ¢ is defined by

= log (piZS) = log (p*2v2671) = 2logv — 2log p — logw.

By elementary computations one finds

1 3zv 2|2
Zl@*\Ti 3t903|p|
Hence, using Proposition A.5 one has
dp = <p,191 + @ﬁTéT + o, 00
1 3zv 1 3z2v |z]2 0 3 2.2
(27) = EF\@d,z o =oV2dz - 3 0+ O(p*)dz + O(p®)dz + O(p*)f.
By (23) and (27) we then obtain
206 )
(28) (Whn = GWAzp—dz + 67TAZp dz — 127rAz|p9 + O(p?)dz + O(p*)dz + O(p)#.
From (24) and (26) one then gets
* t * 7|~ 2 t 2 o
GWAzp—dz +67Ai g dz = 6 A(ZpMdz* - 67TAZ(|ZP|6+Z)CF +12ina] ,,6| (6)..
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and the coefficient of (), cancels with

25 2 o
Cromai 25 - o=
p

*

In conclusion, using also (25), in inverted CR coordinates we obtain

(29)
— 2 . _ 2 : o
(Wi )n = —GWAW + O(p*‘*)} dz, + {—%AW +O0(p:*) | dzx + O(p;°) (0).

We can finally rescale by the constant factor e/ = 27 to get the new forms (where we omit the normal-
ization symbol)

o

(30) 0 = (1+47Ap.? + O(p.?)) (0)s + O(p; %) dz. + O(p %) dz.;

(31) o' = (—2\/§wAZ;g* + O(p;5)> (5)* +O0(p;Mdz, + (L +2mAp 2 + O(p;?)) V2dz,.

Notice that by (138) the connection form will stay invariant. -
Later on, in Subsection 3.1, we will also expand the adapted frame associated to this triple (6,6, 1).

2.3 Definition of p-mass and an integral formula

Having in mind the previous expansions, and in particular formulas (30), (31), we give the following

definition of asymptotically flat manifold. Recall (see Subsection 1.1) that H' denotes the (3-dimensional)

Heisenberg group with standard pseudohermitian structure (Jy,6). Let B,, denote the Heisenberg ball
of radius pg.

Definition 2.1 A three dimensional pseudohermitian manifold (N, J,0) is said to be asymptotically flat
pseudohermitian if N = NoU N, with Ny compact and N diffeomorphic to H' \ B, in which (J,0) is

close to (Jp,0) in the sense that
0= (1+4rAp 2+ 0(p?)) 0+ O(p~?)dz + O(p™?)dz;

6 = O(p=2)0 + O(p~Y)dz + (1 + 27 Ap~2 + O(p~°))v2d2

for some unitary coframe 6 and some A € R in some system of coordinates (called asymptotic coordi-
nates). We also require that R € L*(N).

Remark 2.2 From Definition 2.1 and the structure equations in Subsection 1.1, we can then have
2V _ ° 4N _ _
o' = (Qﬁmpﬁ +0(p 4)) 0+0(p~"dz + (1+21Ap~2 + O(p~?)) V2dz,

and
12V

wi = {—67714@;: + O(,o_4)} dz + |:—67TAp6 +O0(p~ 4| dz + O(p~?)b.
We look for an expansion of the vector field Z1 of the type
Zi=(1+a) Z1 +b Z1 +¢ T
(recall the notation in (8)). From the three relations

0=0(Z1)=1+a)0(p™ %) +b0(p™?) +c(1+4mAp™> + O(p™?));
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1=0(Z1)=(1+a) (1 +274p 2 +0(p?)) +bO(p™*) + ¢ <—2\[2FA;16) + O(p3)> ;

0=0%Z1) = (1+a)0(p™ ") +b(1+ 27402+ 0(p™ %)) + ¢ (—2\/5712{4;2} + O(p_4))

we deduce that
c=0(p™%); a=—=2rAp~>+0(p~?); b=0(p").

Similarly we obtain
T=(1—47dp~2 +0(p ) T + (2\/§7rAZZ + O(p_4)) 71+ (2\/577/122 + O(p_4)> 7.

By our conventions about the quantities of the type O(p*), we also have that
A =0(p"";  R=Zi(wi(%)) - Zi(wi (%) +iwi(T) +2wi(Z1)wi (Z7) -
—— —_—

O(p=*) O(p=?) O(p=9)

Note that if we use 1+ O(p~2) as the v/2dz-coefficient of 0" in Definition 2.1, then only the real part of

O(p~2) (namely, 2t Ap=?) is determined. But then the 0-coefficient of wi is not O(p=>) (only O(p~*)).
On the other hand, we may relax the conditions in Definition 2.1 for other purposes in the future.

After this definition we are ready to introduce the notion of p-mass using a variational characterization,
in the same spirit of (45). Considering a one-parameter family of CR structures J(s) and using the
notation of Subsection A.1.2, we have that

J=2E =2E,0' @ Zy + 2B5:0' @ Z,.

Denoting by R(s) the corresponding Tanaka-Webster curvature and using (141)-(142) we then find

d /R(s)aAdez/ReAda
N

ds Is:O N

/ [i (Brigg —Fra1 ) — (An B + AgEn)] 0 A dO
N

—/ d(Eu,lH/\@l)—i—conj.—/ (A11Eqg + conj.) 6 A df
N N

_]{ E11,T9/\91+C0nj-—/ (A11Eq7 + conj.) 8 A df
0o N

]{ Wi NG — / (A11 E17 + conj.) 0 A df.
0 N
This formula leads us to the following definition.

Definition 2.3 Let N be an asymptotically flat manifold. Then we define the p-mass of (N, J,0) as

m(J,0):=i ¢ wiAf:= lim i wi A6,
00 1 A—+o0 Sa 1

where we have set Sy = {p = A}.

Remark 2.4 By the above computations one finds

d

d8|s:0 N N

which is the counterpart of (45), as desired. Apparently the definition of the p-mass depends on a choice of
asymptotic coordinates and a (co)frame 61. Whether the p-mass is independent of the choice of asymptotic
coordinates or an admissible (co)frame is an interesting problem. But we will not pursue it in this paper.

13



First, we show that m(.J, ) can be expressed in terms of the constant A appearing in Definition 2.1.
Lemma 2.5 If m(J,0) is as in Definition 2.3 and if A is as in (16), then
m(J,0) = 4872 A.

PrROOF. By (29) and some elementary estimates one finds

o

m(J,0) = j{ iwi A = —32’27TA}{ p~ % [(|2°Z +izt)dz — (|2|*2 — izt)dz] A O

—62'7TA7{ |2|2(Zdz — 2dZ) A o 6i7TA}l{(iEtdz +iztdz) A 5,
S s

where we have set

S={p=1}
Using the relations
(32) z = re'?; dz = e (dr +irdy); Zdz — 2dz = 2irdy,
we get
m(J,0) = —GiWA]{ [2i7‘4d<p + 2itrdr] A0 = 127TA7{ [7“4d<p Adt + tr(dr Adt + 2ridr A dy)]
S S

= 1271'A74 (T4d<p A dt + trdr A dt + 2tr3dr A d(p) .
S

On S we have 473dr + 2tdt = 0, so the last formula becomes

m(J,0) = mA?{

(r4dg0 Adt — t2dt A d<p) = 127TA7{ do A dt = 4872 A.
s s

Therefore we obtain the conclusion. ®

We derive next an integral formula for the p-mass.

Proposition 2.6 Let (N, J,0) be an asymptotically flat pseudohermitian 3-manifold. Let : N — C be
a C*®-smooth complez-valued function such that

(33) B=Z+B_1+0(p ) near oo,
and
(34) 0,8 = 0(p™ "),
where B_1 is a term with the homogeneity of p~' satisfying
1 V24
)1 =—2V2rA —
(35) (B-1)y = —2V2rd 5 — oy

near infinity, where € € (0,1). Then one has

2 1 _
(36) gm(J,H):f/ \Dbﬁ\QQ/\dHJrQ/ \53\29Ad0+2/ R\ﬂjﬁmdwi/ BPBO A0,
N N N N

where B
Pﬁ = Dbmbﬁ + 4i(A116,T),T
is the CR Paneitz operator (equivalent to the definition given by (10)).
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Remark 2.7 We will show in Section 3 that it is indeed possible to find a solution of (34) satisfying
(33) and condition (35).

PROOF. By the commutation rules (9) we have that
Bt =F6m +ib1 — RB1-
Multiply by 371 to obtain

Briba+RB1B, = BmBi+iB1B.
(37) = (BrBa)a — BB +i(B108) 1 — iB 101 8-

Integrating by parts we get

/N(B,HBJ)J@ A df + conj. = Zf (Z1871)B10" A0 + conj. + Zf wi(Z7)|8120" A6 + conj..
Regarding the first integral on the right-hand side of the last formula we have that

zj{ (ZTﬂ’T)BJHT A0 + conj. = z% Z7B1dz A (dt — izdz) + conj.,
while for the second using the definition of m(J, ) we find
zj{ w}(ZT)W’ﬂQGT A8+ conj. = %m(J, 0).
oo
For the second divergence term in (37) and recalling the asymptotics of w} in Remark 2.2 we get
/N i(ﬁ’TOB)JG A df + conj. = — f ﬂ’TOBHT A 0 4+ conj.

(38)

- j’{ (TB1)BO" A0+ conj. + ]{ wi(T)(B,B9" A6 — B1BO" N 0O)

o0

- j{ (Tﬁ’T)BHT A 6 + conj..

We have the Paneitz operator appearing if we use the formulas (the boundary terms vanish after inte-
gration by parts)

1 — _
— / Z(Pﬁ)ﬂﬁ A df + COIlj. = - / (6511 + z'An,Bj)jﬂﬁ A df + COnj.
N N

_ / BBrif A d+ / (—i(AnB1) 1B + conj.) 0 A db),
N N

and (from (9) we have i = § 7 — B’ﬁ)

7@/ B,TOIBQ A df + COIlj. = 7Z\/ (ﬂjloﬁ + (ﬂiAll)iB) 0N do + COIlj.
N N

/ (|5711|2 - i(P[)’)B) 0 A df + conj..
N

We will show next the following two identities

(39) z% Z7B1dz A (dt — izdz) + conj. = 1—72m(J, 0);
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(40) —7{ (Tﬁj)zx/idé A (dt —izdz) + conj. = —%m(J7 6).

To prove (39) we notice that (modulo O(p=3+¢))

e 1 i 1 V2A
Br = (1240 Z5() + (Ba)p = 75— VarAp ™~ 2Vamd g — s
1 1 V24
= —_— — 2 Ai T 09, 4
Vs I S

By elementary computations one finds

(it —6|z|2) N 2Az(|z|* — it)? _ 7rAz3‘2|2 — 3it n 2Az(|z]? —it)?

Z7B7=—-3mAz
P01 PE PE e

9

Then, by a scaling argument, we obtain
z% Z7B1dZ A (dt — iZdz) + conj.
(41) = iﬂ'A%g [(3|2]% — 3it)zdz A (dt — izdz) — (32| + 3it)Zdz A (dt + i2dZ)]
+ 2Ai%s (12> — it)?2dz A (dt — izd2) — (|2]? + it)*Zdz A (dt + izdZ)]

(recall that S = {p = 1}). By straightforward computations, and in particular the fact (cf. (32)) that
(42) zdZ + Zdz = 2rdr; dz N dzZ = 2irde Adr

we find (using also that on S, 4r3dr + 2tdt = 0)
(43) zj{ Z7B1dz A (dt —iZdz) + conj. = 27TA/ 3|z dyo A dt — 27rA/(—3)t2dg0 Adt
[eS) S S

1
+ 87TA/ v 1 —t24dt.
1

We then get

1
7
’L% Z7B1dz A (dt — iZdz) + conj. = 2472 A + 87TA/ V1 —t2dt = 287% A = ﬁm(J7 0),
oo —1

which is (39).
To prove (40) instead we use the following formula, which can be obtained from the expansion of T'
in Remark 2.2

iAV2 e
s +0(p ")

t
T3+ 2MA— + —————
B = WA v

j i AV2(|2)? —it)?
= —\/iﬂAi% T AN - \F(|ZL it) +O(p~°Te),

Using again a scaling and elementary computations (some of which are similar to those for the proof of
(39)) one gets

- ]{ (Tﬁj)zﬁd? A (dt — izdz) + con].

1
— 2inA 7{ [Bitadz A (di — i7d2) + 3itzdz A (dt +i=d2)] — 75m(7,0).
S

16



Exactly as for (41) and (43) we deduce

- ]{ (Tﬁj)z\/ﬁd? A (dt — izdz) + con].

1
—47TA/ 3t%dp A dt — —m(J,0)
. 12

1 1 1

which proves also (40).
Using all the above formulas and the fact that P is real we then obtain

—2/|ﬁ,ﬁ|29/\d9+2/ R|5 120 1 db

N
2 1 -

= *m(J,9)—2/ Iﬁﬁ|29Ad9+2/ |511|29/\d9——/ﬁ(P3)9/\d9_
3 N ? N ) 2 N

Since O, = =20 1;, we finally get the conclusion. B

In Proposition 3.1, we prove the existence of § satisfying (33), (34) in Proposition 2.6. Moreover, in
Subsection 3.4, we prove the existence of 8 such that 0,8 = 0. Substituting this in (36) (plus an
argument on the Paneitz term), we finally get the non-negativity of the p-mass.

We recall next some well known definitions and facts in General Relativity, referring to [33] for more
details. A Riemannian manifold N (of dimension n) with a smooth metric g is called asymptotically
flat of order 7 > 0 if N decomposes as N = Ny U N, where Ny is compact and N is diffeomorphic
to R™ \ Br(0) for some R > 0, and if g on N satisfies gi; = ;5 + O(|z|™7), |0g:;;| = O(Jx|7™71),
102g:;| = O(|z|~™2) as |x| — 400, in some system of coordinates. Such coordinates are called asymptotic
coordinates. One then considers the Einstein-Hilbert action

Alg) == _/ SqdVy,
N

where S, is the scalar curvature of (N, g). Given a smooth variation g, of the metric with d%|szogs =,
v = (vij), one has
d
ds
where Gy = R;j — %Sggl-j is the Einstein tensor and where & = (fujk)’C — v,’i)j)dxj. Then, if one defines
the mass m(g) to be

ls=0(Sy,dVy,) = — (v Gij + V*E) dV,

@) mlg) =t et v 0= (9igi; — 0,905, Sr = {l] = R}.
e} ZR

varying the metric it turns out that
d y

(45) A+ mig) = [ 1G5,
ds N

To explain the link between the spinor method in [42] and the O, operator, let us consider a general spin®
structure on a contact bundle £ over an asymptotically flat pseudohermitian manifold M of dimension
2n + 1. Let W denote the spinor bundle with a spin® connection V compatible with the pseudohermitian
connection VP Let ey, ..., €2, denote an orthonormal basis of £ with respect to the Levi metric. Denote
the contact Dirac operator D¢ by

2n
Dety = T(eq)Ve, ¥

a=1
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for a section ¥ of W, where I denotes the Clifford multiplication. Let T" denote the Reeb vector field
associated to the contact form 6. Let Dg, v* denote the adjoint operator of D¢, V, resp.. We then have
the following formula

(46) D{Dey = Zv* Ve, 1 — 2Zreaen+a)va
a=1
+ZF ea (€a7€b)¢
a<b

where 1 < a,b < 2n and RY (eq, ep), the curvature operator, is defined by
RY(ea,ep) == Ve, Ve, = Ve, Ve, = View e]-

Decompose R(Yb := RV (eq,ep) as a sum of the trace free part RZ) and the trace part 2_"trWRZJ. A
standard deduction shows that

ZF ea abw - /l/}

a<b
where, again, R denotes the Tanaka-Webster scalar curvature. On the other hand, 2 "try RY, =
F4(eq,ep) in which the curvature 2-form Fy := dA and 2A is the connection form of an associated

line bundle Lp (det W = L?anl). Therefore we can reduce (46) to

2n n
(47) DiDety = Y ViVe, =2 T(eabnia)Vre
a=1 a=1
1
+ B+ p(Fa)y

where p(Fa) = >, T'(eq)I'(es) Fa(ea, ep).

To deal with the T-derivative term in (47), we consider the canonical spin® structure with W =
A% the bundle of all (0, ¢)-forms. In particular, we take ¢ = Jyu = Zg:1 u,geﬂ, a (0,1)-form with
components being derivatives of a complex function u. Then we have

9 %\ 5 A% A 1
D{'l/} = (81, + a;:)abu = 8;(91;’& _ imbu

where [, := 2(51,5; + 5; 51,) is Kohn’s Laplacian. Note that 5; u = 0. To solve the contact Dirac equation
D¢y = 0 for ¢ with suitably asymptotic behaviour at the infinity is reduced to solving Cyu = 0 for u
with corresponding behaviour at the infinity. Associated to the T-derivative term is a term involving
so-called CR Paneitz operator P after integration. Observe that for n > 2 (i.e. in real dimension 2n + 1
> 5), P is non-negative (for closed M and open M with suitably decaying test functions) (see [11], [24]).
In dimension 3, the embeddability of the underlying CR structure is necessary for its non-negativity, see
Remark 1.4.

On the other hand, in dimension 3, the trace curvature term p(F4 )% is absorbed in the scalar curvature
term. So by further assuming R > 0, we can have the non-negativity of the p-mass (which we pick up
from the boundary terms).

3 Proof of Theorem 1.1

We are now in position to prove our main theorem. For doing this, we need to introduce some notation
and preliminary facts. For two functions fi, fo € L'(H') we define the convolution operator

(% f2)(Z /f1 (ZW ) fo(W)dW = /f1 Ve (WLZ)dW; 2= (21), W= (w,s),
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with
W Z =(z—w,t—s—2Tmzw); dW:(eAdQ)(W),

see the notation in Subsection 1.1.
By the solvability theory of O, in H' (see Chapter 10 in [15]) we have that

(48) O,k =K0, =1d— S on L2(H'),

where § is the Szego projection

. 1 —2. 2 2 .
Sh:gl_%ﬁh*ﬁs 3 7’€:|Z| +¢€ 7Zta
and where | |2
1 zl© —it
Kh=hxo; b= ——log | —5—r 2 i)t
Define now
Z(]2]? + it)
(49) f:47rA|p6,

and let x : H' — R be a cutoff function, weakly monotone in p, satisfying

Xx(z,t) =0 in a neighborhood of (0, 0);
X(z,t) =1 near infinity.

1

Our next goal is to find a function S_; which has the homogeneity of p~' near infinity and such that

(50) OBt = —xF near infinity.

This function will be useful to solve (34) and to determine the asymptotics of a function 5 as in Proposition
2.6. We can exhibit indeed two functions § and § which satisfy

Z(|2|? +it)

in H!
Pg

(51) B9 = —4mA

pointwise almost everywhere, but which are not continuous. The two functions are

52) (29 —dimA (L - 1) fort>0;
5 g(z,t) =

—4iTA % + % for t <0,
and

02

(53) g(z,t) = —4i7TAE for z # 0,
where we recall
(54) v=uv(z,t) =t+1i|z|*

The function § is not continuous on the plane {t = 0}, while g is not continuous on the axis {z = 0}. By
this reason, § and ¢ should be considered spurious solutions of (51): however, it turns out that they are
useful in some integral estimates, see in particular Subsections 3.2 and 3.3 below.

The proof of our main theorem relies on the next proposition, where a solution of 0,5 = 0 with a precise
asymptotic behavior is found.
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Proposition 3.1 If N is an asymptotically flat pseudohermitian manifold of dimension 3, there exists a
C*>-smooth solution B of
0,8 = 0(p™%) on N

satisfying (33), that is,

B=Z+P_1+0(p ) near cc.
More precisely, if € € (0,1) and if § is as in (49), we can choose a C*°-smooth S_;1 so that

(55) B =K(=xf) +O(p~%*)  for p large,
and
(56) (B-1)1= —2\/§7TAi ﬁ

02 B |2|% + it

near infinity. Moreover, if N is the blow-up of an embeddable compact three dimensional CR manifold
with Y(J) > 0, then there exists a C*°-smooth solution B of 0,8 = 0 satisfying (33).

The proof of Proposition 3.1 is given in the next four subsections.

3.1 Expansion of 0,z near infinity

To study equation (34), we begin finding a correction to Z by evaluating first O, on Z. The following
asymptotic expansion holds.

Lemma 3.2 If N is an asymptotically flat pseudohermitian manifold of dimension 3, then

0z = 47TA%(\,2|2 +it) +O(p™) near infinity.
p

PROOF. We want to express Z; and wi in asymptotic coordinates, recalling that

° 1 g _0 ol
Zl—\/i(az"—lzat), wl—O.

Recall also that, from the expansions in Section 2
0= (1+41Ap 2+ 0(p?)) 0+ O(p~*)dz + O(p™?)dz;

o' = (—2\@7#1'216} + O(p_5)) o +O0(p™dz + (L +27Ap~ 2+ O(p™?)) V2dz.
p

Recalling also the estimates on the functions a, b, ¢ from Remark 2.2 we also have
ZlZT + w%(ZﬁZT = |:(1 + CL)Zl + bZT + CT:| |:(]. + a)ZT + bZ1 + T | + wi(Zl)ZT

= Z1Z7+(Z1a)Z5 + 207127 + wi(Z1) Z1 + Ro,,
where the remainder term Rg, satisfies

02 o
T

o] [e] O2 o o o] (o) [e]
Ro, = O 2121+ 0021 +0(p™") 21+ O(p™") 2121 + O(p™>) Z1T + O(p™°) 27

02 o o O o o o
+ O™ T +O0(pNVTZ1+0(p ) TZ:+O0(p°)Z1 +O(p™ ) Z7: + O(p™")T.
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Recall that, by Remark 2.2 one has
wl = [-9.5vV2+ 0(p™)] dz + [g-3v2+ O(p™")] dz + O(p~")60,

where

WA\[
9-5= "% 2(3z[* - 3it).

Noticing that a = —27rAp~2 + O(p~2) implies

o o 1 2zv
Zia+0(p~) = —2wAZ1p ™2 + O(p~") = 2rA—="2 4+ O(p™"),
V2 p
we obtain the expansion of £ := 0O;, — 0,
& = —4aZZy—2(Zva)Z7+2g_327 — 2Rg,

1 2zv ©
\[ "6
= STrAp_QZlZT + 2\/§7rA = (3]2]* + 3it — w) - 2R,

= SnAp*Z, Z*—47TA —Z1+2g_ 3Z - 2Rg,

= 8mAp~ 2Z Z +4\[7rA (|z\2—|—zt) —2Rp,.

Applying this operator to the function Z we have that

(57) £z = 8rAp~2Z,(1 1)+ arA s = (|22 + it) + O(p *4)f4m (|22 + it) + O(p~*

which gives the desired conclusion. B

3.2 proof of (55)

We have the following result concerning approximate orthogonality of f to the Szegd projection.

Lemma 3.3 Iff is defined as in (49) then

(S(xP)(z,t) = O(p™™) as p — +oo.
PrOOF. Let §(z,t) be as in (52). Then one has

ﬁbg =—f for t # 0.

o (1 o ([ p? _
Z1 (z> = 0; Z (sz) =p?

Since

we have that Z1¢ extends smoothly to ¢ = 0 except for p = 0. We consider the function

f=-05(x9),

which coincides with § outside a compact set containing the origin of H?.
We then compute

~SH2) =~ lim [ GOV Z)aW =~ [ (@) W)V Z)aw
H?
1

= o m [ (@) aw i [ ) )20

71'2 e—0 H1

1Z)) 1aw



In the above equalities we used the fact that n-2 is a conjugate CR function in W. Integrating by parts
we then get

lim [ O,(xg)n=2(W = 2)dw

e—0 !
= 55 lm 74: (@)r (W)W 2)(0 A 01 )(W) — 7{:0(xg>1<W>n;2<W-1Z><eA91><W>]
1 . N _ _ z . . _ _ z
= 52 lm [ y{zw (x@)t(W)n=*(w 1Z)ﬁdw A dw — j{zo_(xg)T(W)ne (W IZ)ﬁdw A dﬁ} :

Since (x§)7 is smooth outside a compact set, we have vanishing of the difference of the boundary inte-
grands outside a compact set. We also have that

lim nZ2(W=rZ)=0(p™)(Z) for W in any given compact set of H'.
E—r
The last two formulas then imply .
(SH)(2) = O(p~)(2).
By the same reason, since xf and f coincide outside a compact set we have that as well
S(R(Z) = 0(p~)(2),
which is the desired conclusion. B

Take = xzZ — K(xf). From (48), (57), and Lemma 3.3, we compute, near infinity,

Op8 = Bs(Z - K(xf))
F=xF+80x) — EK(A) +0(p™)
= 0+0(p™™).

1

By scaling arguments, one finds that K(xf) is the sum of a function with the homogeneity of p~! and

a function of order p=2%¢, concluding the proof of (55).

3.3 Proof of (56)

Since

- 1
@r=-2VErA%  (:£0)
extends continuously to H' \ {0}, to show (56) it is sufficient to prove that

V2A

22 +it

(58) (K(—xP); + (@ +0(0™")  for z#0 and p large.

To obtain this estimate we use a distributional argument. First of all, we remark that % is well defined,
as a distribution, by the formula

1 %0 o
o) = — 1 E " RN ]
<Z7s0> /Hl og |2| % 7

for any test function ¢ € C°(H'). We have now the following result.

Lemma 3.4 If g is defined as in (53) then one has

2,
(59) By g=—f— 4\/§i7r2Ap—Zlé{z:0} in the distributional sense of H' \ {0}.
v
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PrOOF. We have
o o 2 ]_ 2 o ]_
(60) 71§ = —dinAZ; (”) S —4inA 7 () .
v )z v z

We next notice that, for any function ¢ € C°(*)

rre) = Godre) = Go2ie) = — [1ow P00 + =000 A di
- L 10g|z|21AR2g05/\d§ = L<AR2 log | 2|2, )
v2 /i 4 42 ’
= i '47T<{z=0} ¢) = l<{ =0} ©)-
42 RS

Therefore by (60) we have

o ~ . o 2 1 . 1 2
Z1g = —dimAZy (Z) 2 + 471'14”"%%&:0} ((z,t) # (0,0)).

Using the (distributional) formulas

o 1 11 o 2 j —i|z|?
5 | Zl(p):_wuwn

1; = —\ﬁ;,
and the fact that z;,_g; = 0 we find
o o o p2 p2 o
27,775 = —f—4V2r%iAZ, (v) Oz=o0y — AV2m%IATZ16(:—0)
2,
= —j-avantidl Zisgy  ((56) £ 0,0)),

which is the desired conclusion. B

The previous lemma implies clearly that
2
Ou(xg) = x <—f - 4\/52'”2140215&_0}) +7,

where 7 is a distribution with compact support A,.
We next consider a sequence of smooth nonincreasing cutoff functions x; = x;(p) such that

Xj(p) =1 for p<j; Xi(p) =0 forp=>j+1,

and another sequence of nondecreasing cutoff functions x; = x,(|z|) satisfying

| —

- - 1
x;i(|z]) =1 for |z| > =; X;(|z])) =0 for |z]| < Z

<

We then define the sequence
i (z,t) = X; ([2Dx; (p)x (2, 1)g(2, 1).

Since the g;’s converge to g locally in L' we have that

(61) ﬁbﬁj = —x;xf+ ¢ + &5,
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where (; is a sequence of functions supported in {1 < p < j+ 1} N{|z| < 1/} satisfying
D’ p*
(62) G = —4AV2in? A= 2151,y
v

on every open bounded set of H' which does not intersect {p > 2}, and where &; is supported in
{1<p<2}U{j<p<j+1}, with order O(p=3). For z # 0 we now compute

O

ZKGaNZ) = [ G NzeW T 2aw = [ (i) (V) ziew - z)aw

(63) + GWZg (W 2)dW + | &(W) 2@ (W Z)dW.
Hl Hl
Lemma 3.5 The following three formulas hold
(64) /Hl OGXP) (W) Zz (W1 Z)dW = ZeK(x§)(Z) + 0;(1)0(p™);
2A
(63) | amzer=zyaw - ﬂt +0(p™) + 0,(1);
(66) | 6N Z@ =1 2)aW = 0(57%) + o,(1).

PROOF. To prove (64) we notice that clearly
L oonmziewtzaw — [ ahonzew zjaw
+ [ @=xhmzer ziaw,
so it is sufficient to show
L@ 200V 2)dW = 0,100 7).
We first notice that

(67) Zo(W1Z) = Efwléz)) = 0(p 3 (W' 2)),

which implies
(@ xnpnzarz)| < o (W)~ (W 2))*aW.
HL! {p(W)>j}
By a scaling argument one shows that

[y et taw <)t [ ey taw < S ipz)
{p(W)>5} {pr(W)>5} J

giving (64). Recalling the properties of the support of (;, we can write that
&) Zr(W ' 2)aW = / & (W) Ze®(W ' 2)dW
H! {1<p(W)<2}

/ (W) Ze@(W 1 Z)dw.
{5<p(W)<j+1}
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An argument similar to the one for (64) gives the same estimate for the second integral in the last formula.
To control the first one we use (67) to find

<C (p(W2))72dW = O((p(2))7),
{1<p(W)<2}

/ & (W) 2y (W1 2)dW
{1<p(W)<2}

which gives (66).
It remains to show (65). In this case, we divide the integral into the three regions

Ar={l<p<df Az ={4<p<j} As={j<p<j+1}.

Letting W7 denote 1-differentiation in the w-variable, using scaling arguments similar to the previous
ones, (62), and the fact that

1 1
C8n2 (|2 — w2+ i(t — s — 2Im(zw)))?’

W1 Z:0(W™127) =
we easily obtain

G (W) Ze®(W = 2)dW | = o(1).

g(W)zl@(W—lZ)dW\ — 0((p(2))) [

/.
On the other hand, from (62) and some elementary estimates one finds
. -1 _ ) P2 = -1
GW)Zz (W ™" Z)dW = —4/2ir% A —Wi0(w=0y Z7R(W ™" Z)dW + 0;(1).
.A2 A2 v

Using the facts that

2 — 12 2
p .1 w(s —ilw|?) P 1 for s > 0; .

Z - - —— = 0' —_— ’ ’ f = 0

! <s+i|w|2> Z\/ﬁ 08 ’ s+ iwl|? -1, for s <0, = W=
we deduce

1 2 PQ(W) 1
GW)Zg@(W = Z2)dW = — 4\ 2im A/ — (Wlé{w:()}) Zy®(W™22)dW + 0,(1)
Az Ay S + Z‘w|

— 4\/§zﬂ2AA 5{w:0} {|;lel(®(W1Z))} dwW + Oj(l).

Using also the identity
1 1

. L/ e — £ =
WhZz (W™ 2Z) 72 (P4 ilt— ) or w =0,
we then find
_ O 1
(W Z=(W 1 2)dW = ——A/ e
L, Nz W) SRl A (RS e
V2 - 1
YoiA  _ds+0,(1
TN / e —ape Tl
V2A .
|Z|2+Zt+0(p )+0]( )a

which gives (65). B
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Summing up, by (63) and Lemma 3.5 we obtained that

V24

Z1(K(B43;)) = ZeK(—xd) + Pt

+ O(pf‘o’) + Oj(l).

Since Kﬁb = Id — § on distributions with compact support and since the image of the Szegd projection
consists of CR functions, by Lemma 3.3 we deduce that for z # 0

V2A

7195 = Z1g; — Z1(89;) = Z1K(=xf) + EEEST

+0(p™%) + 0;(1).

Letting j — +o0, this means

V24

|22+ it +0(p™?) for z # 0 and p large.

719 = ZyK(xf) +
This is precisely (58), concluding the proof of (56).

3.4 Existence of a solution to 0,5 =0

Below, for p1 € R we denote by £(p*) the set of smooth functions u on an asymptotically flat pseudoher-
mitian manifold N for which near infinity one has

|Z(a)u| < Co prlel

where « is a multi-index and Z(®) is a composition of Z; and Zt derivatives of order |a|, and where Cy 4,
is a positive constant depending on « and u. The main tool to prove the existence part in Proposition
3.1 is the next result (notice that in [26] a different convention for # is used). Define

Db,l = G?]Db, my = G;ZG A do.
Denote the space of square integrable functions with respect to the volume form m; by L?(my).

Theorem 3.6 (Theorem 1.8 and Theorem 1.4 in [26]) Suppose N is the blow-up of an embeddable
compact three dimensional CR manifold with Y(J) > 0. Then

Db,l : Dom(Db_yl) Q Lz(ml) — L2(m1)
has closed range, and the following decomposition holds
Op1 Ky + Sy =1d on L(my),

where K denotes a partial inverse of Oy 1 and Sy the Szegd projection onto the kernel of Oy 1. Moreover,
for every e € (0,2), Kn and Sy can be extended continuously as maps

Kn : E(p*%) = E(p™0); Sy E(p* %) = E(p*79)

and hence there holds
Op1 Kn + Sy = 1d on E(p*79).

Remark 3.7 Note that O, may not have L? closed range with respect to the volume form 6 A df. This
causes difficulty to solve the Oy equation directly. In [26] the authors introduce the above weighted Kohn
Laplacian Oy 1 and show that Oy 1 has L? closed range with respect to the weighted volume form my.
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We observe that near infinity, Oy — 1 = G2(0y — O) + (G2 - ((O;p)z)ﬁb maps E(p") to itself. We
apply Theorem 3.6 with
h==0y1(xZ + K(=xf))-

By Lemmas 3.2 and 3.3 (in fact, O(p~?) in these two lemmas can be replaced by £(p~*)) we have that
h € E(p°) and hence we can find u = Kyh € E(p~2¢) such that Opu = h (note that Syh = 0, see
Theorem 1.5 in [26]). Therefore the function

B =xZ+K(=xf) +u

is a solution of O 18 = 0, hence 0,5 = 0 (see also the deduction in the introduction of [26]). By scaling
arguments, one finds that K(xf) is the sum of a function with the homogeneity of p~! and a function of
order p~2%¢. We have proved the last statement of Proposition 3.1.

3.5 The role of positivity of the CR Paneitz operator

We prove here that the positivity of P on the compact manifold implies positivity of the last term in
(36) as well, up to a multiple of m(J,0) (which can be reabsorbed into the left-hand side). We have the
following proposition, which also exploits some result from [26].

Proposition 3.8 Let N be the blow-up of a three dimensional CR manifold with positive CR Yamabe
invariant and non-negative CR Paneitz operator. Let 8 be as in Proposition 2.6: then one has

1 - 1 _ _ 9
(68) 5 /N BPBONII = 5 /N(B,l + B _ore Fu)P(B_1 + P_oqe +u) O NdE — gm(J, 0)
where u = O(p~2) and

4
(69) Jm(.0) > —/ \Db,8|29Ad9+2/ m,ﬁ\?emwm/ R|5 120 A do.
N N N

Moreover, if 0 is chosen as in (2) and (B is chosen so that Oy = 0 (this can be achieved by Proposition
3.1), then R =0 and the above inequality is reduced to

(70) %m(J, 0) > 2/ |B.11|70Ad0 > 0.
N
Proor. We set

f=0z€&(p Y.

By Theorem 4.5 in [26], we can find u € £(p~?) so that yu = Jp2 (note that in [26], the coordinates
that authors use can be changed to ours by a CR inversion). Let us write 5 as

B=Z+B 1+ B oye=F—1)+P-1+ P21+,
S0 B B _
B=(E-u)+B1+ 0 g Tu
We write the CR Paneitz operator Py = 4(¢qy; + tA1197)71 as

P=P;00, or P:(‘?{;opg.

where

P3(a60") = 4(at 11 +1iA11a1) 1,

and

Py() = A(py, + A6
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Since P is real we have that [ BPBOAdf = [, BPBO A df € R, and hence
/ [(Z=0)+ Bo1+ Bote + U P(B_1 + B_oye +u)0 A db
N
- / [(z=u)+ By +B oy +u] P(B_1+ Bozpe +7) 0 Adb.
N

Integrating by parts, we move a 1 derivative to the first term in the integrand of the right-hand side,
which annihilates z — u. In this way we get

/ (Z =) + Br + Bgse + T P(By + B grn+u)0Ad0
N

— _/ (B_1 +B_gre +u)rPs(B-1 +ﬁ72+g+ﬂ)9/\d9—l—f ZiPsB_16 NG
N

For the last term we used the decay at infinity of the lower order terms in 3, giving
]{ i((z—u) +B_y +Bope +u)Ps(Bot + Bozie +TW) O N = ?{ ZiP3B_1 60 A6

Using the Stokes theorem again, we find

f{ 2iP3B_10 A0 / (z=w)+B_1+B_gic +u)P(B1+ Bore + 1) O A dO
oo N
+ /N(Bq +372+5 + u)ﬂ%(ﬁ,l + B_oye + 1) O A d6.

From the last formulas we deduce

/NﬁPBG A do

/N(B_l +B_gye +u)P(Bo1 + Booe + 1) O A dO

(71) + 7( ZiP3f_q (dt — izdz + izdz) A V2dz.

Using the decay of Aj; at infinity we find

(72) ?f P3B_y - zi(dt — iZdz + i2dZ) A V2dz = f 4(B_1)1y, (iV2zdt A dz — V222dZ A dz).
By our choice of f_; we have that

—2(B_1)gy = DBy = —47“4[;% {l2* + it} + O(p™"),

and moreover _
. z . _ . _
(0, + iz0%) L’G (]2 + zt)} = —37%(|2|® +it)?p ",
so we find

(12 +it)*
,010 :

4(B_1)7, = —12V2An7?

Inserting this expression into the boundary formula we get
47{ (B_1)1y, (iV2zdt A dz — V/222dZ A dz)
oo
= —12\/57{ TA [|2]* = t* + 2it|2|] p~0Z2(iV/2zdt A dz — V222dZ A dz)

= —2471'Ajl{ [|2* = 4 2it|2|*] 2°(izdt A dz — 2°dZ A d2).
s
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Using the fact that 7% 4+ ¢2 =1 on S and the relations (cf. (32) and (42))
dz N dz = —2irdr A dyp; dt A dz = ire?dt A dyp,

one finds

4% (B_1)11,(1V2zdt A dz — V/22%dZ A d2)
= —247TA/ [|2[* — 2 + 2it|2|?] r? (—r?dt A dp — 2irPdr A dyp)
s
= —247TA/ [|2[* — £ + 2it|2|?] (r'dp A dt + 2ir°dep A dr)
s
= —247TA/ [|2* = £ + 2it|2|?] (r'dp A dt — ir®tdp A dt) .
s
The terms which are odd in ¢ vanish after integration, so the last expression becomes
! 4
—487r2A/ (1~ )t = 647> A =~ Zm(0).
-1

In conclusion, from (36), (71), (72) and the last formula we find

2 1 [ =
2 (.0) _/ \Db5|29/\d6+2/ |Bﬁ|20/\d9+7/ GPB0 A df
3 N N 2 Jn

— 0, 320Ad0 + 2 B |20 A db
I
N N

+ % / (B 4+ B_gye +u)P(Bo1 + Booye + 1) O N d — gm(J, 9).
N

Viewed as a function on M, 3_1 + B_o,. +1, vanishes at p, is of class &>2(M), and is smooth on M \ {p}.
Therefore, by the conformal invariance of P and its non-negativity we have

/N(B_1 +B_2+E +u)Py(B-1+ B-2te +T) O N d
= / (B_y + B_oye +u)Py(B1 + Bope +1) O Adl > 0.
M\{p}

Notice that the non-negativity of P is assumed on smooth functions, but by approximation and integration
by parts one also gets a sign condition on the integral of vFP,v for v of class &22(M).
Summing up we then obtain

4
-m(J,0) —/ \Dbﬂ|29Ad9+2/ |ﬂl—1|20Ad0+2/ R|B 1?0 A db
3 N N N '

1

+ 5 / (B—l +B_2+6 + U)Pé(ﬂ_l + B_ote + ) oA dé,
M\{p}

which implies (69). Formula (70) then follows immediately. B

3.6 Conclusion of the proof of Theorem 1.1

The first statement of the theorem follows immediately from Proposition 3.8.
Suppose now that m(J,0) = 0. Then, from (70), Proposition 3.1 and (68) we have the following
identities

(73) B11 =0; B1 =0; PB=0.



The first two relations imply that | 65|2 is constant: in particular, from the behavior of 51 at infinity we

deduce that [ 1| = 5. We also have then
R=0.

From Pj3 = 0 we also deduce that A;; 1 = 0. Let us now show that the torsion vanishes identically:
in order to do this, we follow the arguments of Section 3 in [37]. Since the ideas here require rather
straightforward modifications, we will be rather sketchy in this part.

We consider the flow ¢ generated by the Reeb vector field T of N, and we let

Jis) = ¢3d (J = LrJ =2A;y),
where A9 = —iA110" ® Zy+conj.. By the variation formulas (141), (142) we have that

d . d )
(74) e T 0 = —2|An? +i(Ay 17 — Amra); 75 (A11)se)0 = idino.

Since for an asymptotically flat manifold we have A;; = O(p~?) at infinity (see Remark 2.2) and since
A7 =0at s =0, from the second equation in (74) we derive (from a Taylor expansion in s and taking
space derivatives) that

Ay 11 =0(sp™®) for s small and p large.

Then the first equation in (74) implies that for s small

—Cs everywhere on N;
(75) Ry 2 { *C’p% at infinity.

In particular, it turns out that the negative part of Ry, ¢ is arbitrarily small as s — 0. Similarly to
Lemma 3.1 in [37] one has the Sobolev type inequality

(/ u49/\d9) gc/ |Vyul|?0 A db; C > 0,u € CX(N)
N N

where |Vyu|? := 2u ju 7. This implies that

4/ |Vyul?0 A df — (/ R?,(g)ﬂe/\de> (/ u49/\d9>
N N ) N

> (4+05(1))/ |Vyul?0 A df as s — 0.
N

%

/ (4Vsul> + Ry, ou®) 6 A d6
N

Therefore, the operator —4A, + Ry, ¢ is coercive for s small. Estimates similar to (75) imply that
|R J(S>79| < Cp~8 at infinity, and hence we can find a solution v, of

—4Abvs + RJ(S)ﬁvs = RJ(S>79 on N,
which decays to zero at infinity. More precisely, using estimates similar to those of Lemma 3.2 in [37],
together with Lemma 5.1 one finds that

1

Vs = W ‘/JV(RJ(S)’G - RJ(S)’Q’US)G A de + 0(9_3) at lnﬁnlty

The function us = 1 — v, then satisfies

(76) —4Apus + Ry, 0us =0 on N,

which means that the manifold (N, J), u20) has zero Tanaka-Webster curvature and is asymptotically
flat. By the asymptotic formula for vs we deduce immediately

1

s=1-—5-—
" 32mp?

/ Ry, .0usf N df + O(p™) at infinity,
N
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and hence by Lemma 2.5 (see also the coefficient of  in Definition 2.1) we have that

3
(77) (T, 020) =~ /N Ry ots0 A dO.

Differentiating the last formula in s and using the fact that ug = 1, together with (74), we find

d 3
£\s:0m(J(s),u§9) =3 /N |A11|20 Adf >0 in case A;; Z0 at s =0.

This implies that for s negative we obtain a manifold which is asymptotically flat, with zero Tanaka-
Webster curvature and with negative mass.
We show that this is a contradiction to the first part of the theorem. In fact, the flow ¢, on the

manifold N corresponds to the one parameter family of diffeomorphisms () on (M, J, é) generated by
the vector field (G,)~2 |T + 2i(log G,) 1 Z1 — 2i(log Gp) 1Z1|, where G, is the Green’s function of L; on

M for s =0, and T the corresponding Reeb vector field. Letting j(s) denote (gb(s))*j, then one has clearly
that (Gp)(s) = usG) (since uSGpé has zero Tanaka-Webster curvature, and the correct asymptotics near

the singularity). Hence we obtain (N, Ji,),u20) as blow-up of the compact manifold (M, j(s), 0), through
the Green’s function (Gp)(s)-

The contradiction will follow if we show that (M, j(s), é) satisfies the same assumptions of Theorem
1.1. Notice that we are pulling back the structure via the contact diffeomorphisms ¢y, so the positivity
of L, Jioysb and of P oy b both follow from a change of variable and its conformal invariance. Therefore,

we proved that m(J,0) = 0 also implies A;; = 0.

To show that IV coincides with Heisenberg, first we define a map from a neighborhood of infinity ¢ in N
to a neighborhood of infinity V in H!. From (73) we find that

d(B10") = B1,0' NO' + B0 NO' =0,

which implies that 8,7 = 3117 =0, 811 =0, |8,1|* = constant = 0, and hence dff = 559? Taking z = 3
we have _

d(0 — izdZ +izdz) = i0' A 0" — 2idz A dZ = 0.
Note that dz A dz = [B1]?0" A ' and 1B11* = 1 hence, if we take U simply connected (for example,
{p> R}, R> 1, in inverted CR coordinates), there exists a function ¢ such that

dt = 0 — izdz + izdz.

So we get a pseudohermitian isomorphism between I and its image in H', V, if we send ¢ € N into

q
0 (. t(a) = (3o, [ af)
q0
where we are taking curves connecting gy to ¢ inside U.

We call U : V — U (sets which we can assume to be connected by arcs) the inverse of this map.
Extend ¥ to a covering map U : H' — N. Observe that V is contained in a fundamental domain. If ¥
is not 1-1, then there are at least two fundamental domains. But one of them has infinity volume while
any other one has finite volume. The contradiction shows V¥ is 1-1 and a pseudohermitian isomorphism
between H! and N. This concludes the proof.

Remark 3.9 If J is spherical we have a different proof of the vanishing of Ai1. In fact, if Q stands for
the Cartan tensor (see Subsection A.2), for spherical structures one has

1 ) 2,
0=9 = 6R’11 + iRAn — A0 — gZAu,Tl'
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Then (see Section A), since Ay 1 =0 and R =0 we find that
0= iAll,O = All,lT — All,Tl — 2A11R,

which implies Ay, 17 = 0. By integration we obtain

0= —/ AnﬂAﬁH Adb = / A1171AﬁT9 Adb = / |A11,1|29 A db,
N N ’ N

which implies A111 = 0. Differentiating we get |A11|? = const. and the constant is zero at infinity, which
implies A11 = 0.

4 Some examples

In this section we describe some examples: first we find a structure close to the spherical one with
nonpositive Paneitz operator. Then, we derive an example of manifold with positive Tanaka-Webster
class but with negative mass. We finally describe a CR structure on 52 x S! with non-negative Paneitz
operator.

4.1 Three dimensional CR manifolds with nonpositive CR Paneitz operator
Recall that from the commutation rules (9) one has
(78) Opu = —Apu + iTu = —(u 7 + ugy) +iuo = —2ug = —2Z1(Z7u) — 2w}(Z1)ZTu.

Recall also that, along a deformation J, of the CR structure the following relations hold (see Subsection
A1.2)

(79) Zl == 7Z‘E11ZT; él = 77:E119T,
(80) w% =1 (AuEﬁ + AﬁEH) 0 — Z'(Elljel + Eﬁ,leT); AH = iEu’o.
(81) —Ay = 2i (B11ZyZ; + By, 1Z1) + conj..

We derive next the first and second variations of the Paneitz operator near the standard three dimensional
pseudohermitian sphere. We can express the Paneitz operator P as follows

(82) Py = 0,000 + 4i(A119 1) 1
for a smooth real function . By (78) the expression (82) is equivalent to
(83) Py =4( 1, +iAnvg) s or  Py=Afp+ T+ 4Im (Ah) 1

Along the above deformation J(y) , let Py denote the Paneitz operator associated to (Ji), ¢). Let (-,-)
denote the L? inner product with respect to the volume form 6 A df. We then find

(84) d (P(S P, ) = Q(Ab’(/J Abw —4Im / A ’(/J 1 9/\d9 — 8Im / A7 (¢ ) Y160 Ado

by (83). From (79) we have

(85) () = —iEn 3.

32



Substituting (80), (81), and (85) into (84), we obtain
d . . .
(86) £(P(s)1/)ﬂ/)) = 4/ Eri (=i 111 — i 111 — Y10 + A1) 0 Adf + conj.
M
— 80 [ Euda(an +idu)0 A do+ con
M

using an integration by parts and the commutation relations (9). Take 1 € KerPq), i.e.

(87) 4(¢ 111 + A1) 1 = 0.

If J(o) has transverse symmetry, then we can find a contact form 6 ) such that A;; = 0 with respect to
(J(0), B(0)) (see [32]). By the transformation law (3) we have that Ker P and (P, ) are independent
of the choice of contact form. So we may just take )y as the contact form in (87) to get v 1117 = 0.
Multiplying this by v ;7 and integrating, we get

0

/ Y 1111%,1100) A db (o) = —/ Y111 11160y A dO(o)
M M

_/ |7//,i11\29(0) A db o)
M

using an integration by parts and the fact that ¢ is real. It follows that v 1;; = 0, so from (86) we have

d
(8) T lamo(Pyt, ) = 0

for ¢ € KerPy if Jy) has transverse symmetry. For example we can take Ji) = J, the standard

pseudohermitian structure compatible with f on M = S3, where (53, f ) is the standard contact 3-sphere.
Note that from the above argument, ¢ € Ker Py implies that 1 is CR-pluriharmonic if J(oy has transverse
symmetry. So by Proposition 3.4 in [32], we have

(89) Vi +iAny ;=0

with respect to Jigy coupled with any contact form. Starting with (86) we compute
2

qe2

(90) Is

) d . .
(Psy¥, ¥)]s=0 = —8i /s3 Eii¢,1£ (¢.111 + 4110 1) |s=08(0) A dbo) + conj.

by (89). From (79) and (80) we obtain

d
(91) £¢,i1 = i[(E1i¢1)1 — (BEnv ) 1l
We then have
92 @i =(22) i)+ 20 (Lny) = B +i(Eny (Bt 1) 1
(92) £1/),111— 1541 (1/),11)4‘ 1 %7#,11 = —iBnuY 111 +i(Eriva)n — (B i) i

by (79) and (91). Substituting (92), the conjugate of (85), and A;; = iEy; o into (90) we get

2

d
(93) @(P@W/J)Is:o = 8/33 Bt [(Bitva)a — (Buv 1) i
—Bny 111 +iBu0¢,1 +iAn Briga] 0() A d) + conj..
In view of the conjugate of (89) and the commutation relations (9), we compute

(94) Y111 = V111 — W o1 = tA11 1 — i 19 — 11 ATT = —it) 10
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Substituting (94) into (93), integrating by parts, and making use of the first commutation relation in (9):

i(E11va) .0 = (Briva) 11 — (Biiva) 11 + (Bin1) R,

hence we obtain
2

(95) %(P(s)wylﬁ)ls:o = 8/53 (—[(Br1,0) ) + 2[(Brzva) 1 = [(Brva) 1
—R|Ei1¢ 1> 4+ iA11(Fi1,1)?) 60y A dbo) + conj.
= 8 Q)P = (Bt = (B o
—2|(E11¢,1) 1 = 2R|Er1¢.11?) 60) A db(o).-
In the last equality of (95) we have used Ay; = 0. We now choose E7; # 0 such that
(96) Ejni=0
Assuming (96), we reduce (95) to

d2
(97) 252 Pt ¥)ls=o = 8/ (4| Ei1v,11|* = [Briv,)® — [But 11)”
SS

—2|(Ei1¢1) 11* — 2R|Eq1¢1 %) 0(0) A df(o).
Now on (S3, Joy = J, 00y = 9), where
(98) 0=1i(0—0)(|=1]* + |22]?)

is the standard contact form on (S3, é), we have that R is a positive constant. Note also that Z; =

% (220%1 -z 6%2) VAR % (ZQG%I — 2 0%2) . To make (97) negative, we choose ¢ = 21 + Zz; where

(21, 22) € S C C2. It follows that

1 1

99 = —2Z9; = 0; =

(99) P 7 2 Y11 P11 5

Observing that the first three terms of the integrand in (97) vanish due to the fact that ¥ 11 = 0 by (99),
we have

21; Y11 =0.

1 2
FEi1122 — BFi1—F—=21

V2

For example, we can take E1; to be a nonzero constant in (100), which satisfies (96). In view of (100),
(88), and (P(py¢,1p) = 0, we can find £ > 0 small so that

(Psy,v) <0

for 0 < s < e. In conclusion we obtain the following result.

> .
(100) 252 P ¥)ls=0 = 8/ (— — R|E112’22> OAdb<O0.
SS

Proposition 4.1 There exist CR structures on S arbitrarily close to the spherical one for which the
CR Paneitz operator is not non-negative.

Remark 4.2 In [1] and [35] some examples of non-embeddable structures were given, where Ey1 was
taken to be a nonzero constant (the associated deformed CR structures are indicated by their type (0,1)
vector fields Z7 + \/%Zl), satisfying in particular (96). Observe that the tangency condition for

the embeddability reads

E=B;(f) = (fm +iAuf)0' © Zr + (F 1 — iAo' © 2y,
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for some complex-valued function f ([16]). Since on the sphere the torsion vanishes, the condition sim-
plifies as

(101) E=fub®Z+ 0" ® 2

for some complez-valued function f. For other embeddability criteria using a Fourier representation (or
a suitable normal form) or a spectrum of Oy, see [6] and [9)].

We notice that an E satisfying (96) cannot correspond to any nonzero f in (101). In fact if this would
be the case, we would have that f 17 = 0. Multiplying this equation by ?5 and integrating by parts we
would get fM |f711|29 A df =0, which would also imply F11 = 0. Therefore we expect our examples to be
non-embeddable ones. The same comments apply to the construction in the next subsection.

Remark 4.3 The statement of Proposition 4.1 can also be deduced by applying the results in [6] and
[12]. In fact, in [12], the authors prove that a smooth, strictly pseudoconvex compact CR 3-manifold is
embeddable if the CR Paneitz operator is non-negative and the CR Yamabe invariant is positive.

4.2 First and second variations of the mass near the standard sphere

In this subsection we perturb the pseudohermitian structure of the standard sphere in order to understand
the variation of the mass. We begin with a deformation in H!, which we will eventually transfer to a
compact setting.

We consider a deformation J(s) of the standard pseudohermitian structure of H', namely such that .J(0)
is as in (7). Recall the variation formulas for Ay and R in Subsection A.1.2. Assuming the deformation

of J decays sufficiently fast (so that, say, (75) holds for N = H!, § = ) near infinity, we can find a

scalar flat conformal contact form 6y = u26, with u, satisfying (76), as in Subsection 3.6. Then the mass
m(J(s), u20) will be still given by formula (77). Differentiating this formula twice in s, taking into account
that u =1 and R =0 for s = 0 we obtain, at s =0

3 .0 e} 3 . o o
(102) m(J,0) = —f/ RO N df — f/ Rub A db.
4 H1 2 H1
We choose a deformation J(s) so that Ey; (see the notation in Subsection A.1.2) is a CR function, namely

E,; 7 =0. We can take for example

1

Ell Z,E,t - )
( ) (t+i(]z]? + 1))

with k integer and large (to have a fast decay). By (142) we have then R = 0, which by (102) implies

3 .0 o
(103) n(J,0) =~ | RoAdb.
4 H1
Reasoning as for (143), one can check that on H!
R = —6|B, 1> —2|En.|* - 3By, 1, B — 3B 1Bn — BuBry — BByt

— iBn b +iBg o B
Therefore, by our choice of Fy1 one has
R=-2E\,|* - EnErg — BBy 1 — iEn 0B + i o B
Using the commutation rules (9) and again the fact that Ey; is a CR function we obtain

R=—2|En|° - 2B11 By 1y — 2B By 17
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Then the above formula (103) implies
3

1i(J,0) = 5/ (1Bl + Bii By, + BrByy ip) 0 A db,
]H[l
so integrating by parts we obtain
. 3 20 o
m(J,H) = —= |E1171| 0 Ado <O0.
2 Jmn
We can transport the latter example on S3 using the Cayley transform w : S3\ p — H!, p = (0,1) € C?,

defined as )
_ 2! 1 =2
W(Zl,ZQ)—(1+22,Re (7’1+22>>a

where (z1, 22) are standard coordinates in C2. It turns out that

1((1+22)(1+22)>5.

T —

GP(Zla 22) =

|21]* — (22 — 22)?

As in Subsection 3.6, we can obtain (H, Jis), u20) as blow up of the structure (S2, j(s)7 é) at the point p
through the Green’s function (G,)s = (us o w)G,. In conclusion, we derived the following result.

Proposition 4.4 There exist compact three dimensional pseudohermitian manifolds of positive Tanaka-
Webster class such that, once the contact form is blown-up as in (14) at proper points, the resulting
asymptotically flat pseudohermitian manifold has negative mass.

Remark 4.5 For an arbitrary variation E1, we have
R=1 (Ell,ﬁ - Eﬁ,u) s

and

(o] o

3 . o o 3
min(J, 0) :_Z/HlReAdez _Zi/Hl (Bytr— B 0046

Assuming sufficiently fast decay to zero of E11 and its derivatives, integrating by parts we obtain m(J,0) =
0, namely vanishing of the first variation of the p-mass under arbitrary perturbations (with sufficient decay
and regularity).

4.3 A CR structure on S? x S! with non-negative Paneitz operator and non-
vanishing torsion

Consider the Heisenberg group H! with it origin removed: endowing it with the standard CR structure
Jo and with the contact form

. o
6=p20,

the transformation (z,t) — (22, 4¢) defines a pseudohermitian isomorphism. Introducing then the equiv-

alence relation

(z1,t1) ~ (22,t2) if and only if 21 = 2%29 and t; = 2?*t, for some k € Z,
we obtain a pseudohermitian structure on S? x S1. Using (139), one finds that
A =iz (|2> + it)Q p°,

so the torsion of (S? x S',.Jy,6) is non-zero. Given any smooth function ¢ we would like to prove the
non-negativity of [, o1 ¢Ps, 490 A db.

36



Using the conformal covariance of P, see (3), we obtain

(104) / ©P, ~g09Adé:/ oP ogaé/\d;.
S2x 51 (J0,0) {p€[1,2]} (Jo,0)

Extend next ¢ by periodicity in log p to a smooth function ¢ on H' \ {0}: for any positive integer n we
obtain that

o o 1 o °
105 / p o<p9Ad0=—/ GP . G0 AdO.
o) {pel1,2]} 7 n Jipeien]y  (Jo.0)

We next consider a smooth cut-off function x, depending only on p, such that

x(p) =0 forp<
1 >

)
)

x(p) =1 forp

00|~ 0ojut

and define the function @, : H! — R as
&n = x(p) {1 - X (2‘("+1)p)] P.
By the non-negativity of P(J ) (notice that the torsion vanishes identically) then we clearly have
0>

0 < 5P ~n§Ad5:/ 5P . BOAdD
- /Hl(p (0" ey oh”

+ / 5P ogﬁn;/\déJr/ BnP o GO AdD.
{pe(1/2,1]} (Jo,0) {p€l2n,2n+1]} (Jo,0)

By dilation invariance the last two terms in the above formula are uniformly bounded: therefore by (104),
(105) we obtain that

0 A 1 o o
~ — s _ ~ R ~ >
/Sszl ©P 5,500 N dO ngrfm - /H1 %P(Jo,g)@” O Ndo >0,

which is the desired conclusion.

5 Proof of Theorem 1.2

The main goal of this section is to prove the inequality Y(J) < )y for a manifold M as in Theorem 1.2.
We first discuss the existence of the Green’s function and provide some estimates near the singularity.
Then we define suitable test functions for which the Sobolev quotient is below the value of the standard
pseudohermitian sphere.

5.1 Green’s function of L, and test functions for the CR Yamabe quotient

Given a compact CR manifold M of positive CR Yamabe invariant and a point p € M, let us consider
the equation

(106) —4A,G, + RG, = 16,,

where ,, is the Dirac delta at the point p. We will use the classical method of the parametrix to construct
the Green’s kernel. The following result is well known (see [21] for instance).

Lemma 5.1 In the Heisenberg group H' one has

o 1
Ab o) = —871’60.
1%

37



To find a solution of (106), using CR normal coordinates at p, we are going to consider a function G, of
the form

1
Gy, = %p_Q + w; pt = |2t + 13

where w has to be suitably chosen. First of all, we evaluate A, on p~2. Using the fact that
|Z1p'| < Ciptt, ITp'| < Cip*~2, i€Z,i<0,
together with Proposition A.5 in the Appendix, we obtain
Ay(p~?) = —87d, + g; g=0(1).

Therefore, we are reduced to solving the following equation for w
|
—4Apw + Rw=9g— —Rp™“.
27

From the choice of CR normal coordinates (see Subsection A.2) it follows that R = O(p?), which implies
that w satisfies

—4Apw + Rw = g; g=0(1).
The operator on the left-hand side is subelliptic, while the right-hand side is in L¢(M) for any ¢ > 1. The

regularity theory in [21] then implies that w € &%4(M) for any ¢ > 1. By the Folland-Stein embeddings
this also implies that w € C17(M) for any v € (0,1). In conclusion we obtain the following result.

Proposition 5.2 Suppose M is of positive CR Yamabe invariant, and that p € M. Then the CR
invariant sublaplacian admits a Green’s function G, with pole at p, and in CR normal coordinates one

has
1

727rp2 +w

P
where w is a function of class C*7 for any v € (0,1).
By Theorem 1.1 we also deduce the following result.

Proposition 5.3 Let M, p and G, be as in Proposition 5.2. Suppose the CR Paneitz operator is non-
negative. Then the following expansion holds

1

G =
P omp

S+ A+,

where A >0 and o € C*Y for any v € (0,1), and w(p) = 0. If A =0, then (M, J, é) is pseudohermitian
equivalent to the standard three dimensional pseudohermitian sphere.

To find suitable test functions we follow Schoen’s idea, see [36], and glue the Green’s function to a standard
bubble, which for the Heisenberg group is given by

s 5 L\ -3
walz, ) =AM+ (14 X2[2?)?] 2 = <ﬁ+p4+vpﬁ+) ;o A>0.

> =

This function satisfies

o

(107) —Abw)\ = wi
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[e]
and H', endowed with the contact form w?\ﬁ has constant positive Tanaka-Webster curvature (equal to
i). Moreover, wy realizes the CR Yamabe quotient on H! in the sense that

Vw20 A df V020 A df
(108) Ja [Vow| P A .

o o 3 ve Cge(HY) o o 3
(le lwa |46 A d0) <le [0[46 A d0>

We now choose py > %, and define a cutoff function 1 which satisfies

Y(z,t) =1 in{p<po}; Y(z,t) =0 in{p > 2po}.

Next, consider the following test function

wa(z,1) in {p < po};
(109) uz,t) = eo (Gpleat) —vi(=0)) + 0z ) ol=0) in {p € (oo 200]):
€0Gp(2,1) in M\ {p < 2po},
where we have set
2 4,2 2,1 B —2, ~ . ~ -
oz, t) = [t +|2|" + FM + N —-p 5 Gp = 21Gp; W = 2TW.

The constant gg has to be chosen so that the function w is continuous, namely so that

1 _

110 fo=— A=2rA.
o PN+ Ap) 8

5.2 Estimates on the CR Yamabe quotient )(J)

We now evaluate the Sobolev-type quotient

Lo (IVoul* + $Ru?) 0 A df
(fay [ult6 A d6)

(111)

[N

on the test function in (109). We divide the estimate into four parts.

Recall from Subsection 2.1 that for CR normal coordinates of order N = 4 one has

(112) 0= (1+0(p*) 0+ O(p°)dz + O(p°)dz;

0' = V2 (1+0(ph)) dz + O(p*)dz + O(p*)d9,
which implies

(113) 6 Ado = (1+0(s*)) A df,

and

Zy = (1+0(pY) Z1 + O(p*) Z1 + O(p°)T;

(114) . o o
T=(140(p"))T+0(p*)Z1 + O(p*) Z7.

Since u is real, its squared subgradient is given by

|Vyul? = 2(Z1u)(Z1u).
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5.2.1 Integral estimate of |V,u|?

First of all, we estimate f{p<p0} |Vpul?0 A df in terms of the flat subgradient. We can write

/ \Vbu|20 A df
{p<po}

(115) - 2/{ ) }(%1u)(%1u)5/\d;+2/{ . }((zlu)(zTu)—(%lu)(%Tu))eAde

+ 2/ (Zyu)(Zu) (0 A dO — 6 A df).
{p<po}

To evaluate the last term in the above expression we use (113), and the fact that

o o |Z‘2)\6
(116) 2(Z1u)(Z1u) = 3
(14 A%[2[*)2 + A't2)

to obtain (p = Ap)

PO 216 4 Apo
(117) gc/ p/\ippdp_)\z/ 5dp <Cp0.
0

Zou)(Z<u)(0 A dO— 0 A db
/{p<po}( )l ) (14 A%pt)?

To evaluate instead the second term in the right hand side of (115), we use (112) and (114) to find

/{p<po}

(118) + C <p8|waA|2 + plOTw,\|2> 6 Adb.
{p<po}

(Zlu)(Zlu)—(%m)(%w)‘@/\dﬂ < C N <p4%bw,\|+p5|%w,\>9/\d9

{p<po}

The first terms in the right hand side of the first line in (118) and in the second line in (118) can be
treated exactly as for (117). For the remaining ones, we use the explicit expression

° tA®
TW}\ = - 3
((14 A2]z]2)2 4+ M4¢2)2
to find
8)\8 C [PPo ﬁll C
Viwa| p° Tw,\ 9/\d9 < C/ 7p3dp < — —_dp < =p
/{p§p0}| 7 | (1+Xtph)% Moo (14543 A

/ 10| | 9 9 C 14)\10 C Ao p~17 Cpg
Twr20 N dO < / P Bdp< / S R— ey
{p<po} (14 Mpt)3 A8 (1+p)'2 2

In conclusion, using (115), (117), (118) and the last two formulas we obtain that

cf.

(119) 2

/ Vyul20 A df — Vyul20 A df)] <
{p<po} {p<po}

5.2.2 Integral estimate of Ru?

We estimate next the term | (r<po} Ru?6 A df. For doing this, we first expand in Taylor series the
Tanaka-Webster curvature R, using real CR normal coordinates. From the relations (see Subsection A.2)

(120) R=0; R, =0; ApR = R,lT + R,Tl =0 Ro=0
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at p, and the fact that for a smooth function f one has

Apf = fou + fyy + 20 fer — 20 fy0 + 4|2 frr at p,

we can write

1
(121) R(zt) = 5 (Ruza® + Ryyy® + 2Ryyay) + O(p), with Ry, = —Rus at p.

By this reason and by the axial symmetry of wy the terms of order p?, integrated, will vanish. Similarly,
by symmetry, also the cubic ones will vanish, and therefore by (113) we deduce

/ Ru*ONdO| = / Rwi0 AdO| + O (/ pPwif A d0> < C’/ p*w3o A do
{p<po} {p<po} {P<po} {p<po}
N c [ Bt Cpo
122 < C ——pldp < — dp < =22,
(122) = /0 1+ x3p0)” p—A3/o T+p) "=

5.2.3 Estimate of the boundary term

From the Stokes theorem, for a smooth domain Q C H' we get
/ Vyul20 A do = / ZyuZwub A df + / ZuZyub A d
Q Q Q

(123) = 27{ u(%fu)QT/\ ; - 27{ u(%w)@l A 5 - / ugbué A dz.
o0 o0 Q

Next we take 2 = {p < po} and u = wy, focusing our attention to the boundary integral. From elementary
computations we find

1 Z(14 X2|z[> +itA?)\?

° 1 2(14 A?[z)2 — itA%)A3
N~ 3 ZTU = T =
VZ N2 4 (14 02]2]2)2]2

VZ N2 4 (14 22]2[2)7)2

hence after some manipulations the above boundary integral becomes

_2_7{ 2(1+ N2|2|2 —itA2)\4
Sp NH2 4 (14 22|2[2)2)?

(o)
Zlu:—

(124) dz A (dt — izdz) + conj..

On the other hand, the function w) satisfies (107), therefore from the above computations we get

/ V20 Ad0 = / Wi0 A db
{p<po} {r<po}

, 2(1 4 N2|z|? —itA%)\4
(125) - ’j{ (42 | 2|,|2)2]2
S N2+ (14 A%[2[2)?]
_ o e
s M2+ (14 2%]2[%)?]
We next evaluate the integrals on M \ {p < po}. We have

1 ~ 1 -
/ <|Vbu|2+ Rug) eAdezgg/ <vpr|2+ RGf,) O A db
M\{p<po} 4 M\{p<po} 4

dz A (dt — izdz) + conj.

sdo A dt.

1 1 .
+ F/ V(1) [0 A db + 1/ R(u® — 3G2)0 A df
{p=2po}\{p=po} {p<2po}\{p<po}
(126) + 53/ (|Vb(1/)ﬁ))|2 —2V,G, - vb(ww)) 0 A do
{p=<2p0}\{p<po}
3 = ~
+ 23 (VoG - Valp) = V() - Vi) ) 6.1 do.
{p=2p0}\{p<po}
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We derive now some estimates on the above terms. First of all we notice that we can take
z t
(127) w(zﬂt) :¢0 70772 )

for a smooth fixed 1o which, using (114), implies

1 z 1 t 1
210 = 2o (2.5 ) +i50u (2,5 + 0+ 0w 0 ().
Lo Po Py P po’ Pg Po
A similar estimate holds true for Z71 and therefore, since w(z,t) = O(p) we have

[Vi(pw)| < C in {p <2p0}\ {p < po} for some fixed C' > 0.

Using also the fact that Apg > 1, from a Taylor expansion we find

o2 1\ F 22 1
<1+ 22pt + >\4p4> _1] —0 ()\2 + Mpt
1 9 12 1
(128) = /\4—p60(1+)\|z|)20 1)

By straightforward computations we also get

p = p?°

; 1 zp X°p0 {)\2(|z|2+it) ' b st 66 }
Z1p = 3 A+ (14 M%)z 2 — )\ —1y,
= V2 A2 (M2 4 (14 X2)2[2)2)3 26 6 {( ( 2%)7) P}
and similarly
> p A0 p° {)\2(|z|2 — i) T, 4 b st 66 }
Z1p = 3 M+ (1+ M)z 2\ 1%
i V2 A2 (M2 4 (14 A2J2)2)2)3 26 56 {( ( 2%)7) p }

Using some Taylor expansions, the fact that |T'¢| = O ()\%ps) and (112) we then deduce

1 .
Vil =0 (=) o2\ (o< sl
0

From the above estimates on v this implies

(129) Wil =0 (532) o<\l < mb

It is also easy to see that

(130) Vi =0 () o< 2\ (< sl

0

Next, from (109), (110), the expression of G, @ = O(p), (128) and Apy > 1 we get
~ 1 1 1 1
2 _ 242 —2 2 2
|u - <€0Gp| < €opg (5OPO N ) +€0P0 + )\Tpg <C (/\2,00 + )\4pg> .
This and (121) imply

R(u? —50G2)9/\d9<0< 1)

/{P<2P0}\{P<Po} At

N
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Therefore, integrating and using the fact that the volume of {p < 2po} \ {p < po} is of order pd, from
(126) and the above estimates we obtain

1
/ (|Vbu|2+ Ru2> O A df
M\{p<po} 4

(131) + O(

- 1 -
53/ (|vbG,,2 - 4RG§> 0 A do
M\{p<po}

€0
Nps )

The first term in this expression can be evaluated using an integration by parts, yielding a boundary
term: recall that the Green’s function satisfies —A,G, + 3 RG), = 0 outside the singularity. Therefore,
as for (123) one finds

1
Xep§

_ 1 . _ .- _ _
/ <|vpr2 + RG@) oA db = —2'7{ Gy (2:C)0T A +z'7§ G (20G)0" A6,
M\{p<po} 4

the minus sign coming from the fact that we are working in the exterior of {p < po}.
By direct computations we have that

—iGp(Z1G)0 N O +iGy(Z1G,)0" A O

o [z £ i) iy
Gy L/i pe V2dz A (dt + izdz) —

Using some cancelations we get

- 1 -
(132) / (|Vpr|2 + RG§> OAdo = %
M\{p<po} 4 s

therefore after integration we obtain

1 z(|z® —it)
ﬂpi\[d Z A (dt —izdz) + O(p )d(p/\dt].

PO

_ 1 . 2(1 4+ Ap?
(133) / <|vpr|2 + Rc:;) o do = f 205490 4 it + O(R).
M\{p<po} 4 s P

PO

Now, using the formula for ¢ in (110) and some straightforward computations one finds that the con-
tribution of the boundary term in (125) together with the one in the last formula becomes (there is
cancelation of the two main terms after subtraction)

376 p4|2|2 1 4+ 4)\% 2|4 INLph L 402|212 )\8 10 A 66|4|2
§ PO T 2 PXEE
S

0 4)\10(1—|—Ap)(p ok +2\|2)
To get some asymptotics of the integrand (especially its sign) we can neglect the term Ap? in the denom-

inator, while in the second bracket of the denominator we can simply take (p*)2. For the numerator, we
recall that Apg > 1. In this way we have to find the asymptotics of

3|z\2 )\2[)6
Spo

If we also choose A and pg so that A%2p} >> 1 then the last term in the numerator dominates, and we are
reduced to - -
A ]{ A
—2—— de Ndt = —8r—.
oA s, A
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5.2.4 Final estimates

Collecting all the terms in (122), (125), (131), (132) and (133), and taking into account the previous
computations, with our choices of py and A\ we find

1
/ (|Vbu2 + Ru2) 6 A db
M 4

o o A 1
Wi AdO — 81— + O (>
/{P<P0} A A2 )\Gpg

Po 1
o) ol
From Apg > 1 we get
2 1,0 ap A 0 A
(135) Voul* +  Ru® | 6 7 df = wAB A dB — (87 +o(1) 13-
M {p<po}

Finally, we estimate the denominator in (111). Clearly the contribution inside {p < pp} is just the same
as the one of the bubble. In {p < 2pp} \ {p < po} we have that |u| < /\%2 (by the expression of £y and
0

the asymptotics of Gp), so integrating we get

1 1
lu[*0 A df = O () < =.
/{p<2po}\{p<po} )\4/)3 A2

Similarly we also find

1 [ p3d 1 1
/ \u|49/\d9§(]—4/ p8p=0<44><<2.
M\{p<2p0} A oy P Mpy A

Moreover, from (113) and the expression of w) we obtain

o o 1
/ lu|*0 A df = / wid A dO+ O (Mlog()\po)) .
{P<po} {r<po}

In conclusion, using (135) and the last three formulas, the CR Yamabe quotient (111) for the test function
(109) becomes

S |Vsul20 A do Jip<poy WAO A0 = (C1+0(1)) 35,2

1 1 ’
19 A dO) 2 A
(Jar Il ) (f{p<po}w§mda> +0 (ﬁ +0 (ﬁlog(kpo)))

Since O (A%pé) + O (3 log(Apo)) < 5%, from the last formula and (108) we find

Jys IVouP0 7 a0 J V41|20 A dO

4 % o o
(IM‘U| 9/\d9) <f]HI1 wl|49/\d0>

T — JO,

2

which is the desired inequality.

The proof of Theorem 1.2 then follows from [28] in the case when M is CR equivalent to the 3-sphere,
and from the variational argument in [27] in the complementary case.

Remark 5.4 Since the minimization procedure for the CR Yamabe quotient is related to the positivity
of the mass, in view of Proposition 4.4 there might be examples of pseudohermitian manifolds of positive
CR Yamabe invariant for which there is no minimizer. In this case, the use of variational or topological
methods (as in [22], [23]) seems to be a necessary tool in order to find conformal structures of constant
Tanaka- Webster curvature.
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A Appendix: useful facts in pseudohermitian geometry

In this appendix we collect some useful facts in pseudohermitian geometry: in particular we discuss the
variations of some geometric quantities when the contact form or the CR structure vary, and then the
CR normal coordinates introduced by Jerison and Lee in [29].

A.1 Variations of interesting quantities

Here we consider variations of some geometric quantities either under the conformal change of contact
form (pp. 421-422 in [31]), or under the change of the pseudohermitian structure (pp. 231-232 in [18]).
A.1.1 Conformal changes of contact form

Consider a new contact form 6 = 276, for a given smooth function f. Then it turns out that

(136) 0! = ef (0" +2if'0); hyg=hg=1,

and that

(137) Z=e 7, T =e 2 (T +2uflz; - 21‘le1) .
Moreover we also have

(138) o =wl+3 ([0 = f107) +i (1 + frp + 8D 0.

Furthermore, concerning the torsion and the Tanaka-Webster curvature one has

(139) Ay =e 2 (A +2if11 —4ifif1); R=e¢"2T(R—4Ayf — 8f1f7).

A.1.2 Deformation of J

Here we consider instead a variation of the CR structure J(s) for which

d : -

@) J(s)=J =2E =2E10' @ Z7 + 2B70" ® Z1.

S |s=0

This implies
(140) 7y = —iBl 7 0! = —iELg",
and
(141) &} =i (A1 Egp + ApEn) 0 —iEp (0" —iE) 10" Ap = —iE] .
We also have
(142) R=1i(E) 17— Fr) — (AuEr+ AgEn).

It is useful to include the variation of —A, as well: one has
Ay = (Z121 — wi(Z7)Z1) + conj..
From this formula, differentiating with respect to s one finds
—-Ay = —iEgZiZ)+iEy 127 +iEnZiZ7
— B, 721 + iEqw (Z1)Z1 — iEnw] (Zy) Z7 + conj.
= 2(—iBpZi1Zy + By 2727 + iEy, 127 — iEﬁ71Z1)
+ iBqwi(21)Z) — iBnwi(Zy) 2y — iBnwk(Zy) Z + i Brw(Z,) Z:.
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From the fact that wi is purely imaginary we find
—Ab =2 (EllZTZT + Ell,TZT) + COHj..

To derive these formulas we have used the above transformation laws for J, Z; and wj.
If we differentiate once more we find that

(Byy 1) =iBgEug + 2B By + (Ba) 1,
and hence
~A, = 2 (BuZiZ; + BniZ+ BuZiZ; + (By ) Zp + By 125) + cony.
(143)

2iFyy ZyZy — 2iE11 2121 — 4|En|*Ay — (AEn By 1 + 6B By 1) 23
— (4BgEn 1 + 6En Byy ) Zy + 2i(Fn ) 127 — 2i(Erp) 1 21

Using similar formulas we can also deduce the expression of R.

A.2 CR normal coordinates

We recall the following result in [29] on page 313, Proposition 2.5. For a differential form 7, let us denote
by 1(m) the part of its Taylor series that is homogeneous of degree m in terms of the parabolic dilations
(see [29] for more details).

Proposition A.1 Let 71 be a special frame dual to 6! (such that iNLﬁ =2). Let 0! = V26" be a unitary

coframe (i.e., hyy = 1). Then in pseudohermitian normal coordinates (z,t) with respect to Zy, 6, we
have

((L) 9(2) = ;; 0(3) = 0; Q(m) = %\/i <229T — 7;201> 5 m > 4,'

(m

(b) 6}y =V2dz Ol =0; 0}, =L (\@zw% + 2t A0 — ﬁzAﬁo)( ,

(©) @Dy =0; (@hom = & (VZR(6T = 26%) + Ay (V220 — 246) — Agy (V320 — 267)) o’
m > 2.

m >3

Definition A.2 Given a three dimensional pseudohermitian manifold (M, 0) we define a real symmetric
tensor QQ as , B

Q= Q1 @0, j.k € {0,1,T}
with 69 := 0, whose components with respect to any admissible coframe are given by

Q11 = Q7 = 31Aq1; Q71 = Q1 = h1R;

QOl = QlO = Qioi = Qiﬂ) = 4A11’1 + iRyl; QOO = 16Im A11711 - 2AbR

We have then the following result, see page 315 in [29], Theorem 3.1.

Proposition A.3 Suppose M is a strictly pseudoconvex pseudohermitian manifold of dimension 8 and
let g € M. Then for any integer N > 2 there exists a choice of contact form 0 such that all symmetrized
covariant derivatives of QQ with total order less or equal than N vanish at q, that is

(144) Qujk,ry =0 at ¢ if O(jkL) < N.
By CR normal coordinates of order N we mean the pseudohermitian normal coordinates with 6 chosen

as in Proposition A.3.

46



Remark A.4 We recall ([29]) that (a) For a multi index L = (I1,...,ls) we count its order as
0(J) = 0(@1) + -+ 0(s),

where O(1) = O(1) = 1 and where O(0) = 2,
(b) The symmetrized covariant derivatives are defined by

1
ST L )

T oES,

Let us apply Proposition A.3 for N = 4 and derive some consequences. At order 2, at ¢ we have
0:Q11 :3iA11; 0:Q1T:R.
At order 3 we have
0=CQu =44, ' +iR,

and
0 == 3'Q<117T) - Qll,T + Qli,l + QTl,l - 37:14117T + R_yl + R71 = 3Z.A11,T + 2R71.

These two equations imply that
A11,T =R;=0 at q.

We also have
0=0Qui,1) = Q11,1 = 3iA111.

At order 4 we find
0= Qoo =16Im A, "' —2A,R

and

0=0Q70+ Qo1+ Q11=Fo+ (44, T4+ iRJ),T + (4Aﬁ,T - iR,T) 7

)

This quantity is equal to
0 = Ro+4A4, { +iR,;+4A; '~ iRy
= Ro+8Re A, " +i(iRp) =8Re A}, '
‘We also have that
(145) 0=Qi10+ Qo1 +Qoi1 = 3idino +2 (441 +iR1) | = 3iAino+ 84,51 +2iR 1;

0=CQui1m = 4@ 11 +4Q 717 +4Q17 11 +4Q17 11 +4Q1 11 +4Q11 175

namely
0=3iA}; 177+ Ri7+ Ry +conj. = —6Im Ay 17 — 24, R.

From these relations we deduce that
Im Ay "' = AR =0,

and hence
A3''=0 = Ro=0 = 0O,R=0.

We also have

24@(11,1T> =6 (Qn,ﬁ + Qn,ﬁ + Qﬁ,n + QT1,11) =6 (3i(A11,1T + An,ﬁ) + QR,H) ’
and

(146) 0=3i (A 11 +id10+2RAN + Ay 1) + 2R 11 = —3A110 4+ 6i4,, 15 + 2R 11
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From (145), (146) and the definition of Cartan tensor 9 (see page 227 in [18]) we have that, at ¢

32'1411}0 + 8A11,T1 + 22'R711 = 0;
—31411,0 + 6’L'A11jl + 2R711 = 0;
—6A110 — 4iAy; 1 + R = 6Qu,

where

1 { ;
01 = ER’H + iRAH —Ano— 5iAn T

3
Therefore we deduce that, at ¢
4 12 6
A11,0 = 75911; A11j1 = %ZQM; R,ll = *%Qly

For N = 4, suppose we have chosen a contact form 0 such that (144) holds true. Then one can check
that

%(2) = W% 3 =0 9(13) = 9(14) =0; O(a) = b(s) = 0.

For example we have
. 1 T A A A AT
oh @ = 5 (\/iR(zﬂl —z0") + Allj(\/izﬁ —2t0%) — AHJ(\@ZH — 2t91)> .
— (\[Z( )(1) — \fZ( é )(1) + \[Z( 11,7 )(1) 2t (Alljél)(O)
— VEa(A )0 + 20 A0 ) ) =0,

and similarly &7 ;) = 0. Now we have that

Sl = 7 (VERGE —20Y) + Ay, 1 (V32— 200) - A (V2R —20"))
= (\fz( )(3) ﬁE(Rél)(?)) + \@Z(Aujé)(?)) - 2t(A11,Tél)(2)

— V(g 0)@) + 2(A71,0) ) )

= % <2R(2)zdz — 2Ry 7dz + \/i(Anj)(l)zZv —2(Ay; 1) (ytV2dz

— ﬁ(Aﬁ,l)(l)za + 2(A1171)(1)t\[2d?>

1
T (_\@R@f —2(Ay 1)<1)t> V2dz + 5 (\[R@)Z 2040 1)<1)t) vadz
\/5 o
+ e ((All,T)(l)Z - (Aﬁ,l)(l)z) 0,
so we deduce
Gry = (FRu(@)2°7 = Rip(@)z° — Ay 11(9)2t) dz + (R11(9)2° + R17(0)7%2 + Ay 17(9)7t) dz

1 o
t 3 (A1, 11(9)2% — Agq 17(9)7°) 0.

Hence we conclude .

O = O(p*)dz + O(p*)dz + O(p*)0.
We also have

bl = (\/ézaHztAﬁéi—\/izAﬁa)(S): (V22(@]) ) + 2t(A70")5) — V2H(ATO) ) )

1
5
<\/§Z((;}%)(4) + Qt(Aﬁ)(Q) V2dz — \/iz(All)@)e) ’

Tl — ot
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and therefore we get

N 1
9(15) =5 (74R711(q)232 — 4R,ﬁ(q)23,z —4A 10 (q)z2t) V2dz
1 2 4 . _
+ {5 (R11(9)2" + R 11(9)2°2" + Ay 11(9)22t) + S A o(@)” + £ (241 11(9) — ZAu,o(Q))Zzt] V2dz
V2 oy V2 o 22 . 2|9
+ |35 (A (0)2° — Agg17(9)22%) — = Amo(@)7t — —= (24m,11(9) — i41,0(9) 2z 0,

which implies
' = (1+0(p")) V2dz + O(p*)dz + O(p)9.
We also have

A o . A1 .—Al o \/i . AT .—nl
O6) = (\@zze —V/2iz0 )(6) =% (zze(s) — 129(5)> ,

1
6
and hence
b= (1+0(pY) 0+ O(s%)dz + O(p°)dz.
Let us now try to understand the behavior of the dual vectors. Let

. o o 0
Wy =(1+4a)Zy +bZ7+ Cop

where we recall %1 = —(aﬁ +1izZ5;) (see (8)). From these formulas, if we set

=0+ 0pmy  0'=v2dz+Y 0l 0" =V2dz+> 0,

m>6 n>5 n>5

m>6
o o o o o 0 ~ o ~ o ~ 0
= (1+a)0(Z1) +b0(Z7) + B(5;) + (1 +a) > Oy (Z1) +b > Omy(Z1) +¢ > O (57)
m>6 m>6 m>6
= ¢+ 0(p°) +a0(p°) + bO(p°) + cO(p")
and hence we find that ¢ = O(p®).
Similarly ~
1=0'Wy) = a=0(p"); 0=0'(W1) = b=0(").

Also, if we set

~ o o o
T= (1—|—a)a—|—bZ1 + cZ7,

then from

1=0(T);  0=64T); 0=064T)
we deduce that a = O(p*),b = O(p?),c = O(p?®), and hence we obtain

o

T = (14 0(6") o +0(") 21 + 0" 21,

In conclusion, we arrive to the following result.
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Proposition A.5 In CR normal coordinates of order N = 4, we have a contact formé such that

o o

6= (14 0(p") 0+ O(p°)dz + O(p°)dz; o' = (14 0(p*)) V2dz + O(p*)dz + O(p®)0;

o

& = 0(p*)dz + O(p*)dz + O(p)6;

N o o 0 N 0 o o
Wi=(1+0(") Z1+0(p") 27 + O(ps’)a; T = (14 0(p")) FT O0(p*)Z1 + O(p*) Z7,

where we recall

° ° 1 /0 0
0 = dt +izdz — izdz; Zy = E (62+223t) ; pt =12+ |2,

The above computation concluding the proof of Proposition A.5 was first done by H.-L. Chiu in the
summer of 2007 when he visited J.-H. Cheng.
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