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WELL-POSEDNESS OF THE TWO-DIMENSIONAL NONLINEAR
SCHRODINGER EQUATION WITH CONCENTRATED NONLINEARITY

RAFFAELE CARLONE, MICHELE CORREGGI, AND LORENZO TENTARELLI

ABSTRACT. We consider a two-dimensional nonlinear Schrodinger equation with concentrated non-
linearity. In both the focusing and defocusing case we prove local well-posedness, i.e., existence and
uniqueness of the solution for short times, as well as energy and mass conservation. In addition,
we prove that this implies global existence in the defocusing case, irrespective of the power of the
nonlinearity, while in the focusing case blowing-up solutions may arise.
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1. INTRODUCTION AND MAIN RESULTS

The nonlinear Schrédinger (NLS) equation plays a relevant role in several sectors of physics,
where it appears very often as an effective evolution equation describing the behavior of a micro-
scopic system on a macroscopic or mesoscopic scale. A typical example is provided by the time
evolution of Bose-Einstein condensates, which is known to be well approximated by a NLS-type
equation going under the name of Gross-Pitaevskii equation [DGPS]. There are however other
examples in which the physical meaning of the NLS equation is totally different, as, e.g., the prop-
agation of light in nonlinear optics, the behavior of water or plasma waves, the signal transmission
through neurons (FitzHugh-Nagumo model), etc. (see, e.g., [Ma] and references therein).

Thanks to its physical relevance, the NLS equation has attracted a lot interest within the
mathematical community as well, and several monographs are devoted to its detailed study (see,
e.g., [C]). Here we focus on the simple but nontrivial case of a nonlinearity affecting the evolution
only at finitely many points, i.e., a NLS equation with concentrated nonlinearity. Roughly speaking
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the model we want to investigate is described by the two-dimensional formal equation
N
o= (= 8+ Y widtx -3 s (1)
j=1

where any coupling parameter p; = p;(1:(y;)) depends itself on the value of the function ¢ at y;
(see below).

Such a model has been used in physics to describe very different phenomena, mostly related
to solid state physics: the charge accumulation in semiconductor interfaces or heterostructures
can be modelled indeed by nonlinear effects concentrated in a small spatial region [BKB, J-LPC,
J-LPS, MA, N]. The idea is that the nonlinear term takes into account the many-body interaction
effects on the scattering of an electron through a barrier or by an impurity in the medium [MB].
In nonlinear optics similar models arise in the description of the nonlinear propagation in a Kerr-
type medium in presence of localized defects [SKB, S et al, Y], but several other applications are
suggested in acoustic, conventional and high-7T, superconductivity, light propagation in photonic
crystals etc. (see [S et al] and references therein). More recently the nonlinear propagation in
presence of a concentrated defect has been suggested as a dynamic model for the evolution of
Bose-Einstein condensates in optical lattices, where the isolated defect is generated by a focused
laser beam [DM, LKMF].

From the mathematical point of view, the expression between brackets in the above formula is
purely formal, at least in two or more dimensions, and, in order to give it a rigorous meaning,
one can follow different paths, as, e.g., classifying the self-adjoint extensions of suitable symmetric
operators [AGH-KH] or investigating the properties of the associated quadratic forms [DFT1].
The reason why such models (a.k.a. solvable models), involving zero-range or point interactions,
have attracted so much interest in the past is that the time evolution described by (1.1) can
be simplified and in fact reduced to an ODE-type evolution of finitely many complex numbers
named charges (see below), which are proportional to the values of 1, at the singular points.
This was first observed in the corresponding time-dependent linear models [DFT2, SY] (see also
[CD, CDFM, CCF, CCNP, NP] for similar results) and later used also in the nonlinear framework.

Analogous 1 and 3D models have indeed already been studied in details in the literature [A,
AT, ADFT1, ADFT2]: it has been proven that the weak Cauchy problem associated to (1.1) in 1
or 3D (or rather to its rigorous analogue) admits a unique solution in the proper energy space for
short times and that, under additional assumptions of the parameter (e.g., in the defocusing case),
such a solution is in fact global in time (thanks to the mass and energy conservation). Further
results about the possible emergence of blow-up solutions have also been established; so that the
1 and 3D models are basically completely understood. On the opposite, no results about the
well-posedness (neither local nor global) of the 2D equation are available so far, mostly due to
hard technical difficulties emerging in 2D (see the discussion at the end of next Sect.). It is also
worth mentioning that the 1D and 3D analogues of the model above have been rigorously derived
in [CFENT1, CFNT2] from the ordinary NLS equation in a suitable scaling limit of nonlinearity
concentration.

1.1. The model. We specify now more precisely the model we want to investigate. We are
interested in discussing a specific form of 2D NLS equation with concentrated nonlinearities at
finitely many points y1,...,yn € R?, with y; # y; for i # j. The precise definition of the model
is similar to the 3D one, with some small but relevant modifications mostly due to the peculiar
behavior of the 2D Green function (see below).
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We start by recalling the properties of the linear version of the evolution problem (1.1), which has
been studied in [CCF]: the idea is to reformulate (1.1) as the Schrédinger equation i0ytp; = H )91
associated to a time-dependent Schrodinger operator Hy ;) on L?(R?), defined as

(Ha(t) + )\) Y =(=A+N) oy, (1.2)

with domain
N
P (Haw)) = {1/1 e L*(R?) |4 = ér + % > 4i(t) Ko <ﬁ|x - Yj\) ,¢x € H?(R?),
j=1

lim 6x(0) = (a5(0) + 3 log B+ 2) 45(0) — 5= ) Ko (VAlys — ) qk<t>}, (1.3)
k#j

X—>yj

where A\ > 0, Ko(v/A|x|) denotes the inverse Fourier transform of (|p|?> + A)~!, i.e., the modified
Bessel function of second kind of order 0 (a.k.a. Macdonald function [AS, Sect. 9.6]), v is the
Euler constant and the function a(t) = (ay(t),...,ay(t)) is assumed to be of class C*.

Wave functions in the operator domain are thus decomposable into a regular part ¢, belonging
to the domain of the free Laplacian, plus a more singular term proportional to the Green function
of —A + A, which shows logarithmic singularities at the points y1,...,yn [CCF|. The interaction
is replaced with a boundary condition linking the values of the regular part ¢, at points y1,...,yn
to the coefficients of the singular one.

Remark 1.1 (Domain decomposition).

In the definition of the domain (1.3) a first difference with the 3D case emerges: the operator
domain Z(Hqy)) is obviously independent of the parameter A, but, while in 3D one is allowed to
take A = 0 (with some little care about the large |x| decay), the same is not possible in 2D. Due
to its infrared singularity, the 2D Green function actually diverges when A — 0 and therefore such
a choice is forbidden.

The Cauchy problem for the linear evolution equation, i.e.,
ia{‘bt = Ha(t)¢t, (1 4)
Yr—o = Yo,

with ¢ € Z(Hq o)), was studied in [CCF], where it was proven that Hgy) generates a two-
parameter unitary group U(t,s) and therefore, if ¢ € Z(Hq ), then also ¥y € Z(Hq ) for any
time ¢ € R.

Equivalently one can consider the quadratic form F ;) associated to the operator Hgqy),

N
Fa@lv] = f ax {[Vorl” + Aloal” = Ay} + ) (a5 + S 10g P — 31 ) s

1 *
+ ﬁj;ﬁqjq/ﬁffo(\/xly]' — Vil

with time-independent domain

N
9|F] = {w e L*(R*) | ¢ = éx + % > 4iKo (\FA\X — yj\) ,ox € H'(R?),q; € c}, (1.5)
j=1
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and the weaker version of the Cauchy problem (1.4):

Z‘at <X|1/}t> = fa(t)[X7¢t]7 VX € “@[‘F]a
¢t=0 = ¢07

where the initial datum )y also belongs to the form domain Z[F], {-|-) stands for the scalar
product in L*(R?) and Fo[ -, -] is the sesquilinear form associated to Fu defined, e.g., by
polarization. The well-posedness of the above Cauchy problem is also proven in [CCF]. Note
that, unlike the operator domain, functions in the form domain 2[F] do not have to satisfy any
boundary condition.

A solution to both linear problems (1.4) and (1.6) (see [CCF, Sect. 2.2]) is provided by the
following ansatz

(1.6)

. N ot
i
() = Oo(0)in) () + 5= 3, [ dr (e = il — ) a5(0), (17)
j=1"0
where Up(t) = e denotes the free propagator, whose integral kernel is given by
x|2
Ut x|) IR xeR?
Jx)) = X
O ) 2Zt ) ) 7

and the function q(t) = (q1(t), ..., qn(t)) is the solution of a Volterra-type equation of the form

t

Nt
q;(t) + 47rf dr Z(t — 7) o (1) g5 (T) + Z fo dr KCji(t — 1) qu(1) = f5(1) (1.8)
k=1

0

(see below for more details).
The nonlinear model we plan to investigate in this article is the analogue of (1.4) (resp. (1.6)),
where the parameters a(t) depend themselves on the values of the charge q(t), i.e.,

a;(t) = B0, B eR,a; R, (1.9)

Hence for any wave function in the nonlinear operator domain, the above nonlinearity can be
translated into N nonlinear boundary conditions, i.e.,

lim ¢(x) = (ﬁj 12;(0)]%77 + 2= log ¥ + %) q;(t) — % D Eo(VAly; —yrDae(t).  (1.10)
k#j

XY

We will show that a weak solution to the Cauchy problem (1.4) (i.e., a solution to (1.6)) with
the nonlinear condition (1.9) is provided by the very same ansatz as in (1.7), i.e.,

. N t
D) = (Un(t)bo) () + 5 . fo ar Uy (t - 73 % — y,) 4;(7),
j=1

where q(t) is now the solution of the Volterra-type nonlinear equation

6(t) + 478, [ dr Tt = Dlay ()
N ot t (1.11)
= f dr Kyt — 7)an(r) = 47rf dr Z(t — 7)(Uo (F)e0) (),
k=1+0

0
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with Z denoting the Volterra function of order —1

0 tT*l
Z(t):= f dr ——, 1.12
0= i (112
and where Kji, 7,k =1,..., N, is defined by
—2(log2— v+ 2)Z(t), ifj=k
Kiult) = | 2U0B2= 7+ F)IM), 15—k, (113
—Z(t)Rjk(t), it j # k,
with
. ilyj—ypl? . 1
, e vt ilyj—yrl*v
Ran(t) = =5 L dv -7 (5 ) exp { el (1.14)

Notice that the choice of the initial time ¢ = 0 is completely arbitrary: everything we prove in this
paper holds as well if the initial time ¢ = 0 is replaced with any s > 0.

For the sake of completeness we also formulate the weak counterpart of the evolution problem
(1.7) and (1.11), which reads as follows: let the initial datum 1y belong to the form domain 2[F],
then

(1.15)

{Zat <X|¢t> = ]:a(t) I:Xa ¢t]‘{Oéj(t)=ﬁj‘Qj(t)|201,j=17...7N} ;
¢t=0 = ¢07

for any x € 2[F].

The form of the Volterra equation (1.11) makes apparent a major difference with the 1 and 3D
cases, which is also one of the main reasons why the 2D one called for a more refined analysis: the
integral operator with kernel Z(¢t —7) defined in (1.12) is a characteristic feature of the 2D problem
and poses hard technical issues (see, e.g., [CFT]). In 3D (in 1D the equation is even simpler)
the role of I is played by the Abel-1/2 integral operator with kernel 1/y/t — 7, which enjoys a lot
of useful regularizing properties, making the investigation of (1.11) much easier. In that case, by
taking smooth enough initial data, the regularity easily propagates to q(t), so that the ansatz (1.7)
belongs to the operator domain and therefore it provides strong solution to the Cauchy problem.
The extension to rougher initial data is then obtained by density. In 2D already the first step, i.e.,
the regularity of q(t) for smooth initial data, is challenging and the whole proof strategy has to
be dramatically changed (see Sect. 2).

Moreover, the lack of regularity of q(¢) prevents the use of any density argument, which is
precisely the route followed in 1 and 3D: indeed, it is impossible in 2D to restrict the set of initial
data, prove the well-posedness and then extend the result to all initial data by density. On the
opposite, our strategy relies on a contraction argument, which does not allow to propagate any
additional regularity from the initial datum to q(¢) (and then to ). In addition, the appropriate
contraction space is H'/ 2(0,T), which is known to have a sort of pathological behavior, i.e., failure
of the Hardy inequality, absence of natural extensions to H'/2(R) etc. (see below), and makes the
technical side of the proof really tricky.

1.2. Local well-posedness and conservation laws. The first result we prove concerning the
evolution problem described above is a local well-posedness for initial data in a suitable subset of
the form domain that we define as follows (we set p = |p| for short)

9D = {w € I[F] ‘ (1+p% @(p) e L*(R?), for some € > O} ) (1.16)

where ¢, stands for the Fourier transform (see (2.2)) of the regular part ¢y.
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Theorem 1.1 (Local well-posedness).

Let g e Z and o = %, forany j=1,...,N. Then, there exists T > 0 such that there is a unique
solution to (1.15) belonging to Z[F]| for any t < T and it is given by (1.7), with q(t) the unique
solution to (1.11).

Remark 1.2 (Charge q(t)).

The above Theorem contains in fact two results: the most important one is the local well-posedness
of the weak Cauchy problem (1.15), but that result actually follows from the properties of the
solution to the Volterra-type equation (1.11). In fact, once established the existence and uniqueness
of q(t) in C[0,T] n HY?(0,T) (see Propositions 2.2, 2.3 and 2.4), one can prove that such a
regularity transfers to the wave function defined by (1.7) and then, thanks to the special form of
(1.7), that 1, solves (1.6). It has to be stressed that the regularity of q is, in fact, borderline to
make this argument work and a very fine analysis has to performed.

Remark 1.3 (Uniqueness of ).

One could think that the ansatz (1.7) might not be the unique solution of the weak problem (1.15).
However, it is easy to see that this in not the case and 1 is in fact the unique solution of (1.15).
Suppose that, for a given initial datum 1 € 2, there was another solution ¢;. Then, by definition,
it should decompose as

N
Go= e+ %jz_laja)f(o (VA = 5;)

for some bounded charge §(t) different from q(t). However, one could as well decompose 1), as
(see, e.g., Sect. 2.2)

. N t
Pr(x) = xae(x) + iﬂ;fo dr Up (t = 73 1x = y;1) 4;(7),

for some function x ;. Now, it is not difficult to see (Sect. 2.2) that this function can solve (1.15)
if and only if x» ¢ = Up(t)1p and q solves the charge equation (1.11). Uniqueness of the solution of
(1.11) implies then the result. In fact, in Sect. 2.2 the previous argument is carried out in the case
of strong solutions, following the original proof of [A] for the linear problem (and with the extra
assumption q(0) = 0). However, it is possible to prove that it can be adapted to weak solutions.

Remark 1.4 (Condition on the nonlinearity).

Although not so relevant for most physical applications, it is worth discussing briefly the role of
the condition o; > %, for any j. There is no analogue of such a condition in the proof of local
well-posedness for the 1D and 3D models. We believe it is only a technical assumption needed in
a single step of the proof. More precisely it is due to the different strategy we have to follow in the
first part of the proof, i.e., the contraction argument used in the analysis of the charge equation,
which requires to assume o; > % (see Lemma 2.1 and Remark 2.1). Obviously, the case o; = 0,
Vj=1,...,N, is also included, corresponding to the linear evolution problem studied in [CCF].

Remark 1.5 (Condition on the initial state).

We point out that the assumption on the initial state ¥y € Z < Z[F] is more restrictive then
one would expect, since not only ¢ € Z[F]| but also the Fourier transform of its regular part must
be in L'(R?). This, for instance, ensures that the time-evolution of the regular part Up(t)¢, o is
a continuous function, in order to be able to evaluate it at the singular points y1,...,yny. The
condition is deeply related to the lack of regularizing properties of the operator I and in this
respect the choice of Z is the most reasonable. In fact, the extra regularity assumed on the initial
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state is also an important ingredient of a technical estimate proven in Lemma 2.8. No analogue of
this condition is however present in the 1 and 3D cases and it might as well be that such an extra
assumption is not needed for a weak solution.

In addition, we can claim a conservation result, that also plays a crucial role in the proof of the
global existence of the solutions mentioned above:

Theorem 1.2 (Conservation laws).
Let g € 9, 1y be the wave function defined by (1.7) and (1.11) and T > 0 the existence time
provided by Theorem 1.1. Then, the mass M(t) = |¢¢|, and the energy

N
o, 7y —log2
E(0) = 16143 e Z(Jﬁlm >|2J+T)|qj<t>|2

>1|H

N
Z o(ly; — yl) Re (¢ (H)ar(t)) (1.17)

are conserved for every t € [0,T].

Remark 1.6 (Dependence on T').

We stress that, as it is, the conservation of the mass and the energy does not actually depend on
T. We claimed that they are conserved quantities only for ¢ € [0, 7], since at this point we know
that 1y € Z[F] only for ¢t € [0,T]. However, it is clear that, as one proves that this is true for
every t = 0, then one immediately extends the conservation to any ¢t = 0.

Remark 1.7 (Choice of the spectral parameter \).

The decomposition of functions in the form domain 2[F] defined in (1.5) depends on a spectral
parameter A > 0, although the domain itself is independent of A. In (1.17) we have made the
choice to pick A = 1 (as suggested in [A]). It is worth recalling that this is an arbitrary choice and
any other choice would imply an equivalent conservation law, but a different decomposition.

Remark 1.8 (Energy form).

Another difference between the 2D case and the 3D one is apparent in the form of the energy
(1.17): instead of the L? norm of the gradient of the regular part of the wave function, (1.17)
contains (first term) the full H! norm of ¢ ;. This is again a consequence of the impossibility to
choose A = 0 as a spectral parameter in the form domain decomposition.

1.3. Global well-posedness and blow-up alternative. As we are going to see, the energy
conservation is the key to prove the global well-posedness of the solution for 3; >0, j=1,...,N.
On the opposite, in the focusing case, i.e., if 8; < 0 for some j = 1,..., N, the solution might be
non-global due to a blow-up at finite time. It is important to remark that, unlike the NLS with
concentrated nonlinearity in 3D, one expects that no critical power occurs in the 2D focusing case
and hence, as soon as ; < 0, a blow-up solution might show up [A]. We plan to deal with this
question in a forthcoming paper.

Theorem 1.3 (Global well-posedness).
Let o > % and $; >0, Vj=1,...,N. Then, the solution to (1.15) provided by 1, defined by (1.7)
and (1.11) is global in time, for any initial datum Yy € 9.

As anticipated, in the focusing case we have a blow-up alternative:

Proposition 1.1 (Blow-up alternative).
Let 0j > %, Bj <0 for some j =1,...,N, and 1o € 9. Then, the solution to (1.15) provided by
Yy defined by (1.7) and (1.11) is either global in time or it blows-up in a finite time.
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Remark 1.9 (Behavior as t — +00).

In fact the proofs of the Theorem 1.3 and Proposition 1.1 provide more information than what is
contained in the statements. Indeed, while in the defocusing case 3; > 0, for any j, the charge
q(t) is uniformly bounded, i.e., limsup,_, ., [q(t)| < +0, in the focusing one, i.e., if some §; < 0,
the global existence of the solution does not imply its boundedness at co. More precisely it may
happen that the maximal existence time for q(¢) is 400 but limsup,_, . |q(t)| = +co.

Acknowledgements. The authors acknowledge the support of MIUR through the FIR grant 2013
“Condensed Matter in Mathematical Physics (Cond-Math)” (code RBFR13WAET'). The authors
also thank A. FIORENZA (Universita “Federico II” di Napoli) and A. TETA (Universita degli Studi
di Roma “La Sapienza”) for fruitful discussions about the topic of the paper.

2. PROOFS

This Sect. is devoted to the proofs of our main results. We divide this section in five steps:

(i) we point out in Sect. 2.1 some relevant properties of Sobolev spaces of fractional index and
of the integral operator I;

(ii) we present in Sect. 2.2 a justification for the ansatz (1.7) and the charge equation (1.11);

(iii) we prove existence, uniqueness and regularity of the solution of (1.11) and show how this
allows to prove Theorem 1.1 (Sect. 2.3);

(iv) we prove in Sect. 2.4 mass and energy conservation (Theorem 1.2);

(v) we use the conservation laws of Sect. 2.4 to prove global existence and blow-up alternative
(Theorem 1.3 and Proposition 1.1).

We stress that the proof strategy differs very much from the one followed in 1 or 3D. In those
cases the core of the argument heavily relies on the regularizing properties of the Abel operator,
which is involved in the integral version of the charge equation. Such an operator guarantees
the minimal amount of regularity on q(¢) needed to ensure that the ansatz 1y solves the weak
problem (1.15), at least if the initial datum is regular enough. Unfortunately, the 2D analogue of
the Abel operator is the integral operator I, which does not provide any improvement of regularity
(see Lemma 2.4). Therefore the strategy itself of the proof needs to be modified: the required
regularity of q(t) is indeed obtained by applying a suitable contraction argument to the charge
equation. There are however some drawbacks in this approach, taking the form of additional
conditions on the initial state, i.e., 9 € Z, and on the nonlinearity exponent, i.e., o; > 1/2.

2.1. Preliminary results. We start by recalling briefly some facts on Sobolev spaces with frac-
tional index. Let —00 < a < b < 4o and v € (0,1), we denote by H"(a,b) the Sobolev space
defined by

HY(a,b) = {f € L2(@,5) | [fuup) < 2}

where

, f(t) = f(D)P
1oy = f[ . dtdr T

The space H"(a,b) is a Hilbert space with the natural norm

11w @y = 11220y + L Ty - (2.1)



WELL-POSEDNESS OF 2D NLSE WITH CONCENTRATED NONLINEARITY 9

When a = —o0 and b = +00, H”(R) can be equivalently defined using the Fourier transform f of
f and, for any f e L?(R%), we will use the following convention

fo) = | aeem s, (2:2)

Consistently, the convolution of two functions f, g € L*(R?) is defined as
1
(F20) 09 = s || dy 6e=3)a(y) (23

We start by discussing a technical point concerning the extension of functions in H'/ 2(0,7): it
is known that if f € H¥(0,T), for v < 1/2 (also for v > 1/2 but with the additional assumption
that f(0) = f(T) = 0), then Lo 7)(¢) f(t) € H"(R) (see, e.g., [CFNT2, Lemma 2.1]). However, the
case v = 1/2 is very special and not included in the above result because the Hardy inequality,
which is a key ingredient of the proof, fails in H1/2 [KP]. In the Proposition below we show that
if fe HY2(0,T) is continuous and satisfies an additional condition, then the extension to an H'/?2
function of the real line supported on a compact set is possible. We introduce an ad hoc space of
continuous functions: for 8 > 0 we set

Clog 10, T] = { € CL0.T] |3C < 40,2, 5 € [0,T], |£(t) = f(s)| < C llog [t — s/ 7} . (24)

Hence, functions in Clog g satisfies a sort of “weak” Holder continuity condition, which is going to
play a very important role in the Proposition below.

Proposition 2.1 (Extension of functions in Clyg ).
Let T > 0 and B > 1/2, then for any f(t) € Clog [0, T] N HY2(0,T) with f(T) = 0, the function

f@), iftelo,T],
fe(t) =3 f(=t), ifte[-T,0], (2.5)

0, otherwise,
belongs to H'/2(R).

Proof. The function f, is obtained from f by reflecting it in an even way, so that supp(fe) =
[-T,T]. Of course fo(t) = f(t) for t € [0,T] and

erH%Q(—T,T) =2 HfH%Q(O,T) ) [fe]?’p/z(,T,T) <4 [fﬁylm(oj) )

and therefore, if f € HY2(0,T), then f. € HY*(—T,T). Also Ifell 2@y = Ifellp2—rm)- Now a
simple computation yields

T
1 1
2 2 2
[fe]Hl/2(R) = [fe]H1/2(—T,T) + QJ_T dt (t—lr—T + T——t) ‘fe(t)| ) (2-6)
and, if we show that the second term on the r.h.s. is finite, we complete the proof. A direct
inspection of those integrals reveals that the integrand is an integrable function with possibly
some singularity at the boundary of the domain, where we have to verify that it still is integrable.
This request can be easily seen to be that

[fe@ _ [f(BF

T—1 T—1
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is integrable at ¢t = T. However, since by assumption f(T') = 0, the fact that f € Ciog [0, T]
implies that, for ¢ in a neighborhood of T,

C
FAGIRS Tog(T — D’
for some 5 > 1/2. Hence
0P _ 0
T—t (T —t)|log(T —t)]28’
which is integrable close to t =T O

Another useful result we prove is about the Lipschitz continuity of the map f — |f|>* f w.r.t.
to the H” and L®™ norm. Such a result will play an important role when inspecting the regularity
of the solution to the charge equation.

Lemma 2.1.
Let 0 =1, ve[0,1] and T, M > 0. Assume also that f and g are functions satisfying

27
£ oo 0,0y + 1 g0,y < M 191 oo 0,0y + 19l v 0,7y < M. (2.7)
Then, there exists a constant C > 0 independent of f, g, M and T, such that
H ‘f‘zo—f |209HL°O(O T) MQU Hf gHLw 0,7 (28)
and
1727 £ = 19279l s 0.0y < € max {1 VT} M 1 = gl o) (2.9)

Proof. Let us first focus on (2.8): denote by ¢ : C — C the function ¢(z) = [2|*?z. For o > 3,
¢ € C*(R%;C), as a function of the real and imaginary parts of z. Moreover for z1, 29 € C,
p(21) — p(22) = (21 — 22) 1 (21, 22) + (22 — 21)" P2 (21, 22), (2.10)

with
1 1

P1(z1,22) = fo ds d,0(z1 + s(2z2 — 21)), (21, 22) = fo ds d,x (21 + s(z2 — 21)).

where 0, = (0 + 1)[2]% and 0.+ = 0|2/~ 22, Consequently,

1
[;(21,22)] < CJ ds|z1 + s(z0 — 21)[%, j=1,2. (2.11)
0

Thus,
|p(21) = @(22)] < Cmax{|z1], |22[}* |21 — 22
and, then, setting z; = f(t) and 22 = g(t), (2.7) immediately entails (2.8).
Let us now consider (2.9). Setting again z; = f(¢) and 23 = g(t) in (2.10), we have that

e(f(t) = ¢(g(t)) = (f(t) = g@) L1 (f(t),9(t)) + (f(t) — g(t))" 2 (f(t),9(t))-
For any pair of functions f1, fo € H"(0,7) n L*(0,T)
| frfell v o) < \/2 [ full 2o o,y + 202l oo,y 11 = F2ll v o1y
as it can be easily seen by exploiting (2.1). Hence, since by (2.7) and (2.11),
H¢j(g(7§)af(t))||Loo(o,T) < CMQU, Jj=12,
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then, denoting ¢;(t) := 1;(f(t),g(t)) for short,

(£ () = 2 i1y < 161 - (F = Do oy + 162 - (F = Doy
< Cmax{M, M} | = glooy |161] w007 + 192l im0y - (212)

Therefore it remains to verify that ¢; € H¥(0,7T") and estimate its norm: the L? norm of ¢; can
be bounded as
H¢j”p(oj) < C\/TM%, Jj=12. (2.13)

Hence, it is left to prove that the semi-norms are also bounded. To this aim one notes that, for
fixed z1, 29, w1, wy € C, one can write

Vi (22, wa) — j(21, w1) = Y22, wa) — j(22, w1) + (22, w1) — (21, w1), (2.14)

and, arguing as before,

1
¢w@wg%w%m>=w2qmﬁ;@@mwn+ﬂwwﬂ)

1

+ (wg — wl)*fo ds O+ xj(wr + s(wa —w1)), (2.15)

where we have set x;(z) := 1;(22, 2). Similarly

1

%mmmwmAm=wzanM@@w+a@m>
1

+ (29 — zl)*jo ds 0,x€i(z1 + s(z2 — 21)), (2.16)

with &;(z) := ¥;(2,w1). Now, since

1 1
12(2) = [ dsdumplan b sz =) Gale) = | dsdueeple + sz w))

0 0
and
Pp(z) = olo+1)[227Y 2%,
0.00(2) = a(o+1)[z7V 2,
PZep(z) = oo —1)]72 22,

plugging (2.15) and (2.16) into (2.14), one sees that
[ (22, w2) — (21, w1)| < Cmax{|z1], [2a], hwn |, w2771 (|22 — 21| + Jwz —wn]),  (2.17)
which yields
[¢j]HV(0,T) = [%(f(t)’g(t))]gu(oj) < CMQU_l ([f]Hv(QT) + [Q]HV(Q,T)> < CMZO-
Thus, combining with (2.13),
1465 (£ (8), 9O | g1y < € max {1,VT} M,
so that (2.9) is proved. O
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Remark 2.1. (Condition o > 3)
We stress that assuming o > % is crucial in the proof (2.9), in particular when assuming that
|2|29 2 € C%(R?; C) or, equivalently, in assuring that the exponent 20 — 1 in (2.17) is positive and
therefore the functions f(t) and g(¢) can be replaced in the upper bound with their suprema.

On the other hand, (2.8) only requires |z|**z € C*(R?;C) and hence is valid for o > 0. In fact
the estimate (2.12) holds true for ¢ > 0 as well, but the stricter request o > % enters into the

derivation of the bounds for ¢;, as explained above.

In the second part of the section, we investigate some properties of the integral operator Z
associated with the Volterra function of order —1, defined by (1.12), i.e.,

t

(If)(t) := f drZ(t — ) f(1). (2.18)

0

First, we recall some basic properties of Z(t) (for further details we refer to [E1, Sec. 18.3], where
Z(t) is denoted by v(t,—1)). One striking relation involving Z(¢) is the inversion formula of the
Laplace transform [E2, SKM]. Denoting by

(L)) = fo at e P f (1)

0

the usual action of the Laplace transform, then

o ( P ) (t) = I(1).

log(p

We also stress the asymptotic expansions of Z(t) as t — 0 and ¢t — o (see again [E1]):

Z(t)

~—

- _[1+0(0 t_l], 2.19
o Tiogz Ty L1+ Ozt ™) (2.19)
_ ot -1
Z(t) =t ot ).
Since 7 is continuous for ¢ > 0 the previous expansions entail that
Z(t) € Lige(RY) N Lige (R*\{0})
Furthermore, it is also worth to point out some features of the function N, defined as

N(t) := Jt dr Z(7). (2.20)

0

Clearly the fact that Z(¢) € L] (R") implies that the function N is absolutely continuous on any
bounded interval [0,7], T > 0, and A'(0) = 0. In addition, as Z is strictly positive, N is strictly
increasing on [0,00) and the asymptotic expansion as t — 0 is

logt 1 . 1 L
N = foo a5 (14 06™) = s + Ofllog ), (2.21)

Another important property of NV (t) is stated in next

Lemma 2.2.
Let N'(t) be defined in (2.20), then, for any T >0, N'(t) € H”(0,T), Vv € [0,1], and

%1310 ”N”HV(O,T) = 0. (2.22)
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Proof. The absolute continuity of N(t) in the interval [0,7] implies that A" € L%(0,T), for any
finite 7. Consequently it is left to prove that the seminorm [N] 1/ (0.7) in bounded. An easy
computation shows that

— N(t)
S L B N I B
Looking at the first integral and recalling that A is increasing, we find
2 2
’w <4M, Vs e (0’%).
t—s 12

Hence,

2 T 2
aN t(t)

<2 <

)

f dtf ‘ t_?/(s) O

since, by (2.21), Ni(t) ~ Z(t), when t — 0, and thus is integrable over [0,7"], for any T finite.
Applying Cauchy inequality to the second integral, we get

[l ONOP - | L[arie

— 8 s

2

f dtft ds JdTﬁ()

Furthermore since T is positive and convex (see [CFT)), it is Z?(7) < Z2(t) + Z?(s) for every

€ [s,t], so that
f dr 7%(r f dtj ds (Z%(t) + Z%(s)).

fdtfds

Now, noting that log=*(1/s) < log=*(1/t) for all s € (t/2,t) and using again (2.19),

1 T 1
dt | dsZ?(s f dtfd7<cf dt ———— < o,
f f ’ T 2g(D) Tl T e (D)

whereas, on the other hand,

T
1
f dtf ds Z%(t) Cf dt t (1) Cf dt — < .
0 thg (?)

Thus )
T ¢ B
0 % t—s
In conclusion we proved that [N] 1 (o1) < . The same inequalities also imply (2.22). O
Corollary 2.1.
Let Rji, be defined in (1.14) and set
t
Nu(t) = f dr Z(r)Ryu(7), (2.23)
0

then./\N/}k(t) e H"(0,T), Yv e [0, %] and j,k=1,... N, j #k.
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Proof. The proof is analogue to the proof of Lemma 2.2 and we omit for the sake of brevity. We
point out that boundedness and continuity of R;;(t) as a function of ¢ > 0 play an important role
as well as the fact that R;i(t) — 0, as t — 0. All these properties can however be proven by direct
inspection of the explicit expression (1.14). O

In [CFT] the operator I is investigated in details and several useful properties are established.
Here, we only show the most relevant ones for our application (we also mention some proofs for
the sake of completeness).

Lemma 2.3.
Let T >0 and f € L*(0,T), then If € C[0,T] and

I fll 2o 0,y < Cr [l oo 0,1y » (2.24)
with Cr > 0 independent of f and such that Ct 0 0.

Proof. Recalling (2.18) and (2.21), (2.24) is immediate. Then, it is left to prove that If is contin-
uous. To this aim, fix ¢y € [0,7) and t € (to,T]. Easy computations yield

T T
LF() — If(t) = fo A7 T(t — 7)1y (1) F(7) — fo dr (Z(to — ) — T(t — 7)) L) (7) £ (7)
and therefore
T T
TF(t) — If(to)] < fo dﬂ(tﬂn[to,ﬂwnf(ﬂwjo dr [Z(to —7) — Z(t — )| Loy ()| (7)]

to
< Nt — t)If oy + 1 F e 02) fo dr [Z(r) — Z(t— to+7)], (2.25)

Therefore, the first term converges to zero by the continuity of A, while the second one tends
to zero by dominated convergence. Indeed, it suffices to bound from above the integrand in the
second term by an integrable function independent of ¢. Since ¢ varies in a bounded set and Z(t)
is bounded for ¢ > 0 finite, we have

|Z(t) —Z(t —to+ 7)| <Z(r)+ sup Z(7 +9),
0€[0,T7]

and the r.h.s. is integrable for 7 € [0, ¢o].
Since the same holds if ¢ < ¢y, one has that If(t) — If(ty9) as t — to, which concludes the
proof. O

Lemma 2.4.
Let f € HY2(0,T) A L*(0,T), T > 0, then If € HY/2(0,T) and, in particular, there exists Cp > 0
independent of f and satisfying Cr 0 0, such that

I 20,y < O <Hf||L°O(O,T) + ||fHH1/2(o,T)) : (2.26)

Proof. Let us divide the proof in two parts: we first estimate the L? norm of If and then the
semi-norm [1f] 129 7)-

Let T > 0 be finite and f € HY?(0,T) n L*(0,T). In order to extend the operator I to an
operator on the line, we set f.(t) := Lo 7)(¢)f(t) and define

(1£)(t) = f arT(t—7)fu(r),  teR,

o
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where

Ze(t) := 1o (1) Z(2). (2.27)
Since (I.f)(t) = (Lf)(¢) for all t € [0,T7],
= e flr20my < HeflL2w)- (2.28)
Now, applying the Fourier transform on R to I.f and using the identity

T1o,q(7) = Tp+ (1) — g+ (T — 1),

17 f 1 20,7)

one gets

Ief =Z¢ = (]lR+fe) - (]IR*Ie) * fe = L p+ fe — Ip-Zefe = Le fes
since by construction I+ (t)fe(t) = fe(t) and 1g-(t)Zc(t) = 0. Hence by (2.28) and the above
identity

-~ 217 2
11£12201 <jR ak [0 PRk, (2.29)

but |Z, (k)| < CN(T) and therefore
11f 220,y < ONP(D) | fel T2y = CNP(D) [ £l 72(07) » (2.30)

which implies the result via Lemma 2.2.
We now focus on the seminorm [If]H1/2(0 )" First, we note that, for every 0 < s <t < T,

19O - 1)) = [ arZ@se=m)+ [ arZe -1 - 1))

s 0
so that

L1120y < f dtf ds

2

fdfz( VF(t—7)
+4f dtj ds f ar g ft=n=fs=7)

t—s
Now, one can easily see that, since f € L*(0,T),

f dtf s deZ() t-n| 4fHLw0Tf dtf ‘ ) - NG)
= 2100y N2 0.1y < 2UF im0y IV 51120,y (232)

where the last factor [|AV[ /2o 1) is finite by Lemma 2.2. On the other hand by Cauchy-Schwarz
inequality, monotonicity of N" and positivity of Z, we have

f dtf ds f ar (=1 = fls=7)

2

(2.31)

2

2

t—s
f dtf dsf dr I(r t_Ti:fs_T)Q
<4N(T)f0 A )fo dtfot TdS‘WQ <2NAD) [y

and plugging the above inequality and (2.32) into (2.31),
[ Taoiry < Cmax {IN 13m0y N2} (L B ooom) + 1 Pavgorry) -
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Finally, the above estimate in combination with (2.30) yields

12f ooy < Cmax {IN 20y N} (1 ooy + 1l 20m))

and, since both N(T) and HJ\/HHUQ(O 7) converges to zero as T' — 0 by Lemma 2.2, the proof is
complete. m

In view of Corollary 2.1, the results about the operator I proven above can be easily extended
to the operator

~ ¢
(Lnf) () = L dr I(t — 7)Ryu(t —7) f(7). (2.33)
We state such a result in next

Corollary 2.2. )
Let f e HY2(0,T) n L*(0,T), T > 0, then, Ljr.f € HY?(0,T) for any j # k, and, in particular,
there exists Cr > 0 independent of f and satisfying Cr 0 0, such that

588 gy < €7 (I himioiry + Wl (2:34)
Finally, we point out some relevant properties of the integral operator J, defined by
¢
(J)() = f dr J(t—7)f(7), J(t—71):=—vy—log(t — 7). (2.35)
0
Lemma 2.5.
For any t € RY and f e L'(0,1),
¢
I = 1 0 = | dr 1o (2.36)
Proof. We first observe that one has the identity
¢ ¢
f dr Z(7) (—y —log(t — 7)) = f drZ(t —7) (—y —logT) = 1. (2.37)
0 0

In [SKM, Lemma 32.1] it is indeed proven that (in the formula stated in the cited Lemma one has
to take a = 1,h = 0)

L dr (log 7 — (1)) dw(t — 1) = —1,

where v here denotes the Volterra function of order 0. However, using [E1, Eq. (12), Sect. 18.3],
one can recognize that o (t) = Z(t) (and that (1) = —v).

Let us then prove the identity involving I.J. The proof of the other one is perfectly analogous
and we omit it for the sake of brevity. First of all, in the expression

(LIf)( dedeaI Tt —7— o) f(o),

one can exchange the order of the integration, since

f de " Ao I T(t— o — 7)f (o) :f: dajot_g dr (N T (t — o — 7)f(0).

Using (2.37), we conclude that
t

(LIf)( f do f " ar (0T t—a—T)f(J):f do (o).

0
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g

2.2. A derivation of the charge equation. Before starting to discuss the charge equation, it
is worth making a brief excursus on a heuristic computation, which motivates ansatz (1.7) and
equation (1.11). In the following, we assume for the sake of simplicity that ¢;(0) = 0, for every
j=1,...,N. However, one can prove that such an assumption is not restrictive.

Neglecting any regularity issue, we can compute the time derivative of (1.7) and obtain that, at

least formally,

1 N 1 N +
10 (x) = (=AU (1)0)(x) = 5= >, a;() + 5~ D f dr 0,:Uo(t — 73 [x = y;]) 4;(7)
j=1 j=170

1 &t
= (=AU (t)vo)(x) — o > fo dr Up(t — 73 [x — y;1) ¢;(7), (2.38)
j=1

where we used the fact that (as ¢;(0) = 0) 1o € H*(R?) and that (by definition) i0;Uq(t)pg =
—AUy(t)1po. Hence, applying the Fourier transform on R2, the above expression becomes (we set

p=Ipl)
107 (p) = PP~ o (p) Z f dr e~ PYse =) (7). (2.39)

)), at least in a weak sense, the action of Hy on the
2) and (1.3)), i.e.,

The Lh.s. of (2.38) equals (compare with (1.1
regular part of the wave function 1, (see (1.

_ N _
9 q_] ZPYJ 7& ZPYJ
p( 2772 P2 +>\ 2 g

=1

t N
o iy 1 . (i 1 .
= pe "4y (p) o ;_IL dr e~ PYig_ (e ip*( )) q;(7) o IE_:qje ipy;

}—tH

= pPe " (p) Z f dr e PYie ) i(r), (2.40)

which is equal to (2.39). Therefore, for any q(t) and v such that the r.h.s. of (2.40) makes sense,
the ansatz (1.7) does solve the time-dependent Schrodinger equation, at least in a weak sense.

Under restrictive assumptions on 1)y, however, the ansatz 1), must belong to the (nonlinear)
operator domain Z(Hqy)), with o = Bilg;(t)|*77, j =1,..., N, i.e., it must satisfy the boundary
conditions (1.10), which can be cast in the form

1
5r )., P EPYI0n0) = (Bilas (O + 5 tog 3 = 3 ) 4y (1)
1

27
— 5= Y Ko (Valy; =il ), (241)
k#j

In fact, as we are going to see, the above condition will force q(¢) to be a solution to the charge
equation (1.11). Indeed, since

N
Oat = Py — % kZ_:l qi(t) Ko (\5\\ : _Yk|> ;
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by (1.7),

. N + N 7@

1 : o, o~ 7 1 PYk
dp P Yil g—ip’t dr e~ P Yke—ip 2(t— T)

o7 ). € {e Yo(p) + o :E f Te e ~ 5 2_1 Y

:Qmmm%+§b@§f%ﬁﬂw5—2%mmm%wfwm.
Tz
The last off-diagonal term cancels exactly and thus the identity becomes

. N +
1 4 S . 4
o dp e'PYi {elp%l/fo(p) + L E f dr e~ PYre=ip*(t=7) qr(T) —

1 g(t ) P
o P2+ A

= (Bilas P + Flog B + ) ;1)
Combining the last diverging term on the Lh.s. with the second one via an integration by parts

(here we implicitly assume that the charge is regular enough), we get

1 DV —ip2t 1 t —in2(t—1 . .
o dp{epy“fpt¢“p>5‘@?ISSL‘”f PO () gy ()]

b X [ vt ) = (a0 + Eog R+ 1) 40,

k#]

2 R2

The p integral of the second term on the l.h.s. contains an infrared singularity for ¢ = 7 which is
proportional to log(t — 7): in fact by [GR, Eqgs. 3.722.1 & 3.722.3]

67ip2(t77) iNt—T1 . ..
(oK (VA-)) © = [ | dp g = e (At = 7)) — isi(At — 7))
=~ ) (y £ log A + log(t — 7)) + QN t — 1), (2.42)

where si( - ) and ci( -) stand for the sine and cosine integral functions [AS, Egs. 5.2.1 & 5.2.2] and
(see, e.g., [AS, Eq. 5.2.16])

0 . 2)\2 n
Qnit —7) = w<n; % —isi((t — T)A)) (2.43)
(note that Q(0;¢t —7) = 7?) Hence, we obtain
Wofto) (53) + 2= 33 [ dr (e =1y, = 3ud) au(r) = (Blas07 + £ 1og 2 + 2) a0
k]
t
= f% . dr (y+1log(t —7) +log A — 2Q(N\t — 7)) 0- <ei>‘(t77)qj(7'))

and taking the limit A\ — 0 (notice the exact cancellation of the diverging log A terms)

<wwmw+—2jw% i lys — vil) au()
k#j
1 t

~ (Blay P log2 + 5 — §) qi(t) =~ | A7 (34 lowt 7)) (7).
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If we now apply to both sides the integral operator I defined in (2.18) and exploit the property
proven in Lemma 2.5, we find

fo dr Z(t — 7)(Uo(1)v0)(y;) + %%f@ dTI(t—T)f0 dp Uo(T — 15 lyj — yel)ar (1) +

t _ 1 A t q;(t
f dr Z(t — 7)B;lq; (1) > g (1) + Dy (log2 —~ + ) f dr Z(t — 1)g;(1) = 4 () )
0 7'(' 0 47
Now, with the change of variable % = ﬁ + v, one can see that

t

[ arzte—n [ autnir = sy —vibat) = 5 [ ar 2= Rt - astr),
0 0 tJo

with R, defined by (1.14). Then, multiplying each term by 47 and suitably rearranging terms,
one obtains (1.11).

2.3. Local well-posedness. In order to prove Theorem 1.1, the first step is to discuss existence,
uniqueness and Sobolev regularity of any solution of (1.11). We split the results into two separate
Propositions to make the proof strategy clearer: by general arguments about Volterra-type integral
equations and the properties of (1.11), we obtain existence and uniqueness of a continuous solution
q(t) up to some maximal existence time T}, which might as well be +00. Then, in order to derive
the Sobolev regularity of q(t), we use the aforementioned contraction, which works on some a
priori shorter interval [0,T'], T < Ty. In Proposition 2.4 we will however show how one can extend
such a regularity to the whole existence interval, provided a property of the source term holds true
(it will be proven in Lemma 2.10).
Preliminarily, note that (1.11) can be written in a compact form as

q(t) + JO dr (g(t,T,q(T)) + K(t, ) q(7)> = f(t), (2.44)

where K is the matrix of components KCjj, defined in (1.13) and g = (g1,...,9~), f = (f1,-.., fn)
are defined respectively by

g;(t, 7, a(T)) = AnB;L(t — 7)|q; (1)*7 ¢ (7), j=1,...,N, (2.45)
t
£i(t) = 47Tf dr Z(t = ) (Uo(Po)(ys)s  j =1, s . (2.46)
0
Proposition 2.2 (Continuity of q(t)).
Let 0 > % for every j=1,...,N, and g € 9. Then, there exists Ty > 0 such that (2.44) admits
a unique solution q(t) € C[0,Ty). Moreover either Ty = 40, i.e., the solution is global in time,
or Ty < +o0 and limy_,7, |q(t)| = +0.

Proof. The result is obtained by directly applying [Mi, Theorem 1.2]: it claims that there exists
Ty > 0 for which (2.44) admits a unique solution q € C[0,7%), with the claimed properties,
provided
(i) f is continuous on R*;
(ii) for every ¢ > 0 and every bounded set B = C¥, there exists a measurable function m(t, 7)
such that

lg(t —7,q) + K(t,7)q| <m(t,7), VO<T<t<t, Vqebh,
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with

t t
sup J drm(t,7) < 0, J drm(t,7) — 0;
tef0,t/] Jo 0 t—0

(iii) for every compact interval I < R*, every continuous function ¢ : I — C¥ and every to € R,

lim | d7 [g(t —7,¢(7)) — gto — 7, (7)) + (K(t,7) = K(to,7))p(7)] = 0; (2.47)

t—>t0 I

(iv) for every ¢ > 0 and every bounded B = CV, there exists a measurable function h(t,7) such
that

gt —7.aq1) —g(t — 7,92) + K(t, 7) (a1 — q2)| < h(t,7)[a1 — q2f,
forall 0 <7 <t <t and all qi, q2 € B, with h(t,-) € L(0,t) for all ¢ € [0,#'] and

t+e
j dr h(t +¢,7) — 0.
t

e—0

Let us now verify all the hypothesis. First, consider point (i): since vy € Z[F],

Ax(Uo(r)0)(y5) = 47 (Uo(r)no) (v3) + 265(0) (Vo(r) Ko (VAT =31) ) ()
A Ax(r) i

+2 ), ax(0) < ) Ko (\FI *Yk|)>( i) (2.48)

k#j

J

As(T)

Observing that
M) =2 [ dp e g o
R2

and recalling that gz?)jo € L'(R?) by assumption, one sees that A; is bounded and therefore IA; is
continuous as well by Lemma 2.3. On the other hand, by the definition of Bessel functions, one

has

7@’])27

e
Z% f dpp 5 Jo(plys —l)

—ioT

S Io(velys — yul) = V2r Gy(-7).

Z 4 (0 f dp P - yw
ey
= Z ax(0 f

k#j
where G3(0) := 1 [0,4-00) (o )Zk#] k(0 )%ﬂiyk‘)' Consequently,
| A3 =27Tf do (1 + 0% |G3(— CZ|q Zf dp (1+ pY) M
HY(R) R i P (p2 n )\)2
(1+pYp
<o o
kZ# p+1 p?+ )2

which entails that A3 € HY(0,T) for every v < %. Since by Sobolev embeddings this implies
that As is continuous too, then, again by Lemma 2.3, one finds that [ A3 is continuous. Finally,
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exploiting (2.35), (2.42) and (2.43),

1 e*ip2T ) ei)\T
As(T) = ;%’(0) L@ dp FUNSY = ¢;(0) {GZAT(V +log A + log 7) + - Q(\; 7')]
= g;(0) €™ T () +¢;(0) £ (—mlog A+ Q(A; 7)) . (2.49)
;W_J - ~ J
Az,1(7) A 2(T)

Now, it is clear that A 2(7) is smooth, so that I A; o is continuous. Furthermore, by (2.37),

t

(A)(0) = 14 [ arZt-nasn(@).  aa()= (V= 1) 7).

0

Since ag 1 is continuous (actually belongs to H'(0,T)), then A is continuous too. Summing up,
we have thus shown that f; (defined by (2.46)) is continuous, and so is f.
For every q € B, with B bounded,

lg(t,7,q) + K(t,7)q| < CZ(t —T)

and, since Z € L. _(R"), (ii) is satisfied.

loc
In addition, let I = [a,b] be an interval, ¢ : I — C¥ a continuous function and ¢ty € R*. The

integral in (2.47) consists, up to some constants, of terms like

b
f dr [Z(t—7) —Z(to — 7)] [Bilei (T)*7 (1) — 2(log 2 — v + F)ep;(7)]

a

or

b
f dr (1) [Z(t = T)Rji(t — 7) = Z(to — T)Rjk(to — 7)] -

a

Hence (iii) is satisfied by dominated convergence (see, e.g., the discussion of (2.25)).
Finally, we see that, as qi, qs € B,

|g(t7 T, ql) - g<t7 T, q2) + K(t, T)(ql - QZ)|
N
<CZ(t—7) ) |l — laz,; 7 a25] + 1K )l lar — @z| < CZ(¢—7)|an — el
j=1
Consequently, setting h(t,7) = CZ(t — 1), (iv) is satisfied. O

Proposition 2.3 (Sobolev regularity of q(t)).
Let oj > % for every j = 1,...,N, and Y9 € Z. Then, there exists 0 < T < Ty, such that

q(t) e HY2(0,T).

Proof. The key observation is that, if one proves that the map

0

Gl =)~ [ ar (g<t, ra(m) + K, T>q<7>)

is a contraction in a suitable subset of C[0,T] n H'2(0,T), for a sufficiently small T € (0,T%),
then (2.44) has a unique solution in this subset. Hence such a solution must coincide with the
unique continuous solution provided by Proposition 2.2, which thus belongs to H/ 2(0,7).
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For fixed 0 < T < T™, the first point is to investigate the Sobolev regularity of the forcing term
f. We know that 4w (Uo(7)v0)(y;) = Ai(7) + Aa(7) + A3(7), with A; defined in (2.48). Concerning

Aq, we write
Ay(r) = 2f dp ePY¥ie 6y o (p) = QJ dp e #° (T;\%,o) (p)
R2 R2
@ . —_— ~
= 27Tf doe " <T_yj ¢>\,0> (/o) = (271)3/26’1(—7')

0
where Ty is the translation operator, i.e., (Ty9)(x) := ¥ (x —y),

G1(0) =1y 400)(0 <T yJ¢Ao>(\/_)

and (f) denotes the angular average of a function on R? i.e.,

27
(o) = %f dd f(ocosd, psind).

0
Consequently, one finds that

v *© v - 2
1417y = (2m)° f do (1+ )" [Gi(=0)f* = 167° | dp (1+5) p|(T57000) )
0
4\ — 2
<c | dp (14+9)"|(T5,600) @)
R
so that A; € HY2(0,T), since dr0 € H'(R?) by assumption. As A; is bounded too we have, by
Lemma 2.4, that IA; € H/2(0,T). On the other hand, we recall that Ay € HY/2(0,T) n C[0,T]
and thus A, € Hl/Q(O,T) by Lemma 2.4. Finally, since Ag 2 is smooth, I A2 is smooth as well
and, as [As1 = 14 Taz; with ag; € H'(0,T), we have that IA;; € Hl/Q(O,T). Summing up,
recalling (2.46) and (2.48), we proved that f € HY2(0,T).
We introduce now the contraction space: let

Ap = {q e C[0,T) n H'20,T) | |al ooy + lall griv20.1) < bT} :

with by = 2max{|f|r<r) + |f]g12007), 1} The set Ar is a complete metric space with the
norm induced by C[0,T] n HY?(0,T), i.e

Iz = Il oo,y + Il 20,1y -

In order to prove that G defines a contraction on A7, we need to show that G maps Ap into itself
and the contraction condition on the norms is satisfied.

We start by proving that G(Ar) < Ap. Letting q € Ap, one immediately sees (recalling Step 1)
that G(q)[t] is continuous. Then, we split G(q)[¢] into two terms:

t

Gl = [ drgtrar). Gl = [ dr k(e

0
From (2.8) and (2.9), (2.18), (2.26), one obtains

N N N N
19y @l e omy < 23 M 1057745 4, < O 35 1105705 4, < O 33077 N, < Crbr 3177
j=1 j=1 j=1 j=1
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where, from now on, Cr stands for a generic positive constant such that Cr — 0, as T' — 0, and
which may vary from line to line. In addition, using (2.8) and (2.24), one sees that

IG1(a HLOO(OT) Z H”‘Ij‘zajqj'“mo(o:r CTZ H‘qj|2 qJ“LOO(OT) CTbTZbZOJ
j=1 7j=1 Jj=1

so that
N .
1G1 (@) 4, < Crbr Y by (2.50)
j=1

On the other hand, by Corollary 2.1, we find that |G2(a)|g12¢07) < Crlld] 4, < Crbr, while,
from (2.24), [G2(a)l| = 0,7y < CrlalL=(0,r) < Crbr. Thus, we have

1G2(a)| 4, < Crlldll 4, < Crbr.
Putting it together with (2.50), we finally get

1 N o
6@y <br |5+ (14 1057 |

j=1

Consequently, as the term in brackets is equal to % +o(1) as T — 0, for T sufficiently small
G(q) € Ar.

Therefore, it is left to prove that G is actually a norm contraction. Given two functions qi, q2 €
Ar, we have

G(a1) — G(az) = Gi(ar) — Gi(az) + Ga(a1 — q2)-

Arguing as before, one sees that [Go(q1 — q2)[ 4, < Cr a1 — qz] 4, On the other hand, using
again (2.24) and Lemma 2.1 and 2.4,

2 .
. < Orby |lgj1 — gj2] 4, -

1T (la51 77 aj1 = laj2l*7a50) | o, < O Nlagal* aj0 — laz2* 4,

Then, as by is bounded, |G1(a1) — G1(a2)[ 4, < Cr |a1 — 2] 4,., so that

IG(a1) — G(a2)| 4, < Cr a1 — azl 4. -

Hence, since Cr — 0 as T'— 0, G is a contraction on Ap, provided that T is small enough. O

Remark 2.2 (Contraction time).

We stress that the value of T' depends on the convolution kernel Z(¢ — 7) and its asymptotic
behavior close to 0. In particular, we can apply the contraction argument to the evolution from
s > 0 to t > s through (1.11) of an initial datum v, such that I((Uyp(-)1s)(y;))(-) belongs to
C[s,t] n HY/?(s,t). A priori the contraction time might be different in this case (e.g., shorter),
but it can not collapse to 0, since it depends only on the properties of I and the regularity of
which can be proved by a contraction argument on the preceding interval.

The contraction time 7" provided by Proposition 2.3 is a priori shorter than the maximal existence
time of a continuous solution T given by Proposition 2.2. However, in view of Remark 2.2, we
can aim at extending the Sobolev regularity of q(¢) up to Tk, as discussed in next

Proposition 2.4 (Regularity extension of q(t)).
Let q(t) be the solution of (1.11) provided by Proposition 2.3, Ty the mazimal existence time given
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in Proposition 2.2 and T the contraction time given by Proposition 2.3. Assume also that for any
T > 0 such that T + Ty < Ty and, forany j=1,...,N,

Lt dr Z(t — 1) (Uo(7)dr) (y;) € C[0, T1] n HY2(0,T1), (2.51)

then q(t) € HY2(0,T) for any T < Ty.

Proof. The key observation is that, thanks to the assumption (2.51), the contraction argument
can be repeated starting from t = 7. Indeed, we can consider the charge equation with initial
time ¢ = T and initial datum 7. The analogue of Proposition 2.2 ensures then the existence of
a unique continuous solution q(¢) of such an equation for ¢t < T + T, with T, > 0 its maximal
existence time. Obviously, by taking the limit ¢t — 0 of the charge equation, one gets q(0) = q(T)
and therefore q can be extended continuously to [T, T + T) by setting

_ q(t), if t € [0,T],
Ae(t) = {q(t —T), iftel[T,T).

Indeed ge(t) solves the same equation as q and therefore the uniqueness of the continuous solution
in [0,7%) implies that qo = q and T' + T, = Tyx. Now, in view of the Remark 2.2 above, q(t) €
cl0,Th\|nH 1/ 2(0,Ty), for some Ty > 0, by a direct repetition of the contraction argument used in
the proof of Proposition 2.3. By a simple bootstrap the result is thus proven. ]

At this stage it is useful to sum up the results we have proven on the solution of the charge
equation (1.11). Indeed, there are two positive times 7' < T} so that there is a unique continuous
solution to (1.11) in [0, T, for any T' < Tk, and such a solution also belongs to H/2(0,T'), provided
the property (2.51) holds true (it will actually be proven in Lemma 2.8 to prove the global well-
posedness). Note that T} might as well be +00 and the solution be global in time, in which case
it is also H'/2 on any bounded subset of R .

We can now prove Theorem 1.1, since the existence and uniqueness of the charge q(t) will
imply that the ansatz (1.7) is a solution to the weak Cauchy problem (1.15). In order to see that
and make the derivation of the charge equation discussed in Sect. 2.2 correct, we need to handle
integral expressions involving the derivative of q(¢). This will be done as explained in the following
Remark.

Remark 2.3 (Integration of q — part I).

In the following of the paper we will often manage integrals involving the distributional derivative
of the charge q(t). Clearly, such a notation is purely formal since we do not actually know whether
q(t) is an absolutely continuous function. Hence, its derivates might not be integrable in Lebesgue
sense. However, qj(t)]l[oj] is a compactly supported distribution belonging to &', the dual of
& = C*(R). Hence, its distributional derivative is well defined and it still belongs to £’. On the
other hand, for any continuous function f, one obviously has

F0 10 = S (00 — FD)S(E = T) + F(0)500), (252)

and since the r.h.s. is in &', the same holds for the Lh.s.. Hence we can give a meaning to the
expression

| ar gisio. (2.53)

0
whenever g € C*(R), as the distributional pairing between £ and £. Of course the above is not
the Lebesgue integral and we should have used a different symbol. However, in order to avoid a
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too heavy notation, we make a little abuse and keep the same integral symbol. Note that with
such a convention we actually have

| " 4(r) = a(t) — q(0), (2.54)

0
since the function 1 is smooth.

Of course if we knew a priori that g € WH1(0,T), then there would be no problem in the definition
of any integral involving q against a continuous function.

Proof of Theorem 1.1. Let 1, be the function defined by (1.7) and (1.11). For the sake of simplicity
we split the proof in two steps. In the former we show that iy, € Z[F], in the latter, we prove that
¢ is a solution of the weak problem (1.15).

In order to prove that i, € Z[F], it is sufficient to show that

Z 1)Ko (\ﬂx - yj\) e HY(R?). (2.55)

Exploiting (1.7) and the Fourier transform, we can see that the previous expression reads
. N t —ip-y;
—ip?t v —ipyj —ip?(t—T) . 1 QJ( )
+ d J s
T () %;L re e g ) - S M
Hence, integrating by parts (in view of Remark 2.3), one finds

N e~ P e~ P
e_ip%(%(p)_j=1q57(f<)z)ﬂ+;>) ey Zf dr e (g5(r) N (r). (2:56)

Note that the integral of ¢; on the r.h.s. has to be understood as explained in Remark 2.3, which

can be done since e~*(=7) is a smooth function of .

Now, if this functions belongs to L?(R2, (p? + 1) dp), then (2.55) is fulfilled. For the first term
this is immediate since it represents the Fourier transform of Uy(t)¢y o, which is in H!(R?), since
®x,0 does. Concerning the second term, we first set A = 1 for the sake of simplicity, and change
variables to get

—zp v 2

f dp (1 +p?)
RQ

Zf dr e~ (g5(7) — gy (7))

CZJ dg—HLt dr €7 ;(7)

p+1

2
+

f dr ¢ g;(r) 2].

0

Now, one can check that
t A ~ t . S
fo dr GZQT(jj(T) =V 2 §j(—g), J;) dr equj‘(T) =V 2 ]l[o,t]qj(—g),
where
qj(O), if T < O,
§(m):=144qi(r), f0<7<t, (2.57)
q]'(t), ifr = t.
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Note that éj is a distribution belonging to &', as qj1[o,7) does, therefore we can define its Fourier
transform, which is in fact a (sufficiently) smooth function. Consequently,

YRl Jp e ]
N &i(o [0.45(0)
QW;JRG‘ ‘1]+| | +Zf it+]|g| '

Now, since ¢; € HY/2(0,T), éj e H-'2(R) (see [CCF]) and thus the right hand side of the previous
inequality is finite. Summing up, (2.56) belongs to L*(R2, (p?> + 1) dp) and then (2.55) is satisfied.

Once we know that ¢y € Z[F], it just remains to show that it solves the weak Cauchy problem
(1.15). However, once that the function q is fixed by the charge equation (thanks to Propositions
2.2, 2.3 and 2.4) the required computations are completely analogous analogous to those of the
linear non-autonomous problem, provided that one sets a(t) = |g;(t)|?°7, and in that case this has
been already proved in [CCF]. O

2
+

t
dr e q;(r)

‘ 2

2.4. Conservation laws. In this section we prove the conservation of mass and energy claimed
in Theorem 1.2, which in turn will be the key to prove the global existence stated in Theorem
1.3. We recall the results proven in Propositions 2.2 and 2.3: there exists some T, > 0 such that
there is a unique continuous solution of (1.11) in [0, T} ), which also belongs to H2(0,T) for some
0<T < Ts.

Before proceeding further, however, another Remark is in order about the use we will make
of the derivative of q. In view of Remark 2.3 it can be “integrated” against smooth functions
by exploiting the distributional pairing. Here we aim at giving a meaning to some more singular
expressions:

Remark 2.4 (Integration of q(t) — part II).
Thanks to Proposition 2.3, we know that for some T' < T}, q € Hl/z(O, T). We claim that this is
sufficient to give a rigorous meaning to the expression

T
f at £(£)d; (1),

0

for any function f € Ciog [0, 7] N H'Y2(0,T), > 1/2. The idea is to use the pairing provided
by the duality between H'/2(R) and H~'/2(R), which allows to interpret the integral of f*g, with
fe H2R) and ge H Y?(R), as

jdtf (t)a(t Jdp (\/ﬁf )(\/pﬁfﬂﬁ(p)» (2.58)

where the symbol on the L.h.s. is not the Lebesgue integral, while on the r.h.s. we are integrating
the product of two L? functions. Note that such a duality fails in general on a compact subset of
the real line.

So, if f € Clog 5[0, T] N HY2(0,T), we can rewrite

T

T
j dt F(£)is(8) = F(T) (q)(T) — q;(0)) + f at (f(t) — F(T)) dy(7)

0 0

and, since both f and ¢ are continuous, f(7') is well defined as well as ¢;(T") and ¢;(0). Next we
observe that f(t) — f(T') satisfies the hypothesis of Proposition 2.1 with 5 > 1/2 and therefore
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there exists an extension f, € H'/2(R) of f(t) — f(T), such that

fduﬂw—ﬂﬂmmﬁzkdﬂ®§m,

0
where ¢; is defined in (2.57). Here we are using that supp(fj) c [0,T]. Now, since f, € HY?(R)
and &; € H~V/2(R) (cfr. [CCF)), then the last integral is meant as in (2.58).

Before attacking the proof, we state a technical Lemma, which is a consequence of the charge
equation (1.11) and which will be used in the derivation of the mass and energy conservation.

Lemma 2.6.
Let q(t) be the solution of (1.11) provided by Proposition 2.3 and Ty the mazximal existence time
given in Proposition 2.2, then for every j =1,..., N

' t —log 2
(Uo(tyo) (v)) = —5= 3, fo A7 Up(t = 73 1y; = yilax(r) + (ﬁj\qj(t)\szf + %) a;(t)
k#j
igj(t) 1 d [
8 4 dt J,

dr (= —log(t = 7))g;(7), (2.59)
for a.e. te[0,T] with T < T.
Proof. Dividing the charge equation (1.11) by 47 and recalling (1.13) and (1.14), we get
1 t Yol —10, 7
00+ | T =) (Bl ) + 22— Dy (r)
i t T t
e N | arze-n) [ astor - sly -yl = | dr T -G )
2m ;=i Jo 0 0

where we used backwards the same change of variable exploited at the end of Sect. 2.2. Hence,
applying to both sides the operator J defined by (2.35) and recalling Lemma 2.5, we obtain

t —lo i
w00+ [ ar (Blaor+ T2 ) o)

~ 2 I;JL dTL ds Uo (7 — 53 ly; — y&l) ar(s) = L dr (Uo (7)) (y;)

and, in particular, that Jg; is absolutely continuous. Then, differentiating in ¢ and rearranging
terms, we obtain (2.59). O

In view of Remark 2.4 the following technical results will prove to be very useful.

Lemma 2.7.
Let q(t) be the solution of (1.11) provided by Proposition 2.3 and Ty the maximal existence time
given in Proposition 2.2, then

q(t) € Ciog 5[0, 77, VB <1, (2.60)
for any T < Ty.

Proof. Fix T' < T,. We first remark that, since we are always considering continuous functions on
compact sets, proving that f € Clog [0, 7] is equivalent to show that

lim [ log 817 | f(s+0) — f(s)] < C < 4o, (2.61)
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for any s € [0, 7] (where at the extreme points the limit has to be suitably adjusted).
From the charge equation (1.11), we get

4j(t) = —4np; fo dr Z(t — 7)lg; (1) g5(r)

Nt t
- f dr Kji(t = 7)qr(7) + 47Tf dr Z(t — 7)(Un(7)¢0)(y;), (2.62)
k=170 0
ie., qj(t) = Ii(t) + I2(t) + I3(t) (with obvious meaning of the three terms).
Let us consider first I;(¢). The case t = 0, § > 0 is easier to deal with: since q(t) is bounded on
[0, 7],

§
20;+1 C
1) =110 < Cloy {5l | 4T =) < ONG) 1~ s

where we recall the definition of A given by (2.20) and its asymptotic behavior in (2.21). On the
other hand, if we consider the case ¢t € (0,7), 6 > 0 (§ < 0 is analogous), then we see that

t+0

Lt +6)— L(t) - f dr I(t + 6 — 7)|a; (1) P g5(r)

+f0 dr [Z(t+6—71)—Z(t—71)] |qj(7')|2‘7jqj(7') i=111(0,t) + 11 2(9,t).

Now, arguing as before, one easily finds that I 1(d,t) ~ | as 6 — 0. Furthermore, again by

log ¢
the boundedness of q, one has

|5J@w|<c£?hyu7+a—zﬁn. (2.63)

Since Z is continuous, coercive and strictly convex [CFT, H], it has a unique minimum point
tmin > 0. If t + 6 < i, then

ft dr |Z(r+6) = Z(7)| = N(@) + N(t) = N(t+ ) <N(@)+d6 sup Z(71) 1

0 re[t,t+6] 50 |log d|’

Thus, combining with (2.63), one has I1 2(6,t) ~ m as § — 0. If, on the opposite, t = tyi, (the
case t < tmin <t + d can be excluded for ¢§ small enough), then
t tmin_(s tmin
f dr |Z(1 + 0) — Z(7)| :f dr (I(T)I(T+(S))+f dr |Z(7 + d) — Z(7)|
0 0 tmin—0

+ Jt dr (Z(7 4+ 0) — Z(7)) < N(tmin — ) — N (tmin) + N (0)

FN(E+68) = N(t) — N (tmin + 6) + N (tmin) + C8 < N(t+6) — N(£) + N (8) + C6

and, arguing as before, we obtain I (6, t) ~ Ho—lg&, as § — 0.

Therefore, it is left to investigate the behavior of I5(¢) and I3(t). Exploiting the properties of
Rk (recall that it a bounded and continuous function), one can easily see that I5(t) can be studied
in the same way as I1(t). On the contrary, I3(t) requires some further remark, since (Uo(7)0)(y;)
is not bounded on [0,7]. However, from (2.48) it can be split into the sum of three terms A,
Ao and Asz. The first and the last ones are bounded and hence it is possible to use the previous
strategy to prove that IA; and I A3 have the needed property. Concerning As, arguing as in the
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proof of Proposition 2.2, one sees that it can be split, in turn, in two terms Ay and As 9, where
the second one is bounded and the first one satisfies the following property

¢ ¢
f drZ(t —1)Az (1) =1+ f dr Z(t — 1)az1(7) (2.64)
0 0
with ag 1(7) bounded. Consequently, I Ay can be bounded exactly as above. O

Lemma 2.8.
Let ¢ € 9 with 2 defined in (1.16), then

(Uo(t)pr0) (%) € Clogs[0,T] n HY?(0,T),  VBeR", (2.65)
(Uo(t)Ko(- —y) (x) € Clogs(0,T] n HY?(0,T), VB eRT, (2.66)
for any T finite and for all X,y € R2.

Proof. The fact that (Up(t)¢10) (x) € HY?(0,T), for any finite T > 0, was already discussed in
the proof of Proposition 2.3. Hence we have only to verify the other property. By expressing the
quantity using the Fourier transform, we have

(U(t+ 8)610) () = Wo(t)on0) ()] < | dp |e*0 — 1] [5Ta()]

Again to show that (Up(t)d1,0) (x) € Clog,gl0,T], it suffices to prove that the analogue of (2.61)
holds true, but, for any € > 0,

| 1og 6|° ‘e*i’% - 1‘ < 2172652 log 6|7 0 0,

for any $ finite, and the result is thus a direct consequence of the properties of 1y (recall the
definition of Z in (1.16)) and dominated convergence.

From (2.49) and smoothness of As 9, we see that the properties of (Uy(t)Ko(- —y) (x), t > 0,
are the same as e’ logt and logt belongs to Hl/z(O, T), for any finite 7' > 0, while e? is a smooth
function and can be dropped. Therefore it suffices to show that log7™ € Ciog (0,7, but for any
t>0,

1
| log 6|7 |log(t + &) — logt| < 25\ log 6|° .y 0,
for any 8 > 0. g

Lemma 2.9.
Let q(t) be the solution of (1.11) provided by Proposition 2.3 and Ty the mazimal existence time
given in Proposition 2.2, then for every j =1,..., N,

f dr (—y —log(t — 7)) 4(7) € Clog 5(0, T] n HY2(0,T), VB <1, (2.67)
0

for any T < Ty.

Proof. First of all we notice that, in light of Remark 2.4, the above expression can be given a
meaning using the pairing between H'Y2(R) and H~Y/2(R): by replacing ¢; with &; defined in
(2.57), one can extend the integral to the whole real line. A change of variable then yields

fo dr (— — log(t — 7)) 4;(r) = f a7 Lp0.(7) (= — log(r) &(t — 7).
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where the characteristic function of [0,¢] can be removed thanks to the definition of &;. Since
log T € H'Y2(0, T) N Clog,3(0, T, for any finite T' and 3 > 0 (see the proof of Lemma 2.8), we can
extend it to a function in H'?(R).

By applying the operator J to the charge equation (1.11) and using (2.36), we get

t t N
de (—y —log(t — 7)) q(r) = —dr fo ar g (r)2 4j(7) + 4m; 3 fo dr Vit — 7)ai(r)
k=1

0

+47rf dr (Uo(7)v0) (),

0
where we have set
2(log2 —y+ ), ifj=k,

2.68
Rk(t), if § # k. (2:68)

Yjk(t) := {
By taking the (weak) derivative of the above identity and observing that
t t

S [ ar (1= tostt =) ar) =~ + 1080a(0) + [ dr (=~ togle = )i,
0 0

we get

fo dr (—y —log(t — 7)) §(r) = (v + log H)q(0) + 4r (Un(t)ebo) (y;)

N
—dm |g; ()17 4;(t) + 4785 D] Vir(0)aw(t).  (2.69)
k=1

Now the claim follows by simply observing that all the terms on r.h.s. enjoy the required properties.
Indeed we have seen that logt € Clog 5(0,T] n HY2(0,T) for any T finite and 8 > 0. Moreover,
thanks to Proposition 2.3 and Lemma 2.8, g; has the needed regularity for any ' < T, and § < 1
and this allows us to deal with the last two terms (recall the boundedness of R ;). Finally Lemma
2.8 yields the result once applied to the second term. ]

Proof of Theorem 1.2. The proof is divided into two parts, where we prove mass and energy con-
servation separately.

Part 1. Let us first consider the mass conservation. Using the Fourier transform, (1.7) reads

N t

n —ipt77 " i —ipy; —ip2(t—1
D) = () + 5= D¢ | dr BTy (),
j=1
Hence,
~2 g~ 2 1Y N b,
G = [ + 2 S mfern i) [ are g o)
j=1

N t

1 4 t .
+ g ) Py L dr L ds 7"~ g;(r)gk (s),
Jk=1
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so that, denoting by .# ! the anti-Fourier transform on R?,

r\wt\\%2<Ra)—r\wo\\%2(Rz i {Im{%mfdm@“q;‘( )} o)

0

+ -
2
j?

Now, by the properties of the Fourier transform and the definition of Uy,

ngim{f dr ¢} (1) 7 e Gup }—221m{j 7 4} () Onr)en)35) |

so that by (2.59) proven in Lemma 2.6,

w-— wlwzwg——ZZRe{def ds g5 (Mo~ sly; - ) |

J=1k#j

- iifo ar ()P + %im{j@ dr a3 () [ ds (= = loxtr = 9o |

On the other hand, ® can be split into two terms as well:

N ¢ t
1 .
D=1+ Byi= o N {j dTJ ds eZp2(ST)qj(T)q;<(3)} (0)

j=1 0

One can easily see that ®4 cancels with Wy, since

ZZRe{f de ds ¢*(T)qr(s) 7 _1{€_ip2(T_S)}(Yj_Yk)}

] 1k+#j

:—ZZRe{J de ds q; (1)ar(s)Uo (T S;|Yij|)}=\I’1-

J=1k#j

Then, it is left to prove that Ws + W3 + ®; = 0. First, one sees that

N . -
1 )
¢ = — Z Ft {Re{f dr q;‘(T)j ds qj(s)e“”Q(Ts)}} (0),
i 0 0
then we compute
T d T e*iPQ(Tfs) iQ‘(T) T e*iPQ(Tfs)
ds ai(sle— P2 _; 4 [T 4 () f ,
| asae i | s ) - S | s )

{f de ds =" g(r)q (3)}(Yk_Yj) =: 9ol 7oey + ¥ + @.

31
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thus obtaining

By — %ég—l {Im{ Lt dr q;‘(q—)% L ds %%(5)}} (0)
%i {Re{ Lt dr ¢¥() LT ds %%(s)}} (0).

Hence, using again the properties of the Fourier transform, the above expression can be rewritten
as

1 & t d (T . o—ip?(T—5)
Py = —— I * i —iT ) g-11s
1 szzl m fo dr g; (1)e dT{e fo ds q;(s).7 [ 21 ]}(0)

N

- A=1Im U: dr gt (T)G”% LT ds gj(s)e” " (= — log(r — S))}

N t -
1 . d )
- — I dr ¢ T dsq; Q1T — = 0]
QWJZJI m{jo Tq;(T)e deO sqj(s)e QLT 5)} 11+ P19,

where we have made use of (2.42) and (2.43). Now, with some computations, one finds that

Qo+ Wy =—— E Im{j dr q;‘(T)j ds qj(S)ei(Ts)Q(l;T—s)}
0
N t T i(r—s) _
1 e 1
-1 * (-
5.2 L m{fo dr g (T)fo ds g;(s) p— },

i(1T—s)

since Q(1;7 — s) = 1= ¢ —— as it follows from (2.42) and the definition of the sine and cosine
integral functions [AS, Egs. 5.2.1 & 5.2.2]. Similarly,

e [T ds gty —toutr =) = 2 | dsgs(s)(— ~ loglr )

d'T 0 T 0
T ei(T—s) -1
_ ds a:(s)——— —
jo a5 ( ) R
leading to ®1 9 + ¥o + ®1 1 = —V¥3 and thus completing the proof of the mass conservation.

Part 2. Let us turn now our attention to energy conservation. Since ¥y € Z[F], taking A = 1,
(1.7) yields

1 N
Yi(x) = (Uo(t)d1,0) ( 2—2 ) Ko(|x —y;l)

—LZL dr (5(1) —iq; (7)) (Uo(t — 7)Ko (| - —y;)) (x), (2.70)

where we have integrated by parts and used the simple formula

diT |7 (Wo(t = 7)Ko) (x) | = i~ Uy (¢ - 73), (2.71)
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which can be easily verified by rewriting the quantities via Fourier transform. In light of Remark
2.4 and Lemma 2.8, the term involving ¢; has to be understood as discussed in Remark 2.4, i.e.,
as the pairing between a function in H~"2(R) and another in H'/2(R). In the very same way we
get

61.4(x) = (Un(1)610) 2 f dr (45(r) — ia;(r)) Uo(t — VKo (|- —y,)) ().
Then, we can compute the H' norm of 1.t as
(R2) @2y + Ve + Py, (2.72)
where
- Z R(f 7 (7)) (Ca(r)ena) ) (2.73)

and ®; can be split in two parts, ie, &, = &4 + yq, with

Nt t
q>d=4—;]§ fo dr fo ds (d5(r) = ig;(7)) (Uo(r = $)Ko (|- =) (73) (65 () = igs(5)* . (274)

f—}igjf (d5(7) — iy ()

x (Uo(r = )Ko (|- =yl)) (y;) (d5(s) — ig; ()" . (2.75)

Lemma 2.8 guarantees that the r.h.s. of (2.73)—(2.75) are well defined expressions, which should
be understood as explained in Remark 2.4. On the other hand, using (2.42), we can immediately
rewrite (2.74) and (2.75) as (recall the definition of Q(-;-) in (2.43))

:%i {f dff ds (G;(r) — igy(r))*

x T Q(157 — 5) — w(y + log(r — 9))] (G5(s) — ig;(s)) }

ZZRe{ f ar [ s (e iqjm)*(Uo(Ts)Ko<|-yk|>><yj><q'k<s>iqk<s>>}-

] 1k#j
Now, using again that ¢y € 2[F] and (2.59), we obtain

(Un(7)é1,0) ( =——Z% Ko(l - —ykl) (v;)

Z f ds Uo(T — s;|yj — yil)ar(s) + (ﬁj\qa‘(T)\%j + %ﬁfﬂ) 4(7) = iqjéT)

k#]

# B —togr) 4 - [ ds (o = loglr — 9)is(e), (270



34 R. CARLONE, M. CORREGGI, AND L. TENTARELLI

where Lemma 2.9 guarantees the well-posedness of last term. Plugging it into the definition of W,
we can split ¥; into five terms as Wy = Wy 4+ Uy + W3 + Uy + U5, where ¥y = Uy g + Uy oq, with

1Y t
W= 2 3 Re(a,0) [ 7 (6560) - i) oKl -3, ) .77
j=1 0
wlvod——ZERe(qko [ @ @0 - i) @aomal - v 6)). )
J=1k#j
Moreover,
=—= Im dr | ds (g;(1) —1g;(7))" Up ( 5 s) |, 2.79
2; (j [ s @) - ingo vt - sl -yibas)), @
o ([ Bila; ()% vy —log2 & ( Byla; (0 v —log 2
\1'3:;1< ]aj»+1 L > : Z< Jaj+1 L >|qf(0)|2’ (2:80)
where we have used that
2Re [(4;(7) — iq;(7))*|q; (7)[*7 ¢;(7)] = 11 d (lg; (m)[71+2),
2Re [(4;(r) — ig; (7)) ()] = ~ela ()%
U, = \114,r + \2[1471, with
1 Lo . .
OEE) Re((650) [ dr ) iay(7))” (-7~ o)) (281
1Y t , . ‘
vy B [ G i) (282

and finally

:}i < jo dr jo ds(q'jmz'qjm)*(vlog(fs))q'j<s>>. (2.89)

We stress that all the expressions above (2.77)—(2.83) are well defined thanks to Lemma 2.8 and
Remark 2.4 and therefore the decomposition of W; is meaningful as well.
Using the definition of the free propagator Uy(7) and (2.42), one sees that

N t
=37 w0 [| 47 6r) o) o [~ — 2] |

with @ defined by (2.43). Then, summing and subtracting (¢;(7) — iq;(7))*(—y — log 7) in the
integrand function and defining £(t) := (e — 1)(—y — logt), we have

Wy + gy = % i Re{qj(O) f: ar (45(r) — ig;()" [6() + ZQ(1;7) | } —: Ry.
j=1
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On the other hand, we observe that ®4 + V5 = Ry + R3, where

Ry - %j]ﬁ;f{e{ f: dr fo s (i5(7) — iy (7)) iy () [ 17 — ) + <2017 — )] }

1 S ' T . . * i(T—s .
R3=gj=11m{ [ ar [ as @00 = it a0 [~ togtr — ) + 20t - 9] .

As a consequence, we see that ¥y g+ U+ VU5 +®q = Ry + Ro+ R3+ VY, ; =: I'. Now, an integration
by parts shows that

f; ds d5(s) | Ur = ) + “22Q(Lir = 8)| = ~Fa(r) - 4;(0) (67) + ZQ(L7))

+ % f ds qj(s)ei(T_s)Q(l; T—38)+ f
0

0
and then, plugging into the definition of Rs, there results that

ds ¢;(s) [E(T —s)+ LW_S)Q(L T — s)]

Fzé%ﬁ?m{ﬁ;hﬁjm(@h)MAﬂf%@kw_W7de$&

ft dr OT ds (4;(1) —ig;(1))* q;(s) [gf(T )4 £ S)] }

However, easy computations (see (2.42)) exploiting the definition of the trigonometric integral
functions (see, e.g., [AS, GR]) yield
it

0t) + %Q(l;t) = ie'(—y — logt)

and therefore I = 0.
It remains then to compute the off-diagonal terms © := Wy ,q + V3 + ®,4. Another integration
by parts yields

f; ds (4x(s) — ian(s)) (Uo(r — Ko (|- —yiD)) (v5) = a(M) Ko (lys — yl)

qAO)@%@ﬂKbﬂ-yMD(YﬂiﬁjdquSN%CTSJijkD

and consequently, plugging into the definition of ®,4, we find that
1Y ¢
013 3 fallvi — vl Re{ [ ar (@~ i)t}

J=1k#j

due to the definition of the Macdonald function Kjy. Moreover, since (see again Remarks 2.3 and
2.4)

J; dr (5 (7)ar(7) + 4;(7)gi (1)) = Re [} (T)ar(T) — ¢} (0)qr(0)]

and
t

R%JZﬁK4%ﬁW%ﬁH%%%UW%“ﬂ}:_m{f

dr 2Re [q;k (T)qk(T)] } =0,
0 0
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we have

Z Ko(lyx — y;51) Re [qf (T)qr(r) — ¢} (0)qi(0)] -
k:>j
Summing up

N
2 2 log 2
®2) = D7l 7 g2y — Z (Uﬁllq] ()77 + 182 ) lg; ()]?

N
Z <aj+1‘qa ()2 + 1= 1°g2> |4 (0)] Z Ko(lyr — yil)Re [¢} (T)qr (1) — ¢5(0)qx(0)] ,
j=1 k>]

so that, in view of (1.17), E(t) = E(0), for any ¢t < T < Ty. O

2.5. Global well-posedness and blow-up alternative. Before proving Theorem 1.3 and
Proposition 1.1, we need one final Lemma, which allows us to extended the Sobolev regularity
of q(t) to any interval (0,7"), with T" < T. We aim at applying Proposition 2.4 and therefore we
need to prove (2.51):

Lemma 2.10.
Let q(t) be the solution of (1.11) provided by Proposition 2.3 and Ty the mazximal existence time
given in Proposition 2.2, then for any T < Ty and 0 <Ty < Ty — T

Lt dr Z(t — 1) (Uo(7)dr) (y;) € C[0, T1] n HY2(0,T1), (2.84)

Vji=1,...,N.
Proof. Using the ansatz (1.7), we see that the above expression splits into two terms:

. N T
(Uo(T)dr)(y;) = (Uo(T + T)vbo) (y;) + % > fo dsUo (1 + T = s;|yj — ykl) ax(s)
k=1

and, using the Fourier transform as well as the properties of the unitary group Uy(7), the r.h.s.
becomes

T .
= j dpe PVie~ ip*(7+T) gb 20(P +— Z J dpe P Vi —¥k) j ds e~ P (T+T—s) qu(s) — iqx(0) _
R2 0 PP+ A

The first term is bounded thanks to the hypothesis on 1y and therefore its integral with Z(¢t — 1)
is continuous. The second term can be rewritten as (recall Remark 2.3)

1 & {
27 =
The first quantity between brackets is bounded thanks to the properties of q(t) (see again Remark
2.4 and Lemma 2.8). The remaining part of the expression is not bounded but, using the properties
of the integral kernel Z (see (2.64) and the proof of Proposition 2.2), one can show that, when

integrated against Z(t — 7), it provides a continuous function.

In order to prove that the expression belongs to H'/ 2(0,Ty), one can proceed exactly as in the
proof of Proposition 2.3. We omit the details for the sake of brevity. O

T
fo ds (4r(s) +iAqr(s)) (Uo(T + T — s)Ko(- — y&)) (vj) — a(T) (Uo(T) Ko (- — y&)) (Yj)] -
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Proof of Theorem 1.3. As a preliminary step, we combine Lemma 2.10 with Proposition 2.4, which
implies that q(t) € H/2(0,T) for any T < T} (recall the maximal existence time T} provided by
Proposition 2.2). Hence the energy conservation proven in Theorem 1.2 holds true up to any
T < T,. Moreover, it yields that, if 3; >0,Vj=1,...,N,

la(t)] < C < +w, vt e [0,T7, (2.85)
and any T < T: indeed, by (1.17) we have

Z <U]+1|q] ‘201 + 2= log2) ‘qj(t)‘Z <C <+,

but v —log2 < 0. However, if the quantity between brackets is bounded from below by ¢ > 0 for
any j = 1,..., N, then the result easily follows. On the other hand is for some j, the lower bound
on the quantity fails, it means that
20; _ log2—
0'J+1|Q_]*( )| 7 < og_zw 1+ ¢,

which also implies that g;, is bounded, since §;, > 0. We can then remove ¢;, from the upper
bound and repeat the argument, so obtaining the result.

Hence, since q remains bounded as ¢t — T by a quantity which is independent of T', it must be
(recall that Ty is by definition the maximal existence time of q(t))

limsup|q(t)| < C < +o, (2.86)
t—T*

which implies that q can be extended to the whole positive half-line and that q is the unique solu-
tion of (1.11) in C[0, ), i.e., it is global in time (see [Mi, Theorem 2.3]). In addition, Proposition
2.4 in combination with Lemma 2.10 implies that q € H1/2(07 T), for every finite T' > 0.
Consequently, arguing as before, one can prove that the function v, defined by (1.7) and (1.11)
is in 2[F] and solves (1.15) for every ¢ = 0, thus proving Theorem 1.3. O

Proof of Proposition 1.1. If 3; < 0 for some j € {1,..., N}, then we have the following alternative:
either lim sup;_, 7, |q(t)| < +00, which implies that T} = 400 and the solution is global in time, or

limsup |q(t)| = +o0.
tHT*
In this second case we can still have two opposite alternatives: either T, = 400 and, in spite of not
being bounded, the solution is nevertheless global in time, or T, < +00 and the blow-up occurs.
Indeed, by the energy conservation and the diverging limit of q, we obtain

limsup 6,1l 71 gy = +20
tHT*

i.e., 1y blows-up at a finite time. O

REFERENCES

[A] ApamrI R., A Class of Schréodinger Equations with Concentrated Nonlinearity, Ph.D. Thesis, Universita degli
Studi di Roma “La Sapienza”, 2000.

[AGH-KH] ALBEVERIO S., GESZTESY F., HOEGH-KROHN R., HOLDEN H., Solvable Models in Quantum Mechanics,
Spinger, Berlin, 1988.

[AS] ABRAMOVITZ M., STEGUN I.A., Handbook of Mathematical Functions: with Formulas, Graphs, and Mathemat-
ical Tables, Dover, New York, 1965.

[AT] ApamI R., TETA A., A Class of Nonlinear Schrédinger Equations with Concentrated Nonlinearity, J. Funct.
Anal. 180 (2001), 148-175.



38 R. CARLONE, M. CORREGGI, AND L. TENTARELLI

[ADFT1] ApamI R., DELLANTONIO G., FIGARI R., TETA A., The Cauchy problem for the Schrédinger equation
in dimension three with concentrated nonlinearity, Ann. I. H. Poincaré — AN 20 (2003), 477-500.

[ADFT2] Apami R., DELL’ANTONIO G., FIGARI R., TETA A., Blow-up solutions for the Schrédinger equation in
dimension three with a concentrated nonlinearity, Ann. I. H. Poincaré — AN 21 (2004), 121-137.

[BKB] BULASHENKO O.M., KoCHELAP V.A., BoNILLA L.L., Coherent patterns and self-induced diffraction of
electrons on a thin nonlinear layer, Phys. Rev. B 54 (1996), 1537-1540.

[C] CAzENAVE T., An introduction to nonlinear Schrodinger equations, Textos de Métodos Matemadticos 22,
I.M.U.F.R.J., Rio de Janeiro, 1989.

[CCF] CARLONE R., CORREGGI M., FiGARI R., Two-dimensional Time-dependent Point Interactions, preprint
arXiv:1601.02390 [math-ph] (2016).

[CCNP] CARLONE R., CacciapuoTi C., NoJa D., PosiLicANO A., The 1-D Dirac equation with concentrated
nonlinearity, preprint arXiv:1607.00665 [math-ph] (2016).

[CD] CoRREGGI M., DELL’ANTONIO G., Decay of a Bound State under a Time-Periodic Perturbation: a Toy Case,
J. Phys. A: Math. Gen. 38 (2005), 4769-4781.

[CDFM] CORREGGI M., DELL’ANTONIO G., FIGARI R., MANTILE A., Ionization for Three Dimensional Time-
dependent Point Interactions, Commun. Math. Phys. 257 (2005), 169-192.

[CFNT1] Cacciapuortt C., Finco D., Noja D., TETA A., The NLS Equation in Dimension One with Spatially
Concentrated Nonlinearities: the Pointlike Limit, Lett. Math. Phys., 104 (2014), 1557-1570.

[CFNT2] CacciapuoTi C., FiNnco D., Noja D., TETA A., The point-like limit for a NLS equation with concentrated
nonlinearity in dimension three, preprint arXiv:1511.06731 [math-ph] (2015).

[CFT] CARLONE R., FIORENzZA A., TENTARELLI L., The action of Volterra integral operators with highly singular
kernels on Holder continuous, Lebesgue and Sobolev functions, preprint arXiv:1611.08503 [math.AP] (2016).

[DFT1] DELL’ANTONIO G., F1GARI R., TETA A., Hamiltonians for Systems of N Particles Interacting through
Point Interactions, Ann. I. H. Poincaré — PHY 60 (1994), 253-290.

[DFT2] DELL’ANTONIO G., FIGARI R., TETA A., The Schrodinger equation with moving point interactions in three
dimensions, in Stochastic Processes, Physics and Geometry: New Interplays. I: A Volume in Honor of Sergio
Albeverio, Conference Proceedings, Canadian Mathematical Society 28, 99-113, AMS, 2000.

[DGPS] DALFovO F., GIORGINI S., PITAEVSKII L.P., STRINGARI S., Theory of Bose-Einstein condensation in
trapped gases, Rev. Mod. Phys. 71 (1999), 463-512.

[DM] DroRr N., MALOMED B.A., Solitons supported by localized nonlinearities in periodic media, Phys. Rev. A 83
(2011), 033828.

[E1] ERDELYT A., Higher Transcendental Functions, vol. III, Krieger Publishing, 1981.

[E2] ERDELYT A., Tables of Integral Transforms, vol. I, McGraw-Hill, 1954.

[GR] GRADSHTEYN L.S., RyzHIK I.M., Tables of Integrals, Series and Products, Academic Press, San Diego, 2007.

[H HARDY G.H., Ramanujan. Twelve Lectures on Subjects Suggested by His Life and Work, Cambridge University
Press, Cambridge, 1940.

[J-LPC] PRESILLA C., JONA-LASINIO G., CAPASSO F., Nonlinear feedback oscillations in resonant tunneling through
double barriers, Phys. Rev. B 43 (1991), 5200-5203.

[J-LPS] JoNA LAsINIO G., PRESILLA C., SJIOSTRAND J., On Schrédinger Equations with Concentrated Nonlineari-
ties, Ann. Phys. 240 (1995), 1-21.

[KP] KUFNER A., PERSSON L.E., Weighted inequalities of Hardy type, World Scientific, Singapore, 2003.

[LKMF] L1 K., KEVREKIDIS P.G., MALOMED B.A., FRANTZESKAKIS D.J., Transfer and scattering of wave packets
by a nonlinear trap, Phys. Rev. E 84 (2011), 056609.

[Ma] MALOMED B.A., Nonlinear Schrédinger Equations, in Encyclopedia of Nonlinear Science ( Scott A. edt.),
Routledge, New York, 639-643, 2005.

[Mi] MILLER R.K., Nonlinear Volterra Integral Fquations, W.A. Benjamin Inc., 1971.

[MA] MaLOMED B.A., AzZBEL M.Y., Modulational instability of a wave scattered by a nonlinear center, Phys. Rev.
B 47 (1993), 10402-10406.

[MB] MoriNa M.I., BUuSTAMANTE C.A., The attractive nonlinear delta-function potential, Amer. J. Phys. 70
(2002), 67-70.

[N] NIER F., The dynamics of some quantum open systems with short-range nonlinearities, Nonlinearity 11 (1998),
1127-1172.

[NP] NoJa D., PosILICANO A., Wave equations with concentrated nonlinearities, J. Phys. A: Math. Gen. 38 (2005),
5011.

[S et al] SUKHORUKOV A.A., KIVSHAR Y.S., BANG O. , RASMUSSEN J.J., CHRISTIANSEN P.L., Nonlinearity and
disorder: Classification and stability of nonlinear impurity modes, Phys. Rev. E 63 (2001), 036601.



WELL-POSEDNESS OF 2D NLSE WITH CONCENTRATED NONLINEARITY 39

[SKB] SukHORUKOV A.A., KIVSHAR Y.S., BANG O., Two-color nonlinear localized photonic modes, Phys. Rev. E
60 (1999), R41-R44.

[SKM] Samko S.G., KiLBas A.A., MARICHEV O.l., Fractional Integrals and Derivatives, Gordon and Breach
Science Publishers, Philadelphia, Pa., USA, 1993.

[SY] Savarova M.R., YAFAEV D.R., The evolution operator for time-dependent potentials of zero radius, Proc.
Steklov Inst. Math. 159 (1984), 173-180.

[Y] YEH P., Optical Waves in Layered Media, Wiley, New York, 2005.

UNIVERSITA “FEDERICO II” DI NAPOLI, DIPARTIMENTO DI MATEMATICA E APPLICAZIONI “R. CACCIOPPOLI”,
MSA, via CiNTHIA, 1-80126, NAPOLI, ITALY.
E-mail address: raffaele.carlone@unina.it

UNIVERSITA DEGLI STUDI DI ROMA “LA SAPIENZA”, DIPARTIMENTO DI MATEMATICA “G. CASTELNUOVO”, P.LE
ALDO MORO, 5, 00185, RoMA, ITALY.
E-mail address: michele.correggi@gmail.com

UNIVERSITA “FEDERICO II” DI NAPOLI, DIPARTIMENTO DI MATEMATICA E APPLICAZIONI “R. CACCIOPPOLI”,
MSA, via CINTHIA, 1-80126, NAPOLI, ITALY.
E-mail address: lorenzo.tentarelli@unina.it



	1. Introduction and Main Results
	1.1. The model
	1.2. Local well-posedness and conservation laws
	1.3. Global well-posedness and blow-up alternative

	2. Proofs
	2.1. Preliminary results
	2.2. A derivation of the charge equation
	2.3. Local well-posedness
	2.4. Conservation laws
	2.5. Global well-posedness and blow-up alternative

	References

