Ten Lectures on the ElectroWeak Interactions
Riccardo Barbieri
Scuola Normale Superiore and INFN, Piazza dei Cavalieri 7, I-56126 Pisa, Italy

arXiv:0706.0684v1 [hep-ph] 5 Jun 2007

Abstract
Elementary particle physics is the quadrant of nature whose laws can be written in a few
lines with absolute precision and the greatest empirical adequacy. If this is the case, as I
believe it is, it must be possible and is probably useful to introduce the students and the
interested readers to the entire subject in a compact way. This is the main aim of these
Lectures.

Preface
Elementary particle physics is the quadrant of nature whose laws can be written in a few lines
with absolute precision and the greatest empirical adequacy. If this is the case, as I believe it is,
it must be possible and is probably useful to introduce the students and the interested readers to
the entire subject in a compact way. This is the main aim of these Lectures.
The Standard Model is the reference theory for particle physics, including the fact that one
often explicitly refers to Beyond the Standard Model physics. Although maybe practical, I have
never liked the distinction between Standard Model and Beyond the Standard Model physics.
These lectures are certainly mostly about the Standard Model, minimally extended to include
neutrino masses. As such, I avoid discussing explicitly any proposal that goes beyond the Standard
Model, none of which has received yet any clear experimental confirmation. Nevertheless most of
the Lectures are given with an open eye to a possible evolution of the theory of the ElectroWeak
Interactions. At least I try. It will probably be most useful to read and use the Lectures with
the same spirit. Not unrelated to this is the fact that, while these Lectures are being written, the
commissioning of the Large Hadron Collider in Geneva is close to completion. Is it not risky, then,
to write lectures about the ElectroWeak Interactions precisely when the incoming experiments at
the LHC may demand a strong revision of the underlying theory? Maybe yes, but I think it is
nevertheless useful to take such a risk now, at least as a way to focus on the open questions that
the LHC experiments might allow to answer.
There are two main difficulties in trying to give a concise course on theoretical particle physics.
The first one is the number of different specialized chapters that compose nowadays particle
physics. Since I think that one should resist to excessive specialization, the only (not negligible)
sacrifice that I try to make in compiling the list of subjects is to leave out a discussion of strong
interactions. Partially this is because I consider the Lagrangian of QuantumCromoDynamics more
likely to be established then the ElectroWeak sector of the Standard Model, although not to be
confused with the statement that there are no important open problems in the physics of the strong
interactions. The second difficulty is of technical nature, as experienced by anybody lecturing on
the subject. There is a good deal of field theory that the students should know to appreciate at
best a course on theoretical particle physics. Probably as a consequence of this, several excellent
books on field theory exist that include a description of the Standard Model only towards the end
or at least in their second part. To be able to focus as concisely as possible on physics issues,
I prefer to avoid any introduction on field theory. For this reason I include a number of short
Appendices that summarize the field theory knowledge that is needed for a full understanding of
the content of the various Lectures. Needless to say these Appendices cannot replace a course in
field theory. Again for reasons of conciseness I skip several technical details, perhaps more than
usual in a pedagogical booklet. As a partial remedy, I set problems in the course of the Lectures,
without solving them explicitly. A student interested in becoming able to actively work in the
field of particle physics should try to solve as many of them as possible.
I thank all my collaborators, in particular Guido Altarelli, Francesco Caravaglios, Paolo
Ciafaloni, George Dvali, Gian Giudice, Lawrence Hall, Luciano Maiani, Antonio Masiero, Yasunori Nomura, Riccardo Rattazzi, Andrea Romanino, Slava Rychkov and Alessandro Strumia
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for the many interactions, discussions, corrections of errors, etc. that have influenced my understanding and my view of the theory of the electroweak interactions.
Finally I apologize for not providing any bibliography of the literature, which would have to
be very large to be complete.
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1
1.1

From the Fermi Theory of β-decay to the minimal Gauge
Lagrangian
The Fermi theory of neutron decay

In 1934 Fermi wrote the first effective Lagrangian to describe a weak interaction phenomenon:
nuclear β-decay. Considering neutron decay, the Fermi Lagrangian can be written, with current
knowledge, as
GF
LF = √ cos θC (p̄γµ (1 + αγ5 )n)(ēγµ (1 − γ5 )ν),
(1.1)
2
where p, n, e, ν are the fields of the proton, neutron, electron and neutrino respectively. In units
/ = c = 1, GF is a constant of dimension of mass−2 , since every fermion field, as readily
where h
seen from the free Lagrangian, has dimension of mass3/2 . The presence of the factor cos θC , close
to unity, will be commented later on. Finally α is another dimensionless constant.
This interaction allows to calculate both the neutron width and its angular dependence. For
the total width one finds
G2 ∆5
(1.2)
Γ = F 3 cos2 θC (1 + 3α2 )Φ,
60π
where ∆ = 1.29 MeV is the neutron-proton mass difference and Φ = 0.47 is a numerical factor
that would be unity if the electron mass were neglected relative to ∆. The angular dependence of
the width in the neutron rest frame is given by
dΓ
1 − α2
∝ (1 +
ve · n),
dΩe
1 + 3α2

(1.3)

where ve and n are the 3-velocities of the electron and of the neutrino respectively. [Problem
1.1.1: Prove eq.s (1.2) and (1.3) starting from eq. (1.1).]
The measurements of the lifetime and of the angular distribution give
τ=

1
= 885.7 ± 0.8 sec,
Γ

α = −1.2695 ± 0.0029,

(1.4)

−1/2

from which one infers, using eq. (1.2), GF ≈ 250 GeV . As we shall see, this ”Fermi scale” plays
a fundamental role in the theory of the electroweak interactions. It is believed to be one of the
two fundamental scales in particle physics, the other being the scale of the strong interactions or
the scale of Quantum CromoDynamics.
Based on the analogy with Quantum ElectroDynamics, Fermi himself, among others, conjectured that the interaction in eq. (1.1) could result from the exchange of a heavy charged vector
boson, Wµ± , of mass mW , interacting with the current
Jµ− = p̄γµ
via

1 + αγ5
1 − γ5
n + ν̄γµ
e,
2
2

Jµ+ = (Jµ− )+

g
Lint = √ Wµ+ Jµ− + h.c.,
2
5

(1.5)

(1.6)

where g is a dimensionless coupling. Since ∆ is negligible with respect to mW , the exchange of
the W -boson gives indeed rise to the Fermi interaction in eq. (1.1) with the identification
g2
GF
√ =
.
8m2W
2

(1.7)

Other effects due to the exchange of the W would also be of purely leptonic and purely hadronic
nature. Limiting g to a value of order unity to maintain the perturbative analogy with QED gives
an upper bound to the W -mass of order 100 GeV .
We now know that the elementary interactions of the W are not with the neutron and the
proton but rather with the quark fields, u and d, through the current
Jµ− = ūγµ

1 − γ5
1 − γ5
d + ν̄γµ
e,
2
2

(1.8)

which only involves the left-handed spinor fields. It is this interaction, therefore, that we want to
describe in an overall consistent framework.

1.2

From the Fermi Theory to the minimal gauge Lagrangian

The only known way to make sense in perturbative field theory of an interacting vector boson is
to promote it to be the carrier of a gauge interaction, as described by a gauge Lagrangian Lg (See
A
Appendix A). For any vector boson AA
of the gauge group G
µ there is an associated generator T
forming a closed algebra
[TA , TB ] = ifABC TC ,
(1.9)
where fABC are the structure constants of the group. If we denote with Ψα , α = 1, 2, ..., NΨ , the
collection of the fermionic fields, all conventionally taken as left-handed Weyl spinors (a righthanded spinor can be made left-handed by charge conjugation), the gauge bosons interact with
them via the current (while keeping the same notation, here the TA are the particular matrices
which represent the generators as acting on the Ψ)
JµA = Ψ̄γµ T A Ψ.

(1.10)

The problem therefore is to embed eq. (1.8) into a structure of the type (1.10).
For this purpose we rewrite the current in (1.8) in the form
±

±

σ
σ
Jµ± = Q¯L γµ QL + L¯L γµ LL
(1.11)
2
2
√
where σi are the usual Pauli matrices, σ ± = 1/ 2(σ1 ± σ2 ), and we have organized the left handed
fermions into doublets
 
 
1 − γ5 ν
1 − γ5 u
;
LL =
.
(1.12)
QL =
d
e
2
2
So far this is only a notational change. On the other hand, by comparison with eq. (1.10), we can
try to identify the matrices σ ± /2 with the generators T ± of a suitable gauge group. For this to
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be possible at all, the algebra of the generators (1.9) must be closed, which leads us to consider
the commutator
σ+ σ−
σ3
[T + , T − ] = [ ,
] = i ≡ iT3
(1.13)
2 2
2
as the third generator of an SU(2) algebra. To embed the charged current in (1.8) into a gauge
structure, we have to include also a gauge boson interacting with a neutral current, i.e. through
the diagonal generator T3 .
In the sixties, when this theory was formulated, one such neutral gauge boson was of course
already known: the photon, whose associated diagonal generator is the electric charge Q. However
the eigenvalues of Q differ from those of T3 and, furthermore, Q acts also on the right handed
components of the charged fermions (or their charged conjugates, according to our convention),
whereas the Ti only act on the left handed fermions, as dictated phenomenologically by (1.8).
What then if we commute the electric charge Q with the Ti ? To answer this question, it is best to
rewrite the electric charge generator as Q = T3 + Y , where the hypercharge Y is another neutral
generator with eigenvalues (T3 = 0 on the right handed fields)
Y

uL dL (uR )C (dR )C
νL
eL
(eR )C
1/6 1/6 −2/3 1/3 −1/2 −1/2
1

(1.14)

Note now that the hypercharge does not distinguish the individual members of the doublets,
QL or LL , hence it commutes with all the Ti . We are therefore led to the following conclusion.
The charged bosons W ± supposedly mediating the charged current Fermi interaction (1.6) can be
embedded in a gauge theory, which must include the photon in a non trivial way. Furthermore,
one must consider also the presence of a further neutral interaction, corresponding to a minimal
gauge group SU(2)XU(1). The Ti generate the weak isospin SU(2) group, whereas the U(1)
group is generated by the hypercharge Y . The two groups are factorized since Y commutes with
the Ti . Following Appendix A, it is straightforward to write down the minimal gauge Lagrangian
for such a theory. In a concise although also precise notation it is
A A
/
Lmin = −1/4Fµν
Fµν + iΨ̄DΨ

(1.15)

where A goes from 1 to 4 = 3+1 and Ψ includes all the matter fermions in a single column vector
of Weyl spinors.
Let us actually be more complete here. We know that each quark occurs in 3 colours, which
have not been mentioned so far since they are dummy variables as far as the electroweak interactions are concerned. The 3 colours are there to account for the strong interactions also
via a gauge theory with an SU(3) gauge group. Therefore things are such that the Lagrangian
in (1.15) can incorporate the strong interactions as well, provided we consider the gauge group
SU(3)XSU(2)XU(1) and Ψ properly includes all the fermionic degrees of freedom with the suitable colours. A standard compact notation for Ψ is
Ψ = (Q(3, 2)1/6 , L(1, 2)−1/2 , uc (3̄, 1)−2/3 , dc (3̄, 1)1/3 , ec (1, 1)1 , N(1, 1)0 )

(1.16)

The meaning of it is the following: the two numbers in bold characters denote for any component
the SU(3) and the SU(2) representations respectively, whereas the subscript numbers give the
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hypercharge of each component. For the SU(2)-doublets Q and L, the subscript L, for left handed,
has been omitted. Notice finally the presence in Ψ of a totally neutral spinor N(1, 1)0 , normally
not included in the Lagrangian of the Standard Model. We are preparing the ground for the
neutrino masses. Altogether this makes a total of 16 Weyl spinors, forming a 6 times reducible
representation of SU(3)XSU(2)XU(1).
As remarked in the Appendix A, the minimal Lagrangian contains 3 dimensionless couplings,
one for each factor of the gauge group. Furthermore, the gauge invariance of this classical action
does not fix the hypercharge eigenvalues, which have been chosen to reproduce the observed electric
charges of the fermions. This is an embarrassing pending issue to which we shall have to return.
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2
2.1

The Lagrangian of the Standard Model, including neutrino masses
The global symmetries of the minimal gauge Lagrangian

The minimal gauge Lagrangian is very far from being realistic. An easy way to see this is to
consider its symmetries. The gauge symmetry itself is of course a problem. What distinguishes
the photon from the other weak vector bosons? The SU(2)XU(1) gauge invariance could, at least
in principle, be broken by some non perturbative mechanism. There are all reasons to think, in
fact, that this would be the case due to the SU(3) sector (Quantum CromoDynamics) but there
are also many obvious reasons to think that this would not work. [Question 2.1.1: Enumerate
some of these reasons.] But a possibly even stronger argument that makes the minimal gauge
Lagrangian inadequate is related to its global symmetries.
These global symmetries are tightly related to the high reducibility of the Ψ-multiplet under
the full gauge group. As manifest from (1.16), neglecting for the time being the overall singlet
N(1, 1)0 , Ψ breaks down into 5 irreducible representations of the gauge group, i.e. each generator
splits into 5 blocks on the diagonal. The same is true, therefore, for the Dµ appearing in the
fermionic term of Lmin , which splits in a sum of 5 independent pieces
/ =
iΨ̄DΨ

5
X

/ α Ψα .
iΨ̄α D

(2.1)

α=1

Hence Lmin is invariant under five independent phase transformations, or five U(1)’s. One combination of them is in fact the same hypercharge U(1) gauge group, but the other independent 4
phase transformations must correspond, by Noether’s theorem, to 4 globally conserved charges.
What are these charges? It is simple to convince oneself that a possible choice for the appropriate combinations is B, for baryon number, L, for lepton number and, similarly, BA and LA
for the corresponding symmetries that treat left-handed and right-handed particles in an opposite
way (hence with the same axial charge for Q and uc , dc or for L and ec ). Now, unlike B and L,
the axial BA and LA are highly undesirable, at least, but not only, because all quarks and leptons
are massive.
This difficulty is in fact exacerbated by the occurrence of the three family replicas of the
standard fermions. Now the 5 different blocks in which Dµ splits are actually replicated identically
three times each, so that
5 X
3
X
/ =
/ α Ψiα .
(2.2)
iΨ̄DΨ
iΨ̄iα D
α=1 i=1

With the inclusion of the three families, the global symmetry of Lmin is therefore extended to an
overall SU(3)5 XU(1)4 global group. Except for B and for the individual family lepton numbers
Le , Lµ , Lτ (we are neglecting neutrino masses for the time being) none of these symmetries is
observed in nature.
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2.2

Towards a realistic Lagrangian

Keeping the symmetry issue as our guiding line, we ask how one could modify the minimal gauge
Lagrangian to turn it into a realistic theory. For good reasons (See Appendix D), we want to
stick in the Lagrangian to monomials of dimension 4 at most. Following Appendix A, the only
other term that we could possibly add to Lmin is a fermion mass term of the form ΨMΨ. It is
straightforward to see, however, that the entire set of the Ψ fields in eq. (1.16), with the exception
of the singlet N(1, 1)0 , form a chiral representation (See the definition in Appendix B) of the
SU(3)XSU(2)XU(1) gauge group. [Problem 2.2.1: Prove this statement.] The only term that
we can add is a mass for the right-handed neutrinos (This is how we call the Ni )
1
(2.3)
∆LM = − Ni Mij Nj + h.c.
2
where we make explicit also a generation index i = 1, 2, 3. Mij in eq. (2.3) is an arbitrary
symmetric matrix. This term, however, does not break any of the symmetries discussed in Sect.
2.1, since the Ni only enter Lmin through their free kinetic term.
Always following Appendix A, the only way that we have to try to attack this problem is by
adding new fields. The way taken by the Standard Model is to add a SU(2) doublet of complex
scalars

 +  
φ1 + iφ2
φ
,
(2.4)
≡
φ=
φ3 + iφ4
φ0
with hypercharge chosen in such a way as to allow its possible Yukawa interactions with the Ψ
fields. With a single scalar doublet, this is possible if φ transforms as a (1, 2)1/2 , in which case
the most general Yukawa Lagrangian is
+
D c
E c
∆LY = −φ(Qi λUij ucj + Li λN
ij Nj ) − φ (Qi λij dj + Li λij ej ) + h.c.

(2.5)

[Problem 2.2.2: Prove this statement.] As usual we leave implicit the gauge indices and their contractions. The four 3×3 λ matrices have only an explicit index in family (or flavour) space. Finally
another term that we can include in the Lagrangian is a gauge-invariant, hermitian potential in
the fields φ, φ+ , which takes the form
V = −µ2 φ+ φ + λ(φ+ φ)2 ,

(2.6)

with µ2 and λ real parameters of mass dimension 2 and zero respectively.

2.3

The accidental symmetries of the Standard Model

We have been led in this way to construct the full Lagrangian as
LνSM = Lmin + (∆LM + ∆LY ) − V.

(2.7)

LνSM has the non trivial property of being the most general Lagrangian, gauge invariant under
SU(3)XSU(2)XU(1), with monomials of dimension four at most and involving the fermion multiplet Ψ, as in (1.16), and the doublet scalar φ. At least, but not only, for historical reasons, it is
best to isolate in eq. (2.7) the terms which involve the right handed neutrino fields, so that
1
LνSM = LSM + N̄i ∂/Ni − (φLi λN
ij Nj + Ni Mij Nj + h.c)
2
10

(2.8)

In the literature one refers to LSM as the Standard Model Lagrangian. The experimental discovery
of the neutrino masses makes it natural to extend the Standard Model Lagrangian to introduce
the right handed neutrinos as well.
Once again: what about the symmetries of this Lagrangian? The gauge symmetry has of course
remained intact, since, after all, this has been our very guiding principle. But the potential of the
scalar doublet can spontaneously break it in a phenomenologically consistent way. Furthermore,
and not less importantly, the global symmetry of Lmin has been drastically reduced. Let us see
how, keeping the distinction between LSM and LνSM , since, after all, the neutrino masses only
introduce small effects.
There is a great redundancy in the various λ matrices in eq. (2.5), which it is useful to reduce
away. To this end, we first diagonalize them by appropriate unitary rotations
λI = (VLI )T λId VRI

I = U, N, D, E

(2.9)

where λId are real diagonal matrices with non negative eigenvalues. Then we notice that, by
appropriate unitary transformations of the different components of the Ψ multiplet that do not
affect Lmin , ∆LY can be reduced to
+
T D c
T E c
∆LY ⇒ −φ(QT VqT λUd uc + LT VlT λN
d N) − φ (Q λd d + L λd e ) + h.c.

(2.10)

where Vq and Vl are again unitary matrices related to the VLI as Vq = VLU (VLD )+ and Vl = VLN (VLE )+ .
We have also not bothered renaming the transformed fields. Similarly, in the transformed basis
for the right handed neutrino fields, the mass matrix M changes, but we shall keep for it the same
name without any loss of information. [Problem 2.3.1: Perform explicitly this transformation.]
To summarize, we have reduced the Standard Model Lagrangian to
c
+ T E c
LSM = Lmin − (φQT VqT λUd uc + φ+ QT λD
d d + φ L λd e + h.c.) − V

(2.11)

and the total Lagrangian to
1 T
/ − (φLT VlT λN
LνSM = LSM + N̄ ∂N
d N + N MN + h.c).
2

(2.12)

In this way the global symmetries are made manifest. In the quark sector of LSM , due to the
presence of Vq , only the overall baryon number is respected, whereas in the lepton sector, again
in LSM , the individual family lepton numbers, Le , Lµ and Lτ are conserved. This is not the least
achievement of the Standard Model, given the experimental status of these charges, as we shall
see later on. When the right-handed neutrinos and hence the neutrino masses are added, their
Yukawa interactions break Le , Lµ and Lτ , while conserving the overall lepton number, which is
broken by the right-handed neutrino mass terms. LνSM therefore becomes a candidate for a fully
realistic theory of the electroweak interactions.
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3

The main predictions of the Standard Model

3.1

Gauge symmetry breaking and particle masses

If µ2 in eq. (2.6) is positive, which we assume hereafter, the potential V has a minimum at
φ+ φ =

µ2
≡ v2.
2λ

(3.1)

Also for later purposes, it is useful to notice that φ+ φ = φ21 + φ22 + φ23 + φ24 , so that the potential
V has actually a SO(4) invariance, of which the gauged SU(2)XU(1) is a subgroup.
Following the general discussion in Appendix C, it is therefore possible to chose a particular
vacuum configuration, where
 
0
(3.2)
< φ >=
v

and v is real. This leaves a single generator unbroken, Q = T3 + Y , and a corresponding single massless vector, the photon, whereas the 3 remaining vectors become massive. Their mass
Lagrangian, upon insertion of (3.2) into the covariant kinetic term of the φ bosons, is
∆Lm =

1 v2 2 1 2
[g (Wµ ) + g 2 (Wµ2 )2 + (−gWµ3 + g ′ Bµ )2 ],
2 2

(3.3)

where Wµi and Bµ are the SU(2) and U(1) gauge bosons respectively, and g, g ′ the corresponding
√
couplings. We then have a charged vector boson Wµ± = 1/ 2(Wµ1 ± Wµ2 ) of mass
√
(3.4)
mW = gv/ 2
or, from eq. (1.7),

√ 2
G−1
F = 2 2v .

(3.5)

Zµ = cos θWµ3 − sin θBµ ,

(3.6)

Similarly a neutral boson,
with mixing angle

θ = arctan
acquires the mass

g′
,
g

p

g 2 + g ′2
√
v,
2
whereas the photon is the ortogonal massless combination
mZ =

Aµ = sin θWµ3 + cos θBµ .

(3.7)

(3.8)

(3.9)

Notice the relation between the masses of the charged and neutral bosons,
m2W
≡ ρ = 1.
m2Z cos2 θ
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(3.10)

They become in particular degenerate in the g ′ → 0 limit or cos θ → 1. This is not a consequence of
the gauge symmetry but rather of the SO(4) symmetry of the potential, as we now show. [ Problem
3.1.1: Determine the ratio of the charged to the neutral W -boson masses, if the SU(2) symmetry
is broken by the vacuum expectation value of a scalar SU(2)-triplet with zero hypercharge.]
SO(4) is isomorphic to SU(2)XSU(2). In fact, defining the 2x2 matrix
H = (iσ2 φ∗ , φ),

(3.11)

its action on φ can be identified as
i σi

i σi

H ⇒ eiωL 2 He−iωR 2 ,

(3.12)

i
where ωL,R
are the parameters of two independent SU(2) transformations, often referred to as
SU(2)L XSU(2)R . SU(2)L actually coincides with the SU(2) of the gauge group. This gauging
respects therefore the full SU(2)L XSU(2)R , with the Wµi transforming as a triplet under SU(2)L ,
whereas the gauging of the hypercharge U(1) does not. Since the vacuum configuration < H >=
v1 is left invariant by the diagonal SU(2)V with ωLi = ωRi in (3.12), this explains the degeneracy of
the neutral and the charged vector boson masses as g′ → 0. Being responsible for keeping ρ = 1,
SU(2)L XSU(2)R is often called custodial symmetry. [ Problem 3.1.2: Write the Lagrangian of
the Standard Model in terms of H rather then φ. Question 3.1.1: Which is the dominant coupling
that breaks the SU(2)L XSU(2)R symmetry other than g′? Problem 3.1.3: Show that a U(1)
transformation on φ is equivalent to a right multiplication of H by exp (−iωR3 σ3 /2).]
Like the gauge bosons, also the fermions acquire a mass after spontaneous symmetry breaking
of the gauge symmetry. From eq. (2.10), replacing φ with its vacuum expectation value, the mass
eigenvalues of all the charged fermions are obtained:

mUi = (λUd )ii v,

D
mD
i = (λd )ii v,

E
mE
i = (λd )ii v.

(3.13)

In the case of the up-type quarks, to go to the basis of the mass eigenstates or the physical basis,
we have redefined the left handed components as
ui → (Vq )∗jiuj .

(3.14)

The neutrino masses will be described in Lecture 7.

3.2

Couplings to fermions of the gauge bosons

The couplings of the vector bosons to a generic fermion arise from the covariant derivative
Dµ = ∂µ − igWµi T i − ig ′ Y Bµ ,

(3.15)

which, after introducing the physical vectors, becomes
g
g
g
Dµ = ∂µ − i √ (Wµ+ T − + Wµ− T + ) − i
Zµ (T 3 − sin2 θQ) − i
Aµ Q.
cos θ
sin θ
2
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(3.16)

The two parameters g, g ′ that determine all these couplings, can also be traded for the electromagnetic coupling and for the mixing angle
e = g sin θ,

θ = arctan

g′
.
g

(3.17)

[Problem 3.2.1: Write down the neutral current interacting with the Z-boson in terms of all the
explicit fermion fields.]

3.3

The Higgs boson

As discussed in general in Appendix C, a useful parametrization of the doublet φ is
!
0
iπi (x)σi /v
,
φ(x) = e
√
v + h(x)
2

(3.18)

where the πi are the Goldstone bosons eaten up by the W and the Z, whereas h(x) is the single
physical scalar remaining in the spectrum, the Higgs boson. Getting rid of the πi (i.e. going to
the unitary gauge) and substituting (3.18) into the potential (2.6) gives
r
1 2 2
λ
λ
V = mh h +
mh h3 + h4
(3.19)
2
2
4
where

√
√
mh = 2 λv = 2µ.

(3.20)

In this way the two parameters of the original Higgs potential, µ2 and λ, determine the Fermi
scale, eq. (3.5), the physical Higgs mass and the Higgs self-interactions. From loop corrections,
the coupling λ becomes energy dependent and increases at high energies. Therefore (3.19) is
perturbatively predictive only up to a maximal energy Emax dependent on mh : Emax ≈ 2 T eV for
mh ≈ 600 GeV , up to Emax ≈ 1018 GeV for mh ≈ 180 GeV . [Problem 3.3.1: Calculate the energy
dependence of the one loop correction to λ from the self-coupling itself.] At the time of writing
these lectures, the searches of the Higgs boson in e+ e− collisions at LEP have only produced a
lower bound on its mass, mh > 114 GeV .
Proceeding in a similar way, one obtains the couplings of the Higgs boson to the vectors:
1
1
Lh−V = [m2W Wµ+ Wµ− + m2Z Zµ Zµ ](1 + √ h)2
2
2v

(3.21)

and to the charged fermions
1
Lh−f = −Σf mf f¯D fD (1 + √ h)
2v

(3.22)

where, for every fermion of mass mf , we have introduced a Dirac spinor fD = f + (f c )C and C
stands for the charge conjugation operation.
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4

Precision tests

The number of precision measurements that test the consequences of LSM is overwhelming. The
prototype examples are of course the electron or muon anomalous magnetic moments. These tests
explore the theory in a very wide range of scales, from the tiniest frequencies in atomic physics
up to detailed properties of the Z boson. In the following we shall be concerned only with a few
of these tests. The selection criterion is somewhat arbitrary. We focus on those examples which
not only test the weak sector of the Standard Model Lagrangian to a high level of accuracy but
(we think) are also more likely to give indirect information on new physics perhaps hiding behind
the Standard Model.

4.1

Parity violation in atomic physics

Parity violation in atoms is a precisely measured manifestation of the weak interactions at the
smallest energy scales. It has also been one of the very first manifestations of parity violation in
the neutral current interactions (or the interactions of the Z boson).
On general symmetry grounds, a parity violating non relativistic Hamiltonian describing a
contact interaction between the electron and the nucleous, neglecting nuclear spin, must have the
form
GF
HP V = QW √
~σe · [~pe δ 3 (~re ) + δ 3 (~re )~pe ],
(4.1)
4 2me
where (~r, ~p, ~σ )e are the coordinate, the momentum and the spin of the electron, me its mass and
QW is an unknown dimensionless coefficient, called weak charge of the atom.
To express QW in terms of the fundamental couplings, we have to start from the effective
electron-quark interaction arising from the Z- exchange
GF X
f
[c1q (ēD γµ γ5 eD )(q̄D γµ qD ) + c2q (ēD γµ eD )(q̄D γµ γ5 qD )],
Lef
PV = √
2 q=u,d

(4.2)

where we only keep the parity odd terms. The numerical coefficients c1q and c2q are obtained from
(3.16)
1 4
1 2
1
c1u = − + sin2 θ,
c1d = − sin2 θ,
c2u = −c2d = − + 2 sin2 θ.
(4.3)
2 3
2 3
2
[Problem 4.1.1: Prove these equations.]
In the non relativistic limit for the electron and in the static point-like limit for the nucleus,
it is only the µ = 0 component of the first term in the r.h.s. of eq. (4.2) that contributes, giving
in coordinate space eq. (4.1) with
QW = −2(c1u nu + c1d nd ),

(4.4)

where nu,d are the occupation numbers of the u, d quarks in the nucleous. [Problem 4.1.2: Prove
equation (4.4).] In turn these occupation numbers are linear combinations of baryon number and
electric charge, hence of the number of protons Z and neutrons N in the atomic nucleous,
nu = 2Z + N,

nd = Z + 2N.
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(4.5)

This completes the determination of QW in terms of the fundamental parameters of the theory.
Although the matrix elements of (4.1) for a heavy atom are roughly proportional to an important Z 3 factor, their absolute value is still very small and must be compensated, to see an
effect, by a small energy denominator. This is the case in the actual measurements, where one
effectively looks at optical transitions from a pair of quasi-degenerate states of opposite parity,
mixed by HP V , to a lower state of definite parity. By measurements on cesium atoms, which have
Z = 55 and N = 78, the weak charge QW (Cs) ≈ −72 is obtained in good agreement with the
theoretical expectation for a reference value of the weak mixing angle, as determined elsewhere.
The relative error of this comparison is of about 5 ppm, dominated by the uncertain knowledge,
in the extraction of QW (Cs) from the experiment, of the relevant matrix element of HP V in the
complex multi-electron atom.

4.2

Leading corrections to the ρ parameter

The ρ parameter, as defined in eq. 3.10, is a key quantity in the context of the ElectroWeak
Precision Tests, since it is measured with high accuracy, better than 1ppm, and may be especially
affected by new phenomena. At the beginning of the the 90’s, before the direct discovery of the top
quark at Fermilab, the ρ parameter has provided the main indirect information on the top mass,
mt , which was correctly determined with about 30% accuracy. With current data, the indirect
determination of the top mass is at the few % level and agrees with the direct measurement,
mt = 171.4 ± 2.1 GeV . This is possible at all because the tree level relation, ρ = 1, receives
corrections from the couplings that break the custodial SU(2)L XSU(2)R symmetry described in
Sec. 3.1. In the Standard Model the dominant such coupling is the Yukawa coupling of the top
quark, hence the top quark mass (See Question 3.1.1).
Since these top-quark corrections to the ρ parameter have nothing to do with the gauge symmetry, (as the very same tree level relation ρ = 1), it is of interest to see them in the gauge-less
limit of the Standard Model, where the gauge bosons are external non propagating fields. The
reference Lagrangian that we need to consider is therefore
/ + |Dµ φ|2 − V (φ) − (λt φQ3 tc + h.c.)
Lgauge−less = iΨ̄DΨ

(4.6)

where Ψ only includes the third-generation fermions, the doublet Q3 and the singlet tc , φ is the
Higgs doublet and λt is the top Yukawa coupling. The covariant derivatives contain the gauge
bosons fields, which do not have, however, a kinetic term.
It is useful to see the role of the eaten up Goldstone bosons, πi , in this Lagrangian. To this
end let us insert in it eq. (3.18). Expanding to leading order in the πi ’s, we get their covariant
kinetic terms
Lkin (πi ) =

(+)
Z2

2
(0)
2
v
gv
Z2 
0
+
∂µ π − g √ Wµ +
∂µ π −
Zµ
2
2 cos θ
2
+

(4.7)

√
where π ± = (π1 ± iπ2 )/ 2 and π 0 = π3 . We have also inserted two wave-function renormalization
(+)
(0)
constants Z2 and Z2 for π + and π 0 respectively, which are both 1 to lowest order but will
deviate from 1 at higher orders in perturbation theory, while keeping however the same covariant
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Figure 1: One loop corrections to the propagators of the Goldstone bosons from top-bottom
exchanges.
form of the kinetic terms of the π’s. Expanding the squares in (4.7) gives an all order result, in
the gauge-less limit, for the ρ parameter
(+)

ρ=

Z
m2W
= 2(0) ,
2
2
mZ cos θ
Z2

(4.8)

in terms of the ratio of the wave function renormalization constants for the eaten-up Goldstone
bosons.
This gives an effective way to calculate the deviation from 1 of the ρ parameter arising from
the top Yukawa coupling. Notice that it is only the ratio of the wave function renormalization
constants which is finite in the ultraviolet. At one loop order, from the diagrams of Fig. 1,
ρ=1+

3GF m2t
3λ2t
√
=
1
+
,
4π 2
8 2π 2

(4.9)

i.e. almost a 1% correction. [Problem 4.2.1: Compute this correction using (4.8).]
Along similar lines it can be shown that the only other observable receiving one loop corrections
proportional to m2t is the Z-width into a bb̄ pair. In fact the interaction of the Z-boson with the
left handed component of the b-quark gets modified to
i

g 1 1 2
1
( − sin θ + τ )Zµ b̄L γµ bL ,
cos θ 2 3
2

τ =−

GF m2t
√ ,
4π 2 2

(4.10)

as it can again be easily computed in the gauge-less limit by working out the one-loop derivative
coupling of π 0 to bL .

4.3

Sensitivity to the Higgs mass

Is it not possible, like it has been for the top quark, to get an indirect information from the
precision tests also on the Higgs boson mass? The answer is yes, but the sensitivity on mh
is far less important than the one on mt . Once again this goes back to the SU(2)L XSU(2)R
symmetry, that, as we saw, is exactly respected by the Higgs potential. As such, there cannot be
any one loop corrections to ρ proportional to λ, the quartic Higgs coupling, which would mean
corrections growing like m2h . To find such type of corrections one has to go to two loops, so that the
necessary breaking of the SU(2)L XSU(2)R symmetry is allowed to come in. These corrections,
for mh < 1 T eV , are too small to be of any interest.
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There exist, however, significant one loop corrections growing like the logarithm of mh . They
affect 6 independent amplitudes, all involving external vector boson lines only: two each for the
2, 3 and 4 point functions. Only the 2 point functions, or vacuum polarization amplitudes, are
experimentally significantly constrained (see below). We then concentrate on these ones.
Let us define 4 vacuum polarization amplitudes in an effective Lagrangian language, after
breaking of the gauge symmetry and including the one loop corrections, in momentum space
1
1
Lvac−pol = − Wµ3 Π33 (q 2 )Wµ3 − Bµ Π00 (q 2 )Bµ − Wµ3 Π30 (q 2 )Bµ − Wµ+ ΠW W (q 2 )Wµ− .
2
2

(4.11)

We neglect the longitudinal terms, proportional to (qµ Aµ )2 , where Aµ is any vector, since they
are irrelevant for physical amplitudes with external fermion lines. [Question 4.3.1: Why?] These
amplitudes are in general gauge dependent. Here we deal only with those effects that are gauge
independent, like the coefficient of the log mh terms. Expanding these amplitudes in q 2 , by power
counting only the Π(0)’s and the Π′ (0)’s can diverge as mh → ∞. There are 8 such terms. Three of
them can be traded for the three parameters which enter at tree level: v, g, g ′. The masslessness of
the photon entails two conditions on the Π(0)’s. There remain therefore three effective parameters
predicted in the SM and potentially growing with mh . Let us see all this more in detail.
We normalize the Wµi and the Bµ by setting respectively Π′W W (0) and Π′00 (0) to 1. This defines
g, g ′ through the couplings to fermions. We are therefore left with two predicted Π′ (0)’s which we
take as
g
Ŝ = ′ Π′30 (0), Û = Π′33 (0) − Π′W W (0)
(4.12)
g
On the Π(0)’s, the zero mass of the photon requires
Πγγ (0) = ΠγZ (0) = 0,

(4.13)

which, from (3.9) and (3.6), are equivalent to
Π33 (0)
Π30 (0)
Π00 (0)
=
−
=
≡ ΠZZ (0),
2
cos2 θ
sin θ cos θ
sin θ

(4.14)

determined in terms of v. This leaves us with a single predicted term
T̂ =

Π33 (0) − ΠW W (0)
.
m2W

(4.15)

Note that both T̂ and Û break the custodial symmetry. As we already said, this forbids one loop
terms growing like m2h which, by power counting, could be present in T̂ but are instead converted
into a log mh . Similarly the derivative terms may have a log mh by power counting, but this is
only present in Ŝ, which is non vanishing in the g ′ → 0 limit. Ŝ is associated with first order
breaking of SU(2)L ×SU(2)R by the hypercharge gauge coupling, which is however absorbed away
by the explicit g ′-factor in the denominator of Ŝ = (g/g ′)Π′30 (0). [Problem 4.3.1: Calculate the
four amplitudes in eq. (4.11) at tree level in the Standard Model and the corresponding value of
Ŝ, T̂ and Û .
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Figure 2: a) One loop contribution to Ŝ from Goldstone boson exchanges; b) One loop correction
from B exchange to the propagator of the charged Goldstone boson.
One way to compute the coefficients of the log mh terms for Ŝ and T̂ is to view mh as the
cut-off of the divergent vacuum polarization diagrams where there is no Higgs boson as an internal
line. In this way one gets
Ŝ ≈

GF m2W
√
log mh ,
12 2π 2

3GF m2
T̂ ≈ − √ W tan2 θ log mh .
4 2π 2

(4.16)

[Problem 4.3.2: Show that the result for Ŝ can be reproduced by calculating the divergence of the
diagram of Fig. 2a, where the internal lines are the charged Goldstone bosons, propagating in any
ξ-gauge.]
As anticipated, these effects serve to bound experimentally the Higgs boson mass in the Standard Model, since Ŝ and T̂ affect all the precision observable in a definite way. [Problem 4.3.3:
Show that T̂ affects the ρ parameter as ρ − 1 = T̂ . Problem 4.3.4: In the Landau gauge, where
the propagating Goldstone bosons are massless, use eq. (4.8) to show the result for T̂ in (4.16) by
calculating the divergence of the diagram of Fig. 2b.] Fig. 3, from the analysis of the data at the
time of writing these lectures, shows this constraint by comparing the experimental determination
of Ŝ and T̂ with the prediction in the Standard Model as function of mh . The reference point
Ŝ = T̂ = 0 is conventionally taken to correspond to the Standard Model value of Ŝ and T̂ at
mh = 115 GeV and mt = 175 GeV . Therefore what the figure shows is the possibly required
deviation from such reference value. In fact one can forget about this reference value and view
the figure as the required deviation of Ŝ and T̂ from the prediction of the Standard Model, shown
for mt = 171.4 GeV , the current central value of the latest direct determination of the top quark
mass, and mh varying between 100 and 500 GeV . Since the relevant mh -region turns out to be
relatively low, close to the Z mass, an accurate fit requires including also terms that vanish in the
large mh limit, which explains the slight bending of the theoretical curve for increasing mh . From
the full fit of the ElectroWeak Precision Tests in the Standard Model one obtains at present the
indirect determination
mh = 85+39
−28 GeV,

mh < 165 GeV at 95% CL.

(4.17)

This upper bound on mh apparently stronger than the one readable from Fig.3 is due to the
correlation between Ŝ and T̂ in term of a single parameter mh , valid in the Standard Model,
which increases the number of degrees of freedom of the Standard Model fit.

19

0.5
0.4
0.3

%
95

%

0.1

68

T

C

L

C
L

0.2

100

0
−0.1

mh
500

−0.2
−0.3
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

S

Figure 3: Ŝ and T̂ as experimentally determined, compared with the prediction of the Standard
Model as function of the Higgs boson mass in GeV and mt = 171.4 GeV . As frequently done in
2
the literature, the axes are scaled to S ≡ 4 sinα θ Ŝ ≈ 120Ŝ and T ≡ α1 T̂ ≈ 130T̂ .
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Form factor
Ŝ T̂ Û V X W Y
custodial
+ − − − + + +
gauged SU(2)L − − − − − + +
Table 1: Symmetry properties of the various form factors. ”+” means ”symmetric”, ”-” means
”non-symmetric”. Every form factor can be non zero even in absence (+) or only in presence (-)
of a breaking of the corresponding symmetry (as g ′ → 0).

4.4

Vacuum polarization amplitudes in a general universal theory

All the above considerations apply to the Standard Model and give rise to a significant, although
indirect, constraint on the Higgs boson mass. What if some new physics beyond the Standard
Model were hiding in the ElectroWeak Precision Tests? To answer this question in full generality,
without any commitment to the form of this putative new physics, is hardly possible at all. It is
possible, on the contrary, to make some useful considerations, if one restricts oneself to universal
theories, i.e. theories where deviations from the Standard Model, to leading order, only appear
through the vector bosons vacuum polarizations in (4.11). Furthermore we assume that the
characteristic scale, ΛN P , associated with the new physics be large enough that it is meaningful to
expand the vacuum polarization amplitudes in powers of q 2 . The effective parameters Ŝ, T̂ and Û
continue to serve to the purpose of this Section. We consider however also the second derivative
terms in the expansion
(q 2 )2 ′′
ΠV (q 2 ) ≃ ΠV (0) + q 2 Π′V (0) +
Π (0),
(4.18)
2! V
in terms of the new dimensionless effective parameters:
W =

m2
m2
m2
m2W ′′
Π33 , Y = W Π′′00 , V = W (Π′′33 − Π′′W W ), X = W Π′′30 ,
2
2
2
2

(4.19)

all at q 2 = 0. Needless to say, all these parameters are predicted in the Standard Model, where
they vanish at tree level. Here we deal with the possible deviations from them.
In total we are dealing with 7 effective parameters. In order to decide their relative importance,
it is useful to recall the consistency of every form factor with gauged SU(2)L and with the custodial
symmetry (as g ′ → 0), the two relevant symmetries in the problem, summarized in Table 1. Within
each set with the same symmetry properties, it is then natural to retain the form factor of relative
lowest order in the number of derivatives, since, barring accidental cancellations, the other terms
will give effects suppressed by a factor of q 2 /Λ2N P . This leads to the emergence of four effective
form factors: Ŝ, T̂ , W and Y .

4.5

Current experimental constraints

The main constraints on these effective form factors arise from two sets of measurements:
1. The various observables at the Z-pole in e+ e− annihilation and the W -mass;
2. The cross-sections and the asymmetries in e+ e− → f f¯ at the highest center of mass energies
reached at LEP2, or q 2 ≈ (200 GeV )2 .
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Type of fit
103 Sb
103 Tb
103 Y
One-by-one (light Higgs) −0.1 ± 0.6 −0.1 ± 0.6 0.0 ± 0.6
One-by-one (heavy Higgs)
—
2.4 ± 0.6
—
All together (light Higgs) −0.7 ± 1.3 −0.5 ± 0.9 −0.4 ± 1.2
All together (heavy Higgs) −1.7 ± 1.3
1.4 ± 1.0 −0.5 ± 1.2

103 W
0.2 ± 0.6
—
0.2 ± 0.8
0.3 ± 0.8

Table 2: Global fit of possible extra effects in the dominant form factors including them one-by-one
or all together, relative to the Standard Model values with a light (mh = 115 GeV ) and with a
heavy (mh = 800 GeV ) Higgs boson
On general grounds it can be shown that the first class of measurements, with typical 1ppm
precision, constrain three combinations of these form factors. Hence the LEP2 measurements,
of about 1% precision, play a crucial role in determining the whole set. Notice that the lower
precision of LEP2 is almost compensated by the higher center of mass energy, which enhances the
effect of W and Y . The bounds on Ŝ, T̂ , W and Y from a global fit to all these data is shown
in Table 2. As already said, Ŝ, T̂ , W and Y represent the deviations from the Standard Model.
As such the results in Table 2 depend on the Higgs boson mass, which influences in a significant
way the first class of measurements. Table 2 shows that a non zero T̂ from new physics can in
principle compensate the effect of a heavy Higgs boson mass. This may be a technical accident or
it may mean that some new physical effect could actually be hidden in the ElectroWeak Precision
Tests, thus confusing the interpretation of the data in terms of the Standard Model only.

4.6

An interlude: making it without a Higgs boson

In all what has been said so far, as it will be the case in the next Lecture about flavour physics,
the Higgs doublet plays a crucial role, to the point that one must consider the Higgs boson
as an intrinsic component of the Standard Model. While this is true, we should perhaps not
forget that no direct experimental evidence for it has emerged so far. There is a clear reason
for this: no experiment has had enough sensitivity to explore the entire relevant mass range for
the Higgs. At the same time, the very same consistency of the Standard Model with the EWPT
speaks significantly, although indirectly, in favour of the existence of a Higgs boson. Nevertheless
it remains at least logically valid to ask how far one can go in describing ElectroWeak physics
without introducing a Higgs boson at all.
For the consistency of the theory, we cannot renounce gauge invariance, which therefore must
be spontaneously broken. Discussing how this could happen is outside the scope of these Lectures.
We can nevertheless try to characterize in a general way some features of the resulting physical
theory. The key question is how to describe the massive vector bosons and the massive fermions
of the Standard Model in a fully gauge invariant way without introducing any extra degree of
freedom, like the Higgs boson. For pedagogical reasons, let us see first how this is possible at all
by considering a suitable manipulation of the Standard Model itself.
The starting point is the matrix representation (3.11) of the Higgs doublet, introduced in
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Lecture 3, which, inspired by (3.18), we reparametrize as
h
H = (v + √ )Σ,
2

Σ ≡ eiπi (x)σi /v .

(4.20)

Remember that the πi are the Goldstone bosons eaten up by the W and the Z, so, at the end,
they will not enter in the physical spectrum. The important point is that the SU(2) × U(1) gauge
symmetry, in fact the full SU(2)L × SU(2)R introduced in association with H, can now be viewed
as acting only on Σ and not on h as
i σi

i σi

Σ ⇒ eiωL 2 Σ e−iωR 2 .

(4.21)

Therefore we can write down a fully gauge invariant Lagrangian without even having to mention
the field h. The Lagrangian of the Standard Model written in terms of H (See Problem 3.1.2)
with all the h-dependent terms thrown away is itself an example. Needless to say, this Lagrangian
describes massive W an Z bosons together with a massless photon.
It is in fact useful to have at our disposal a covariant formalism for writing a general SU(2) ×
U(1) invariant Lagrangian only involving the vector bosons and the Σ field (and the fermions, if
one wants too). The obvious ingredients of such formalism are:
a

a σ
≡ Ŵµν and Bµν ;
• The usual field strengths: Wµν
2

• The Lorentz vector Vµ ≡ (Dµ Σ)Σ+ , involving the covariant derivative of the Σ-field
g
g′
Dµ Σ ≡ ∂µ Σ + i Wµa σ a Σ − i ΣBµ σ 3 ;
2
2

(4.22)

• The combination of Σ-fields T ≡ Σσ 3 Σ+ .

Except Bµν which is an invariant, all these combinations of fields, collectively denoted by Φ,
transform under SU(2)L as
i σi
i σi
Φ ⇒ eiωL 2 Φ e−iωL 2 .
(4.23)
In turn an arbitrary Lagrangian term invariant under the full gauge symmetry is made of any
Lorentz invariant product of Φ’s which is invariant under SU(2)L (and is non trivial, unlike the
trace of any product of T ’s since Σ+ Σ = 1).
Which of these terms should we include in the Lagrangian? This is a meaningful question since,
with Σ dimensionless, the usual dimensionality criterium does not work. We make an expansion
in momenta or more properly in the number of momentum factors and/or of vector boson legs.
Up to second order and with the inclusion of the usual gauge boson kinetic terms, the chiral
ElectroWeak Lagrangian is
1
v2
v2
1
LEW Ch = − T r(Ŵµν Ŵµν ) − Bµν Bµν + T r[(Dµ Σ)+ Dµ Σ] + a0 [T r(T Vµ)]2
2
4
4
4

(4.24)

The first three terms are normalized in such a way that the kinetic terms of the W , the B and
of the π-fields, included in the expansion of the exponent of the Σ field, are canonical. The last
term, which contributes to the masses of the vector bosons, has an arbitrary coefficient, a0 , as
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are arbitrary the coefficients of all the extra 9 terms that enter at next order in the momentum
expansion. [Problem 4.6.1: Write down the two such terms that have at the same time two external
boson legs and put them in correspondence, together with the last term in (4.24), with the form
factors Ŝ, T̂ , Û previously defined.] All of these coefficients are predicted in the Standard Model as
function of the Higgs boson mass. We have already illustrated the experimental constraints which
exist at least on the coefficients related to the gauge-boson vacuum polarizations. It is therefore
a burden of anybody who wants to defend a theory without a Higgs boson to compete with the
Standard Model in predicting the coefficients appearing in LEW Ch.
An important consequence is anyhow made clear by this approach to a Higgsless theory. By
expanding e.g. the third term in (4.24) in powers of the π-fields one finds a first interaction term
of the form v12 π 2 (∂µ π)2 , which grows with the energy as (E/v)2 . This shows that a theory without
a Higgs boson leads to a saturation of unitarity or, more precisely, to a loss of perturbativity at
an energy E ≈ 4πv, unless some extra physics not included in (4.24) comes in before such energy
scale. [Problem 4.6.2: Show explicitly that a one loop correction to the 4 pion amplitude becomes
comparable to the tree level term at E ≈ 4πv.]
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5

Flavour Physics

5.1

The theorems of flavour physics

As we have seen in Lecture 2, the very distinction among the different flavours arises in the Standard Model only after introducing the Yukawa Lagrangian, i.e. the sector of the entire Lagrangian
which contains the greatest number of free parameters, many more than those appearing in the
minimal gauge Lagrangian. As such it may be considered as the least satisfactory among the
different sectors of the Standard Model. Nevertheless it is important to realize that it implies
a few neat consequences, which we call theorems to emphasize their exact nature. Neglecting
neutrino masses (an excellent approximation, as we shall see, except when considering neutrino
oscillations), they are:
1. There is no flavour transition in the lepton sector.
2. In the quark sector, the only flavour transitions occur in the charged current interaction
amplitude depicted in Fig. 4 , di → W − uj (or in its hermitian conjugate uj → W + di) whose
flavour dependence is described by a unitary matrix, Vji .
3. Apart from a possible effect in the strong interactions (See the next Lecture), CP violation
can take place in some physical process only to the extent that the matrix V just defined is
complex.
While we postpone the proof of the third statement to the next Lecture, the first two arise
as immediate consequences of the Standard Model Lagrangian, as written in eq. (2.11). This is
manifest for Theorem 1, which expresses individual lepton number conservation, whereas Theorem
2 follows from the redefinition (3.14), needed to go to the physical basis of the left-handed up-type
quarks, and the form (3.16) of the couplings to fermions of the gauge bosons. To see this, consider
first the interactions of the photon or the Z (or, for that matter, the interactions of the gluons).
Since Q and T3 are diagonal, the redefinition (3.14) does not affect their interactions which remain
diagonal also in flavour space. This is not true, on the contrary, for the charged weak interactions,
since T ± are off diagonal, so that, after the redefinition (3.14), they become explicitly
g
Lch−curr
= √ Wµ+ ūV γµ d + h.c.,
q
2

(5.1)

where we have identified Vq with V , adopting a standard notation for this matrix, called CabibboKobayashi-Maskawa matrix.

5.2

Individual lepton number conservation

As already mentioned in Lecture 2 and has expressed by Theorem 1, the conservation of the
individual lepton numbers implied by the flavour structure of the Standard Model in the masslessneutrino limit is not the least of its successes. A striking confirmation of this is represented by
the negative searches for lepton-flavour violating decays of the muon, with the current bounds
BR(µ → eγ) < 1.2 10−11 , BR(µ → eēe) < 1.0 10−12 , CR(µ → e in T i) < 6.1 10−13 .
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(5.2)

di
W−
uj

Figure 4: The charged current interaction amplitude proportional to Vji .

µ

ν

×

N

×

ν

×e

Figure 5: A diagram contributing to the µ → e + γ transition. The crosses denote appropriate
mass insertions.
On the other hand, since the presence in LνSM of the right-handed neutrinos introduces,
unlike in LSM , neutrino masses and lepton-flavour violation, as desired to account for neutrino
oscillations, it is of interest at least in principle to know the expected size of the branching ratios
in (5.2). Focussing our attention to the decay µ → e + γ, one can readily estimate from a diagram
like the one of Fig. 5, a contribution to a flavour-violating effective operator
Lµ→e+γ ≈ e

α v3 N
m2W
(λ
min(1,
)(λN )+ λE )µe (µ̄σνµ e)Fνµ ,
π m4W
M2

(5.3)

where λN and λE are the matrices appearing in eq. (2.5) and M is the right-handed-neutrino
mass matrix of eq. (2.3).
Anticipating from Lecture 7, we have, for the typical size of the elements of the matrix λN in
terms of the physical neutrino mass mν ,
(λN )2 ≈

M
m2ν
max(1,
),
v2
mν

(5.4)

so that the operator in (5.3) can be rewritten as
Lµ→e+γ ≈ A(µ̄σνµ e)Fνµ ,
with
A<e

α mµ mν
.
π m2W mW
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(5.5)
(5.6)

The smallness of the observed neutrino masses, below about 1 eV , makes this a totally negligible
effect. It is important to realize, however, that the smallness of this effect is not to be traced back
to the smallness of the the Yukawa couplings λN , which would not be small at all for M large
enough, up to M ≈ v 2 /mν (see eq. (5.4)). Rather what suppresses the effect is the exchange in
the diagram of Fig. 5 of the right-handed neutrino(s) of mass M itself (see eq. (5.3)). In other
words, the decay µ → e + γ could acquire a significant branching ratio, at the level of the current
bound, if the necessary breaking of the lepton flavour symmetry were still be accounted for by λN
and λE , but these same couplings were felt also by some new particle with typical weak scale mass,
that could be exchanged in a diagram similar to the one in Fig. 5. Such particles are present in
motivated extensions of the Standard Model.

5.3

About the unitarity of the Cabibbo-Kobaiashi-Maskawa matrix

The quantitative tests of the flavour sector of the Standard Model mainly rest on the verification
of the unitarity of the Cabibbo-Kobaiashi-Maskawa matrix, for which a standard self-explanatory
notation is


Vud Vus Vub
V =  Vcd Vcs Vcb  .
(5.7)
Vtd Vts Vtb
The unitarity of V implies three relations that only involve the moduli of the matrix elements
Σi=d,s,b |Vai |2 = 1,

a = u, c, t,

(5.8)

a 6= b = u, c, t.

(5.9)

and three relations that also depend on their phases
Σi=d,s,b Vai (Vbi )∗ = 0,

This difference is important in view of CP violation (and Theorem 3). Due to the relatively
limited knowledge of the couplings of the top quark, the analogous relations involving a sum over
the charge-2/3 quarks are phenomenologically less interesting.
Among the phase-independent relations (5.8), the most stringent test is provided by the a = u
case,
|Vud|2 + |Vus |2 + |Vub |2 = 1,
(5.10)
with precision data provided by the measurements of various semileptonic branching ratios, most
notably:
• For Vud the superallowed (J P = 0+ → 0+ ) nuclear transitions N → N ′ eν;

• For Vus the semileptonic kaon decays K → πeν;

• For Vub the semileptonic decays of b-hadrons into final states not containing charm B → Xu lν̄.

Whereas the smallness of Vub makes its contribution to (5.10) practically irrelevant, an important
uncertainty in the determinations of both Vud and Vus arises from the fact that the measurements
are not sensitive to the CKM matrix elements alone but rather to the combinations
|Vud < f |ūγµ d|i > |,

|Vus < f |ūγµ s|i > |,
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(5.11)

where |i > and |f > are the appropriate initial and final hadronic states. Note that the parity
selection rule makes it such that it is the vector component of the currents that contribute to the
matrix elements in (5.11). In turn these currents, (ūγµ d) and (ūγµ s), would be conserved by the
strong interactions in the limit where the global SU(2) or SU(3) symmetries of QCD were exact,
implying the precise knowledge, in this limit, of their matrix elements in (5.11). Since both SU(2)
and especially SU(3) are only approximate symmetries, this limits the test of eq. (5.10), which is
however verified to the level of about 1 ÷ 2 ppm.
Turning now to the phase-dependent relations (5.9), each of them, for fixed a and b, can be
visualized as a triangle in the complex plane, where every edge, each with an arrow, represents the
complex number Vai (Vbi )∗ for the three different i = d, s, b. The fact that the three vectors add up
to form a closed triangle is the manifestation of the unitarity relation. Note that a change of the
phases of the quark fields in eq. (5.1) changes also the phase of the matrix elements themselves.
As readily seen, this change of phase, which is physically irrelevant, does not affect, however, the
shape of the various triangles, but only their orientation relative to a fixed coordinate axis in the
complex plane, which is therefore conventional. Given the actual values of the |Vai |, out of the
three relations (5.9) only one of them,
Vud (Vtd )∗ + Vus (Vts )∗ + Vub (Vtb )∗ = 0,

(5.12)

corresponds to a triangle with edges of comparable size. We shall come back to it in the next
Lecture.

5.4

Calculable Flavour Changing Neutral Current processes

The second flavour Theorem of Section 5.1 not only states that the amplitudes for the charged
current transitions in Fig. 4 are proportional to the elements of a unitary matrix; it also says
that these are the only transitions where a change of flavour can take place. In particular, as
already said, no change of flavour occurs in the neutral current interaction mediated by the Zboson exchange. This a neat consequence of the flavour structure of the Standard Model which
motivates the notion of Flavour Changing Neutral Current processes and gives to them a special
interest, both as a test of the Standard Model and as an opportunity to look for new physics not
included in the Standard Model itself.
Let us consider any transition existing in the Standard Model with change of flavour and
with no W or Z bosons as external states. In order for this transition to take place at all, the
exchange of at least a virtual W is necessary. When reduced to the quark level, we call this
transition a Flavour Changing Neutral Current process if it does not proceed by a single virtual
W exchange at tree level but requires the virtual W to be exchanged in a loop. As a consequence,
in the Standard Model such processes have a reduced rate relative to a normal weak interaction
process and their experimental study may uncover the existence of some new interaction. This
is especially true for those transitions whose rates are more neatly calculable in the Standard
Model. The calculability of any transition involving hadrons is indeed limited by the difficulty of
solving QCD in the infrared. For example, the matrix elements among physical hadronic states of
a quark effective interaction may be difficult to obtain. Such a problem can however be attacked
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Figure 6: A quark diagram contributing to the sd¯ → s̄d transition.
Observable
elementary process exp. error theor. error
¯
ǫK
s̄d → ds
1%
5 ÷ 10%
+
+
K → π ν̄ν
s → d ν̄ν
70%
3%
0
0
K → π ν̄ν
s → d ν̄ν
1%
¯
b̄d → db
∆mBd
1%
5 ÷ 10%
¯
ACP (Bd → ΨKS )
5%
< 1%
b̄d → db
Bd → Xs + γ
b→s+γ
10%
5 ÷ 10%
Bd → Xs + ¯ll
b → s + ¯ll
50%
5 ÷ 10%
Bd → Xd + γ
b→d+γ
10 ÷ 15%
¯
¯
¯
Bd → ll
bd → ll
10%
Bd → Xd + ¯ll
b → d + ¯ll
10 ÷ 15%
∆mBs
< 1%
5 ÷ 10%
b̄s → s̄b
b̄s → s̄b
ACP (Bs → Ψφ)
1%
¯
¯
Bs → ll
bs̄ → ll
10%
Table 3: List of calculable Flavour Changing Neutral Current processes. The blank boxes are
because of absence of data so far.
by computer calculations of QCD on a lattice. A more serious difficulty is when the transition in
question is not even reliably calculable at the quark level.
To illustrate this kind of problems, consider the Flavour Changing Neutral Current transition
sd¯ → s̄d with a change of two units of strangeness, or ∆S = 2. This transition gives rise to the
mixing between the K0 and the K̄0 (or to the measured mass splitting between the neutral-kaon
mass-eigenstates) as well as to the first measured CP violation effect, always in the neutral kaon
system (See the next Lecture). At the quark level it is approximately induced by the loop diagram
of Fig. 6. The approximation is in the fact that this diagram must be dressed by gluon exchanges
among the quark lines with a strong coupling constant gS that is perturbative only if the typical
momentum flowing in the loop is large enough relative to a typical hadronic scale. This becomes
therefore the key question to examine.
The amplitude corresponding to the diagram of Fig. 6 with the external momenta set to zero
is given by
Z
ig 4
d4 k
M=
Dµν Dσρ (d¯Lγµ SγρsL )(d¯L γν Sγσ sL )
(5.13)
2
(2π)4
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where
Dαβ =
S=

X

−gαβ + kα kβ
,
k 2 − m2W

ξi
,
/
k − mi
i=u,c,t

ξi = Vis (Vid )∗

(5.14)
(5.15)

and dL, sL are the lower components of the SU(2) quark doublets. Using the unitarity condition
Σi ξi=u,c,t = 0, S can be rewritten as
X
1
1
− ),
(5.16)
S=
ξj (
/ − mj
/
k
k
j=c,t

where the up quark mass has been neglected. In this way, after reducing the γ-matrix algebra,
the overall amplitude can be written in a straightforward way as the sum of three pieces
M = (ξ 2 Ftt + ξ 2 Fcc + 2ξt ξc Ftc )(d¯L γµ sL )(d¯L γµ sL )
(5.17)
t

c

where

Z
m2j
ig 4
d4 k 1 − 2k 2 /m2W + (k 2 )2 /m4W m2i
Fij =
.
(5.18)
2
(2π)4
k 2 (k 2 − m2W )2
k 2 − m2i k 2 − m2j
This amplitude can be interpreted as an effective Lagrangian, whose matrix element between
the K0 and the K̄0 states gives the mixing matrix M12 referred to above. In turn, 2|M12 | is
approximately equal to the mass difference between the physical neutral kaon states, whereas the
imaginary part of M12 controls the CP violation in the mixing of the same neutral kaon system.
Now the values of the CKM matrix elements and of the quark masses are such that the real part
dominates M12 and is predominantly given by the term proportional to Fcc in (5.17). Therefore,
since
Z
G2F m2c
d4 k
m4c
ig 4
=
,
(5.19)
Fcc ≈
2m4W
(2π)4 k 2 (k 2 − m2c )2
π2
the relevant momentum in the loop is between 0 and mc , hence not such that the gluonic corrections
to it are under perturbative control: 2|M12 | serves only as an estimate of the mass difference
between the neutral kaon states, which does not correspond therefore to a calculable Flavour
Changing Neutral Current process. On the other hand, as explained in the next Lecture, the
amplitude physically relevant to CP violation is proportional to the imaginary part of
(ξu2 )∗ M12 = (ξu∗ ξt )2 Ftt + (ξu∗ ξc )2 Fcc + 2(ξu∗ ξt )(ξu∗ ξc )Ftc .

(5.20)

Noticing that, again from the unitarity relation, one has ξu∗ (ξu + ξc + ξt ) = 0 or
it is

Im(ξu∗ ξt ) = −Im(ξu∗ ξc ) ≡ J,

(5.21)

Im((ξu2 )∗ M12 ) = 2J[Re(ξu∗ ξt )(Ftt − Ftc ) − Re(ξu∗ ξc )(Fcc − Ftc )].

(5.22)

and now, unlike the case for Re(M12 ), the relevant integration momenta in (Ftt −Ftc ) and (Fcc −Ftc )
are between mt and mc . As a consequence, the gluonic corrections to Im((ξu2 )∗ M12 ) are under
control: CP violation in the mixing of the neutral kaon system corresponds to a calculable Flavour
Changing Neutral Current process and enters among the observables used for a quantitative test
of the flavour sector of the Standard Model.
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5.5

Summary of calculable FCNC processes

Totally analogous considerations can be made for the ∆B = 2 Flavour Changing Neutral Current
transitions bd¯ → b̄d and bs̄ → b̄s, which again manifest themselves in a mass difference and in CP
violation in the neutral B-meson states. The main difference, on the other hand, is in the CKM
matrix elements relevant to the b-quark rather than the s-quark: the contribution of the virtual
top quark in the diagram of Fig. 6, with s replaced by b, becomes relatively more important.
Consequently, both the mass difference and the CP violating effects become calculable.
In Table 3 one has the list of the calculable FCNC processes that have either already been
measured or are expected to be measured, with the current experimental uncertainties and an
estimate of the present theoretical uncertainties only due to the sources described in the previous
Section, i.e. with CKM matrix elements assumed perfectly known. A common feature of all
the FCNC processes listed in Table 3, with the partial exception of CP violation in the kaon
system, as discussed above, is the dominance of the virtual top exchange in the loop-induced
FCNC transition. All the measured FCNC processes in this Table are at present consistent with
their description in the Standard Model and with the direct determinations of the CKM matrix
elements from tree-level flavour-changing transitions.
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6
6.1

CP violation
The source(s) of CP violation in the Lagrangian of the Standard
Model

Let us start by proving the third flavour Theorem of the previous Lecture. To this purpose
it is best to work in the unitary gauge for the vector bosons and in the physical basis for the
fermion fields. The transformation laws under CP of the fermion bylinears are given in Appendix
E together with the general transformations of the vector bosons. Specialized to the electroweak
bosons they are
Aµ (x, t) → −Aµ̃ (−x, t), Zµ (x, t) → −Zµ̃ (−x, t),
(6.1)
and
Wµ+ (x, t) → −Wµ̃− (−x, t).

(6.2)

Since under CP, for any pair of left handed spinors
ψ̄γµ χ → −χ̄γµ̃ ψ(−x, t)

(6.3)

the electromagnetic and the neutral current interactions, being diagonal, are manifestly invariant
under CP, after space-time integration. On the contrary, the charged current interaction (5.1)
becomes
g
Lch−curr
→ √ Wµ+ ūV ∗ γµ d(−x, t) + h.c.,
(6.4)
q
2
which is invariant only if V is real, as anticipated. On the other hand, from
ψ̄χ → χ̄ψ,

(6.5)

the Higgs boson interactions with the fermions, eq. (3.22), with the vectors, eq. (3.21), as well as
the Higgs self interactions, eq. (3.19), are all invariant under CP, provided
h(x, t) → h(−x, t).

(6.6)

This proves the theorem about CP violation in the Standard Model. Notice however that,
from the proof given above, a complex V is only a necessary condition for the existence of some
CP violating observable. For it to be sufficient, it must not be possible to make V real by a
redefinition of the unphysical quark phases. It is in fact useful to discuss this condition in the
case of an arbitrary number n of different generations. Remember to this purpose that u and d
in eq. (6.4) stand for column vectors with as many elements as the number of generations. In
general an arbitrary n × n unitary matrix depends upon n2 = (1/2)n(n − 1) + (1/2)n(n + 1) real
numbers: (1/2)n(n − 1) are the elements of an ortogonal n × n matrix, or the number of rotation
angles, whereas the remaining (1/2)n(n + 1) parameters are phases. Since in the charged current
in (6.4) there are n up quarks and n down quarks, it would seem that 2n of these (1/2)n(n + 1)
phases can be redefined away. This is not correct, however, since one of the 2n quark phases,
the one that corresponds to the conserved baryon-number symmetry cannot change the current
at all. Hence the number of phases which cannot be eliminated is (1/2)n(n + 1) − (2n − 1). This
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is a remarkable result, since it says that the number of generations n must be equal to three to
have at least one phase available to describe a physical CP violation. This observation was made
before the experimental discovery of the third generation.
A final qualification is necessary for the theorem about CP violation in the Standard Model,
other than recalling that we are neglecting for the time being any effect due to neutrino masses.
As shown in Appendix E, the field strenghts associated to any generator ta transform under CP
as
a a
T
Fµν ≡ Fµν
t → −Fµ̃ν̃
(−x, t).
(6.7)

a
a
Therefore, unlike the gauge kinetic term Fµν
Fµν
which is invariant after space-time integration,
a
a
ǫµνρσ Fµν Fρσ is odd under CP. We have not included such term in the basic Lagrangian (2.7) for
any of the gauge-group factors since it can be written as a total space-time derivative. It is in fact

1
a
a
ǫµνρσ Fµν
Fρσ
= ǫµνρσ T r[Fµν Fρσ ] = ∂ρ Jρ
2

(6.8)

where

2i
Aµ Aσ Aν ]
(6.9)
3
and Aµ = Aaµ ta . However for a non Abelian gauge group even a total derivative like (6.8) contributes to the action through boundary terms. With respect to possible CP violating effects in
the Standard Model, this is especially important for the strong SU(3) gauge group. An addition
to the total Lagrangian of a dimension-4 term
Jρ = 2ǫµνρσ T r[Aσ ∂µ Aν +

∆LstrongCP = θQCD ǫµνρσ Gaµν Gaρσ

(6.10)

where Gaµ is the gluon field, would lead to observable CP violating effects (see next Section) unless
the dimensionless parameter θQCD is very small, below about 10−9 . Why such parameter is so
small goes under the name of strong CP problem.

6.2

Electric dipole moments

Any conceivably measurable effect of CP violation in the Standard Model only involves the light
degrees of freedom, i.e. the gluons, the photon and all the quarks, except the top. To describe
these effects it is therefore useful to consider the effective Lagrangian relevant at a scale well below
the W and the Z masses. Given the unbroken group of gauge invariance, SU(3) × U(1)em , one
can write down the form of this Lagrangian much in the same way as it was done in the first
Lectures for the full Standard Model. The difference is that we have to be prepared to include
also terms of dimension higher than 4 (See Appendix D). In fact it follows from the discussion
made for the Standard Model that one cannot write down any CP violating term in the effective
Lagrangian of dimension less then or equal to 4 with the only possible exception of (6.10). To
reach this conclusion it is essential, as usual, that we allow for possible field redefinitions, which
are physically irrelevant. It is also of importance to know that a strong CP term like (6.10) is not
generated at a significant level, i.e. with θQCD above or even close to 10−9 , if it is not there in the
original Lagrangian, after integration of the heavy degrees of freedom up to a cut-off as large as
the Planck mass.
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Figure 7: A 2 loop diagram contributing to the electric dipole moment of the d-quark.
We are therefore led to consider terms in the effective Lagrangian of dimension greater than
4. At dimension 5, an operator of key interest is
LDM = eµq eiδ (q̄L iσνµ qR )Fνµ + h.c.,

(6.11)

where q is either a up or a down quark, µ is a real parameter of dimension of mass−1 , Fνµ is the
electromagnetic field strenght and δ is a phase with the left and right components of the quark
field, qL , qR , defined in such a way that the corresponding mass term in the effective Lagrangian,
mq q̄L qR + h.c., is real. Since under CP (see Appendix E)
q̄L iσνµ qR → −q̄R iσµ̃ν̃ qL ,

(6.12)

LDM violates CP if δ is different from zero.
It is a simple matter to obtain from (6.11) the corresponding scattering amplitude from a static
electromagnetic field in the non relativistic limit for the quark spinors. If ξ and ξ ′ are the non
relativistic spin wave functions of the initial and final quark states, one gets
iMDM = ieµq ξ ′+ (cos δ

σ
σ
· B + sin δ · E)ξ
2
2

(6.13)

where B and E are the static magnetic and electric fields in Fourier space. The first term in the
right-hand-side of (6.13) is a magnetic moment interaction, present also in the non relativistic
limit of the standard dimension-4 interaction term, whereas the second term, only present for
δ 6= 0, is a CP violating interaction with the electric field through an electric dipole moment
dE = e sin δµq S,

(6.14)

where S is the spin of the quark. [ Problem 6.2.1: Prove eq. (6.13)] An electric dipole moment for
the quarks u or d gives rise to an electric dipole moment for the neutron of roughly similar order.
Such an intrinsic dipole moment for the neutron has been searched for with negative results so
far, so that currently
dE (neutron) ≤ 6 · 10−26 e · cm.
(6.15)
This bound is well above the expected theoretical value of the neutron electric dipole moment,
which can be estimated as follows. No LDM with non vanishing δ is generated from a one loop
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W -exchange diagram, which is proportional to |Vqi|2 . To get a contribution to the electric dipole
moment one has to go to two loop order, as from the diagram of Fig. 7 . We are then led to the
estimate
mq
α
(6.16)
|dE (q)| ≈ e( )2 |J| 2 ,
4π
mW
where J is defined in eq. (5.21) and the mass of the quark q appears in the numerator due to the
necessary breaking of the associated chirality. dE (q) is proportional to J since any quadrilinear
product of Vij which is invariant under redefinition of the quark phases is either real or it has an
imaginary part equal to ±J. This can be proved, as the special case of eq. (5.21), by repeated
use of the ortogonality relations between different rows and columns of the CKM matrix, like eq.
(5.9). For this reason J is called Jarlskog invariant. [Problem 6.2.2: Show this property of J.]
From the current values of the measured CKM parameters, J ≈ 3·10−5 . For a quark mass of about
10 MeV , we get therefore from eq. (6.16) the order of magnitude estimate, dE (q) ≈ 10−30 e · cm,
which is indeed far from the current experimental limit. The situation is quite different, however,
in several motivated extensions of the Standard Model which contain new particles with typical
weak scale mass, much as in the case of the µ → e + γ transition, as commented upon in the
previous Lecture, or of the same electric dipole moment of the electron dE (e). From current
experiments, |dE (e)| . 10−27 e · cm, while it is completely negligible in the Standard Model.

6.3

CP violation in effective 4-fermion interactions

Where CP violation has been experimentally observed is from effects due to 4-fermion interactions,
of dimension 6, both with change of strangeness and of beauty. For concreteness we discuss in the
following the case of strangeness changing transitions. The relevant effective Lagrangian is
(∆S6=0)

Lef f

(∆S=2)

= Lef f

(∆S=1)

+ Lef f

(∆S=1;semilept.)

+ Lef f

+ h.c,

(6.17)

where, somewhat schematically,
(∆S=2)

Lef f

(∆S=1)

Lef f

= A(s̄L γµ dL )(s̄L γµ dL ),

(6.18)

= Σq Bq (s̄L γµ dL )(q̄γµ q),

(6.19)

(∆S=1;semilept.)

Lef f

= Σl Cl (s̄L γµ dL )(¯lγµ l).

(6.20)

In eq. (6.19) the sum extends over the u and the d quarks of both elicities, as arising in particular
from the gluon exchange diagrams of Fig. 8 , whereas in (6.20) the sum extends over the leptons,
either charged or neutral.
The coefficients A, Bq , Cl , of dimension of mass−2 , are in general complex and it is their
relative phase which amounts to a CP violation. We have discussed in the previous Lecture how
to calculate the imaginary part of A (with a suitable definition of the quark phases). In particular
a relative phase which cannot be redefined away by changing the phases of the quark fields can
occur:
1. Between A and any of the Bq ;
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Figure 8: A so called penguin diagram contributing to the ∆S = 1 transition in eq. (6.19).
2. Among the Bq themselves;
3. Between A and any of the Cl .
Case 1 is the source of CP violation first observed in Kaon physics as well as the one seen in
more decay channels, all involving the neutral Kaons. The amplitude A was discussed in Sect. 5.4,
whereas the dominant among the Bq is due to the tree level W-exchange with q = uL , proportional
to ξu = Vus (Vud )∗ . This explains why the physical CP violating effect is obtained by looking at
the the imaginary part of the amplitude M multiplied by (ξu∗ )2 , as it was done in Sect. 5.4, since
this is the re-phasing invariant combination. In the neutral Kaon system, the eigenstates of the
propagation Hamiltonian
d
i
i |KL,S >= (mL,S − γL,S )|KL,S >
(6.21)
dt
2
are superpositions of the states with definite strangeness
1
(p|K 0 > ±q|K̄ 0 >).
|KL,S >= p
2
2
|p| + |q|

(6.22)

Since under CP |K 0 >→ eiδ |K̄ 0 > and |K̄ 0 >→ e−iδ |K 0 >, the eigenstates of the propagation
Hamiltonian are not CP eigenstates if |p/q| =
6 1, in which case CP is violated. By relating A and
Bu to the effective propagation Hamiltonian of the neutral Kaons, one shows in fact that
p
| | ∝ Im((ξu2 )∗ M12 ),
(6.23)
q
in turn related to the parameter ǫK listed in Table 3. This so called indirect CP violation controls
the measured parameters
δK =
|η00 | ≡ |

Γ(KL → π − l+ ν) − Γ(KL → π + l− ν̄)
= (3.27 ± 0.12)10−3,
Γ(KL → π − l+ ν) + Γ(KL → π + l− ν̄)

(6.24)

A(KL → π 0 π 0 )
A(KL → π + π − )
−3
|
=
(2.276±0.014)10
,
|η
|
≡
|
| = (2.288±0.014)10−3.
+−
A(KS → π 0 π 0 )
A(KS → π + π − )
(6.25)
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which all violate CP. In the case of (6.24), the final states π − l+ ν and π + l− ν̄ integrated over
momenta and summed over spins are the CP conjugate of each other and, in the case of (6.25),
the 2π system with zero angular momentum has definite CP, whereas KL and KS , if they were
CP eigenstates, would have opposite CP. [Problem 6.3.1: Calculate δK in terms of |p/q|.]
The CP violation observed in (6.24) and (6.25) is called indirect because it arises from the
mixing of states of opposite CP. As opposed to this case, the CP violation originated by a physical
phase among the ∆S = 1 amplitudes Bq (case 2 above) is called direct. Since it does not require
mixing of the initial states, it can in principle take place both in neutral and in charged Kaon
decays. Direct CP violation requires on the other hand at least two physically different decay
amplitudes capable of interfering among each other. The only observed direct CP violation in the
Kaon system is the deviation from unity of the ratio |η00 /η+− |, proportional to the parameter
1 A2 Ā2
−
ǫ′ ≡ √ (
)
2 2 A0 Ā0
where

(6.26)

r

r
2
2
AI ≡
A(K 0 → 2π, I), ĀI ≡
A(K̄ 0 → 2π, I)
(6.27)
3
3
and I = 0, 2 are the possible isospin states of the two pion system. From Unitarity and CPT
invariance, it can be shown that ǫ′ deviates from zero to the extent that A2 and A0 receive
different phases from a physical phase in the Bq ’s. Due to the large number of operators (or Bq ’s)
that contribute to the AI and to the near cancellations that take place among them, it proves
hard, however, to go beyond an order of magnitude prediction of ǫ′ in the Standard Model. While
this prediction agrees with the experimental result
1 − |η00 /η+− | = (5.01 ± 0.78)10−3,

(6.28)

its uncertainty does not allow the inclusion of direct CP violation in Table 3.
From a theoretical point of view, similar considerations hold for CP violation in the B-system
due to 4-fermion interactions with change of beauty (and possibly strangeness as well). Physically
the main differences between the B and the K systems are in the much larger number of decay
modes of the former and, not unrelated, in the relative widths of the two neutral eigenstates of
the weak Hamiltonian
γS − γL
≈ 1 >> ∆Γ|B ,
(6.29)
∆Γ|K ≡
γS + γL
either for the Bd or the Bs systems. Some entries related to CP violation in the B-system do
in fact appear in Table 3 together with several other calculable FCNC effects. [Problem 6.3.2:
Estimate ∆Γ|B for the Bd or the Bs systems. Question 6.3.1: Why no entry appears in Table 3
for any charmed meson?]
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7

Basics of neutrino physics

7.1

The three options for neutrino masses in the Standard Model

As shown in Lecture 2, the natural way to describe neutrino masses in the Standard Model consists
in including three right handed neutrinos Ni among the fermionic degrees of freedom and in adding
to the Standard Model Lagrangian the extra renormalizable terms involving them, so that
1
LνSM = LSM + N̄i 6 ∂Ni − (φLi λN
ij Nj + Ni Mij Nj + h.c).
2

(7.1)

When φ gets a vacuum expectation value, the neutrino mass terms are a 6 × 6 matrix of the form



1 (ν T N T )
λN v
0
ν
(ν−mass)
.
(7.2)
L
=−
N
(λN )T v M
2
There are two limiting cases of interest for this mass matrix (See Appendix F for the definition
of Dirac and Majorana neutrinos):
• Three Dirac neutrinos

This arises when the mass term of the right handed neutrinos in (7.1), − 21 N T MN is set to zero,
thus recovering lepton number conservation. From the point of view of the Yukawa couplings, the
leptons become fully analogous to the quarks: lepton number corresponds to baryon number and
every fermion in the Standard Model is described by a Dirac spinor.
• Three light Majorana neutrinos

The general neutrino mass matrix (7.2) has 6 different eigenvalues, 2 by 2 equal to each other in
the previous case of three Dirac neutrinos. If, however, the elements of M are much larger than
any element in λN v, the full mass matrix approximately factorizes in two pieces, as readily seen
by treating vνi λN
ij Nj as a perturbation relative to Ni Mij Nj , so that
Lνmass ≈

v2 T N 1 N T
1
ν λ
(λ ) ν − N T MN + h.c..
2
M
2

(7.3)

In this way one ends up with three light neutrinos, the eigenvectors of λN M1 (λN )T , mostly made
of the weakly interacting νi , and three heavy approximately decoupled right handed neutrinos.
Lepton number in this case is maximally violated, even though, for particular forms of M with
some degenerate eigenvalues, a combination of individual lepton numbers may still survive.
• More than three light neutrinos

It is clear that the two alternatives just described do not exhaust all the possibilities. It is
conceivable that there be more than three light and distinct eigenvalues of the full neutrino matrix,
in fact up to six. The current phenomenology of neutrino oscillations constrains this possibility
but does not exclude it.
Although these three alternatives are all logically viable, the second one is more frequently
considered since one prefers to attribute the smallness of the neutrino masses to a large value of
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the elements of the matrix M rather then to the smallness of the dimensionless couplings in λN .
With reference to this case, it is in fact
mν ≈ 0.1eV (

λv 2 1010 GeV
)
GeV
M

(7.4)

where 0.1 eV is a plausible value for a neutrino mass, as commented upon in the next Lacture,
and 1 GeV is in the (actually broad) ballpark of the charged fermion masses.

7.2

The physical parameters

As discussed in Lecture 2, there is a redundancy of parameters in the Yukawa sector which is
useful to reduce away. In the case of three Dirac neutrinos this has already been done (See eq.s
(2.11, 2.12 )) in full analogy with the quark case. Other than the six masses, three for the charged
leptons and three for the neutrinos, mi , i = 1, 2, 3, there is a unitary matrix, Vl , which in the
physical basis for the charged leptons, li , and the neutrinos, of left-handed components νiphys ,
appears in the charged current interaction Lagrangian
g
Lch−curr
= √ Wµ+ ν̄ phys Vl γµ l + h.c..
l
2

(7.5)

We shall frequently drop the superscript phys without risks of ambiguity. As we called V the
mixing matrix Vq in the quark case, we shall call U T the matrix Vl to keep the convention most
frequently used in the literature. The analogy between V and U is clearly also complete as far as
the counting of their physical parameters goes: three angles and one phase.
The situation in the case of three light Majorana neutrinos is slightly different. To find the
neutrino mass eigenstates (the physical neutrinos), the mass term that has to be diagonalized is
the first one in eq. (7.3). This is achieved by the redefinition νi → (U ∗ )ij νjphys , where U is again
the matrix that will appear in the charged current interactions. The only difference that arises
relative to the Dirac-neutrino case is in the physical phases that enter in U. To understand this
difference, we have to go back to the previous Lecture where we have discussed the quark case, or
by complete analogy the Dirac-neutrino case. There, by shifting the otherwise unphysical phases
of the u(ν) and d(l) fields, we could subtract away from the (1/2)n(n + 1) phases of an arbitrary
n × n unitary matrix the (2n − 1) phases that affect the charged current. This is not possible
anymore in the Majorana-neutrino case, since the phases of the neutrino fields are physical, due
to the form of the Majorana mass matrix ν T Mν. We can only subtract away the phases of the n
charged leptons, thus remaining with (1/2)n(n − 1) physical phases, i.e three phases in the three
generation case.
If there are more than three light neutrinos, the number of physical parameters obviously
increases. A possible choice corresponds to ignore first the Majorana mass matrix M for the right
handed neutrinos and go to the same basis as in the case of pure Dirac neutrinos. On top of this
situation one has to include the effects of M, whose matrix elements are all in principle physical.
The production or the detection of a neutrino takes place most of the time by a charged current
interaction (7.5) in association with the emission or the absorption of a charged lepton lα = e, µ, τ
ν̃α → W + + lα ,

lα → W − + ν̃α ,
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(7.6)

where it is important to realize that ν̃α is not a physical or a mass eigenstate but rather the
superposition of them
∗ phys
ν̃α ≡ Uαi
νi
(7.7)
which appears in the charged current interaction in association with lα . Here again the tilde on
the neutrino will most of the time be omitted.

7.3

Neutrino mass measurements from the β-decay spectrum

The historical way to search for neutrino masses, already proposed by Fermi in his original work
mentioned in the first Lecture, consists in searching for a distortion of the electron spectrum,
dNe /dEe , in the β-decay of a nucleus (i.e. d → ueν̄e at the quark level or n → peν̄e at the nucleon
level).
The most sensitive case is tritium decay
3

H → 3 He e ν̄e ,

(Q = m(3 H) − m(3 He) = 18.6 keV ),

(7.8)

where Ee ≈ Q − Eν is required by energy conservation. The most important effect of the neutrino
mass mν is at the endpoint, Ee ≤ Q−mν , of the electron spectrum, which is essentially determined
by the neutrino phase space factor, proportional to Eν pν . Therefore, close to the endpoint,
p
dNe
∝ (Q − Ee ) (Q − Ee )2 − m2ν ,
dEe

(7.9)

which means that at the endpoint the spectrum has infinite derivative in the massive neutrino
case, instead of a vanishing derivative for a massless neutrino. This is the feature that should be
seen by the experiment looking for a neutrino mass with enough energy resolution.
In the case of several neutrino mass eigenstates, eq. (7.9) trivially generalizes to
q
dNe X
∝
|Uei |2 (Q − Ee ) (Q − Ee )2 − m2i ,
(7.10)
dEe
i
the sum being extended in principle over all the physical neutrinos. In the three neutrino case,
either Dirac or Majorana, the only one of practical relevance, the energy resolution of current or
foreseen β-decay experiments is unlikely to resolve the difference between neutrino masses, limited
by the oscillation experiments (See the next Lecture). In this case, it is useful to approximate
(7.10) with (7.9) and express the experimental bound in term of a single effective parameter
m2ν ≡ Σi |Uei |2 m2i . At the time of writing these Lectures, the upper limit set by β-decay experiments
on mν is between 1 and 2 eVs.

7.4

Neutrino-less double-β decay

In some cases the β-decay of a nucleus (A, Z) to (A, Z+1) is kinematically forbidden, whereas
the double-β decay to (A, Z+2) is allowed. In the Standard Model this is a second order weak
interaction process, i.e. occurring at the nucleon level through two simultaneous n → peν̄e decays.
76
76
This is the case, e.g., of 76
32 Ge that cannot decay to the heavier 33 As but decays to the lighter 34 Se
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Figure 9: Double-β decay amplitudes with 2 neutrinos (a) and without neutrinos (b). The cross
in (b) denotes a Majorana mass insertion for the intermediate neutrino.
with the emission of two electrons and two antineutrinos. The Q-value of this reaction is about 2
MeV and the corresponding life-time is approximately 1021 yr.
The great interest of double-β decay is that it can occur also without the emission of the
antineutrinos, i.e. with violation of lepton number by two units, if neutrinos have Majorana
masses. The corresponding Feynman diagram is shown in Fig. 9 together with the diagram for
the normal 2ν2β process. The two processes are neatly distinguishable by the spectrum of the
two electrons, of definite energy E = Q/2 only in the neutrino-less case. The 0ν2β decay is
apparently the only known process that may lead to a positive evidence for neutrino masses of
specific Majorana type.
In the limit in which all the neutrino masses are negligible with respect to Q, the amplitude for
Fig. 9b is linear in the neutrino masses and is therefore actually proportional to the combination
X
mee ≡
Uei2 mi .
(7.11)
i

In turn the rate takes the form
Γ0ν2β = |mee |2 |M|2Φ

(7.12)

where Φ is a known phase space factor and M is the nuclear 0ν2β matrix element, unfortunately
plagued by considerable theoretical uncertainties. [Problem 7.4.1: Calculate Φ and find the explicit
form of M.]
The background from natural and artificial sources is a great difficulty for this type of experiments. At this moment it is safe to quote an upper limit of about 1 eV on mee . Assuming
mee = 1 eV , the lifetime for 2ν2β decay of the most promising isotopes is in the range of 1024 ys.
Anticipating the information gathered on Uei and mi from oscillation experiments (See next Chapter), mee ranges typically from a fraction of an electronVolt down to a few meV , although it is
strictly speaking not bounded from below.
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8

Neutrino oscillations

8.1

Neutrino oscillations in vacuum

Neutrino oscillations are a single-particle quantum-mechanical effect of great interest, since to date
they represent the only source of information on neutrino masses. They consist in the following
phenomenon. A neutrino wave-packet is produced at a source, located at approximately x = 0,
in association with a charged lepton lα . The wave packet evolves until it reaches a detector at
approximately x = L, where a charged lepton lβ , generally different from lα , is detected. We want
to know the probability for this to happen.
To this end we describe the neutrino wave-packet at an intermediate point x as
Z
X
∗ (ipi x−iEt) phys
|ν(x) >= dEf (E)
Uαi
e
|νi
>,
(8.1)
i

p
where pi (E) = E 2 − m2i is the momentum of the neutrino of energy E and mass mi , so that at
x = 0 it is indeed |ν(0) >= |να > as defined in (7.7). The amplitude for finding at x a neutrino
of energy E in association with a charged lepton lβ is therefore
X
Aβα (x) = f (E)
(Uαi )∗ Uβi e(ipi x−iEt) .
(8.2)
i

Now the key assumption which greatly simplifies all the relevant formulae is that, when considering
the probability for the oscillation to occur, it is legitimate to neglect all interferences between
amplitudes of different energy, so that, for the probability we are interested in,
Z
X
Pβα (L) = dE|f (E)|2|
(Uαi )∗ Uβi eipi L |2 .
(8.3)
i

This simplifying assumption is valid in all realistic oscillation experiments, due to the properties
of the source and/or of the detector. The neutrino wave is fully described by its energy spectrum
only, dN/dE = |f (E)|2 . Having made clear that we deal with a neutrino wave-packet, so that
we avoid running in all sorts of paradoxes, in the following we adopt the standard convention of
leaving understood the flux factor dE|f (E)|2.
Taking into account that generally E >> mi , the oscillation probability simplifies to
X

m2i L
φi = −
4E

(8.4)

or, using e2iφ = 1 − 2 sin2 φ + i sin 2φ,
X βα
Pβα (L) =
Jij (1 − 2 sin2 φij + i sin 2φij ),

(8.5)

Pβα (L) = |

2iφi 2

∗

(Uαi ) Uβi e

i

|,

ij

where
φij ≡ φi − φj =

∆m2ij L
, ∆m2ij = m2i − m2j , Jijβα = (Uαi )∗ Uβi (Uβj )∗ Uαj .
4E
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(8.6)

Furthermore, using the unitarity relations Σi (Uαi )∗ Uβi = αβα one gets
X
X
P (να → νβ ) = αβα −
4Re(Jijβα ) sin2 φij −
2Im(Jijβα ) sin 2φij ,
i<j

(8.7)

i<j

where we have made explicit that we deal with neutrinos. The corresponding formulae for antineutrinos are obtained by exchanging U → U ∗ , so that only the last term, proportional to Im(Jijβα ),
changes sign. We are finding the result analogous to the one that we have discussed in the case
of the quarks. CP invariance, which would imply P (να → νβ ) = P (ν̄α → ν̄β ), is violated to
the extent that U is complex. Furthermore the complex values of U must be intrinsic, i.e. non
eliminable by a re-phasing of the lepton fields: Im(Jijβα ) is indeed a rephasing-invariant measure
of CP violation in the lepton sector, analogous to the Jarlskog invariant defined in eq. (5.21).
Incidentally, notice that a re-phasing of the neutrino fields does not change anything in eq. (8.7),
which means, following what was said in Sect. 7.2, that oscillation experiments cannot distinguish
between Dirac and Majorana neutrinos.
It can be explicitly checked that the oscillation probability (8.7) enjoys the following properties:
• Conservation of probabilities:
X
β

P (να → νβ ) =

• CPT invariance:

X
β

P (ν̄α → ν̄β ) = 1

P (να → νβ ) = P (ν̄β → ν̄α )

(8.8)

(8.9)

[Problem 8.1.1: Prove explicitly these equations.]
It is useful to specialize eq. (8.7) to the two neutrino case, where U is, without loss of generality,
a real orthogonal matrix parametrized by an angle θ. In this case the oscillation probability, say,
from an electron to a muon neutrino is
L∆m212
L(km)∆m212 (eV 2 )
2
2
P (νe → νµ ) = sin 2θ sin
≈ sin 2θ sin (1.27
).
4E
E(GeV )
2

2

(8.10)

All other oscillation probabilities are obtained from this one by unitarity and CP or CPT invariance.

8.2

Neutrino propagation in matter

The coherent forward scattering of neutrinos propagating in matter leads to a modification of
neutrino oscillations that is crucial to take into account if one wants to describe correctly the
experimental results. The coherent sum of the scattered neutrino wave functions in the forward
direction from every scattering center in matter changes the propagation of a relativistic neutrino
by introducing, not surprisingly, an effective refraction index. This is totally analogous to what
happens in optics, including the fact that the refraction index depends in general not only on the
material that is crossed by the wave but also on the type of wave itself (e.g., in optics, the type
of polarization).
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Performing the sum over the scattered wave functions leads to the refraction index
nν = 1 +

2π
Σi Ni fiν (0),
p2

(8.11)

where p is the neutrino momentum (of negligible mass), Ni is the density of the scattering center
(i for electrons, nucleons or even the same neutrinos in a supernova) and fiν (0) is the forward
scattering amplitude of the neutrino ν over the same scattering center. [Problem 8.2.1: Derive
eq. (8.11).]
The scattering amplitude is either mediated by Z or W exchanges. We are only interested
in effects that distinguish the different type of neutrinos. The forward scattering is coherent for
neutrinos of definite lepton flavour, να , α = e, µ, τ . Since matter is composed of electrons (rather
than µ or τ ), νe interacts differently from νµ,τ , giving rise to a flavour-dependent refraction index.
In fact the scattering of any να on electrons or quarks mediated by Z-exchange is the same for all
flavours and therefore can be neglected. The only relevant effect comes therefore from νe scattering
mediated by the W exchange. In a background composed by non-relativistic and non-polarized
electrons (like on earth and, to a very good approximation, on the sun) the forward scattering
amplitude for the electron neutrino is
GF p
feν (0) = − √ ,
2π

(8.12)

and it changes sign for the electron anti-neutrino. [Problem 8.2.2: Derive eq. (8.12).]
Working to first order in the neutrino masses and in (nν − 1), the evolution of the neutrino
amplitude (8.2) in flavour space is therefore described, up to an overall phase eipx , by
−i

dA
= HA,
dx

(8.13)

where
Hβα = p(nν − 1)δβe δαe −

X
i

Uβi

X
√
m2i
m2
(Uαi )∗ ≈ − 2GF Ne δβe δαe −
Uβi i (Uαi )∗ .
2E
2E
i

(8.14)

It is this equation that has to be solved to get the oscillation amplitudes in matter rather than
in vacuum. The special novelty with respect to the propagation in vacuum is the x-dependence,
through Ne , of the first term in the right hand side of (8.14). This is especially important if: i)
some of the diagonal elements of H become degenerate at some point along the neutrino trajectory
from the source to the detector; ii) the variation with x of H is slow enough that the neutrino
state in flavour space can follow adiabatically the evolution of the eigenvalues of H itself. In such
a case one gets what is called a resonant transition between different flavour states, where the
matter effects are particularly relevant.
In this description of the neutrino propagation in matter we have never had to make the
distinction between Majorana and Dirac neutrinos: they behave exactly in the same way. Even in
presence of matter, oscillations do not allow to distinguish between these two types of neutrinos.
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Figure 10: The so called normal spectrum, with the smallest splitting among the two lighter
neutrinos. In different colours are also indicated the compositions of the three mass eigenstates
in terms of νe , νµ , ντ .
Finally one obtains the evolution equation for anti-neutrinos from (8.13,8.14) by U → U ∗ and
by changing the sign of the refraction-index term. As already said, the first is a genuine CPviolating effect, whereas the second is due to the breaking of CP by the background of ordinary
matter. To prove the existence of CP violation in the lepton sector requires the experimental
separation of these two effects.

8.3

Current determination of neutrino masses and mixings

At the time of writing these Lectures there are two well established neutrino anomalies, which
can be clearly interpreted as due to neutrino oscillations: the atmospheric anomaly and the solar
anomaly. In terms of three active neutrinos, either Dirac or Majorana, both anomalies can be
described as effective two neutrino oscillations, each with its own squared mass difference and
mixing angle, like in eq. (8.10), with a third mixing angle being compatible with zero and actually
mostly constrained by an independent reactor experiment, CHOOZ. With this in mind, the present
information on neutrino masses and mixings from oscillations in a three light neutrino scheme are
summarized in Table 4.
Since neutrino oscillations are at present the only positive evidence for neutrino masses, this
information is alternatively pictured in Figs. 10 and 11 . Only knowing the two independent ∆m2
and not their sign, two possible neutrino spectra are compatible with Table 4: the normal or the
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Figure 11: The so called inverted spectrum, with the smallest splitting among the two heavier
neutrinos. In different colours are also indicated the compositions of the three mass eigenstates
in terms of νe , νµ , ντ .

Oscillation parameter
Central value
2
solar mass splitting
∆m12 = (8.0 ± 0.3)10−5 eV 2
atmospheric mass splitting |∆m223 | = (2.5 ± 0.2)10−3eV 2
solar mixing angle
tan2 θ12 = 0.45 ± 0.05
atmospheric mixing angle
sin2 2θ23 = 1.02 ± 0.04
CHOOZ mixing angle
sin2 2θ13 = 0 ± 0.05

99% CL range
(7.2 ÷ 8.9)10−5 eV 2
(2.1 ÷ 3.1)10−3 eV 2
300 < θ12 < 380
360 < θ23 < 540
θ13 < 100

Table 4: Summary of present information on neutrino masses and mixings from oscillation data.
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inverted spectra, with an obvious meaning of the words. For the same reason, the center of mass
of the neutrinos is equally undetermined. Oscillations of three active neutrinos only say at the
moment that at least one neutrino is heavier than about |∆m223 |1/2 ≈ 5 · 10−2 eV . We have seen
in the previous Lecture how β-decay experiments, in conjunction with the information in Table
4, allow to set a limit on the mass of every active neutrino of about 1 ÷ 2 eV .
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9
9.1

The naturalness problem of the Fermi scale
The Standard Model as a prototype effective theory

The Standard Model, as described so far, is the renormalizable theory invariant under the gauge
group SU(3)XSU(2)XU(1) with three 16-plets of Weyl spinors transforming as in (1.16) and a
single scalar doublet of hypercharge 1/2. As remarked in Appendix D for a general renormalizable
theory, this invites to interpret the Standard Model as the low energy remnant of a more complete
−1/2
theory involving also higher physical scales than GF , denoted as in Lecture 4 by ΛN P : the
physical Standard Model as an effective field theory probably valid only up to some maximal
energy scale Emax and closer to reality than the renormalizable Standard Model. Emax would have
to be sufficiently smaller than ΛN P , i.e. the smallest of the extra physical scales occurring in the
extended theory.
This is good news and bad news at the same time. The good news is that the status of the
Standard Model is enhanced: there are infinitely many theories whose experimental manifestations
involving a maximal scale Emax are practically indistinguishable from it. Given the inherent
limitations on Emax , which change with time but are anyhow present at any given time, like now,
this is conceptually very satisfactory. The bad news is that this makes it harder to guess which
physical theory, if any, (partly) completes the Standard Model at higher energies. To a large
extent, this is the main difficulty encountered in trying to go beyond the Standard Model.
This same logical framework, if accepted, gives however a clue towards possibly solving this
difficulty, or at least allow to address it. A property of the more complete theory one is looking
for, if any, is that it should reproduce in its low energy spectrum, well below ΛN P , the particle
content of the Standard Model. This requirement is trivially satisfied, by construction, for the
gauge bosons, since the gauge group must contain SU(3)XSU(2)XU(1). In fact, if the gauge
group is larger, the generators of the extra symmetries must be broken at sufficiently high energy
not to conflict with experiments. The same requirement is naturally fulfilled by the fermions as
well, given that their masses also vanish in the SU(3)XSU(2)XU(1) symmetric limit (except for
the right handed neutrinos, which are irrelevant in this context). Furthermore, after breaking of
the electroweak group, the fermion masses are controlled by parameters, the Yukawa couplings,
that break the flavour symmetries of the minimal gauge Lagrangian. In all this, we are evidently
assuming that the Fermi scale, or v, is sufficiently decoupled from ΛN P , but this is precisely the
point. Given eq. (3.20), what is it, at last, that keeps the Higgs doublet light relative to ΛN P ?
This is the possible clue to understand some key property of the theory that is supposed to extend
the Standard Model. It goes under the name of naturalness problem of the Fermi scale.

9.2

Expanding in operators of higher dimension

Before trying to address this problem we ask if anything can be said on ΛN P itself. Since the most
precise tests of the Standard Model are successful, we can only hope of setting a lower bound on
ΛN P . To this end we use the fact that in the Standard Model as an effective theory the effects of
new physics can be generally accounted for by introducing suitable higher dimensional operators
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weighted by appropriate inverse powers of ΛN P (See Appendix D)
f
Lef
SM = LSM + Σn,i

cn,i (n+4)
O
.
ΛnN P i

(9.1)
(n+4)

Let us pause for a moment on this equation and, in particular, on the symmetries that the Oi
must respect. For sure the gauge symmetry of the Standard Model is one: a single non gauge
invariant operator would destroy the consistency of the entire theory. Should they respect other
symmetries? The physical theory that (9.1) is supposed to approximate may contain several
scales, of which ΛN P is the lowest. To set a credible lower bound on ΛN P we have to use the
(n+4)
most conservative assumption about the symmetries of the relevant Oi
. We therefore pretend
that they respect the full symmetry of the minimal gauge Lagrangian, Lmin , as discussed in
Lecture 2. Since LSM itself does not respect these symmetries, there will certainly be higher
dimensional operators in (9.1) that do not respect them either, but their coefficients can be
sufficiently suppressed, as we shall discuss in a while in an explicit example.
The list of operators of the lowest possible dimension that respect the symmetries of Lmin is
long. An interesting subset, complete if one does not include fermions, is
g′
a
3
OW B = gg ′(H + σ a H)Wµν
Bµν = −2 m2W Wµν
Bµν + · · · ,
g
 2 2
mW
†
2
(gWµ3 − g ′Bµ )2 + · · · ,
OH = |H Dµ H| =
g2

(9.2)
(9.3)

a 2
a 2
(Dρ Wµν
)
(∂ρ Wµν
)
=
+··· ,
(9.4)
2
2
(Dρ Bµν )2
(∂ρ Bµν )2
=
+··· ,
(9.5)
2
2
where the dots stand for terms not contributing to the vacuum polarization amplitudes. By
comparison with the definitions given in eq.s (4.12, 4.15 ,4.19), it is straightforward to see that
each of these operators is in one to one correspondence with the form factors Ŝ, T̂ , W and Y
respectively. Their presence in the effective Lagrangian (9.1) contributes to these form factors as

Ŝ = 4

2 m2W
m2W
m2W
m2W
c
,
T̂
=
−
c
,
W
=
2
c
,
Y
=
2
cBB ,
W
B
HH
W
W
Λ2N P
g 2 Λ2N P
Λ2N P
Λ2N P

(9.6)

where we have renamed the dimensionless coefficients cn,i in front of each operator using a selfexplanatory notation. [Problem 9.2.1: Prove these equations.]
If we now compare these last equations with the experimental constraints summarized in Table
2, taking the dimensionless coefficients cn,i equal to unity gives a lower bound on ΛN P at 95%
C.L. of about 5 T eV from Ŝ or T̂ , whereas the limits on the two other form factors give a slighter
weaker bound. Similar significant bounds are also obtained from the presence of some effective
4-fermion interactions, like, e.g., the one involving 4 lepton doublets, summed over the flavour
indices,
1
(9.7)
OLL = (L̄γµ σ a L)2 ,
2
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that correct the µ-decay amplitude. Note that, using the equations of motion derived from LSM ,
it is possible to recast (9.7) into a combination of operators only contributing to the vacuum
polarization amplitudes of the gauge bosons plus new effective couplings of the gauge bosons to
the quarks and the neutrinos, which are relatively less constrained experimentally. Specifically
(9.7) is equivalent to a combinations of contributions to Ŝ, T̂ , Û , V and W with exactly correlated
coefficients. [Problem 9.2.2: Obtain explicitly these coefficients.]

9.3

Minimal Flavour Violation

What if one had considered operators breaking the flavour symmetries of the minimal gauge
Lagrangian? Had we used unsuppressed dimensionless coefficients in front of them, we would
have been led to much stronger bounds on ΛN P , but, as already mentioned, this would have been
an unreasonable conclusion, since the flavour symmetries in LSM are only broken by relatively
small Yukawa couplings. Nevertheless, effective operators breaking the flavour symmetries have
to be expected, which calls for an estimate of their possible impact on the considerations of this
Lecture. A useful concept to this end is the one of Minimal Flavour Violation.
Let us consider the full SU(3)5 XU(1)4 flavour symmetry of the Standard Model before switching on the Yukawa Lagrangian, as discussed in Lecture 2. We can attribute fictitious transformation properties under this symmetry group to the various Yukawa couplings, the numerical
λ matrices appearing in (2.5), in such a way that a fictitious SU(3)5 XU(1)4 symmetry is kept
intact even in their presence, like we do, e.g., by spurion techniques to check the consistency of
f
a calculation. We assume that all the flavour breaking operators present in Lef
SM are weighted by
dimensionless coefficients of order unity apart from the minimum number of λ matrices that are
needed for them to respect the fictitious SU(3)5 XU(1)4 symmetry so defined. It should be clear
why this assumption is called Minimal Flavour Violation.
Two relevant examples of this are
FV
LM
=
ef f

c∆F =2 1
cb→sγ
(Q̄(λU )∗ (λU )T γµ Q)2 + 2 H + (QT λU (λU )+ λD σµν d)B µν + h.c.
2
ΛN P 2
ΛN P

(9.8)

in the notation of Lecture 2. If, in accordance with the stated assumption, we take |c∆F =2| =
|cb→sγ | = 1, the first operator, either from B or from K mixing, and the second operator from
BR(b → sγ) lead to lower bounds on ΛN P of about 5 T eV , completely analogous to the ones
obtained in the previous Section from flavour-conserving physics. [Problem 9.3.1: Show the invariance of the operators in (9.8) under the fake flavour symmetry.]

9.4

The naturalness scale of the Standard Model

Let us go back now to the naturalness problem of the Fermi scale, which is why the Higgs boson
is light. At least to attack it, it is necessary that the Higgs boson mass be calculable in terms
of some other physical scale of the theory that properly extends the Standard Model. While this
is obvious, it is also clearly impossible to get an expression for the Higgs boson mass without
specifying which extension of the Standard Model we are talking about. Nevertheless, and not
surprisingly, in all known examples a contribution to this mass comes from the radiative loops
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of the Standard Model particles suitably cut-off at some of the new scales that characterize the
extended theory.
To estimate this contribution, we consider the one-loop corrections to the effective potential
of the Higgs field
Z
d4 p
1
ST r(log (p2 + M 2 (h)))
(9.9)
∆V (h) =
2
(2π)4
where the supertrace is defined by ST r ≡ T r(−1)2S and S is the spin of the particle of h-dependent
mass M(h) circulating in the loop. The integral has also been rotated to euclidian 4-momentum
in the standard way. Cutting the integral at p2 < Λ2 and expanding for large Λ, the leading
h-dependent term of the effective potential is therefore a contribution to the parameter µ2 in (2.6)
− δµ2

h2
Λ2
=
ST rM 2 (h),
2
32π 2

(9.10)

which can be expressed in terms of the masses of the various particles. From Section 3.3 one has
r
r
h
h
h
h
3
1
mh √ , Mπi =
mh √ ,
(9.11)
MV = mV √ , Mf = mf √ , Mh =
2
2
2v
2v
2v
2v
so that in view of (3.20), keeping only the top contributions from the fermions,
δm2h = 2δµ2 =

3Λ2
(4m2t − 2m2W − m2Z − m2h ).
16π 2 v 2

(9.12)

As said, in all explicit examples which address the naturalness problem of the Higgs boson mass,
this contribution is indeed present with the different terms generally cut-off by different uncorrelated physical mass scales instead of a single Λ as in (9.12). Without unwarranted cancellations,
it is therefore reasonable to define a naturalness scale of the Standard Model, Λnat , as the scale at
which it is necessary to cut-off the dominant of √
these terms to avoid that it exceeds the physical
Higgs boson mass by some moderate amount ∆. For a Higgs boson mass well below about
350 GeV , as apparently implied by the precision tests discussed in Lecture 4, the top contribution
dominates and leads to
√
2π v
mh √
mh ∆ ≈ 400 GeV
Λnat < √
∆.
115 GeV
3 mt

(9.13)

1/∆ is the percentage of cancellation that could take place between the top contribution and any
other possible term in the complete expression for the mass squared of the Higgs boson. For an
accidental cancellation, the larger is ∆ the weaker is the claim that the lightness of the Higgs
boson is understood.
A possible confusion about this way of reasoning must be avoided. Λnat has nothing to do with
the regularization cut-off of the Standard Model or of whatever theory one is talking about. This
cut-off has been sent to infinity, or at least well above any physical scale, as one should in field
theory. As repeatedly said, eq. (9.10) only serves as a way to estimate the physical contributions
present in the extended theory to the Higgs boson mass.
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9.5

The little hierarchy problem

If Λnat is identified with some new physical scale in the extended Standard Model, the upper bound
in (9.13) is in conflict with the lower bound on ΛN P derived in the previous Sections, unless one
invokes an accidental cancellation at about 1% level. Such is indeed the square of the ratio of
Λnat , eq. (9.13), to the minimum ΛN P , of about 5 T ev, for ∆ = 1 and a Higgs boson mass in
the 100 GeV range. Since this is not quite satisfactory, we call it the little hierarchy problem, to
distinguish it from the problem of understanding the smallness of the Higgs mass relative to some
very high scale identified a priori, like the Planck scale or the Grand Unification scale, and called
hierarchy problem tout court.
The little hierarchy problem has direct phenomenological relevance. If the Fermi scale is
natural in the sense defined above, should one not have already seen the physics that makes it
natural at all? There are several caveats that do not make it possible to answer this question at
the time of writing these Lectures. At least two are worth mentioning. The lower bound on ΛN P
of several TeVs rests on taking the dimensionless coefficients cn,i in (9.1) equal to unity, which is
inappropriate if the new physics is perturbative and contributes at loop level only. Furthermore
it is possible that the physical interpretation of the precision tests in terms of a light Higgs boson,
although consistent with the data and necessary in the Standard Model, (See eq. (4.17)), is not the
correct one. Such an interpretation, on the other hand, lies behind the little hierarchy problem,
since Λnat in eq. (9.13) is proportional to mh : a Higgs boson in the 400 ÷ 500 GeV range, rather
than close to 100 GeV , would relax the bound on Λnat in a non negligible way. The experiments
at the Large Hadron Collider are supposed to shed light on these issues.
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10
10.1

The main drawback of the Standard Model
Gauge anomalies and charge quantization

As recalled in Appendix A, in any gauge theory like the Standard Model with a U(1) among the
gauge-group factors, the charges of the various matter representations under such a factorized
U(1) are unconstrained by gauge invariance itself. This is at variance with the eigenvalues of a
diagonal generator belonging to a non-abelian gauge-group factor or with the gauge couplings to
the non-abelian gauge bosons felt by different matter representations of a non-abelian gauge group:
in a simple non-abelian gauge group all of these quantities are fixed in terms of a single coupling
constant which determines also the strength of the self-interactions among the gauge bosons.
This remarkable property of non-abelian gauge groups has of course been extensively used in the
previous Lectures to compare the Standard Model with experiment. However, as already remarked
in Lecture 1, it has been apparently necessary to fix by hand the hypercharges of each irreducible
representation of the Standard Model gauge group to match, after electroweak symmetry breaking,
the electric charges of the various matter fields. Even insisting on assigning these charges in such
a way as to keep parity conserved by the strong and the electromagnetic interactions, we could
have taken an irrational number for the relative charge of quark and leptons and still be consistent
with the classical SU(3) × SU(2) × U(1) gauge invariance. Given the observed equality of the
proton and the electron charges, within more that 20 digits, this is what I call the main drawback
of the Standard Model.
The attentive reader may have noticed that I talk of consistency with the classical gauge
symmetry. In fact, as recalled in Appendix G, a classical gauge symmetry may turn out to be
anomalous, i.e. broken by perturbative quantum effects. For a consistent theory, however, the
gauge symmetry must be non anomalous, which requires that the totally symmetric triple product
of any of its generators has vanishing trace
T r(T a T b T c )S = 0,

(10.1)

over the full set of fermion fields, all taken left handed as usual. Is the Standard Model free of
anomalies? Furthermore, can it be that the requirement of absence of gauge anomalies fixes the
proton to electron charge in the desired way?
To answer these questions, it is useful to examine a preliminary statement. Consider any
SU(3) × SU(2) × U(1) gauge theory with a fermion representation made of doublets and/or
singles under SU(2) and real under colour and electromagnetism (the subgroup SU(3) × U(1)Q
where, as usual, Q = T3 + Y ). Such a theory is free of gauge anomalies if and only if
T r[(T3 )2 Q] = 0,

(10.2)

where T3 is a generator of SU(2). In words the condition is that the charges of the SU(2)doublets have to add up to zero. This statement is easy to prove by making use of Appendix B.
In particular a real representation of a gauge group has no anomaly. Furthermore SU(2) has only
real representations. [Problem 10.1.1: Prove these statements]
The absence of gauge anomalies in the Standard Model is now readily checked: it results from
T r[(T3 )2 Q] =

1
2 1
1
× 3 × ( − ) + × (0 − 1) = 0,
4
3 3
4
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(10.3)

where the first term comes from the quarks and the second from the leptons (for each generation). The absence of anomalies boils down to the cancellation of charges between quarks and
leptons. Furthermore we also seem to have remedied to the problem left to us from classical gauge
invariance: charge non quantization. Let us examine this statement more in detail.
We can ask the following question. What would be the simplest fully chiral representation of
the SU(3) × SU(2) × U(1) gauge group for the matter fermions, that would give an anomaly free
theory? By simplest we mean with the least number of Weyl spinors. The fifthteen-plet of Weyl
spinors that make one generation of the Standard Model, excluding the right handed neutrino,
fails by little to be such a simplest representation. The simplest representation is in fact a charge
1/2 quark, i.e. in the notation of Lecture 1,
b 2)0 , u
Ψ1/2 = (Q(3,
bc (3̄, 1)−1/2 , dbc (3̄, 1)1/2 ),

(10.4)

which does not seem to exists in nature. [Question 10.1.1: In what precise sense a charge 1/2
lepton is unsuitable here?]
The fifthteen-plet of the Standard Model is the next to simplest anomaly-free chiral representation of SU(3) × SU(2) × U(1) and, for this, it is crucial that charge is quantized, as shown in
(10.3). However it suffices to add a single Weyl spinor to get the cancellation of all the anomalies,
while allowing for an arbitrary charge, as follows:
Ψy = (Q̃(3, 2)y , L̃(1, 2)−3y , ũc (3̄, 1)−y−1/2 , d˜c (3̄, 1)−y+1/2 , ẽc (1, 1)3y+1/2 , Ñ(1, 1)3y−1/2 )

(10.5)

This is the same number of Weyl spinors as one generation of Standard Model fermions, which
was given in Lecture 1, with the inclusion of the right-handed neutrino. In fact one reproduces the
basic representation of the Standard Model (1.16) by setting y = 1/6. In this sense the relation
of charge quantization to anomaly cancellation gets weakened.

10.2

The unification way

Unlike the charges under a factorized U(1), a charge included in the generators of a non abelian
group is quantized by the commutation rules of the algebra, like, e.g., the eigenvalues of T3 in
SU(2). To embed SU(3) × SU(2) × U(1) into a simple group looks therefore as a neat way to
solve the charge quantization problem. Let us see how this can be done within a SU(N) group.
The number of generators that commute among each other in SU(3) × SU(2) × U(1) (or the
rank of the group) is 4: 2 in SU(3), 1 in SU(2) and 1 in U(1). Since SU(N) has rank N − 1,
SU(5) is the smallest candidate to do the job. It turns out that it is also the single group with
minimal rank. Furthermore there is an obvious single way of embedding SU(3) × SU(2) × U(1)
in SU(5). It amounts to see the SU(5)-generators restricted to the SU(3) × SU(2) subgroup as
 1 i

λ
3×3
2
(10.6)
1 a
σ
2 2×2
a
where λi3×3 /2, i = 1, . . . , 8 and σ2×2
/2, a = 1, 2, 3 are the generators of SU(3) and SU(2) respectively. Consequently


13×3
(10.7)
Y ∝
− 32 12×2
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has to be the necessarily traceless hypercharge U(1)-generator, up to an overall normalization factor. As anticipated, we have automatically achieved charge (or rather hypercharge) quantization,
even though we have still to see if the eigenvalues, so obtained, are suitable for physics.
Under which SU(5)-representation can the fermions transform? To see this we have to decompose the SU(5) representations under SU(3) × SU(2) × U(1). From (10.6) the fundamental of
SU(5) decomposes as
5 = (3, 1)y ⊕ (1, 2)−3/2y
(10.8)
in the notation of Lecture 1, with the hypercharge still not normalized. Therefore the conjugate
representation 5̄ is suited for containing a dc and an L, with y = −1/3. We still have to find room
for at least 10 more Weyl spinors: Q, uc and ec , with an obvious candidate in the 10-dimentional
representation of SU(5), i.e. the representation of next dimensionality.
The 10 of SU(5) transforms as the antisymmetric product of two 5’s. Therefore, from (10.8)
and y = −1/3,
10 = (5 × 5)A = ((3 × 3)A , 1)−2/3 ⊕ (1, (2 × 2)A )1 ⊕ (3, 2)1/6
= (3̄, 1)−2/3 ⊕ (1, 1)1 ⊕ (3, 2)1/6

(10.9)

which contains, miraculously enough, precisely the leftover multiplets, except for the right handed
neutrino which will necessarily have to be an overall SU(5) singlet. It is important to realize that
not only the SU(3) × SU(2) properties but also the hypercharges of the various multiplets did not
have to come out right a priori. The correct hypercharge quantization is therefore achieved by
embedding the 16-plet of Weyl spinors of one generation of matter into a (10 ⊕ 5̄ ⊕ 1) of SU(5).
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A

General structure of a gauge theory

In an arbitrary gauge field theory, the form of the Lagrangian Lg is determined by:

1. The gauge group G, with generators TA , A = 1, 2, ..., N, satisfying a characteristic algebra
[TA , TB ] = ifABC TC ;

(A.1)

2. The representation rΨ under G of the fermionic fields Ψα , α = 1, 2, ..., NΨ , all conventionally
taken as left-handed Weyl spinors;
3. The representation rφ under G of the scalar fields φa , a = 1, 2, ..., Nφ .

If we restrict ourselves to local monomials in Lg of mass dimension less then or equal to four, for
which there is a good reason (see Appendix D) Poincare’ invariance and gauge invariance require
Lg to be of the form, up to possible field redefinitions [Question A.1: Why this qualification?] and
neglecting for the time being total derivatives,
1
Lg = Lmin − ( ΨT MΨ + φΨT λ1 Ψ + φ+ ΨT λ2 Ψ + h.c.) − V (φ)
(A.2)
2
where V (φ) is a gauge invariant hermitian polinomial of degree up to four in the fields φa and
A A
/ + |Dµ φ|2
Lmin = −1/4Fµν
Fµν + iΨ̄DΨ
A
A
B C
Fµν
= ∂µ AA
ν − ∂ν Aµ + gfABC Aµ Aν

Dµ = ∂µ −

A
igAA
µT

(A.3)
(A.4)
(A.5)

Since the notation is concise, although also precise, several comments are in order:
1. For any index A there are corresponding vector bosons AA
µ , with 3-linear and 4-linear selfinteractions, and interacting with the fermion and the scalar fields through the currents
JµA (Ψ) = Ψ̄γµ T A Ψ,

JµA (φ) = φ+ T A ∂µ φ − ∂µ φ+ T A φ

(A.6)

All these gauge interactions are contained in the minimal gauge Lagrangian Lmin .
A
, all the other gauge indices are left implicit. Hence M and
2. Except for the index A in Fµν
λ1,2 are in general (sometimes necessarily vanishing) matrices in gauge-group space, so that
invariance under G is guaranteed. Similarly Dµ is a matrix in gauge-group space, generally
different when it acts on Ψα or φa .
3. Notice the appearance of a single coupling g in Lmin . This is indeed forced by gauge invariance
if the group G is simple and does not contain U(1) factors. In general, for any simple nonabelian factor of G there is a single arbitrary constant, whereas the charges of the fermion
and scalar fields under any U(1)-factor of the gauge group are all arbitrary (See Appendix
G, though)
4. Also the Lorenz indices of the fermion fields are left understood. There is no ambiguity here,
since a unique contraction of the Lorenz indices is possible in a fermion bilinear to get either
a scalar or a vector. Notice also the notation for the fermion mass terms (or for the Yukawa
couplings) in eq. (A.2) which is different from the one generally adopted in QED or in QCD,
where parity invariance makes it highly preferable to work with Dirac spinors. [Problem A.1:
Write the QED or the QCD Lagrangian in this notation.]
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B

Real and chiral representations of the gauge group G

Under the group G the fermion multiplet Ψ transforms as
Ψ ⇒ eiωA tA Ψ

(B.1)

where tA are the hermitian matrices that represent the generators TA as acting on Ψ and ωA are
the x-dependent real parameters of the transformation.
A representation rΨ is said to be real, or self-conjugate , if there exists a matrix Mαβ such that
Mαβ Ψα Ψβ is invariant under the above transformation. If no such matrix exists the representation
is said to be chiral. The representation in question may be reducible or irreducible. If it is
reducible and the matrix Mαβ is non vanishing only when acting on some component of rΨ , it is
this component which is called real, whereas the remaining part is chiral.
Given the representation r according to which Ψ transforms as in (B.1), χ transforms as the
conjugate representation r̄ if
∗
χ ⇒ e−iωA tA χ
(B.2)
Since the tA are hermitian, χα Ψα is invariant. This allows us to give an equivalent definition of a
real representation (which explains the name). A representation is said to be real if there exists a
unitary matrix U, such that
t∗A = −UtA U +
(B.3)
[Problem B.1: Prove the equivalence of the two different definitions. Question B.1: Why a real
representation is sometimes also called vector representation?]
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C

Spontaneous breaking of a gauge or a global symmetry

It is best to describe the general features of spontaneous symmetry breaking of a global or a local
symmetry by consider their implementation in a scalar field theory
1
L(φa ) = (Dµ φa )2 − V (φa )
2

(C.1)

where φa is a multiplet of scalar fields, taken real for convenience, and V (φa ) is an hermitian
potential, invariant under a group G, which acts on the φa as
φ ⇒ e−w

A tA

φ.

(C.2)

Since the φa are real, the tA are real antisymmetric matrices. If the symmetry is local, the covariant
derivative appears in (C.1)
A
Dµ = ∂µ + gAA
(C.3)
µt
together with the kinetic term for the gauge bosons.
The potential V (φ) is assumed to have a minimum for a non zero value of the φa = va (or
φ = v), where v is a constant vector. This configuration of the φ-fields minimizes the Hamiltonian
of the system and is therefore called the vacuum. The generators ta , a = 1, ..., M which annihilate
the vacuum, ta v = 0, or leave it invariant, are called unbroken generators. Since they form a
closed algebra, one says that a subgroup H of G is left unbroken. The remaining generators
ti , i = M + 1, ..., N are called broken generators.
The invariance of V under G implies that exp (−ti π i )v is also a mimimum of the potential
degenerate with V (v) for any π i , which we could have had equally well picked up as reference
vacuum without any change of the physics. Hence the π i (x), one for any broken generator ti , are
massless fields: they are called Goldstone bosons. [Problem C.1.1: Show this formally by expanding
the potential around the minimum φ = v.]
If the symmetry G is gauged, however, a symmetry transformation
i i

φ ⇒ et π φ

(C.4)

(and correspondingly on the vectors) removes the πi not only from V but also from the kinetic
term in (C.1), so that the Goldstone boson fields disappear at all from the spectrum of the theory.
This is called going to the unitary gauge. What happens of the corresponding degrees of freedom?
By expanding the covariant kinetic term in (C.1) at the minimum configuration φ = v one finds
a mass term for the gauge bosons
1
B
∆Lm = m2AB AA
µ Aµ ,
2

m2AB = g 2 (tA v)a (tB v)a .

(C.5)

Notice that the squared mass matrix m2AB is non vanishing only when restricted to the broken
generators A = i and that, in this sector, it is positive definite, since all its diagonal elements are
positive. This shows that any vector Aiµ corresponding to a broken generator acquires a mass.
[Problem C.1.2: Show the same result without eliminating the fields π by the gauge transformation
(C.4).] The appearance of the masses for the vector bosons while the Goldstone bosons are
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eliminated from the spectrum is called Higgs phenomenon. In practical calculations of Feynman
diagrams it is often useful to use a gauge where the Goldstone bosons are propagating, even with
a gauge-dependent non vanishing mass, although the corresponding poles always disappear at the
end of the calculations from the physical spectrum.
Notice that in the φa there are always at least as many components (real!) as there are broken
generators. This means that, once the eaten up Goldstone bosons are taken away, there are in
general residual bosons in the physical spectrum, (as many as the components of φ minus the
number of broken generators), whose masses depend on the details of V . They form as any other
set of particles in the theory a representation of the unbroken group H.
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D

Renormalizable theories and effective theories

Although the concept is in principle more general, here we call renormalizable a local quantum
field theory involving scalars, spin-1/2 fermions and possibly gauge vectors (See Appendix A)
if it contains all the monomials of degree 4 at most in the various fields, which are consistent
with a given symmetry, global and/or local. The gauge symmetry must be non anomalous (See
Appendix G). Such a theory can be perturbatively compared with experiments at all energies
where its dimensionless couplings, which acquire an energy dependence from loop corrections,
remain sufficiently small.
Renormalizable theories enjoy a remarkable property. Consider a theory respecting a given
symmetry, part or all of it possibly gauged, which has in its low energy spectrum only scalars, spin1/2 fermions and, if needed, the gauge vectors. For processes involving sufficiently low energies, any
such theory is practically undistinguishable from the unique corresponding renormalizable theory,
i.e. the renormalizable theory with the same low energy spectrum and the same symmetry.
Let us try to be more precise about what one means by low energy spectrum or at sufficiently low
energies. Call LU V the Lagrangian of the theory that we want to compare with the corresponding
renormalizable one Lren . An interesting case is when LU V has the same spectrum as Lren , but
also contains terms of the form
cn,i (n+4)
,
(D.1)
∆L = Σn,i n Oi
Λ
(n+4)

where Oi
are operators of dimension n + 4 with n > 0, the cn,i are dimensionless coefficients
of order unity or less and Λ is a mass parameter. If the spectrum is also made of particles all
lighter then Λ, then LU V is undistiguishable from Lren at energies E << Λ. For this to be the
case, the spectra of the two theories do not have to coincide. It is necessary that the spectrum of
Lren corresponds only to the physical infrared spectrum of LU V , i.e. its spectrum at small energies
relative to any other physical scale ≥ Λ occurring in LU V itself.
We call effective a local field theory whose consequences are valid only up to some maximal
energy scale E max . Effective field theories are generally non renormalizable and their Lagrangian
contains operators of dimension higher than 4. From what was said in the previous paragraphs,
it may be practically impossible to distinguish a renormalizable theory from an effective theory.
A currently prevailing view is that all the theories we use to describe particle physics are in fact
effective theories.
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E

CP invariance

We can define a CP transformation of a fermion field ψ of given chirality as
ψ(x, t) → iγ2 γ0 ψ(−x, t)∗ .

(E.1)

Using the standard decomposition in creation and annihilation operators of the fermion field, it
can be seen that this transformation amounts to
particle(p, s) → antiparticle(−p, −s),

(E.2)

where p and s are the momentum and the spin.
From the definition (E.1) and the properties of the γ matrices it follows that under CP
ψ̄χ → χ̄ψ

(E.3)

ψ̄γµ χ → −χ̄γµ̃ ψ

(E.4)

ψ̄σµν χ → −χ̄σµ̃ν̃ ψ,

(E.5)

where, in the right-hand-side of any of these equations, the spacetime argument is (−x, t) and
every Lorentz index with a tilde requires an overall minus sign if it is a space index or a + sign
if it is a time index. Note that in eqs. (E.3, E.5) the chirality of ψ and χ is opposite, whereas in
(E.4) it is the same. [Problem E.1: Show eq.s (E.3, E.4, E.5).]
R
ree
From (E.4) it immediately follows that the free kinetic action S = d4 xLfkin
of a fermion is
f ree
f ree
invariant under CP since Lkin → Lkin (−x, t). On the other hand, always from (E.4) a general
gauge interaction transforms as (now Ψ is a multiplet of Weyl spinors)
Aaµ (Ψ̄γµ ta Ψ) → −(Aaµ )CP Ψ̄γµ̃ (ta )T Ψ)(−x, t)

(E.6)

(Aaµ )CP ta = −Aaµ̃ (ta )T (−x, t).

(E.7)

which is invariant if
This is the transformation law of the vectors under CP, which leaves also invariant the gauge
a
a
kinetic term Fµν
Fµν
after space-time integration since
T
Fµν = [Dµ , Dν ] → −Fµ̃ν̃
(−x, t).
a
a
Notice on the contrary that ǫµνρσ Fµν
Fρσ
is odd under CP.
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(E.8)

F

Weyl, Dirac and Majorana neutrinos

The general free Lagrangian for a set of Weyl spinors, χi , all conventionally taken left-handed,
has the form, only restricted by Lorentz invariance,
1
/ − ( χT Mχ + h.c.)
Lf ree = iχ̄A∂χ
2

(F.1)

where A and M are matrices, respectively hermitian and symmetric. By field redefinitions A can
be set equal to unity and M can be diagonalized, with real non negative eigenvalues.
With a single Weyl spinor, only two cases are possible:
• The free Lagrangian of a Weyl neutrino
eyl
/
LW
f ree = iχ̄∂χ

(F.2)

• The free Lagrangian of a Majorana neutrino
1 T
aj
/
LM
f ree = iχ̄∂ χ − ( χ Mχ + h.c.),
2

(F.3)

(where M is a single real positive mass). They are distinguished by the fact that only in the first
case a charge counting the number of neutrinos may be conserved, depending on their interactions.
A Weyl neutrino has definite helicity, opposite to the one of the charge conjugate state, χC . Due
to the mass term, a Majorana neutrino does not have a fixed helicity and is often described by
means of a self-conjugate Majorana spinor
χM ≡ χ + χC .

(F.4)

1 M M M M M
aj
/
LM
− χ̄ χ .
f ree = iχ̄ ∂χ
2
2

(F.5)

In terms of χM , the free Lagrangian is

Note that (χ̄M )T and χM are proportional to each other up to a matrix acting on the spinor
indices.
A particularly relevant case with two different Weyl spinors is when the 2 × 2 mass matrix
admits a conserved charge, i.e. in a suitable basis M has only off-diagonal elements, χT Mχ =
χ1 M12 χ2 , or, equivalently, it has degenerate eigenvalues, up to a phase. [Problem F.1: Show this
equivalence.] In terms of a Dirac spinor
χD ≡ χ1 + χC
2,

(F.6)

the free Lagrangian for a Dirac neutrino is
D/ D
D D
LDirac
f ree = iχ̄ ∂χ − M χ̄ χ .
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(F.7)

G

Anomalies

We consider a theory described by a Lagrangian with gauge and global symmetries acting in
particular on a multiplet of fermionic fields Ψ, all conventionally taken as left-handed Weyl spinors.
In association with these symmetries there are currents which, restricted to the fermions, take the
form
Jµa (Ψ) = Ψ̄γµ T a Ψ.
(G.1)
The index a can be associated either with a gauge or with a global current.
An important property of symmetries in field theory is that they may be broken by perturbative
quantum effects. This arises when the radiative corrections to some Green functions make them
inconsistent with the Ward Identities derived by standard procedures from the symmetries of the
classical Lagrangian. A symmetry is called anomalous when such inconsistency is not removable
by a suitable appropriate redefinition of the Lagrangian itself.
By inspection of the perturbative quantum corrections, it is possible to characterize if a symmetry is not anomalous by a neat criterium: it is sufficient and necessary that the totally symmetric
triple product of its generators have vanishing trace,
T r(T a T b T c )S = 0,

(G.2)

over the fermion multiplet Ψ for any a, b, c. One can have global, mixed or gauge anomalies,
depending on whether the generators with non vanishing triple trace are all global, mixed or
all gauge generators. Global and/or mixed anomalies are innocuous for the consistency of the
theory or even welcome for their physical implications. Examples of both exist in the case of the
Standard Model Lagrangian. On the contrary, gauge anomalies lead to an inconsistent theory and
are therefore to be avoided.
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