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Abstract
We present a novel energy-based localization procedure able to localize molecular
orbitals into specific spatial regions. The method is applied to several cases including both conjugated and non-conjugated systems. The obtained localized molecular
orbitals are used in a multiscale framework based on the multilevel Hartree-Fock approach. An almost perfect agreement with reference values is achieved for both ground
state properties, such as dipole moments, and local excitation energies calculated at
the coupled cluster level. The proposed approach is useful to extend the application
range of high level electron correlation methods. In fact, the reduced number of molecular orbitals can lead to a large reduction in the computational cost of correlated
calculations.
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Introduction

Many processes in chemistry take place in a specific spatial region of a molecular system.
To rationalize local phenomena, the concept of local occupied molecular orbitals (LMOs)
is particularly useful in bridging chemical intuition and theoretical chemistry. 1 The LMOs
are very convenient in describing electron correlation, as they can potentially reduce the
computational cost of many-body methods. 2 Among the large variety of different localization
procedures developed in the past, 3–14 only a few are able to localize MOs into a specific spatial
region of a molecular system. 1,6,13–15
However, such a localization procedure is important when dealing with phenomena taking
place in a limited spatial location, for instance local electronic excitations. 15,16 This allows
a fragmentation of the target moiety in (at least) two different parts: the active, where the
phenomenon takes place, and the inactive, that indirectly influences the active part. Such a
partitioning defines the so-called focused models. 17 Most focused models are formulated in
terms of quantum mechanical (QM)/classical approaches in which the active-inactive interaction is usually limited to electrostatics. 18–21 In addition, several fragmentation approaches
have been proposed in the last years, demonstrating their capability to treat large molecular
systems. 22–26 However, all the developed methods are based on approximations, for instance,
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how fragments are defined, where covalent bonds are cut, how the vacant cap of each fragment is fixed. Also, they are commonly limited to the ground state energy, although some of
them have been extended to treat excitation energies, 27–29 and the interaction between the
monomers is usually treated at the electrostatic level. 23,30
In this paper, we are proposing a novel and rigorous method which can provide localized
occupied MOs in a specific spatial region of the system. This is achieved by formulating
a localization criterion entirely based on energetics. Therefore, our approach differs conceptually from common MO localization procedures, 1,3,4,31 and from projection-based approaches. 28,32–34 To the best of our knowledge, this is the first time that an energy-based
variational method is used to localize MOs in a specific region of the molecule. This also
ensures the continuity of the potential energy surface (PES), which is not guaranteed for
common localization procedure such as Boys.
The method is based on multilevel Hartree-Fock (MLHF) theory, 35,36 which is a rigorous
method to partition a molecular system into two different fragments A (active) and B (inactive). Such a partitioning is performed by selecting the number of electrons belonging to the
active part, and consequently the number of occupied orbitals is set. As previously reported
in Ref. 35, MLHF method differs from most projection-based approaches, either developed
in Density Functional Theory (DFT) or in Hartree-Fock (HF) frameworks. The starting
point of projection-based approaches is commonly a Self Consistent Field (SCF) calculation
on the entire system, and the optimized MOs are then assigned to active and inactive parts
by using an priori orbital assignment. 28,32,33,37–44 The quantum embedding Hamiltonian is
then constructed by including an exact or approximated embedding operator. 39–44 In particular, we want to highlight that the selection of the active MOs is usually performed by
using a predefined threshold metric, which however may cause the a wrong MO selection, as
reported by Kallay and co-workers. 38
In MLHF, no approximations are introduced neither in the bond fragmentation or in the
interaction energy between the active and inactive parts. In this paper, we show that our
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novel energy-based localization procedure can provided MOs that are well localized on the
specified active fragment, without carring out an a priori orbital assignment. We demonstrate that our approach can provide not only accurate ground state properties, but also
accurate local excitation energies (calculated at the coupled cluster (CC) level). Within this
scheme, coupled cluster ground and excited state calculations are performed using the MOs
of the active fragment only, thus the intrinsic computational cost of high level calculations
is reduced, similarly to other multilevel methods. 45,46 For the same reason, the accuracy of
the computed local excitations depends crucially on the quality of the LMOs.
The manuscript is organized as follows. In the next section, the MLHF theory is briefly
summarized and the energy-based orbital localization is discussed. Then, the computational
procedure and the numerical applications are presented, with particular emphasis on the
spread of the obtained localized MOs and on the accuracy of the novel approach in predicting
local properties such as dipole moments and excitation energies. Summary and conclusions
of the present work end the manuscript.
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Theory

The active-inactive partitioning in MLHF is realized by decomposing the density of the
whole system into active and inactive densities (D = DA + DB ). The total HF energy can
be written as:
1
Tr DG(D) + hnuc
2
1
1
= Tr hDA + Tr DA G(DA ) + Tr DA G(DB ) + Tr hDB + Tr DB G(DB ) + hnuc ,
2
2

E = Tr hD +

(1)

where h and G are the usual one and two-electron matrices, and hnuc is the nuclear repulsion.
The G(D)X with X = {A, B} matrix is defined as:
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Gµν (D ) =

X
στ

X
Dστ



1
(µν|στ ) − (µτ |σν) .
2

(2)

The main idea of MLHF is to optimize the density of fragment A in the field generated by
the density B, which is kept fixed. This procedure is performed by minimizing the energy
(see Eq. 1) in the MO basis of the active part, reducing the dimensionality of the problem.
In MLHF, the Fock matrix in AO basis is expressed by differentiating Eq. 1 with respect to
DA :

Fµν = hµν + Gµν (DA ) + Gµν (DB ) .

(3)

In Eq. 3, the last term Gµν (DB ) is a one-electron contribution, because the DB density is
kept frozen during the SCF procedure.
Equation 1 is formally equal to the full HF energy when D is the converged SCF density
for the entire system. However, Eq. 1 does not have an apparent physical interpretation
because the different energy terms are not assigned to the individual fragments. Such a
physical insight can be achieved by dividing the one-electron term into the kinetic (T) and
the electron-nuclear attraction operators for the two parts (VA and VB ). Thus, Eq. 1 can
be written as:
1
1
B B
Tr DB G(DB ) + hB
E = Tr hA DA + Tr DA G(DA ) + hA
nuc + Tr h D +
nuc +
2 {z
2 {z
|
} |
}
EA

EB

+ Tr VB DA + Tr VA DB + Tr DA G(DB ) + hAB
nuc ,
{z
}
|

(4)

EAB

B
AB
where hA
nuc , hnuc and hnuc are nuclear repulsion terms; EA and EB are the energies of the

two fragments, whereas EAB is the interaction energy. The latter term is composed of the
electron-nuclear attraction between A and B and viceversa, and the coulomb and exchange
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interactions between the two fragments.
Although Eq. 4 is equivalent to Eq. 1, it permits the definition of our localization procedure
in a fragment-based model such as MLHF. In fact, an additional SCF procedure can be performed to optimize the energy of part A and/or B, in the occupied space of both fragments,
i.e. without changing the total energy. The procedure is general and can be performed on
the basis of any density matrix D that is decomposed into two densities belonging to two
fragments.
Two alternatives can be defined. First, the energy term EA (see Eq. 4) can be minimized
(denoted MLHF-A). In such a case, the Fock matrix reads:

A
Fµν = hA
µν + G(D )µν .

(5)

In the second approach (called MLHF-AB), the sum of EA and EB is minimized. From the
computational point of view, EA + EB can be rewritten by considering that the total density
D = DA + DB remains constant during occupied-occupied rotations. This means that DB
can be expressed in terms of it as DB = D − DA . Therefore, the sum of A and B energies
reads:

1
Tr DA G(DA ) + Tr hB D − Tr hB DA +
2
1
1
+ Tr DG(D) + Tr DA G(DA ) − Tr DA G(D) =
2
2

EA + EB = Tr hA DA +

= Tr(VA − VB )DA + Tr DA G(DA ) − Tr DA G(D) + Tr hB D +

1
Tr DG(D)
2
(6)

where the last two terms depend on the total density only, and are therefore constant energy
terms. The first three terms are instead similar to the MLHF energy contributions (see Eq.
1), because they are characterized by one-electron and two-electron contributions involving
the active density only. The third term Tr DA G(D) is instead the two-electron interaction
6

between the active and the constant total density D. The Fock matrix of the active part
can be written as:

A
B
Fµν = Vµν
− Vµν
+ Gµν (DA ) − Gµν (DB )
B
A
+ 2Gµν (DA ) − Gµν (D) ,
− Vµν
= Vµν

(7)

which is again in the same form as Eq. 3, because it is characterized by one-electron conA
B
tributions (Vµν
− Vµν
), a two-electron contribution on the active density 2Gµν (DA ), and a

constant contribution due to the total density Gµν (D).
Notice that minimizing the sum of A and B parts in MLHF-AB (see Eq. 6) is equivalent to
maximizing the interaction energy EAB . Physically, this means that the repulsion between
the two parts is maximized, and the occupied orbitals obtained by this scheme are those
maximally located in the two fragments.
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Computational Procedure

The two approaches are implemented in a development version of the electronic structure
program eT , 47 and follow the computation protocol graphically depicted in Fig. 1:
1. Construction of the initial density by means of superposition of atomic densities (SAD),
followed by a diagonalization of the initial Fock matrix.
2. Partitioning of the resulting density into A and B densities, using Cholesky decomposition for the active occupied orbitals and projected atomic orbitals (PAOs) for active
virtual orbitals. 10,48–51 We note that the Cholesky decomposition of the total density
D into DA and DB is a mathematical method to decompose a matrix, which is unique
if the same pivots are used. In this work, the Cholesky decomposition is performed by
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MLHF-A/AB minimization (Eqs. 4/6)

no

Figure 1: Graphical view of the computational procedure.
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selecting the diagonals corresponding to the basis functions which are centered on the
active atoms. 35,49 In particular, DA is written in the AO basis {α, β} as: 52

A
Dαβ
=

X

=

X

−1
DαI D̃IJ
DβJ

IJ

LαI LβI

(8)

I

where I and J are the diagonal elements which are decomposed, D̃ is the submatrix of
D containing the diagonal elements, and LαI are the Cholesky orbitals. The Cholesky
threshold is chosen so that the number of D diagonal elements corresponds to the
correct number of occupied orbitals of the active fragment. As a result of the decomposition, the active Cholesky MOs are obtained and the active density matrix DA is
trivially constructed (see Eq. 8). The inactive density DB is instead obtained as a
difference between the total density D and the active one DA .
3. The energy defined in Eq. 1 is minimized in the MO basis of the active part.
4. The total density D is constructed by summing the MLHF converged density DA
and the inactive density DB , and active/inactive occupied orbitals are obtained by
a Cholesky decomposition. Again, the total density D is Cholesky decomposed by
considering the diagonals belonging to the active atoms. The inactive density DB =
D − DA is then Cholesky decomposed by considering the diagonals belonging to the
inactive atoms. From the two Cholesky decompositions, active and inactive MOs are
obtained and the occupied-occupied space is defined.
5. The energy of A (in MLHF-A) and B (in MLHF-AB) are minimized (Eq. 4) in the
MO space defined by the occupied orbitals of the active and inactive parts in an SCF
procedure.
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6. From MLHF-A/AB occupied MO coefficients, active and inactive densities are constructed and a new MLHF calculation is restarted from point 3, until convergence is
reached. For all the results reported in this paper, three macrocycles MLHF – MLHFA/AB are sufficient to reach full convergence of the energy. It is worth noticing that
since the MLHF calculation is restarted from the MO coefficients obtained at the 5th step, the total computational cost of MLHF-A/AB is only twice than a standard
MLHF calculation.

4

Numerical Applications

The capabilities of MLHF-A/AB are illustrated for four different molecular moieties, that
have previously been studied theoretically and experimentally. 53–60 Those are 4-amino-4’nitrostilbene (ANS), a part of a graphene sheet (which is indeed a graphene quantum dot),
(S)-nicotine (in its most stable conformer 53 ), and [2,2]paracyclophane (PCP) (see Fig. 2 for
the molecular structures). Molecular geometries of ANS and nicotine are optimized at the
B3LYP/aug-cc-pVDZ by using Gaussian16 package. 61 The graphene sheet is constructed by
setting the C-C distance to 1.42 Å, and the C-H distance to 1.07 Å. 62 The PCP geometry
is taken from Ref. 59. Graphene and ANS are chosen because they are conjugated systems.
The conjugation is broken by our definition of the active regions as depicted in Fig. 2a-b
(in both cases the bonding electrons are assigned to the inactive part). In case of nicotine
and PCP single covalent bonds are cut and the bonding electrons are assigned to the active
fragment (see Fig. 2c-d). Hereby we demonstrate the generality of our procedure, which can
be applied to different cases (single/double bond cutting) and to different definitions of the
active region.
Nicotine and ANS calculations are performed by combining MLHF(/CC2) with aug-cc-pVDZ
basis sets. The active part of the graphene sheet is described using cc-pVTZ basis set,
whereas its inactive part with cc-pVDZ basis set. The PCP MLHF/CC2 calculations are
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Figure 2: Molecular structures of ANS (a), graphene (b), nicotine (c), and PCP (d). The
active parts used in MLHF calculations are highlighted.
performed with the triple-zeta quality 6-311G(d,p) basis set. 60 Notice that the different
basis sets are chosen so to demonstrate the reliability of our approach in combination with
diffuse/polarization functions.
The orbital second central moment (orbital variance) is used to quantitatively characterize
orbital locality. The second central moment µp2 of an MO ϕp is defined as: 31

µp2 = hϕp |r2 |ϕp i − hϕp |r|ϕp i2 .

(9)

The orbital spread σp is defined as the square root of µp2 . We also defined ξ as the average
value of σp , i.e. ξ is a measure of the mean locality of the considered set of MOs. 1 In
this paper, MLHF-A/AB MOs are compared with canonical MLHF ones (named Cholesky
because they are obtained through a Cholesky decomposition of the initial density matrix),
that are also localized with the Boys procedure (Cholesky-Boys). 31 Notice that in Boys
localization, the sum over p of µp2 in Eq. 9 is minimized, 31 and the obtained MOs can
therefore be used as reference for both MLHF-A and MLHF-AB approaches.

4.1

MLHF-A/AB Localized MOs

The most delocalized MOs of ANS and graphene are depicted in Fig. 3, and the value of ξ
and the maximum σp are also reported (see Sec. S1.1 and S1.2 in Supporting Information -
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Figure 3: Graphical depiction of the most delocalized MOs of ANS (top) and graphene (bottom) calculated by MLHF (Cholesky), Cholesky-Boys, MLHF-A and MLHF-AB methods.
Computed ξ and maximum MO spread for all methods are also given.
SI for the spreads of all occupied valence orbitals). First, we notice that in both ANS and
graphene, Cholesky orbitals have the largest spread on average (ξ) and the largest maximum
MO spread (max{σp }). As expected, both parameters are reduced by Cholesky-Boys. The
MOs calculated by both methods are delocalized over the whole molecule (for both ANS and
Graphene).
A completely different picture arises when MLHF-A/AB methods are employed. The MOs
obtained by both the latter approaches are well-localized on the active part only, and the
values of ξ and max{σp } are reduced compared to the corresponding Cholesky counterparts.
It is also worth noticing significant differences between MLHF-A and MLHF-AB in particular
for ANS. In fact, the most diffuse MLHF-A MO has a tail connecting active and inactive
fragments, which should be absent since bonding electrons are assigned to the inactive part.
Such a tail is completely absent in the case of MLHF-AB. From a physical point of view,
this is not surprising. In fact, in the MLHF-AB procedure (see Eq. 4) the occupied orbitals
of the active and inactive fragments are rotated in order to minimize the sum of the two
energies. As stated above, such a rotation corresponds to maximizing the interaction energy
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Figure 4: Graphical depiction of the active MOs of graphene as predicted by MLHF-AB.
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between the two parts, i.e. to maximizing the repulsion between them. As a consequence,
the active occupied orbitals calculated by MLHF-AB are more localized on the active part.
The same does not apply to MLHF-A where the active energy is minimized in the occupiedoccupied space. Thus no constraints are imposed neither on the inactive energy or on the
interaction energy. However, notice that a few MOs have tails in both methods (see Sec. S1.1
and S1.2 in SI), since MLHF-A/AB orbitals are orthogonal. 1 The tails can be reduced by
further localizing MLHF-A/AB orbitals using standard localization procedures. Notice also
that the MLHF-AB ξ and max{σp } for ANS computed by using cc-pVTZ and aug-cc-pVDZ
give very similar results, thus showing the consistency of our approach when diffuse functions
are included (see Table S1 in the SI). The observations for ANS and graphene also apply
to nicotine and PCP, whose MOs and corresponding spreads are reported in Sec. S1.3 and
S1.4 in SI. For the latter systems, the ξ for Cholesky-Boys are lower than the corresponding
MLHF-A/AB counterparts, but the MOs also spread in the inactive region. To illustrate
the robustness of our approach, a different definition of active/inactive parts of ANS is also
investigated (see Sec. S1.1.2 in the SI). The calculated results confirm the findings here
discussed.
In Fig. 4, we report the local MOs belonging to the active fragment of graphene as calculated
by using the MLHF-AB method. All the MLHF-AB local MOs are well-confined in the active
part, and the symmetry of each orbital is evident. As a final comment, it is worth noticing
that MLHF-AB orbitals may be further confined by using common localization procedures,
such as Boys. The resulting local MOs will be more localized on the active atoms, than
those obtained by performing an hypothetical localization on the MOs resulting from SCF
procedure of the entire system.

4.2

Ground State Dipole Moments

The MLHF-A and MLHF-AB methods are also applied to calculate ground state properties.
We study the dipole moments of the active and inactive regions, together with the total
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dipole moments predicted by Cholesky, MLHF-A and MLHF-AB. We are not reporting the
results using Cholesky-Boys because a rotation among the active occupied orbitals does not
change the active density and the density-related properties, such as the dipole moment. The
numerical values of active, inactive and total dipole moments for both nicotine and ANS are
reported in Fig. 5, together a graphical representation of active (blue) and inactive (red)
densities. Full HF densities and ground state dipole moments for both molecules are also
given and used as reference. Dipole moments of both graphene and PCP structures are not
reported because they are zero due to symmetry.
The MLHF (Cholesky) predicts large active/inactive dipole moments for both systems; for
nicotine, they are almost 80 D, whereas for ANS almost 230 D. Such large dipole moments
can be explained by investigating the spatial extension of active and inactive densities,
which in both molecules are overlapping. This is due to the fact that the initial Cholesky
decomposition defines an inactive density that overlaps with the active part and viceversa.
Such issues are solved by MLHF-A/AB. Although both methods start from the same densities
as those obtained by MLHF (Cholesky), the occupied-occupied rotations make the active
and inactive densities more confined in their specific spatial regions, with a partial overlap
limited to the bonding regions. As a consequence, the calculated dipole moments are very
similar, in particular for ANS.
In both molecules, the MLHF-AB dipole moments are much lower than the corresponding
ones for MLHF-A (see Fig. 5). This is due to the maximization of the active-inactive
repulsion in MLHF-AB. Thus, a further confinement of the two densities in their specific
spatial regions takes place.This can be appreciated by inspecting the bonding regions in
both nicotine and ANS (Fig. 5), showing that the overlap between active and inactive
densities is lower in MLHF-AB than in MLHF-A. Notice also that the bonding electrons
of nicotine are assigned to the active part. Therefore, the active (blue) density in Fig. 5
defines the bond, whereas for ANS the opposite applies. In case of both nicotine and ANS,
the total dipole moments are in very good agreement with the full HF reference value, with
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Figure 5: Nicotine (left) and ANS (right) MLHF (Cholesky)/MLHF-A/MLHF-AB dipole
moments. For MLHF calculations, active (blue) and inactive densities (red) and their corresponding dipole moments are also given. Full HF dipole moment and molecular density are
also shown.
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the largest discrepancy given by MLHF-AB for nicotine (error = 37%). The numerical value
of the total dipole moments can be improved by using a different initial guess density, as for
instance superposition of molecular densities (obtained by means of molecular fractionation
with conjugate caps 63 ).

4.3

MLHF-AB vs. projection-based approaches

In this section, the MLHF-AB model is compared to HF projection-based approach (called
projected-HF). In particular, we compute ground state energies and dipole moments of the
active fragment of nicotine and ANS molecules as a function of the elongation of the activeinactive covalent bond, which is cut by the partitioning into two fragments. The projectedHF results are obtained by first performing a SCF calculation on the entire structure. Then,
the SCF MOs are localized by Boys localization procedure, and the MOs are assigned to the
active and the inactive part. In order to be comparable with MLHF-AB results, the number
of occupied MOs belonging to the active fragment is calculated by setting the number of
nel
) similarly to MLHF-AB calculations. The MOs
the electrons in the active part (no =
2
belonging to the active fragment have to be selected on some mathematical criterion. Here,
we calculate the percentage (pA
i ) of the i-th MO in the active part A as:

pA
i

P
2
µ∈A Ciµ
P
=
· 100 ,
2
µ∈A,B Ciµ

(10)

where, the Ciµ is the MO coefficient of the i-th MO in AO basis {µ}. The no active MOs
in projected-HF calculations are then selected as those having the highest percentage in the
active atoms. It is worth pointing out that the active MOs in projected-HF models can
also be selected as those having a percentage ≥ 50%, instead of fixing the number of active
MOs to no . However, when applied to PES studies, such a choice leads to unavoidable
PES discontinuities because a different number of active MOs may be selected depending
on the active-inactive distance. Also, different methods to calculate the MO percentage in
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A can be arbitrarily chosen, thus the results are not unique. For these reasons, we prefer to
keep the number of active MOs fixed to no . We notice that such an arbitrariness is almost
absent in MLHF-AB calculations, which only depend on the active-inactive partitioning of
the electrons in the studied system.
In projected-HF method, once the active MO coefficients are selected, the active density is
P
A
constructed (Dµν
= ij Cµi Cjν ), and the active energy is calculated as the E A term in Eq.
4.
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Figure 6: MLHF-AB and projected-HF active ground state energy E A (left) and dipole
moment of the active part (right) of nicotine as calculated by using aug-cc-pVDZ (a) or
6-31+G* (b) basis sets.

In Fig. 6, MLHF-AB and projected-HF methods are applied to the calculation of ground
state energies and dipoles of the active fragment of nicotine as a function of the elongation of
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the single covalent bond connecting the active and inactive parts. In particular, two different
basis sets, aug-cc-pVDZ (panel a) and 6-31+G* (panel b), are used. The equilibrium distance
is 1.51 Å, and the covalent is bond is varied from 1.00 to 2.1 Å. In both approaches, the
number of active occupied MOs no is fixed to 21, because, as stated above, the bonding
electrons are assigned to the active fragment.
The results reported in Fig. 6a, clearly show that by using the aug-cc-pVDZ basis set both
MLHF-AB and projected-HF do not display any PES discontinuities (left panel). Also the
energy difference between the two approaches rapidly decreases as the active-inactive distance
is elongated. At the equilibrium geometry the MLHF-AB–projected-HF energy difference is
of about 0.1 Hartree, with the MLHF-AB energy that is lower than projected-HF one at all
the considered distances. This is not surprising and results from the minimization procedure
in MLHF-AB (see Eq. 6). The dipole moment of the active part is reported in the right
panel of Fig. 6a. Also in this case, the curves obtained by using both approaches do not
display any discontinuities, and a difference of about 0.3 Debye is reported at the equilibrium
geometry.
A different picture arises when the 6-31+G* basis set is used (Fig. 6b). In this case, the
projected-HF PES clearly displays a large discontinuity at small active-inactive distances,
both in the ground state energy (left) and in the dipole moment of the active part (right).
Such a discontinuity reflects a discontinuity in the Boys space, which is common in MO
localization procedures as it has been reported in different contexts. 64 The discontinuity is
completely absent in MLHF-AB. However, in the proximity of the equilibrium geometry, both
approaches do not display any discontinuities. At the equilibrium geometry, the MLHF-AB
energy is lower than the projected-HF by about 0.1 Hartree, and the MLHF-AB–projectedHF active dipole moment difference is about 0.05 Debye. The present analysis shows that
the MLHF-AB PES is always continuous, whereas the projected-HF PES can display some
discontinuities depending on the selected basis set. Notice that the results discussed for
nicotine also apply to the case of ANS molecule (see Fig. S27 given as SI). For both nicotine
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and ANS, the average spread (ξ) of the LMOs used in projected-HF is smaller than in MLHFAB (1.71 a.u. vs. 2.11 a.u. (nicotine) and 1.70 a.u. vs. 2.68 a.u. (ANS)). This is expected as
the Boys localization minimizes the orbital spread ξ, and therefore provides the LMOs with
the lowest ξ. Also, the MLHF-AB is not intended to provide the most localized MOs overall,
but the most localized MOs in a specific spatial region. In passing, we note that MLHF-AB
PES can display discontinuities depending on the initial Cholesky decomposition. However,
this can be avoided by selecting the same pivots during the Cholesky decomposition of the
initial density.

4.4

Coupled Cluster absorption energies

As a final application of MLHF-A and MLHF-AB, we select two local transitions, i.e. occurring in the selected active parts, exhibited by nicotine and PCP (for which we investigate a
though-space charge transfer excitation, 58 see Fig. 7).
Local excitations are a perfect test case for demonstrating the capabilities of both approaches
proposed here. In fact, the quality of the localized orbitals is crucial for obtaining a reliable
excitation energy. In this work, the excitation energies are computed using CC2 65 for the
active MOs.
The MLHF (Cholesky) and MLHF-A/AB results are compared with full CC2 reference
excitation energies. From the inspection of Fig. 7, it is clear that MLHF-A and MLHF-AB
transition energies are in reasonable agreement with the reference values, in particular in case
of MLHF-AB. For nicotine, MLHF (Cholesky) is completely unable to reproduce the full CC2
excitation energy, because of the non-locality of the occupied MO. For PCP, all investigated
methods give similar excitation energies, as the occupied orbitals are similarly reproduced
by all approaches. We note a relatively large difference between MLHF-A/AB and full
CC2 excitation energies. This discrepancy can be reduced by systematically increasing the
number of atoms in the active region. 49 Therefore, the results reported here are chosen only
to demonstrate the improved representation given by MLHF-A/AB as compared to MLHF
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Nicotine

PCP

E = 6.49 eV

E = 5.63 eV

E = 5.20 eV

E = 5.69 eV

E = 5.06 eV

E = 5.63 eV

E = 4.93 eV

E = 5.45 eV

full CC2

MLHF-AB/CC2

MLHF-A/CC2

Cbolesky/CC2

(Cholesky).

Figure 7: Nicotine (left) and PCP (right) MLHF (Cholesky)/MLHF-A/MLHF-AB and full
CC2 excitation energies for the depicted transitions.

4.5

Summary and Conclusions

To summarize, we have presented a novel energy-based criterion to localize MOs in specific
spatial regions of a molecular system. In particular, this approach is based on a MLHF
partitioning of the system. Differently from other fragmentation methods, it is entirely
based on HF theory, thus no approximations are introduced in the interaction energy. The
prospects of our approach are demonstrated for four selected systems, characterized by both
conjugated and non-conjugated skeletons. In particular, we have shown that MLHF-AB
approach provides continuous PES, thus solving the discontinuity issues that can arise by
exploiting common localization procedures in projection-based approaches.
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The accuracy of our approach is then shown for ground state properties (dipole moments)
and excitation energies calculated at the full CC2 level. The computational cost is reduced
due to the partitioning of the system in active and inactive fragments. Both MLHF-A and
MLHF-AB are able to reduce the discrepancy between MLHF and reference full coupled
cluster values, in this way demonstrating their reliability in describing local excitations.
Notice that in the present study the procedure is applied to relatively small molecules in
order to allow a direct comparison with full coupled cluster results. However, the model has
the potential to be applied to very large systems. A detailed benchmark of the performances
of MLHF-A/AB on excitation energies will be the topic of future communications.
To conclude, the MO localization provided by our approach can have different applications,
ranging from those illustrated in this work (i.e. local ground state properties 66,67 and local
excitations 16,68,69 ) to the accurate calculation of interaction and reaction energies of molecular systems in large biological matrices or adsorbed on nanomaterials. 6,70,71 In addition,
the local MOs obtained through our procedure may be used to define the different fragment densities in fragmentation approaches, 22 and different boundaries in the cap regions
for QM/MM approaches when covalent bonds are cut. 72

Supporting Information
Data related to Figs. 2-5 and 7.
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(12) Ziólkowski, M.; Jansik, B.; Jørgensen, P.; Olsen, J. Maximum locality in occupied and virtual
orbital spaces using a least-change strategy. J. Chem. Phys. 2009, 131, 124112.
(13) Gianinetti, E.; Raimondi, M.; Tornaghi, E. Modification of the Roothaan equations to exclude
BSSE from molecular interaction calculations. Int. J. Quantum Chem. 1996, 60, 157–166.
(14) Stoll, H.; Wagenblast, G.; Preuβ, H. On the use of local basis sets for localized molecular
orbitals. Theor. Chim. Acta 1980, 57, 169–178.
(15) Li, W.; Ni, Z.; Li, S. Cluster-in-molecule local correlation method for post-Hartree–Fock
calculations of large systems. Mol. Phys. 2016, 114, 1447–1460.
(16) Azarias, C.; Russo, R.; Cupellini, L.; Mennucci, B.; Jacquemin, D. Modeling excitation energy
transfer in multi-BODIPY architectures. Phys. Chem. Chem. Phys. 2017, 19, 6443–6453.
(17) Mennucci, B.; Corni, S. Multiscale modelling of photoinduced processes in composite systems.
Nat. Rev. Chem. 2019, 3, 315–330.
(18) Warshel, A.; Levitt, M. Theoretical studies of enzymic reactions: dielectric, electrostatic and
steric stabilization of the carbonium ion in the reaction of lysozyme. J. Mol. Biol. 1976, 103,
227–249.
(19) Cappelli, C. Integrated QM/Polarizable MM/Continuum Approaches to Model Chiroptical
Properties of Strongly Interacting Solute-Solvent Systems. Int. J. Quantum Chem. 2016,
116, 1532–1542.
(20) Mennucci, B. Polarizable Continuum Model. WIREs Comput. Mol. Sci. 2012, 2, 386–404.
(21) Giovannini, T.; Puglisi, A.; Ambrosetti, M.; Cappelli, C. Polarizable QM/MM approach with
fluctuating charges and fluctuating dipoles: the QM/FQFµ model. J. Chem. Theory Comput.
2019, 15, 2233–2245.

24

(22) Gordon, M. S.; Fedorov, D. G.; Pruitt, S. R.; Slipchenko, L. V. Fragmentation methods: A
route to accurate calculations on large systems. Chem. Rev. 2012, 112, 632–672.
(23) Collins, M. A.; Bettens, R. P. Energy-based molecular fragmentation methods. Chem. Rev.
2015, 115, 5607–5642.
(24) Pruitt, S. R.; Bertoni, C.; Brorsen, K. R.; Gordon, M. S. Efficient and accurate fragmentation
methods. Acc. Chem. Res. 2014, 47, 2786–2794.
(25) Collins, M. A.; Cvitkovic, M. W.; Bettens, R. P. The combined fragmentation and systematic
molecular fragmentation methods. Acc. Chem. Res. 2014, 47, 2776–2785.
(26) Pruitt, S. R.; Addicoat, M. A.; Collins, M. A.; Gordon, M. S. The fragment molecular orbital and systematic molecular fragmentation methods applied to water clusters. Phys. Chem.
Chem. Phys. 2012, 14, 7752–7764.
(27) Ding, F.; Manby, F. R.; Miller III, T. F. Embedded mean-field theory with blockorthogonalized partitioning. J. Chem. Theory Comput. 2017, 13, 1605–1615.
(28) Wen, X.; Graham, D. S.; Chulhai, D. V.; Goodpaster, J. D. Absolutely Localized ProjectionBased Embedding for Excited States. J. Chem. Theory Comput. 2020, 16, 385–398.
(29) Bennie, S. J.; Curchod, B. F.; Manby, F. R.; Glowacki, D. R. Pushing the limits of EOMCCSD with projector-based embedding for excitation energies. J. Phys. Chem. Lett. 2017, 8,
5559–5565.
(30) Chen, X.; Gao, J. Fragment Exchange Potential for Realizing Pauli Deformation of InterFragment Interactions. J. Phys. Chem. Lett. 2020, 10.1021/acs.jpclett.0c00933.
(31) Boys, S. F. Construction of some molecular orbitals to be approximately invariant for changes
from one molecule to another. Rev. Mod. Phys. 1960, 32, 296.
(32) Chulhai, D. V.; Goodpaster, J. D. Improved accuracy and efficiency in quantum embedding
through absolute localization. J. Chem. Theory Comput. 2017, 13, 1503–1508.

25

(33) Chulhai, D. V.; Goodpaster, J. D. Projection-based correlated wave function in density functional theory embedding for periodic systems. J. Chem. Theory Comput. 2018, 14, 1928–1942.
(34) Sayfutyarova, E. R.; Sun, Q.; Chan, G. K.-L.; Knizia, G. Automated construction of molecular
active spaces from atomic valence orbitals. J. Chem. Theory Comput. 2017, 13, 4063–4078.
(35) Sæther, S.; Kjærgaard, T.; Koch, H.; Høyvik, I.-M. Density-Based Multilevel Hartree–Fock
Model. J. Chem. Theory Comput. 2017, 13, 5282–5290.
(36) Høyvik, I.-M. Convergence acceleration for the multilevel Hartree–Fock model. Mol. Phys.
2020, 118, 1626929.
(37) Culpitt, T.; Brorsen, K. R.; Hammes-Schiffer, S. Communication: Density functional theory
embedding with the orthogonality constrained basis set expansion procedure. J. Chem. Phys.
2017, 146, 211101.
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